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INTRODUCTION

If philosophy, properly so called be, according to Plato, and

as I am firmly persuaded it is, the greatest good that was ever

imparted by divinity to man,1 he who labours to rescue it

from oblivion, and transmit it to posterity, must necessarily be.

endeavouring to benefit his country and all mankind, in the

most eminent degree. To accomplish this grand object, has

been the aim of the greater part of my life ; and the present

* The Pythagoreans were so deeply convinced of the truth of this

assertion, that one of them beautifully observes : tiov xaTa qntoo-opnw

Bntpyifjwrm nTroT&v&rwi ip' o<rov oisy, na9amtf a^fotriu; xat yixrafo;. axnga.<rt)ii rr

yap to era* ayrwv xa» 0nov* to jLtiyaXo-^u^ov Swearai rt Tomv, xat u pi a'ifoovf

otJituv te iirio-Tij^ow;. Iamblic. Protrept. p. 4. i. e. "The theorems of

philosophy are to be enjoyed as much as possible, as if they were am

brosia and nectar. For the pleasure arising from them is genuine,

incorruptible and divine. They are also capable of producing magna

nimity, and though they cannot make us eternal beings, yet they

enable us to obtain a scientific knowledge of eternal natures."
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work was solely written with a view to promote its accom

plishment.

In consequence of the oblivion indeed, into which genuine

Philosophy has fallen, through the abolition of her schools,

the mathematical disciplines have been rather studied with a

view to the wants and conveniences of the merely animal life,

than to the good of intellect in which our very being and

felicity consist. Hence, the Pythagoric enigma " a figure and

a step, but not a figure and three oboli," has been entirely

. perverted. For the whole attention of those who have applied

to the mathematics, has been directed to the oboli, and not to

the steps of ascent ; and thus as their views have been grovel

ing, they have crept where they should have soared. Hence,

too, the greatest eye of the soul has been blinded and buried,

" though, as Plato elegantly observes, it is purified and resusci

tated by the proper study of these sciences, and is better worth

saving than ten thousand corporeal eyes, since truth becomes

visible through this alone."

This observation particularly applies to Theoretic Arithmetic,

the study of which has been almost totally neglected : for it

lias been superseded by practical arithmetic, which though

eminently subservient to vulgar utility, and indispensably neces

sary in the shop and the counting house, yet is by no means

calculated to purify, invigorate, and enlighten the mind, to

.elevate it from a sensible to an intellectual life, and thus pro

mote the most real and exalted good of man. Indeed, even

with respect to geometry itself, though the theory of it is

partially learnt from the Elements of Euclid, yet it is with no
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other view than that of acquiring a knowledge of the other

parts of mathematics which are dependant on it, such as astro

nomy, optics, mechanics, &c. or of becoming good guagers,

masons, surveyors, and the like, without having even a dreaming

perception of its first and most essential use, that of enabling

its votary, like a bridge, to pass over the obscurity of a material

nature, as over some dark sea to the luminous regions of per

feet reality ; or as Plato elegantly expresses it, " conducting

them as from some benighted da)', to the true ascent to incor

poreal being, which is genuine philosophy itself.'" I have

said, that the theory of geometry is only partially studied ;

for the 10th book of Euclid, which is on incommensurable

quantities, and the 13th, 14th, and 15th, which are on the five

regular bodies, though they are replete with the most interest

ing information, in the truest sense of the word, yet they are

for the most part sordidly neglected, in this country at least^

because they neither promote the increase of a commerce

which is already so extended, nor contribute any thing to the

further gratification of sensual appetite, or the unbounded

accumulation of wealth. - .

If the mathematical sciences, and particularly arithmetic and

geometry, had been studied in this partial and ignoble manner

by the sagacious Greeks, they would never have produced a

Euclid, an Apollonius, or an Archimedes,* men who carried

1 touto itj ta; toixiy, oux orrpcutav ay tin -ntoitrrftyrt, aXXa ^vyj\; -rtiftnywyn, ix

ivmrifm; tivoc ifxifa; tt( mXtiSivtiv Ton ovtoj intraioy, iv Sri piXao-ofiay ct\i9>i p>i<rof*o

nvai. Platonis De Repub. lib. 7.

1 Plutarch, in his life of Maroellus, informs us, that the reason why
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geometry to the acme of scientific perfection, and whose works,

like the remains of Grecian art, are the models by which the

unhallowed genius of modern times has been formed. Newton

himself, as may be conjectured from what he says of Euclid,

was convinced of this when it was too late, and commenced

his mathematical career with the partial study only of these

geometrical heroes. " For he spoke with regret, says Dr.

Hutton,1 of his mistake at the beginning of his mathematical

studies, in applying himself to the works of Des Cartes, and

- . i

Archimedes did not vouchsafe to leave any account of the admirable

machines which he invented, in writing, was because " he considered the

being busied about mechanics, and in short every art which is connected

with the common purposes of life, as ignoble and illiberal ; and that

those things alone were objects of his ambition, with which the beautiful

and the excellent were present, unmingled with the necessary." aXKa- t«

xifi xa ywyjtytxa. irpay^taTttay, xa: wccrav eXw; riyyw Xf"a; t^anrojUEvijv, ayinn xcu

£ayav70v Jiy>jiraJ^iys;, ixeiva mnraQiedai fxova Ttjv aurou fi\ori[xicmt oi; to xaXoy xai

wtgiTToy ajwiytj T0U owy""0" *gmmn< The great accuracy and elegance

in the demonstrations of Euclid and Archimedes, which have not been

equalled by any of the greatest modern mathematicians, were derived

from a deep conviction of this important truth. On the other hand,

modern mathematicians, through a profound ignorance of it, and look

ing to nothing but the wants and conveniences of the animal life of

man, as if the gratification of his senses was his only end, have corrup

ted pure geometry, by mingling with it algebraical calculations, and

through eagerness to reduce it as much as possible to practical purposes,

have more anxiously sought after conciseness than accuracy, facility

than elegance of geometrical demonstration.

' See the article Newton in Hutton's Mathematical Dictionary.
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other algebraic writers,1 before he had considered the Elements

of Euclid with that attention, which so excellent a writer de

serves."

Having premised thus much, I shall in the next place pre-

1 Dr. Halley also, who certainly as a mathematician ranks amongst

the greatest of the moderns, appears to have had the same opinion of

the transcendency of the Grecian genius in the mathematical sciences.

For in the preface to his translation of Apollonius de Sectione Rationis,

(for which work he conceived so great an esteem, that he was at the

pains to learn Arabic, in order to accomplish its translation into Latin)

he says : " Methodus haec cum algebra speciosa facilitate contendit,

evidentia. vero et demonstrationum elegantia- earn longe superare videtur;

tit abunde constabit, si quis conferat hanc Apollonii doctrinam de Sec

tione Rationis cum cjusdem Problematis Analysi Algebraica, quam ex-

hibuit clarissimus Wallisius, torn. 2. Operum Math. cap. 54. p. 220." i. e.

" This method contends with specious algebra in facility, but seems far

to excel it in evidence and elegance of demonstrations; as will be

abundantly manifest, if this doctrine of Apollonius De Sectione Ra

tionis, is compared with the algebraic analysis of the same problem

which the most celebrated Wallis exhibits in the second volume of his

mathematical works, chap. 54. p. 220." And in the conclusion of his

preface, he observes, " Verum perpendendum est, aliud esse problema

aliqualiter resolutum dare, quod modis variis plerumque fieri potest,

aliud methodo elegantissima ipsum efficere ; analysi brevissima et

simul perspicui ; synthesi concinna, et minima operosa. i. e. " It is

one thing to give the solution of a problem some how or other, which

for the most part may be accomplished in various ways, but another to

effect this by the most elegant method ; by an analysis the shortest,

and at the same time perspicuous ; by a synthesis elegant, and in the

smallest degree laborious."



sent the reader with some observations on the essence of

mathematical genera and species, on the utility of the mathe

matical science, and on the origin of its name, derived from the

admirable commentaries of Proclus or. Euclid, as they will

considerably elucidate many parts of the following work, and

may lead the well-disposed mind to a legitimate study of the

mathematical disciplines, and from theuce to all the sublimities

of the philosophy of Plato.

With respect to the first thing proposed, therefore, if it

should be said that mathematical forms derive their subsistence

from sensibles, which is the doctrine of the present day, the

soul fashioning in herself by a secondary generation, the circu

lar or trigonic form from material circles or triangles, w hence

is the accuracy and certainty of definitions derived ? For it

must necessarily either be from sensibles or from the soul, it .

is, however, impossible it should be from sensibles ; for these

being in a continual flux of generation and decay, do not for a

moment retain an exact sameness of being, and consequently

fall far short of the accuracy contained in the definitions them

selves. It must therefore proceed from the soul which gives

perfection to things imperfect, and accuracy to things inaccurate.

For where among sensibles shall we find the impartible, or that

which is without breadth or depth? Where the equality Of

lines from a centre, where the perpetually stable ratios of sides,

and where the exact rectitude of angles ? Since all divisible

natures are mingled with each other, and nothing in these is

genuine, nothing free from its contrary, whether they are sepa

rated from each other, or united together. How then can' we
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give this stable essence to immutable natures, from things that

are mutable, and which subsist differently at different times ?

For whatever derives its subsistence from mutable essences,

must necessarily have a mutable nature. How also from things

which are not accurate, can we obtain the accuracy which per

tains to irreprehensible forms ? For whatever is the cause of a

knowledge which is perpetually mutable, is itself much more

mutable than its effect. It must be admitted, therefore, that

the soul is the generator of mathematical forms, and the source

of the productive principles with which the mathematical sci

ences are replete.

If, however, she contains these as paradigms, she gives them

subsistence essentially, and the generations are nothing else than

the projections of the forms which have a prior existence in

herself. And thus we shall speak conformably to the doctrine

of Plato, and discover the true essence ofmathematical objects.

But if the soul, though she neither possesses nor causally con

tains- these productive principles, yet weaves together so great

an immaterial order of things, and generates such an admirable

theory, how will she be able to judge whether her productions

are stable, or things which the winds may dissipate, and images

rather than realities ? What standard can she apply as the

measure of their truth ? And how, since she does not possess

the essence of them, can she generate such a variety of princi

ples productive of truth ? For from such an hypothesis we shall

make their subsistence fortuitous, and not referred to any scien

tific bound.

In the second place, therefore, if by a downward process,



and from sensibles we collect mathematical principles, must we

not necessarily say, that those demonstrations are more excel

lent, which derive their composition from sensibles, and not

those which are always framed from more universal, and more

simple forms. For we say, in order to the investigation of the

thing sought, that the causes should be appropriate and allied

to the demonstrations. If, therefore, partial natures are the

causes of univcrsals, and sensibles of the objects of the reason

ing power, why does the boundary of demonstration always

refer to that which is more universal, instead of that which is

partial ? And how can we evince that the essence of the objects

of the reasoning power is more allied to demonstrations than

the essence of sensibles ? For, as Aristotle1 says, his knowledge

is not legitimate, who demonstrates that the isosceles, the equila-.

teral, or the scalene triangle, have angles equal to two rights

but he who demonstrates this of every triangle, and simply, has

essentially a scientific knowledge of this proposition. And

again, he says, that universals, for the purpose of demonstra

tion are superior to particulars ; that demonstrations concern

things more universal; and that the principles of which de

monstrations consist, have a priority of existence, and a prece

dency in nature to particulars, and are the causes of the things

which are demonstrated. It is very remote, therefore, from

demonstrative sciences, that from converse with things of pos

terior origin1 (uo-Tepoyeyy) xoiva) and from the more obscure ob-

' In his Posterior Analytics.

* These utrrifaym xoiva in modern language are called abstract ideas.

Hence the doctrine of Mr. Locke on this subject was well known to
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jects of sensible perception, they should collect their indubita

ble propositions.

In the third place, the authors of this hypothesis, make the

soul to be more ignoble than the material forms themselves.

For if matter indeed, receives from nature things which are

essential, and which have a greater degree of entity and evi

dence, but the soul by a posterior energy abstracts the resem

blances and images of these from sensibles, and fashions in

herself forms which have a more ignoble essence, by taking

from matter things which are naturally inseparable from it, do

they not evince the soul to be more inefficacious than, and sub

ordinate to matter itself ? For matter is the place of material

productive principles, and the soul of immaterial forms. On

this hypothesis, however, matter would be the recipient of pri

mary ; but the soul of secondary forms. The one would be

the seat of things which have a precedency among beings ; but

the other of such as are fashioned from these. And the former

of things which have an essential subsistence ; but the latter, of

such as exist only in conception. How, therefore, can the

soul which is a participant of intellect, and the first intellectual

essence, and which is from thence filled with knowledge and

life, be the receptacle of the most obscure forms, the lowest in

the order of things, and participating the most imperfect ex

istence.*

Proclus ; but the hypothesis that the soul has no other ideas than these,

was justly exploded by him, and the best of the Platonists.

1 In addition to the above excellent arguments from Proclus, I shall

present the liberal reader with what Syrianus the preceptor of Proclus
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By no means, therefore, is the soul a smooth tablet, void of

productive principles, but she is an ever-written tablet, herself

says on the same subject, in his commentary on the 13th book of Aris

totle's Metaphysics, and which is as follows : " We neither behold all

the figures, nor all the numbers contained in sensibles, nor is it possi

ble for things derived from sensibles, to possess mathematical accuracy

and certainty. But if it should be said, that we add what is wanting,

and make the things abstracted from sensibles more certain, and after

this manner consider them ; in the first place, indeed, it is requisite to

say whence we derive the power of thus giving them perfection. For

we shall not find any cause more true than that assigned by the an

cients ; I mean that the soul prior to the energies of sense, essentially

contains the reasons of all things. But in the next place, by adding

something to the things abstracted from sensible?, we do not make them

more certain and true, but, on the contrary more fictitious. For, if any

one blames the person of Socrates, while he accurately preserves in his

imagination the image which he has received from the sensible Socrates,

he will have an accurate knowledge of his person ; but if he wishes to

transform it into a more elegant figure, he will rather consider the

transformed figure than the form of Socrates. Nothing, however, of

this kind takes place in equal and similar numbers and figures ; but by

how much the nearer we bring them to the more certain and perfect,

they become by so much the more manifest and known, in consequence

of approaching so much the nearer to their own impartible form. We

may say indeed that we are excited to the perception of mathematical

truths by sensible objects ; but it must by no means be admitted that

they derive their subsistence by an abstraction from sensibles. For the

forms indeed, which are transmitted to us through the senses may pro

ceed as far as to the imagination, in which they wish to retain an indi

vidual subsistence, and to continue such as they entered. When intel
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inscribing the characters in herself, of which she derives an

eternal plenitude from intellect. For soul also is an intellect

evolving itself conformably to a prior intellect, of which it is

the image, and external type. If therefore intellect is all

things intellectually, soul will be all things psychically ; (or in

a manner adapted to soul) if the former is all things paradigm-

atically, the latter will be all things icouically or conformably

to an image; and if the former, contractedly, the latter, with

lect, however, afterwards passes beyond these to universal, and to things

which are apprehended by scientific reasoning, it plainly evinces that it

considers objects allied to itself, and which indeed are its legitimate

progeny. Hence, this energy is emulous of divine energy, and not

laborious, and has a power of exciting, purifying, and enlightening the

rational eye of the soul. But how could this be effected, if it were

employed about things, which alone subsist by a denudation from sen-

sibles f

In short, one of these two things must follow ; either that mathemati

cal demonstrations are less certain than physiological arguments; or

that the mathematical sciences are conversant with things which pos

sess more reality than the objects of physics. For it is not reasonable

to suppose that things which have more of reality should be more

obscurely known, nor that things which are less real should be more

manifestly known. But whenever this happens in the speculation of

any intelligible essence, it is the consequence of our imbecility, and

does not arise from the thing itself. For the assertion of Plato in this

respect is most true, that every thing participates of splendor and

knowledge, in proportion as it participates of truth and being. The

same thing also is manifestly asserted by Aristotle in the second book

of his Metaphysics ; for he there expressly says, " at it the being of

every thing, such also is Us truth."
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expansion and divisibly. This, Plato also perceiving, consti

tutes the soul of the world, (in the Timaeus) from all things,

divides it according to numbers, binds it by analogies and har

monic ratios, inserts in it the primary principles of figures, the

right and circular line, and intellectually moves the circles

which it contains. Hence all mathematical forms have a pri

mary subsistence in the soul ; so that prior to sensible she

contains self-motive numbers, vital figures prior to such as are

apparent, harmonic ratios prior to things harmonized, and in

visible circles prior to the bodies that are moved in a circle.

Soul also is a plenitude of all things, and another order, herself

producing herself, and at the same time produced from her

proper principle, filling herself with life, and being filled by

her fabricator, incorporeally and without interval. When there

fore she produces her latent principles, she unfolds into light all

sciences and virtues.

Hence, the soul is essentialized in these forms, and neither

must her inherent number be supposed to be a multitude of

monads or units, nor must her idea of natures that are distended

with interval, be conceived to subsist corporeally ; but all the

paradigms of apparent numbers and figures, ratios and motions,

must be admitted to exist in her, vitally and intellectually, con

formably to the Timaeus of Plato, who gives completion to all

the generation and fabrication of the soul, from mathematical

forms, and in her establishes the causes of all things. For the

seven boundaries 1 of all numbers, pre-exist in soul according to

1 Viz. 1. 2. 4. 8. 3. 9. 27, concerning which sec the Introduction to the

Timaeus, in the 2nd Vol. of my translation of Plato.
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cause. And again, the principles of figures, are established

in her in a fabricative manner. The first of motions also, and

which comprehends and moves all the rest, are consubsistent

with soul. For the circle, and a circular motion, are the princi

ple of every thing which is moved. The mathematical pro

ductive principles therefore, which give completion to the

soul, are essential, and self-motive ; and the reasoning powef

exerting and evolving these, gives subsistence to all the variety

of the mathematical sciences. Nor will she ever cease perpetually

generating and discovering one science after another, in conse

quence of expanding the impartible forms which she contains.

For she antecedently received all things causally ; and she will

call forth into energy all-various theorems, according to her

own infinite power, from the principles which she previously

received.1

1 The sagacious Kepler has not only inserted the above extract from

the Commentaries of Proclus, in his treatise On the Harmonic World,

but also gives it the following encomium : " At quod attinet quantitates

continuas, omnino adsentior Proclo ; etsi oratio fluit ipsi torrentis instar,

ripas inundans, et caeca dubitationum vada gurgitesque occultans, dutt

mens plena majestatis tantarum rerum, luctatur in angnstiis lingua?, et

conclusio nunquam sibi ipsi verborum copia satisfaciens, propositionuta

simplicitatem excedit." i. e. " With respect to what pertains to continued

quantities, I entirely assent to Proclus, though his language flows like a

torrent inundating its banks, and hiding the dark fords and whirlpools

of doubt, while his mind, full of the majesty of things of such a mag

nitude, struggles in the straits of language, and the conclusion never

satisfying him, exceeds by the copia of words the simplicity of the pro

positions."
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With respect to the utility of the mathematical science

which extends from the most primary knowledge, to that which

subsists in the lowest degree, it must be observed that Timaeus

in Plato calls the knowledge of the mathematical disciplines

the path of erudition, because it has the same ratio to the

science of wholes, and the first philosophy, or metaphysics,

which erudition has to virtue. For the latter disposes the soul

for a perfect life by the possession of unperverted manners ;

but the former prepares the reasoning power and the eye of. the

soul to an elevation from the obscurity of objects of sense.

Hence Socrates in the Republic rightly says " that the eye of

the soul which is blinded and buried by other studies, is alone

naturally adapted to be resuscitated and excited by the mathe

matical disciplines. And again, " that it is led by these to the

vision of true being, and from images to realities, and is trans

ferred from obscurity to intellectual light, and in short is ex

tended from the caverns [of a sensible life] and the bonds of

matter, to an incorporeal and impartible essence." For the

beauty and order of the mathematical reasonings, and the sta

bility of the theory in these sciences, conjoin us with and per

fectly establish us in intelligibles, which perpetually remain the

same, are always resplendent with divine beauty, and preserve

an immutable order with reference to each other.

But in the Phsedrus, Socrates delivers to us three characters

who are led back from a sensible to an intellectual life, viz. the

philosopher, the lover, and the musician. And to the lover

indeed, the beginning and path of elevation, is a progression

from apparent beauty, employing as so many steps of ascent.
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the middle forms of beautiful objects. But to the musician

who is allotted the third order, the transition is from the harmo

ny in sensibles, to unapparent harmony, and the productive

principles existing in these. And to the one sight, but to the

other bearing is the organ of recollection. To him, therefore,

who is naturally a philosopher, whence, and by what means is

the recollection of intellectual knowledge, and the excitation to

real being and truth ? For this character also, on account of

its imperfection, requires a proper principle ; since physical

virtue is allotted an imperfect eye, and imperfect manners. He

therefore, who is naturally a philosopher, is excited indeed from

himself, and surveys with astonishment real being. Hence,

says Plotinus, he must be disciplined in the mathematical sci

ences, in order that he may be accustomed to an incorporeal

nature, and led to the contemplation of the principles of all

things. From these things, therefore, it is evident that the

mathematics are of the greatest utility to philosophy.

It is necessary, however, to be more explicit, and to enumer

ate the several particulars to which they contribute, and evince

that they prepare us for the intellectual apprehensions of theo

logy. For whatever to imperfect natures appears difficult and

arduous in the truth, pertaining to divinity, these the mathe

matical sciences render through images credible, manifest, and

irreprehensible. For in numbers they exhibit the representa

tions of superessential peculiarities, and unfold in the proper'

objects of the reasoning part of our nature, the powers of iiK

tellectual figures. Hence Plato teaches us many admirable

theological dogmas, through mathematical forms ; and the phr-

Theor. Jr. h
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losophy of the Pythagoreans, employing these as veils, conceals

through them the mystic tradition of divine dogmas. For such

is the whole of the Sacred Discourse,1 what is said by Philolaus

in his Bacchics, and the whole method of the Pytbagoric nar

ration concerning the Gods. These sciences likewise^ con

tribute in the greatest degree to the physical theory, unfolding

the arrangement of those principles, according to which the

uuiverse was fabricated ; the analogy which binds together

every thing in the world, as Timaeus says, makes hostile

natures friendly, and things distant familiar, and sympathizing

with each other, and causes simple and primary elements, and

in short, all things to be held together by symmetry and equality ;

through which the whole universe likewise is perfected, receiv

ing in its parts appropriate figures. The mathematical science

also discovers numbers adapted to all generated natures, and to

their periods and restitutions to their pristine state, through

which we may collect the fecundity and barrenness of each.

For Timaeus iu Plato, every where indicating these particulars,

unfolds through mathematical names the theory about the na

ture of wholes, adorns tlie generation of the elements with

numbers and figures, refers to these, their powers, passive

1 Concerning this valuable work entitled ty>: see the Bibliotheca

Gr. of Fabricius, vol. I. p. 118 and 462. In the commentary also ofSyria-

nus on Aristotle's Metaphysics, p. 7, Tl, 83, and 103, the reader will find

some curious extracts from this celebrated work ; particularly in p. 83 ,

Syrianus informs us, " that he who consults this work, will find all the

orders both of monads and numbers, without neglecting one, fully cele

brated."
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qualities and effects, and assigns as the cause of all-various

mutation^ the acuteness and obtuseness of angles, the smooth

ness- or roughness of sides, and the multitude or paucity of the

elements.

Must we not also say that it contributes much and in an ad

mirable manner, to the philosophy which is called political, by

measuring the times of actions, the various periods of the uni

verse, and the numbers adapted to generations, viz. the assimi

lating and the causes of dissimilitude, the prolific and the per

fect, and the contraries to these, those which are the suppliers

of an harmonious, and those which impart a disorderly and m

elegant life, and in short those which are the sources of fertility

and sterility f For these the speech of the Muses in the Repub

lic of Plato unfolds, asserting that the whole geometric number 1

is the cause of better and worse generations, of the indissoluble

permanency of unperverted manners,' and of the mutation of

the best polities, into such as are irrational and full of pertur

bation. Again, the mathematical science perfects us in ethical

philosophy, inserting in our manners, order, and an elegant life, and

delivering those figures, melodies, and motions, which are adapted

to virtue, and by which the Athenian guest in Plato wishes

those to be perfected who are designed to possess ethical virtue

from their youth. It likewise places btfore our view the prin

ciples of the virtues, in one way indued in numbers, but in ano

ther in figures, and in another in musical symphonies, and ex

hibits the excesses and deficiencies of the vices, through which

we are enabled to moderate and adorn our manners. On this

■ See the 2d book of this work, in which this whole geometric num

ber is unfolded.



account also Socrates, in the Gorgias, accusing Callicles of art

inordmate and intemperate life, says to him, " You neglect

geometry, and geometric equality." But in the Republic, he

discovers the interval between tyrannic and kingly pleasure,

according to a plane and solid generation.1

« The passage alluded to by Proclus is in the 9th book of the Repub

lic, and is as follows : " What then, said I, shall we boldly say concern

ing all the pleasures, both respecting the avaricious and the ambitious

part of the soul, that such of them as are obedient to science and rea

son, and, in conjunction with these, pursue and obtain the pleasures of

which the prudent part is the leader, shall obtain the truest pleasures, as

far as it is possible for them to attain true pleasure, and in as much as

hey follow truth, pleasures which are properly their own ; if indeed

vshct is best Jor every one, be most properly his own 9 But surely, it is most

properly, said he, his own. When then the whole soul is obedient to

the philosophic part, and there is no sedition in it, then every part in

Other respects performs its proper business, and is just, and also reaps

its own pleasures, and such as are the best, and as far as is possible, the

most true. Certainly, indeed. But when any of the others govern, it

happens that it neither attains its own pleasures, and it compels the

other parts to pursue a pleasure foreign to them, and not at all true. It

does so, said he. Do not then the parts which are most remote from

philosophy and reason, most especially effectuate such things? Very

much so. And is not that which is most remote from law and order^

likewise most remote from reason? It plainly is. And have not the

amorous, and the tyrannical desires appeared to be most remote from

law -and order? Extremely so. And the royal and the moderate ones,

the least remote ? Yes. The tyrant, then, I think, shall be the most

remote from true pleasure, and such as is most properly his own, and

the other shall be the least. Of necessity. And the tyrant, said I,
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Moreover, we shall learn what great utility other sciences

and arts derive from the mathematics, if we consider, as Socra-

shall lead a life the most unpleasant, and the king the most pleasant.

Of great necessity. Do you ki ow then, said I, how much more un

pleasant a life the tyrant leaf's than the king ? If you tell me, said he.

As there are three pleasures; as it appears, one genuine, and two ille

gitimate ; the tyrant in carrying the illegitimate to extremity, and flying

from law and reason, dwells with slavish pleasures as his life-guards,

and how far he is inferior is not easily to be told, unless it may be done

in this manner. How ? said he. The tyrant is somehow the third

remote from the oligarchic character, for the democratic was in the mid-.

die between them. Yes. Does he not then dwell with the third image

of pleasure, distant from him with reference to truth, if our former

reasonings be true ? Just so. But the oligarchic is the third again from

the royal, if we suppose the aristocratic and the royal the same. He is

the third. The tyrant then, said I, is remote from true pleasure, the

third from the third. It appears so. A plain surface then; said I, may

be the image of tyrannical pleasure, as to the computation of length.

Certainly. But as to power, and the third augment, it is manifest by

how great a distance it is remote. It is manifest, said he, to the

computer at least. If now, conversely, any one shall say, the king is

distant from the tyrant as to truth of pleasure, as much as is the dis

tance of 9, and SO, and 700, shall he not, on completing the multiplica

tion, find him leading the more pleasant life, and the tyrant the more

wretched one, by this same distance."

The following numbers are employed by Plato in this passage.. He

Considers the royal character as analogous to unity, the oligarchic to the

number 3, and the tyrannic to the number 9. As 3 therefore is triple

of unity, the oligarchic is the third from the royal character; and in a

similar manner the tyrant is distant from the ojigarchist by the triple in

number. For 9 is the triple of 3, just as 3 is the triple of 1. But 9 is
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tes says in the Philebus, that all arts require arithmetic, men

suration, and statics ; all which are comprehended in the mathe

matical science, and are bounded by the principles which it

contains.. For the distributions of numbers, the variety of mea

sures, and the difference of weights, are known by this science.

To the intelligent reader, therefore, the utility of the whole of

mathematics to philosophy, and other sciences and arts, will,

from all that has been said, be apparent.

Some, however, endeavour to subvert the dignity of the

mathematical science, by depriving it of beauty and good,

because it does not make these the subjects of discussion, and

others by endeavouring to evince that sensible experiments are

more useful than the universal objects of its speculation, as

for instance, geodesiathan geometry, vulgar arithmetic than that

which consists in theorems, and nautical astronomy than that

which demonstrates universally. For, say they, we are not

made rich by our knowledge of riches, but by the use of them ;

nor do we become happy by a knowledge of felicity, but by

living happilf. Hence we must confess that not speculative

a plane number, the length of which is 3, and also its breadth. And a

tyrannic, says Plato, is the last image of a royal life. He also calls 3 a

power, because unity being multiplied by it, and itself by itself, and 9 by

it, there will be produced 3, 9, 27. But he calls the third augment 27,

arising from the multiplication of the power 3, and producing depth or

a solid number. Lastly, 27 multiplied into itself, produces 729, which

may be considered as a perfect multiplication, this number being the

Cth power of 3 ; and 6 is a perfect number. Hence, as the king is

analogous to 1, he is said, by Plato, to be 729 times distant from the

tyrant.
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qut practical mathematics contribute to human life and actions.

For those who are ignorant of the reasons of things, but are

experienced in particulars, excel in every respect, in what is

useful to human life, those who are engaged in theory alone.

Against objections the . of this kind, we shill reply by

showing the beauty of the mathematical disciplines from those

arguments by which Aristotle endeavours to persuade us. For

these three things are in a remarkable degree effective of beauty,

in bodies and in souls, viz. order, symmetry, and the definite.

Since corporeal deformity indeed, arises from material irregu

larity, privation of form, and the dominion of the indefinite in

the composite body. But the baseness of the soul originates

from its irrational part being moved in a confused and disor

derly manner, and from its being discordant with reason, and

not receiving from thence its proper limitation. Hence beauty

has its essence in the contraries to these, viz. in order, symme

try, and that which is definite. These, however, we may sur

vey in the most eminent degree in the mathematical science ;

order indeed, in the perpetual exhibition of things posterior and

more various, from such as are first and more simple. For

things subsequent are always suspended from those that precede

them ; the former having the relation pf a principle, but the

latter, of things consequent to the first hypotheses. ' But we

may perceive symmetry, in the concord of the things demon

strated with each other, and the reference of all of them to

intellect. For intellect is the measure of all scieuce, from

which it receives its principles, and to which it converts the

learners. And the definite is seen in the perpetually stable
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knowledge, do not subsist differently at different times, like the

objects of opinion and sense, but they present themselves to

the view invariably the same, and are bounded by intellectual

forms. If therefore these particulars are in an eminent degree

effective of beauty, but the mathematical sciences are charac

terized by these, it is manifest that in these the beautiful sub

sists. Indeed, how is it possible this should not be the case

with a science which is superaally illuminated by intellect, to

which it tends, and to which it hastens to transfer us from the

obscure information of sense f

But we ought to judge of its utility, not looking to the con

veniences and necessities of human life. For thus also we

must acknowledge that contemplative virtue itself is useless ;

since this separates itself from human concerns, to which it

does not tend, nor is in short desirous of making these the

objects of its knowledge. For Socrates in the Theaatetus,

speaking of the coryphaean philosophers, or those that philoso

phize in the most eminent degree, says, that through intellec

tual energy they are separated from all habitude to human life,

and from an attention to its necessities and wants, and that they

extend the reasoning power of the soul without impediment to

the contemplation of real beings. The mathematical science,

therefore, must be considered as desirable for its own sake, and

for the contemplation it affords, and not on account of the

utility it administers to human concerns. If, however, it be

requisite to refer its utility to something else, it must be referred

to intellectual knowledge. For it leads us to this, and prepares
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the eye of the soul for the knowledge of incorporeal wholes,

purifying it, and removing the impediments arising from sensible

pbjects. As therefore, we do not say that the whole of cathar

tic or purifying virtue is useful, or the contrary, looking to the

utility of the sensible life, but regarding the advantage of the

contemplative life; thus also it is lit to refer the end of the

mathematical science to intellect, and the whole of wisdom.

Hence, the energy about it, deserves our most serious attention,

both on its own account, and on account of an intellectual life.

It is also manifest, as Aristotle says, that this science is de

sirable of itself to its votaries, because, though no reward was

proposed to its investigators, yet, in a short time, the mathe

matical theory has received such an abundant increase. Besides,

all men who have in the smallest degree experienced its utility,

are willingly employed in its pursuit, and are desirous of being

at leisure for this purpose, omitting every other concern.

Hence, those who despise the knowledge of the mathematics,

have not tasted of the pleasures they contain. The mathemati

cal science, therefore, is not to be despised, because its theo

retic part does not contribute to human utility ; for its ultimate

progressions, and such as energize in conjunction with matter,

consider as their end an advantage of this kind ; but on the

contrary we should admire its immateriality, and the good

which it contains in itself alone. For in short, when men

were entirely disengaged from the care of necessary concerns,

they converted themselves to the investigation of the mathemati

cal disciplines; and this indeed, with the greatest propriety.

For things by which we are nourished, and which are connas
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cent with sensible objects, first employed the attention of man

kind ; but afterwards, those concerns which liberate the soul

from a life of sense, and procure its recollection of real being.

After this manner, therefore, we are engaged in the pursuit of

necessaries prior to that of things honourable on their own

account, and of things connascent with sense, prior to such as

are apprehended by intellectual energy. For the life of the

human soul, is naturally adapted to proceed from the imperfect

to perfection. And thus much in answer to those who despise

the mathematical science.

Again, with respect to the name mathematics, it appears to

me, says Proclus, that such an appellation of the science

which is conversant with the objects of the reasoning power,

was not like many names invented by casual persons, but, as it

is also said to have been, by the Pythagoreans. For they per

ceived that the whole of what is called mathesis, is reminis

cence,1 not externally inserted in souls, in the same manner as

phantasms from sensible objects are impressed in the imagina*

tion, nor adventitious like the knowledge resulting from opinion,

but excited indeed from things apparent, and inwardly exerted

from the reasoning power converted to itself. They likewise

saw that though reminiscence might be shown from many par

ticulars, yet it was evinced in a more eminent manner, as Plato

also says,1 from the mathematical disciplines. For if any one,

* i. e. The recovery of lost knowledge, on the hypothesis that the

soul is truly immortal, and theriifore had an existence prior to that of

the present life.

* In the Meno.
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gays he, is led to the diagrams, he will from them easily prove

that discipline is reminiscence. Hence also, - Socrates in the

Meno shows from this mode of arguing, that to learn is

nothing else than for the soul to recollect the productive princi

ples which she contains. But this is, because that which recol

lects, is the discursive energy of reason, which is essentialized

in the principles of the mathematics, and which causally com

prehends the mathematical sciences in itself, though it may not

energize according to them. It contains, therefore, all of them

essentially and occultly : but it unfolds each of them into light,

when it is freed from the impediments originating from sense.

For the senses connect the soul with divisible objects, imagina

tions fill her with figured motions, and appetites draw her down

to a passive life. But every thing divisible is an impediment

to our conversion to ourselves, every thing figured, obscures

that knowledge which is unaccompanied with figure, and every

thing passive, is au obstacle to impassive energy. When there

fore, we have removed all these from the discursive power of

reason, theu we shall be able to know by it, the productive

principles which it contains, then w e shall become scientific in

energy, and exert our essential knowledge. But while we are

bound, and have the eye of the soul closed, we shall never

obtain the perfection adapted to our nature. Mathesis, there

fore, is the reminiscence of the eternal productive principles

inherent in the soul ; and the mathematical science is on this

account the knowledge which contributes to our recollection of

these principles. Hence the employment of this science is

evident from its name. For it is motive of knowledge, excites
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mtelligence, purifies the discursive energy of reason, unfolds

the forms which we essentially contain, removes the oblivion

and ignorance, which we derive from the regions of sense, and

dissolves the bonds through which we are held in captivity by

the irrational nature.

The subserviency also of mathematics to philosophy, is ele

gantly illustrated by Theo of Smyrna, who compares the tra

dition of it, to initiation into the mysteries, and shows that

these disciplines correspond to the purification previously ne

cessary to this initiation. But what he says1 on this subject, is

as follows : " Again, it may be said that philosophy is the ini

tiation into, and tradition of real and true mysteries. But of

initiation there are five parts. That which has the precedency

indeed, and is the first, is purification. For the mysteries are

not imparted to all that are willing to be initiated, but some

persons are excluded by the voice of the cryer ; such as those

whose hands are not pure, and whore speech is inarticulate.

It is also necessary that those who are not excluded from initia

tion, should first undergo a certain purification. But the second

thing after purification, is the tradition of the mystery. The

third thing is denominated (cnoTtrsta. or) inspection.* And the

* In Mathemat. p. 18.

1 The word «xit>i or initiation, says Hermeas, in his MS. Commentary

ou the Phaedrus of Plato, " was so denominated from rendering the soul

perfect. The soul, therefore, was once perfect. But. here it is divided,

and is not able to energize wholly by itself." He adds : " But it is neces

sary to know that telete, muesis, and epopteia, Tixirt, nws, and i»ottik»,

differ from each other. Telete, therefore, is analogous to that which is
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fourth which is the end of inspection, is binding the head, and

placing on it crowns ; so that he who is initiated, is now able

to deliver to others, the mysteries which he has received,

whether it be the mystery of a torch-bearer, or of the interpre

tation of the sacred ceremonies, or of some other priesthood.

But the fifth thing which results from these-is the felicity arising

from being dear to divinity, and the associate of the Gods.

Conformably to these things likewise, is tht tradition of politi

cal doctrines. And in the first place, a certain purification is

requisite, such as that of the exercise from youth in appropriate

disciplines. For Empedocles says, " it is necessary to be puri

fied from defilement by drawing from five fountains in a vessel

of unmingled brass." But Plato says that purification is to be

derived from five disciplines ; and these are, arithmetic, geome

try, stereometry, music, and astronomy. The tradition, however,

of philosophical, logical, political, and physical theorems, is

similar to initiation. But Plato denominates the occupation

about intelligibles, true beings, and ideas, epopteia or inspection.

And the ability from what has been learnt of leading others to

the same theory, must be considered as analogous to binding

the head, and being crowned. But the tilth and most perfect

preparatory to purifications. But muesis which is so called from closing

the eyes, is more divine. For to close the eyes in initiation is no longer

to receive by sense tho«e divine mysteries, but with the pure soul itself,

And epopteia, is to be established in, and become a spectator of -the

mysteries." See more on this very interesting subject, in the second

edition of my Dissertation on the Eleusiniun and Bacchic Mysteries, in

Nos. XV. and XVI. of The Pamphleteer.
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thing, is the felicity produced from these, and according to

Plato, an assimilation as much as possible to God."

Such then is the utility arising from the proper study of the

mathematical sciences, among which theoretic arithmetic, as is

shown in the first chapter of this work, is preeminent, and the

leader of the rest. [ trust, therefore, that the liberal part of

my readers, and whose views are consequently neither directed

to the gratification of appetite, nor an immoderate accumula

tion of wealth, will gratefully accept the present work, as

another disinterested effort of a man who has laboured beyond

any other in modern times to benefit his countrymen, by the

dissemination of the most exalted knowledge ; though he has

received nothing in return from the literary censors of the age,

but gross misrepresentation and virulent abuse, whatever the

hatred of envy could administer to the purposes of detraction,

or the cunning of malignant sophistry could pervert. But as he

has elsewhere observed, he consoles himself amidst all the de

famation which he has received, or may yet experience, with the

consciousness of the integrity of his intention, and with the

firm hope that at all times what he has written for the benefit

of others will meet with the approbation of the wise and good.

For he perfectly accords with Seneca, " that if a man

wishes to be happy, he should first consider that he must de*

spise and be despised."1 —In particular he trusts this work

will be the means of benefitin" two young sieutlenien of this

coumry, WJLLIAM DAY and WILLIAM GEORGE

MEREDITH, the relatives of his much esteemed and

honoured friends, WILLIAM and GEORGE MERE,

1 Si vis beatus esse, cogita hoc primum contcmitere et contemni.
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DITH, Esqs. the first of these youths being the nephew of both,

and the second, the son of the latter of his friends. From the fair

hopes which their great proficiency in learning have hitherto raised

in all that know them, there is every reason to expect that they

will eventually be no less an ornament to their country than an

honour to the family to which they belong. And he requests they

will permit him thus to dedicate this work to them, both as a testi

mony of gratitude to their above mentioned relations, and an

indication of his great personal regard for them, and his san

guine expectations of their future renown.

With respect to the work itself, in the first and second books,

and the additional notes, I have incorporated whatever appeared

to me to be most important in the arithmetical writings of Ni-

comachus, Theo, Jamblichus, and Boetius,1 these being the

* With respect to these celebrated men, the exact period in which

Theo and Nicomachus lived, is uncertain. And all the information that

can at present be obtained concerning them is, that Theo flourished, as

the learned Bullialdus judiciously conjectures, between the age of Tibe

rius Caesar, and the times of Antoninus Pius. He wrote An Exposition

of such things in the Mathematics as are useful to the reading of Plato ;

and that part of this work which relates to Arithmetic and Music, is all

that is published at present, though what he wrote on Astronomy is

extant in sortie libraries in manuscript, as we learn from the accurate

Pabricins. But Nicomachus who was a Pythagorean philosopher of

Gerasa, a city bordering on Bostra in Arabia, was, according to Fabri-

cius, somewhat posterior to the age of Antoninus Pius, as he mentions

Ptolemy the astronomer who lived under the reign of that Emperor.

This great man was eminently skilled in the mathematical disciplines,

and particularly in theoretic arithmetic, so that iiis extraordinary attain



only ancient authors extant in print, that have professedly

written on Theoretic Arithmetic. Indeed, I have

nearly given the whole of the last mentioned author, both

because he has written more clearly on this subject than the

others, and because, as Fabricius rightly conjectures, he appears

to have availed himself of a greater arithmetical work of Nice-1

machus, which has not been transmitted to the present time.

The third book was added by me, in order to show how the1

Pythagoreans philosophized about numbers, and to unfold aS

much as possible their mystical and theological arithmetis ;

conceiving that such an addition was wanting to the completion

of the theory of numbers. The reader will also find some

ments in this science became proverbial. Hence, the author of the dia

logue among the works of Lucian which is inscribed Philopatris, p. 468,

says, xai yap rspi^urt'ij w; Nixo/^a^o; o Ttpatrwo;, " You numerate like Nico-

machus of Gerasa." And Iamblichus in the Commentary on his Arith

metic, p. 3, says, " I find that Nicomachus has delivered every thing

pertaining to this science of arithmetic, conformably to the doctrine of

Pythagoras. For this man was great in the mathematics, and had for

his preceptors men in the highest degree skilled in these disciplines.

And independent of these things, he has delivered an admirable order

and theory, accompanied with an accurate demonstration of scientific

principles." For an account of Jamblichus, who was one of the most

eminent of the genuine disciples of Plato, and who in the opinion of the

Emperor Julian was indeed posterior in time to Plato, but not in genius,

I refer the reader to the History of the Restoration of the Platonic

Theology at the end of my Proclus on Euclid. And as to Boetius his

life and works are too well known to need any discussion of them at

present.
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things entirely new. And if it should any where happen that

I have ascribed to my own invention what has been discovered

by others, I trust the reader will attribute it to my having been

much more conversant with ancient than with modern writers

on this, as well as on other subjects, and not from any intention

of defrauding others of their equitable claims.

In the last place, I am desirous of adding, for the sake of

the liberal reader, the following extract from the Introduction to

my translation of Aristotle's Metaphysics. It relates to the

contemplative, or intellectual energy, the employment of the

highest part of our nature.

Aristotle denominates the metaphysical science, at one time

wisdom, at another time the Jirst philosophy, and at another

theology ; signifying by each of these appellations, that it does

not rank among those arts and sciences which are conversant

with the knowledge of things necessary, or which inquire into

things subservient to the advantages and conveniences of the

mortal life, but that it is a knowledge and science to be pursued

for its own sake, and which speculates the first principles and

causes of things ; for these are beings in the most eminent

degree. Hence, in the sixth book of his Nicomachean Ethics,

he defines wisdom to be the most accurate of sciences, the sci

ence of things most honourable, that is, principles, and the

summit of all disciplines. With the multitude, indeed, merged

in sense, whatever does not contribute to the good of the merely

animal life, is considered as a thing of no value ; and hence, by

the better part of them it is regarded with indifference, and by

the greater number with contempt. It is vain to talk to such

Theor. Ar. c
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as these of a good purely intellectual, which is independent of

chance and fortune, which is desirable for its own sake, and

which confers the most pure and permanent felicity on its pos

sessor ; for, what passion can it gratify? what sense can it

charm ? Ignorant of the mighty difference between things neces

sary and such as are eminently good, they mistake means for

ends, pursue the flying mockeries of being, for such are all

sensible natures, and idly attempt to grasp the phantoms of

felicity. . .

The conceptions of the experimental philosopher who expects

to find Truth in the labyrinths of matter, are, in this respect,

not much more elevated than those of the vulgar : for he is

ignorant that Truth is the most splendid of all things, that she

is the constant companion of Divinity, and proceeds together

with him through the universe ; that the shining traces of her

feet are only conspicuous in form ; and that in the dark wind

ings of matter she left nothing but a most obscure and fleeting

resemblance of herself. This delusive phantom, however, the

man of modern science ardently explores, unconscious that he is

running in profound darkness and infinite perplexity, and that

he is hastening after an object which eludes all detection, and

mocks all pursuit.

It is well said indeed by Aristotle, that wisdom is the science

of principles and causes, since he who knows these, knows also

the effects of which they are the source. Such a one knows

particulars so far as they are comprehended in universals, and

this knowledge is superior to that which is partial, and co-ordi

nated to a partial object : for, does not every thing energise in
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a becoming manner, when it energises according to its own

power and nature ? -As, for instance, does not nature, in con

formity to the order of its essence, energise naturally, and in

tellect intellectually ? for, this being admitted, it follows that

knowledge subsists according to the nature of that which knows,

and not according to the nature of that which is known. Par

ticulars, therefore, when they are beheld inveloped in their

causes, are then known in the most excellent manner ; and this

is the peculiarity of intellectual perception, and resembles, if it

be lawful so to speak, the knowledge of Divinity himself.

Fer, the most exalted conception we can form of his knowledge

is this, that he knows all things in such a manner as is accom

modated to his nature, viz. divisible things indivisibly, things

multiplied uniformly, things generated according to an eternal

intelligence, and totally whatever is partial. Hence, he knows

sensibles without possessing sense, and, without being present

to things in place, knows them prior to all local presence, and

imparts to every thing that which every thing is capable of

receiving. The unstable essence, therefore, of apparent natures

is not known by him in an unstable, but in a definite manner ;

nor does he know that which is subject to all-various mutations

dubiously, but in a manner perpetually the same; for, by

knowing himself, he knows every thing of which he is the

cause, possessing a knowledge transcendantly more accurate

than that which is co-ordinate to the objects of knowledge.

Hence, in order to know sensible natures, he is not indigent of

sense, or opinion, or science ; for it is himself that produces all

these, and that, in the unfathomable depths of the intellection
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of himself, comprehends an united knowledge of them, accord

ing to cause, and in one simplicity of perception. .. <

Wisdom, therefore, considered as a causal knowledge of

particulars resembles the knowledge of Divinity, and conse

quently is most honorable and most excellent. And hence, the

w^se man, from resembling, must be the friend of Divinity.

Beautifully, therefore, is it observed by Aristotle, " That the

man who energises according to intellect, and is mentally dis

posed in the best manner, is also it would seem most dear to

divinity. For if any attention is paid by the Gods to human

affairs, as it appears there is, it is also reasonable to suppose

that they will be delighted with that which is most excellent,

and most allied to themselves ; but this is intellect ; and like

wise that they will remunerate those who especially love and

honour this, as taking care of that which is dear to themselves,

and acting rightly and well.1

The contemplative or intellectual energy indeed, when it is

possessed in the highest perfection of which our nature is

capable, raises its possessor above the condition of humanity.

,( For a life according to intellect," says the Stagirite, " is more

excellent than that which falls to the lot of man ; for he does

not thus live, so far as he is man, but so far as he contains

something divine. And as much as this divine part of him

differs from the composite, so much also does this energy differ

from that of the other virtues. If, therefore, intellect com

pared with man is divine, the life also which is according- to

1 See my translation of the Nicomachean Ethics, Book 10, p. 598.
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intellect will be divine with respect to human life. It is, how

ever, requisite that we should not follow the exhortations of

those who say that man should be wise in human, and a mortal

in mortal concerns, but we should endeavour as much as possi

ble to immortalize ourselves, and to do every thing which may

contribute to a life according to our most excellent part. For

this, though it is small in bulk, yet far transcends all the other

parts in power and dignity." After this, he shows that intellect

is the true man, from its being that which is most powerful,

principal, and excellent in our nature ; " so that," says he, '* it

would be absurd not to choose that which is our proper life,

but that which belongs to something different from ourselves."

Ridiculous, therefore, as well as grovelling are those concep

tions which lead men to value knowledge so far only as it con

tributes to the necessities, the comforts, and the refinements of

the merely human life ; and partial and unscientific is that defi

nition of virtue, which makes its highest energies to be those of

morality : for moral virtue is more human, but intellectual more

divine. The former is preparatory to felicity ; but the latter,

when perfect, is accompanied with perfect beatitude. Virtuous,

therefore, is the man who relieves the corporeal wants of others,

who wipes away the tear of sorrow, and gives agony repose ;

but more virtuous he, who, by disseminating wisdom, expels

ignorance from the soul, and thus benefits the immortal part of

man. For it may indeed be truly said, that he who has not

even a knowledge of common things is a brute among men ;

that he who has an accurate knowledge of human concerns

alone, is a man among brutes ; but, that he who knows all
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that can be known by intellectual energy, is a God among

men. *

Wisely, therefore, does Plato assert that the philosopher

ought not to descend below species, and that he should be

solely employed in the contemplation of wholes and universals.

For he who descends below these, descends into Cimmerian

realms, and Hades itself, wanders among spectres devoid of

mind, and exposes himself to the danger of beholding the real

Gorgon, or the dire face of Matter, and of thus becoming pe

trified by a satiety of stupid passions.

The life of the man who, possessing true wisdom, energises

according to theoretic virtue, is admirably described by Plato

in his Theaetetus as follows :

" Socrates. Let us speak, since it is agreeable to you, about

^he coryphaei. For why should any one speak of those who

are conversant with philosophy in a depraved manner ? In the

first place, then, the coryphaei from their youth neither know

the way to the forum, nor where the court of justice or senate-

1 Agreeably to this, Aristotle observes in his Politics, " that if there

is some one, or more than one, who greatly surpasses in virtue, though

not sufficiently numerous to make the complement of a city, so that the

virtue of all the rest, or their political power, should be too inferior to

be compared with theirs, if there are more than one; or if but one,

with his only; these are no longer to he considered as a part of the city.

For it would be doing them injustice to place them on a level with

those, who are so inferior to them in virtue and political power ; since it

is Jit to consider such a one as a God amongst men. Hence law is not for

such persons as these; for they are themselves a law. And it would

be ridiculous in any one to endeavour to subject them to the laws."
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house is situated, or any other common place of assembly

belonging to the city. They neither hear nor see the laws or

decrees, whether promulgated or written. And, as to the

ardent endeavours of their conipnnions to obtain magistracies,

the associations of these, their banquets and wanton feastings

accompanied with pipers,—these they do not even dream of

accomplishing. But whether any thing in the city has happened

well or ill, or what evil has befallen any one from his progeni

tors, whether male or female, of these they are more ignorant

than, as it is said, of how many measures called choes the sea

contains. And besides this, such a one is even ignorant that he

is ignorant 1 of all these particulars : for he does not abstain

from them for the sake of renown, but, in reality, his body

only dwells and is conversant in the city ; but his dianoetic part

[or scientifically-reasoning power] considering all these as trifling

and of no value, he is borne away, according to Pindar, on all

sides, geonietrizing about things beneath and upon the earth,

astrouomizing above the heavens,1 and perfectly investigating all

the nature of the beings which every whole contains, but -by no

means applying himself to any thing which is near.

1 The multitude are ignorant that they are ignorant with respect to

objects of all others the most splendid and real; but the coryphaaui

philosopher is ignorant that he is ignorant with respect to objects most

unsubstantial and obscure. The former ignorance is the consequence

of a defect, but the latter of a transcendency of gnostic energy.

1 i. e. Contemplating Jhoie divine forms in the intellect of the artifi

cer of the universe, which are the paradigms of all that the heavens

contain..



" Theodoras. How is this, Socrates ?

" Socrates. Just, O Theodorus, as a certain elegant and

graceful Thracian maid-servant is reported to have said to

Thales, when while astronomizing he fell into a well, that he

was very desirous of knowing what the heavens contained, but

that he was ignorant of what was before him, and close to his

feet. In the same manner all such as are conversant in philoso

phy may be derided. For, in reality, a character of this kind is

not only ignorant of what his neighbour does, but he scarcely

knows whether he is a man, or some other animal. But what

mm is, arid what a nature of this kind ought principally to do

or suffer, this he makes the object of kis inquiry, and earnestly

investigates.1 Do you understand, Theodorus, or not ?

" Theodorus. I do : and you are certainly right.

" Socrates. For, in reality, my friend, when a man of this

kind ifr compelled to speak (as I said before) either privately

with any one, or publicly in a court of justice, or any where

else, about things before his feet, and in his view, he excites

laughter, not only in Thracian maid servants, but in the other

vulgar, since- through his unskilfulness he falls into wells, and

every kind of ambiguity. Dire deformity too, causes him to

1 When intellectual men, therefore, are compared with such as are

solely busied in the investigation of sensible particulars, who are alone

delighted with objects of sense, and who do not even dream that these

objects rather resemble the delusions of sleep than the realities of vigi

lant perception, we may exclaim in Homeric language,

The race of these superior- far to those,

As he that thunders to the stream that flows.



be considered as a rustic: for, when he is in the company of

slanderers, he has nothing to say reproachful, as he knows no

evil of any one, because he has not made individuals the objects

of his attention. Hence, not having any thing to say, he ap

pears to be ridiculous. But, when he is in company with those

that praise and boast of others, as he is not only silent, but

openly laughs, he is considered as delirious : for, when he hears

encomiums given to a tyrant or a king, he thinks he hears some

swine-herd, or shepherd, or herdsman proclaimed happy, because

he milks abundantly ; at the same time he thinks that they feed

and milk the animal under their command, in a more morose

and insidious manner; and that it is necessary that a character-

of this kind should be no less 1rustic and undisciplined through

his occupation than shepherds, the one being inclosed in walls,

and the other by a sheep-cot on a mountain. But when he

hears any one proclaiming that he possesses ten thousand acres

of land, or a still greater number, as if he possessed things won

derful in multitude, it appears to him that he hears of a very

trifling thing, in consequence of being accustomed 'to survey

the^ whole earth. As often, too, as any one celebrates the

nobility of his family, evincing that he has seven wealthy grand

fathers, he thinks that this is entirely the praise of a dull mind,

and which looks to a thing of a trifling nature ; through want

of discipline being incapable of always surveying the universe,

and of inferring by a reasoning process, that every man has

had innumerable myriads of grandfathers and progenitors,

among which there has often been an innumerable multitude of

rich and poor, kings and slaves, Barbarians and Grecians. But

Theor. Ar. . d
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when any one, celebrating his progenitors, enumerates five-and-

twenty of them, and refers their origin to Hercules, the son of

Amphitryon, it appears to him a thing unworthy to be men

tioned. For, as it is entirely owing to fortune that any one is

able to enumerate five-and-twenty progenitors' from Hercules,

he would laugh, even if any one could enumerate fifty from the

same origin ; considering such as unable to reason, and liberate

themselves from the arrogance of an insane soul. But, in every

thing of this kind, the coryphasus we are describing will be

ridiculed by the vulgar, partly because he will be considered by

them as arrogaut, and partly because he is ignorant of, and

dubious about, things before his feet.

" Theodorus. You speak, Socrates, of things which certain

ly take place.

" Socrates. But when any one, my friend, draws him on

high, and is willing that he should abandon the consideration of

whether I injure you, or you me, for the speculation of justice

and injustice, what each of them is, and in what they differ

from all other things, or from each other ; or that, dismissing

the inquiry whether a king is happy who possesses abundance

of gold, he should ascend to the contemplation of a kingdom,

and universally of human felicity and misery, of what kind they

are to any one, and after what manner it is proper for human

nature to acquire this thing and fly from that ;—about all these

particulars when that little sharp soul, so conversant with law,

is required to give a reason, then he in his turn is affected

worse than the coryphseu3; for he becomes giddy, through

being suspended from a lofty place of survey, and being unac



customed to look so high. He is also terrified, is filled with

uncertainty, and speaks in a barbaric manner ; so that he does

not indeed excite laughter in the Thracian vulgar, nor in any

other undisciplined person (for they do not perceive his con

dition,) but in all those whose education has been contrary to

that of slaves. And such, Theodoras, is the condition of each ;

the one, whom we call a philosopher, being in reality nourished

in truth and leisure ; and who, though he ought not to be

blamed, yet appears to be stupid and of no value, when he

engages in servile offices ; since he neither knows how to bind

together bundles of coverlids, nor to make sauce for banquets,

nor compose flattering speeches. But the other of these cha

racters is able to accomplish all these servile offices with celeri

ty and ease, but knows not how to clothe himself in a liberal

manner, nor how in harmonious language properly to celebrate

the true life 'of the Gods and blessed men."





THEORETIC ARITHMETIC.

Woak I.

CHAPTER h

On the priority of Arithmetic to the other mathematical

disciplines. i

Arithmetic is to be learned the first of the mathematical

sciences, because it has the relation of a principle and mother

to all the rest. For it is prior to all of them, not only because

the fabricator of the universe employed this as the first paradigm

of his distributed intellection, and constituted all tilings accord

ing to number ; but the priority of arithmetic is also evinced

by this, that whenever that which is prior by nature is subverted,

that which is posterior is at the same time subverted ; but when

that which is posterior perishes, that which is prior suffers no

essential mutation of its former condition. Thus if you take

away animal, the nature of man is immediately destroyed ; but

by taking away man, animal will not perish. And on the

contrary, those things are always posterior which together with

themselves introduce something else ; but those have a priority

of subsistence, which when they are enunciated, cointroduce

with themselves nothing of a posterior nature. Thus if yon

speak of man, you will at the same time introduce animal ; for

man is an animal. But if you speak of animal, you. will not at

Theor. Ar. A
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the same time introduce the species man ; for animal is hot the

same as man. The same thing is seen to take place in geome

try and arithmetic. For if you take away numbers, whence

will triangle or quadrangle, or whatever else is the subject of

geometry subsist ? All which are denominative of numbers.

But if you take away triangle and quadrangle, and the whole of

geometry is subverted, three and four, and the appellations of

other numbers will not perish. Again, when we speak of any

geometrical figure, it is at the same time connected with some

numerical appellation ; but when we speak of numbers, we do

not at the same time introduce geometrical figure.

The priority likewise of numbers to music may from hence

be especially demonstrated, that not only those things which

subsist by themselves are naturally prior to those which are

referred to something else ; but musical modulation itself is

stamped with numerical appellations. And the same thing may

take place in this, which has been already noticed in geometry.

For diatessaron, diapente, and diapason, are denominated by the

antecedent names of numbers. The proportion likewise of

sounds to each other is found in numbers alone. For the sound

which subsists in the symphony diapason, is in a duple ratio.

The modulation diatessaron consists in the ratio of 4 to 3»

And that which is called the symphony diapente is conjoined

by the ratio of 3 to 2. That which in numbers is sesquioctave,

is * tone in music. And in short, the priority of arithmetic to

music will be indubitably demonstrated in the course of this

work. But since geometry and music are prior to astronomy,

it follows that astronomy is in a still greater degree posterior to

arithmetic. For in this science, the circle, the sphere, the

center, parallel circles and the axis are considered, all which

pertain to the geometric discipline. Hence also, the senior

power of geometry may from this be shown, that all motion is
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after rest, and that permanency is always naturally prior to

mobility. But astronomy is the doctrine of moveable, and

geometry of immoveable natures. The motion of the stars like

wise is celebrated as being accompanied with harmonic modu

lations. Whence also it appears that the power of music pre

cedes in antiquity the course of the stars. And it cannot be

doubted that arithmetic naturally surpasses astronomy, since it ap

pears to be more ancient than geometry and music which are

prior to it. For by numbers we collect the rising and setting of

the stars, the swiftness and slowness of the planets, and the eclip*

ses and manifold variations of the moom

CHAPTER It.

On the definition of number and the monad.

ThaLeS 1 defined number conformably to the doctrine of

the Egyptians by whom he was instructed, to be a collection of

monads. But Pythagoras defined it to be the extension and

energy of the spermatic reasons contained in the monad. Or

otherwise, to be that which prior to all things subsists in a

divine intellect, by which and from which all things are co-or

dinated, and remain connumerated in an indissoluble order.

Others, however, of his followers defined it to be a progression

from unity through the magnitude of it. But Eudoxus the

Pythagorean says, that number is definite multitude, in which

definition he distinguishes the species from the genus. The

followers of Hippasus who were called Acousmatici said that

number is the first paradigm of the fabrication of the world ;

and again, that it is the judicial instrument of the god who is

the demiurgus of the universe. But Philolaus says that num-

* Vid. Ianiblich. inNicomach. Arithmet.p. 11.



4

ber is the most excellent and self-begotten bond of the eternal

duration of mundane natures.

But the monad is in discrete quantity that which is the least,

or it is the firti. and common part of discrete quantity, or the

principle of it. According to Thymaridas indeed it is bound

ing quantity ; since the beginning and end of every thing is

called a bound. In certain things however, as in the circle and

the sphere, the middle is called the bound. But those who are

more modern, define the monad to be that according to which

every thing that exists is called one.1 To this definition how

ever, the words, " however collected it may be," are wanting,

The followers of Chrysippus assert confusedly, that the monad

is one multitude : for the monad alone is opposed to multitude.

But certain of the Pythagoreans said that the monad is the

confine of number and parts ; for from it as from a seed and an

eternal root, ratios are contrarily increased and diminished ;

Some through a division to infinity being always diminished by

a greater number ; but others being increased to infinity, are

again augmented. Some likewise have defined the monad to

be the form of forms, as comprehending in capacity or power,

[i. e. causally] all the reasons which are in number. But it is

considered after this manner, in consequence of wholly remain

ing in the reason of itself ; as is likewise the case with such

other things as subsist through thewiOnad.

The monad* therefore is the principle and element of num

bers, which while multitude is diminished by subtraction, is

itself deprived of every number, and remains stable and firm ;

since it is not possible for division to proceed beyond the

monad. For if we divide the one which is in sensibles into

* This is Euclid's definition of the monad, in the 7tU book of his

Elements.

* Vid. Theon. Smyrn. Mathemat. p- 23. . '



parts, again the one becomes multitude and many ; and by a

subtraction of each of the parts we end in one. And if we

again divide this one into parts, the paits will become multi

tude ; and by an ablation of each of the parts, we shall at

length arrive at unity. So that the one so far as one is imparti

ble and indivisible. For another number indeed when divided

is diminished, and is divided into parts less than itself. Thug

for instance, 6 may be divided into 3 and 3, or into 4 and 2,

or into 5 and 1. But the one in sensibles, if it is divided in

deed, as body it is diminished, and by section is divided into parts

less than itself, but as number it is increased ; for instead of

the one it becomes many. So that according to this the one

is impartible. For nothing [in sensibles] which is divided, is

divided into parts greater than itself; but that which is divided

into parts greater than the whole, and into parts equal to the

whole, is divided as number. Thus if the one which is in sensi

bles, be divided into six equal parts, as number indeed, it will

be divided into parts equal to the whole, viz. into 1. 1. \. 1. 1. 1.

and also into parts greater than the whole, viz. into 4 and 2 j

for 4 and 2 as numbers are more than one. Hence the monad

as number is indivisible. But it is called the monad, either

from remaining immutable, and not departing from its own

nature ; for as often as the monad is multiplied into itself, it

remains the monad ; since once one is one.; and if we multiply

the monad to infinity, it still continues to be the monad. Or it

is called the monad, because it is separated, and remains by

itself qlone apart from the remaining multitude of numbers.1

• Archytas ant] Philolaus, as we are informed by Then, called indis

criminately the one, the monad, and the monad, the one. But according

td the best of the Platonists, Proclus, Damascius, &c. in divine natures

the monad is that which contains distinct. but at the same time profound

ly-united multitude ; and the one is the summit of the many, so that the
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Since therefore number is the connective bond of all things,

it is necessary that it should abide in its proper essence, with a

perpetually invariable sameness of subsistence ; and that it

should be compounded, but not of things of a different nature.

For what could conjoin the essence of number, since its para-,

digm joiued all things. But it seems to be a composite from

itself. Moreover, nothing appears to be composed from simw

lars ; nor yet from things which are conjoined by no analogy,

and which are essentially separated from each other. Hence it

is evident, since number is conjoined, that it is neither conjoined

from similars, nor from things which mutually adhere by no

analogy. Hence the primary natures of which number consists,

are the even and the odd, which by a certain divine power,

though they are dissimilar and contrary, yet flow from one

source, and unite in one composition and modulation.

CHAPTER III.

On the division of number, and the various definitions of the

even and the odd.

The first division of number therefore is into the even and

the odd. And the even number indeed is that which may be

divided into two equal parts, without the intervention of unity

one is more simple than the monad. Observe too, that in the sensible

universe, the first monad is the world itself, which comprehends in

itself all the multitude of which it is the cause (in conjunction with the

cause of all.) The second monad is the inerratic sphere. In the third

place, the spheres of the planets succeed, each of which is also a monad,

comprehending an appropriate multitude. And in the fourth and last

place are the spheres pf the elements, which are in a similar manner

monads. AH these monads likewise, are denominated oXcmTi;, wholt*

*ttm, and have & perpetual subsistence.
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in the middle. But the odd number is that which cannot be

divided into equal parts, without unity intervening in the middle.

And these indeed are the common and known definitions of

the even and the odd. But the definition of them according to

the Pythagoric discipline is as follows : The even number is

that which under the same division may be divided into the

greatest and the least ; the greatest in space, and the least in

quantity, according to the contrary passions of these two genera.

But the odd number is that to which this cannot happen, but

the natural division of it is into two unequal parts. Thus for

instance, if any given even number is divided, there is not any

section greater than half, so far as pertains to the space of

division, but so far as pertains to quantity, there is no division

less than that which is into two parts. Thus, if the even num

ber 8, is divided into 4 and 4, there will be no other division,

which will produce greater parts, viz. in which both the parts

will be greater. But also there will be no other division which

will divide the whole number into a less quantity ; for no divi

sion is less than a section into two parts. For when a whole is

separated by a triple division, the sum of the space is diminished,

but the number of the division is increased. As discrete quan

tity however, beginning from one term, receives an infinite in

crease of progression, but continued quantity may be dimi

nished infinitely, the contrary to this takes place in the division

of the even number ; for here the division is greatest in space,

but least in quantity. In other words, the portions of contin

ued quantity are the greatest, but the discrete quantity is the

least possible.

According to a more ancient mode likewise, there is another

definition of the even number, which is as follows : The even

number is that which may be divided into two equal, and into

two unequal parts ; yet so that in neither division, either parity



8

will be mingled with imparity, or imparity with parity ; except

the binary number alone, the principle of parity, which does

npt receive an unequal section, because it consists of two uni

ties. Thus for instance, an even number as 10 may be divided

iuto 5 and 5 which are two equals ; and it may also be divided

into unequal parts, as into 3 and 7. It is however, with this conr

dftion, that when one part of the division is even, the other also

is found to be even ; and if one part is odd, the other part will

be odd also, as is evident in the same number 10. For when it

is divided into 5 and .5, or into 3 and 7, both the parts in each

division are odd.* But if it, or any other even number, is divi

ded into equal parts, as 8 into 4 and 4, and also into unequal

parts, as the same 8 into 5 and 3, in the former division both

the parts are even, and in the latter both are pdd. Nor can it

ever be possible, that when one part of the division is even, the

other will be found to be odd ; or that when one part is odd,

the other will be even. But the odd number is that which in

every division is always divided into unequal parts, so as always

to exhibit - both species of number. Nor is the one species

ever without the other; but one belongs to parity, and the

other to imparity. Thus if 7 is divided into 3 and 4, or into

5 and 2, the one portion is even, and the other odd. And the

same thing is found to take place in all odd numbers. Nqr in

the division of the odd number can these two species, which

naturally constitute the power and essence of number, be with

out each other. It may also be said, that the odd number is

that which by unity differs from the even, either by increase, or

diminution. And also that the even number is that which by

unity differs from the odd, either by increase or diminution.

1 But if it is divided into 6 and 4, each of the parts of the division is

tven.
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For if unity is taken away or added to the even number, it

becomes odd ; or if the same thing is done to the odd number,

if immediately becomes even.

Some of the ancients also said that the monad is the first of

odd numbers. For the even is contrary to the odd ; but the

monad is either even or odd. It cannot however be even ; for

it cannot be divided into equal parts, nor in short does it admit

of any division. The monad therefore is odd. If also the

even is added to the even, the whole becomes even ; but if the

monad is added to an even number, it makes the whole to be

odd. And hence the monad is not even, but odd. Aristotle

however, in his treatise called Pythagoric says, that the one or

unity participates of both these natures ; for being added to

the odd it makes the even, and to the even the odd ; which it

would not be able to effect if it did not participate of both

these natures. And hence the one is called evenly-odd. Ar-

chytas likewise is of the same opinion. The monad therefore

is the first idea of the odd number, just as the Pythagoreans

adapt the odd number to that which is definite and orderly in

the world. But the indefinite duad is the first idea of the even

number ; and hence the Pythagoreans attribute the even num

ber to that which is indefinite, unknown, and inordinate in the

world. Hence also the duad is called indefinite, because it is

not definite like the monad. The terms, however, which follow

these in a continued series from unity, are increased by an equal

excess ; for each of them surpasses the former number by the

monad. But being increased, their ratios to each other are

diminished. Thus in the numbers 1, 2, 3, 4, 5, 6, the ratio of

2 to 1 is double; but of 3 to 2 sesquialter; of 4 to 3 sesqui-

tertian ; of 5 to 4 sesquiquartan ; and of 6 to 5 sesquiquintan.

This last ratio, however, is less than the sesquiquartan, the ses

quiquartan is less than the, sesquitertian, the sesquitertian than
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die scsquialter, and the sesquialter than the double. And the

like takes place in the remaining numbers. The odd and the

even numbers also surveyed about unity alternately succeed each

other.1

CHAPTER IV.

On the predominance of the monad.

Every number also is the half of the sum of the two num

bers placed about it, in a natural series. It is likewise the half

of the sum of the numbers situated above these two ; and also

of the sum of the numbers situated above these last two, and

•o on till the progression is stopped by the monad or unity.

Thus about the number 5, the numbers 6 and 4 are immediate

ly placed, the former above, and the latter below it. These

therefore, if they are added together make 10, of which 5 is

the half. But the numbers which are next situated about 6

and 4, are 3 and 7. And of these also when added together 5

is the half. Again, the sum of the numbers placed about 3

and 7 is likewise the double of 5; for these are 8 and 2. And

the like will take place in all the numbers in a natural series,

till we arrive at the boundary of the monad. For the monad

alone has not two terms situated about it, and on this account

it is the half of the number alone which is placed next to it.

Hence, it is evident that the monad is the first of all the num

bers that are in a natural series, and also that it is deservedly

acknowledged to be the source of all multitude, however ex

tended it may be.

■ Vid. Th«o. Smyrn. Mathemat. p. 90, Stc.



II

CHAPTER V.

'the division of the even number.—And on the evenly-even

number, and its properties.

Of the even number however there are three species. For

oue species is that which is called the evenly-even, but another

is denominated the evenly-odd, and the third is the oddly-odd.

And the species indeed which are contrary, and obtain the

place of extremes are the evenly-even, and the evenly odd.

But the species which is a certain medium, and participates of

each of the extremes, is the number which is called oddly-odd.

Again, the evenly-even number is that which may be divided

into two equal parts, and each of these parts into two other

equal parts, and each of these may be divided in a similar manner,

and the division of the parts may be continued till it is naturally

terminated by indivisible unity. Thus the number 64 has for

its half 32, but the half of this is 16, the half of 16 is 8, the

half of 8 is 4, of 4, two, and the half of 2 is 1, which natu

rally does not admit of division.

To this number it happens that whatever may be its part is

found to be evenly-even both in denomination and quantity.

And it seems that this number was called evenly-even, because

all its parts are found to be evenly-even both in name and quan

tity. We shall however hereafter show how this number has

even parts both in quantity and appellation.

But the generation of these numbers is as follows : AH num

bers in a duple ratio from unity, will always be found to be"

evenly-even ; and it is not possible that they should be produced

in any other way. Thus for instance, the numbers in a duple

ratio from unity are 1. 2. 4. 8. 16. 32. 64. 128. 256. 312. and



so on ad infinitum ; for they are all evenly-even, and the ratio of

their progression is duple.

It is remarkable in this series, that if the number of terms

is even, the two middle terms correspond to each other, and

this also will be the case with the terms above these, and so on

till each term meets with the extremities. Thus for instance,

let there be given a series of evenly-even numbers from 1 to

128. In this series therefore, because the number of terms is

even, one medium cannot be found. Hence there are two

media 8 and 16, which mutually correspond to each other.

For of the last term 128, 8 is the sixteenth part, and 16 is the

eighth part. Again, the terms above these will also be found-

to correspond to each other. For 32 is the fourth part of 128,

and 4 is the thirty-second part of it. Of the terms likewise

which are above these, 64 is the second part of 1 28, and 2 is

the sixty-fourth part of it: 128 also is once 128, and 1 is the

one hundred and twenty-eighth part of 128. But if the number

of terms is odd, one medium only can be found, from the

nature of the odd, and this corresponds to itself. For if this

series be given 1.2. 4. 8. 16. 32. 64, there will be one medium

only which is 8, and this is the eighth part of 64, and thus is

converted to itself both in denomination and quantity. After

the same manner also as above, the terms, which are about it,

confer on each other mutual appellations according to their

proper quantities. For 4 is the sixteenth part of 64, and 16 is

the fourth part of it. And again, above these terms, 32 is the

second part of 64, and 2 is the thirty-second part of it. 1 also,

is the sixtyrfourth part of 64, and 64 is once 64. Hence as we

have said, all the parts of this series are found to be evenly-even

both in appellation and quantity.

This also is admirable that in any number of terms in this

series, the sum of all the terms but the last, is equal to the last
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term less by one. Thus when the number of terms is 3, the

sum of 1 and 2 is 3 which is less than 4 by 1 . In four terms*

likewise, the sum of 1, 2 and 4 is 7 which is less than 8 by 1«

In five terms l + 2 + 4 + 8=S15, which is less than 16 by 1 ;

and so in any other finite number of terms. The first progeny

of number also preserves and guards this property ; for unity is

less than the following number 2 by unity alone. And hence, it

is by no means wonderful that the sum of the other terms should

accord with its proper principle.1 We shall likewise find this

property to be of the greatest advantage in ascertaining those

numbers which are called superfluous, diminished,1 and perfect)

This also must not be passed over in silence, that in this

series when the number of terms is even, the rectangle under

the extremes is equal to the rectangle under the two means ; for

when the series is even the media are two. Thus in that dispo

sition of evenly-even numbers in which the last term is 128, the

two means are 8 and 16, which multiplied by each other pro

duce 128, equal to 1 x 128. The numbers likewise which are

1 It occurred to me that a similar property might be found in the

series whose terms are in a triple, quadruple, quintuple &c. ratio. And

I discovered that if in the series whose terms are in a'triple ratio, each of

the terms is doubled, the sum of all the terms but the last will be equal

to the last term less by 1. Thus in the series 1. 3. 9. 27. 81. 243. 729,

&c. if each term is doubled, the series will be 2. 6. 18. 54. 162. 486, &c.

And 2+6=8, which is less than 9 by 1. Again, 2+6+ 18=26, which

is less than 27 by 1. And 2+6+18+54=80, which is less than 81 by

1. And so in other instances. But in a series whose terms are in a

quadruple ratio, each of the terms must be tripled. In a quintuple

series, the terms must be made quadruple; in a sextuple, quintuple,

and the same property will take place.

* It is evident that each of the terms in the duple series is diminished

or defective, for the sum of its parts is less than the whole. And from

what we have shown, this is evident a fortiori in the triple, quadruple

&c. Series.
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above these, if they are multiplied, will produce the same"

number. For 4 x32 is equal to 1x128. But if the number

of terms is odd, one middle term is found, and this multiplied

into itself will be equal to the product of the two extremes*

Thus in that series of terms, iu which the extreme is 64, one

middle term alone is found, and this is 8, which multiplied into

itself is equal to 1 x 64. The terms also which are above this

medium will, when multiplied into each other, give the same

product; for 4x 16=64. Thus also 32 multiplied by 2 and 1

multiplied by 64, produce the same number without any varia

tion.

CHAPTER VI.

On the evenly-odd number, and its properties*

The evenly-odd number however is that which is itself indeed

allotted the nature and essence of parity, but is opposed in a

contrary division to the nature of the evenly-even number* For

it will be shown that it is divided in a very dissimilar way. For

because it is even, it receives a section into equal parts, but the

parts of it immediately become indivisible. And such are the

numbers, 6. TO. 14. 18. 22 and others similar to these. For in

dividing these numbers into equal parts, we are immediately

stopt by the odd number which cannot be divided equally.

But it happens to these numbers that all their parts have deno

minations contrary to the quantities of the parts that are denomi

nated ; nor can it ever be possible that any part of an evenly-odd

number should receive a denomination and quantity of the same

kind. For always, if the denomination is even, the quantity of

the part will be odd. Thus for instance, in the number 1S

the half of it, which term half is the appellation of parity, is 9,

which is odd in quantity. But its third part, which is an uneven
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denomination, is 6, which is even in quantity. Again, by con*

version, the sixth part which is an even denomination is 3, but

the ternary is odd. And the ninth part, which is an uneven

appellation, is 2 which is an even number. And the same thing

will be found to take place in all other evenly-odd numbers.

Nor can it ever be possible that the name and number of anv

part are of the same kind.

These numbers are produced by disposing from unity all the

numbers that differ from each other by 2, viz. all the odd num

bers in a natural series. For if each of these is multiplied by 2,

all the evenly-odd numbers will be generated. Let there be given

then the following odd numbers from unity in a natural order,

1.3. 5. 7. 9. 11. 13. 15. 17. 19. These, if each of them is m*&*

tiplied by 2, will form the series 2. 6. 10. 14. 18. 22. 26. SO.

34. 38. And each of these if divided will only receive one

section, a second division being excluded by the intervention of

imparity.

These numbers also differ from each other by 4 : and this

arises from the mode of their generation. For the odd numbers

which are the foundation of them, exceed each other by 2 ; and

because each of these is multiplied by 2, the progression

receives a four-fold increase.

But these species of numbers, the evenly-even, and the

evenly-odd, are said to be contrary, because in the evenly-odd

number, the greater extremity alone receives division,1 and the

less term is in this alone liberated from section ; and because in

1 Viz. In the evenly-even number, it is the least part alone, i. e.

unity which receives no division ; but on the contrary in the evenly-odd

number, the greater extremity alone receives division, i. e. the whole

number. Thus 10 can be divided into two equal parts, but in these parts

the division stops ; so that in this number the section is stopped in the

greatest part, while on the contrary, in the evenly-even number, it is

stopped in the least part, unity.
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the form of the evenly-even number, the product of die ex

tremes is equal to the product of the means, as far as to the

two media, if the number of terms is even ; but if the number

of terms is odd, the square of the medium is equal to the pro

duct of the extremes. In the evenly-odd number however, if

the number of terms is odd and there is therefore only one mid

dle term, this term will be the half of the sum of the terms

placed about it. It will also be the halfof the sum of the terms

placed above these ; and this will be the case as far as to the

extremes of all the terms. Thus in the series of evenly-odd

numbers 2. 6. 10., the middle term 6 is the half of 10+ 2. And

if there are two media, the sum of these will be equal to the

sum of the terms placed above them. Thus in the series 2. 6'.

10. 14, the sum of the media 6+ 10 is equal to 2 + 14 the sum

of the extremes. . -

CHAPTER VII.

On the unevenly-even number, and its properties, Sfc.

The unevenly-even number is composed from both the

evenly-even, and the evenly-odd number, and is a medium be

tween both. But this number is such as may be divided into

equal parts, and each of these into other equal parts, and some

times the parts of these parts may again be divided, but this

equable division does not proceed as far as to unity. And of

this kind are the numbers 24 and 28. For each of these may

be divided into two equal parts, and also the parts of these

parts, and again the parts of these, but the division does not

extend as far as to unity. Hence, because this number receives

more than one division, it resembles the evenly-even, and is

separated from the evenly-odd number. But because the sec
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tion does not proceed as far as to unity, it associates with the

evenly-odd, but is separated from the evenly-even number.

It happens however to this number, that it possesses that

which both the above-mentioned numbers have not, and obtains

that which both of them receive. And it has that indeed which

hoth do not possess ; for in the evenly-odd number, the major

term alone is divided into two equal parts ; but in the evenly-

even number on the contrary, the minor term alone is deprived

of this division. In the unevenly-even number however, neither

the major term alone admits of this section, nor the minor alone

is deprived of such a division ; for the parts also are divided,

and the section does not arrive as far as to unity, but prior to -

unity a term is found which cannot be divided. It also obtains

what both the others receive ; for some of its parts are of the

same quantity and denomination, according to a similitude of

the evenly-even number; but other parts of it receive a denomi

nation contrary to their proper quantity agreeably to the form of

the evenly-odd number. Thus in the number 24, the quanti

ty of the part is even, being denominated from the even number.

For the fourth part of it is 6, the second part is 1 2, the sixth

part is 4, and the twelfth part is 2, which appellations of parts

are not discordant from parity of quantity. The parts however

8, 3, and 1 do not correspond in denomination to the quantities ;

for 8 is the third part, 3 is the eighth part, and 1 is the twenty-

fourth part. Hence in this instance, when the denominations-

are even, the quantities are found to be odd, and when the

quantities are even, the denominations are odd.

But these numbers are produced in such a way as to desig

nate their essence and nature even in their very generation ; for

they are the progeny of the evenly-even, and the evenly-odd

numbers. For the evenly-odd are produced, as we have shown

from the series of odd numbers ; but the evenly-even from the

Theor. Jr. B
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duple progression. Let all the numbers' therefore, that are

naturally odd, be disposed in order, and under these all the num

bers in a duple progression beginning from 4 as follows :

3 5 7 9 11 13 15 n 19 &c.

4 3 16 32 04 128 256 512 1024 &c.

If therefore the first number in one series, is multiplied by

the first in the other, viz. if 3 is multiplied by 4, or if the same

first is multiplied by the second number in the second series, i.

e. if 8 is multiplied by 8, or the first by the third, i. e. 3 by 16,

and so on as far as to the last term ; or if the second term in

the first series is multiplied by the first, or second or third, Qf

in short, by any term in the second series ; or the third term in

the first series, by any term in the second, and so of the fourth,

fifth 8tc. terms in the first series, all the numbers thus produced

will be unevenly-even. Thus 3 x 4= 12, 5 x 4=20, 7 x 4=28,

and so on. Again, 3x8= 24, 5x8=40, 7x8= 56. And

after this manner, if all the numbers in the duple series are

multiplied by those in the upper series, the products will be

found to be unevenly-even numbers.

This also is admirable in this species of numbers, that if the

disposition and description of them according to breadth is re

garded, the property of the evenly-odd numbers will present

itself to the view, but the property of the evenly-even, if the.

disposition of them is regarded according to length. For accord

ing to breadth, the two extremes are equal to the two media, or

if there is but one medium, the double of it is equal to the ex

tremes. But according to length, the property of the evenly-

even number will be discovered ; for here the product of the

extremes is equal to that of the two media, or if there is but one

medium the square of it is equal to the product of the extremes.

The description of them however, according to length and
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breadth, is as follows ; The products arising from the multipli

cation of evenly-even numbers in an orderly series by 3, are

to be placed in the first row. .Again, the products arising from

the multiplication of the same evenly-even numbers by -5^ are

to be placed in the second row. Those arising from the multi

plication by 7, are to be placed in the third row, and so of the

rest.

8 5 T 9 &c. Odd numbers.

4 8 16 32 &c. Evenly-even numbers.

Length.

13 24 48 06

20 40 80 160

Breadth, Breadth,

28 56 112 224 '-

36 72 144 288

Length.

Here in the breadth, if three terms are taken, as for instance 12}

SO, and 28, the sum of the extremes is double the middle

term; for 12+28=40. Thus also 20 +36=56 equal twice

88. But where there are two media, the slim of the extremes

will be equal to the sum of the means. Thus 12 + 36=48:=

20 + 28. Thus also 24 + 72=96=40 +56; and so of the

other parts of the breadth. This however takes place accord

ing to the form of the everrly-odd number, in which, as we have

before observed, this property is found.. Again, if we direct

our attention to the length, .where two terms have one medium,

the product of the extremes is equal to the square of the medium

or middle term ; for 12 x 48 =576=24 x 24. Again, 24 x 96=

2304=48 x 48. But where two terms include two media, the

product of the extremes will be found to be equal to the pro

duct of the means. Thus 1 2 x 96= 1 152=24 x 48. And this

is according to an imitation of and alliance with the evenly-even
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number, from the participation of which these numbers acquire

this property. The same thing also takes place in the other

rows bf the length. Hence it is manifest that this number is

produced from the two former numbers, because it invariably

retains their properties.

CHAPTER VIII.

On the odd number, and its division.

The odd number also is that which is separated from the

nature and essence of the even number ; since the latter can be

divided into two equal parts, but the former is prevented from

this equality of division by the intervention of unity. In t» simi

lar manner also it has three subdivisions ; one of these, being

the number which is called first and incomposite ; another, that

which is second and incomposite ; and the third, that which sub

sists as a medium between these, and naturally derives some

thing from both through its alliance to each ; which is of itself

indeed second and composite, but with reference to others ia

found to be first and incomposite.

CHAPTER IX.

. On thefirst and incomposite number

And the first and incomposite number indeed, is that which

has no other part except that which is denominated from the

whole quantity of the number ; so that the part itself is no other

than unity. And such are the numbers 3. 5. 7. 11. 13. 17. 19.

23. 29- 31. In each of these numbers therefore, no other part

can be found except that which is denominated from them, and

this, as we have before observed, is unity alone. For in 3

there is only one part, i. e. a third, which is denominated from
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3, and this third part is unity. After the same manner in 5

there is only one part which is a fifth, and this is unity. And

the same consequence will be found to take place in the rest.

This number however, is called first and incomposite, because

no other number measures it than unity, which is the mother of

all number. And this is owing to its not being composed from

any other numbers, and to its being generated from unities alone

multiplied into themselves.1 For thrice one is three, five times

one is 5, seven times one is seven, and so of the rest. But

these being multiplied into themselves produce other numbers

like themselves. Being allotted also a primary essence, they

will be found to be as it were certain elements of all the num

bers generated from them ; because they are incomposite, and

formed by a simple generation ; and all the numbers proceeding

from them are resolved into them, but they are neither produced

from others, nor resolved into other numbers.

CHAPTER X.

On the second and composite number.

The second and composite number, is indeed itself odd,

because it is formed by the same property of the odd number,

but it retains in itself no principal essence ; is composed from

other numbers ; and has parts which are denominated both from

itself and a foreign word ; but the part alone (which is denomi

nated from itself, will always in these numbers be found to be

unity. The parts however, which are denominated from a

foreign word, are sometimes many, and sometimes only one.

Of this kind are the numbers 9. 15. 21. 25. 27. 33. 39- Each

1 vii. From unities when added together forming a number, and this

number being multiplied by unity. .



22

i

of these therefore has parts denominated from itself, viz. its

proper unities. Thus 9 has a ninth part which is 1 ; 15 has a

fifteenth part, which is also 1 ; and the like takes place in the

rest. But they have also a part denominated from a foreign

word. Thus 9 has a third part which is 3 ; and 15 has a third

part which is 5, and also a fifth part, 3. Thus too, 21 has a

third part, i. e. 7„ and a seventh part w hich is 3 ; and there is

the same consequence in all the rest. This number however,

is called second, because it is not only measured by unity, but

also by another number, by the conjunction of which it is

formed. Nor does it contain any thing in itself of a principal

nature ; for it is generated from other numbers ; 9 indeed from

3 ; 15 from 3 and 5 ; 21 from 3 and 7 ; and the rest after the

same manner. But it is called composite, because it may be

resolved into those numbers -from w hich it is said to be com

posed, viz. into those which measure a composite number^

Nothing however which can be dissolved is incomposite, but is

by every necessity a composite. .

CHAPTER XI.

On that number which is of itself second and composite, but

with reference to another first and incoinposite.

These numbers therefore, i, e. the first and incomposite and

the second and composite being separated from each other by a

natural diversity, another number presents itself to the view in

the middle of these, which is indeed itself composite and

second, receives the measure of another, and is therefore capa

ble of a part with a foreign appellation, but when it is compared

with another number of the same kind, is conjoined with it by

no common measure ; nor will these numbers have equivocal
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parts. Numbers of this description, are such as 9 and 25 ; for

these have no common measure, except unity, which is the

common measure of all numbers. ' They likewise have no equi

vocal parts For that which in 9 is the third part is not in 25,

and that which in 25 is the fifth part is not in 9. Hence both

these numbers are naturally second and composite, but when

compared with each other, they are rendered first and incompo-

site, because each has no other measure than unity, which is

denominatedfrom each ; for in 9 it is the ninth, and in 25, the

twenty-fifth part.

CHAPTER XII.

On the generation of the first and incomposite, of the second

and composite numbers, and of that number which is of' itself

second and composite, but with reference to anotherfirst and

incomposite.

The generation however and origin of these numbers is ob

tained by the following method, which Eratosthenes denomi

nates a sieve ; because all the odd numbers being placed in the

middle by the art which we shall shortly unfold, those numbers

which are of the first, or second, or third kind are distinguished.

For let all the odd numbers in an orderly series be disposed

from 3, to any extent whatever, viz. 3, 5. 7. 9- H- 13. 15. 17.

19, 21, -23, 25. 17- 29. 31. 33. 35. 37. 39- 41. 43. 45, 47. 49.

These .thej'efore, being thus disposed, it must be considered

what is the first number of the series which 3 will measure.

And it will be found, that two numbers being omitted, it will

measure that number which immediately follows them, yiz. it

will measure 9. If also after 9 two others are omitted, it will

measure the following number 15, Again, if beginning from
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15 two numbers are omitted, it will measure the following

number 21. And thus it will be found ad infinitum, that the

first number 3, by omitting two numbers will measure all the

following numbers posterior to itself, according to the quantity

of the orderly series of odd numbers. But in order to find the

numbers of which 5 the second odd uumber is the measure, four

terms must be omitted, and the number that immediately fol

lows will be measured by 5. Thus by omitting the four odd

numbers 7. 9. 11. 13, the next term will be 15, which 5 mea

sures according to the quantity of the first odd number 3 ; for

the fifth part of 15 is 3. But if after this, the four following

numbers are omitted, viz. 17. 19-21. 23. the number five will

measure by its plurality the next number 25. And if after this

four numbers are omitted, the same constancy of order being

preserved, 5 will measure 35 which is the next following num

ber. And this is the infinite procession.

If again, it is inquired what the third number is which may be

measured, six terms must be omitted, and that which is the

seventh term in order is to be measured by the quantity of the

first number i. e. by three. And after this six other terms being

omitted, (he number which immediately occurs will be measured

by the third number, and will have for its quotient the second

number. Thus after 7, omitting six numbers, the number 21

which immediately occurs will be measured by 3 ; and after 21,

six numbers being omitted, the next number 35 will be mea

sured by 7 five times. But if again other six terms are omitted,

the number which next occurs viz. 49, will be measured by the

same 7 seven times, which is the quantity of the third term.

And this established order will proceed to the most extended

number of terms. Hence, they will receive a vicissitude of

measuring ; just as they are naturally constituted odd numbers

in an orderly series. But they will be measured by the inter
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mission of terms according to an even number, beginning from

an intermission of two terms. Thus the first odd number

will measure the odd numbers that follow after an omission of

two terms ; the second, those that follow after -an omission of

four terms; the third, when 6, the fourth, when 8, and the

fifth when 10 terms are omitted, will measure the numbers that

follow in an orderly series. And so of the rest ad infinitum.

This will also be effected if the terms double their places, and

numbers are omitted conformably to the duplication. Thus

3 is the first term and one, for every first is one. if therefore

this multiplies its own place twice, it will produce twice one.

And since twice one is two, two terms must be omitted.

Again, if the second term which is 5 doubles its place, it will

produce 4, and four terms must be omitted. If 7 likewise,

which is the third term, doubles its place, it will produce 6 ;

and therefore six terms are to be omitted in an orderly series.

The fourth term also, if it doubles its place, will produce 8,

and 8 terms must be omitted. And the like will be found to

take place in all the other terms. The series however will give

the mode of measuring according to the order of collocation.

For the first term numbers according to the first, i. e. according

to itself, the first term which it numerates ; but it numbers the

second, which it numerates, by the second , the third, by the

third ; and the fourth by the fourth. When the second how

ever begins to measure, it measures the first which it numerates

according to the first ; but it measures the second which it nu

merates by itself, i. e. by the second term ; and the third by the

third ; and so of the rest. Thus 3 measures 9 by 3 ; 15 by 5 ;

21 by 7 ; 27 by 9, and so on. But 5 measures 15 by 3 ; 25 by

5 ; 35 by 7 ; 45 by 9, and so of the rest. If therefore we

direct our attention to the other terms, either those that measure

others, or that are themselves measured by others, we shall find
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that there cannot be at one and the same time a common mea

sure of all of them, nor that all of them at the same time mea

sure any other number ; but it will appear that some of them

may be measured by another number, so as only to be numbered

by one term ; others, so as to be numbered by many terms ; and

some, so as to have no other measure than unity. Hence, those

that receive no measure besides unity, are said to be first and

incomposite numbers ; but those that receive a certain measure

besides unity, or are allotted the appellation of a foreign part,

s these are said to be second and composite numbers.

The third species however, which is of itself second and

composite, but when ene number is compared to tfoe other is

-first and incomposite, is obtained by the following method : The

squares of the first and incomposite numbers, when compared

to each other will be found to have no common measure. Thus

the square of 3 is 9, and the square of 5 is 25. These there

fore have no common measure. Again, the square of 5 is 25,

and of 7 is 49 : and these compared to each other will be found

to be incommensurable. For there is no common measure of

these except unity which is the generator and mother of all "

these.
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CHAPTER XIII.

On the Method of discovering the commenmrability, or incom

mensurability of these numbers.

The art however of discovering whether such numbers are

commensurable by some number besides unity, or whether each

of them is measured by unity alone, is as follows : Two une

qual numbers being given, it will be requisite to take the less

from the greater, and if that which remains is still greater to

take from it again the less, but if it is less to- take it from the

remaining greater number. And this must be done till unity at

last prevents any farther subtraction, or till some odd number

necessarily effects this, if both the proposed numbers are odd ;

and this number which remains will be the common measure of

both. Thus for instance, let there be two numbers 9 and 29,

of which it is proposed to investigate the common measure.

From the greater let the less be taken, and there will remain 20.

From this therefore let the less be again taken, and 1 1 will re

main. From this again take 9, and 2 will remain. Let 2 then

be taken from 9, and 7 will remain. From 7 let 2 be taken,

and there will remain 5. Again, from 5 let 2 be taken, and

3 will remain. And farther still, if 2 be taken from 3, there

will remain 1. And in the last place, if 1 be taken from 2,

the subtraction will terminate in unity, which will alone be the

measure of the two numbers 9 and 29. These numbers there

fore, are called with reference to each other prime numbers.

Let it, however, be proposed to investigate the common mea

sure of two other numbers 21 and 9, that it may be ascer

tained of what kind they are when compared with each other.

Again therefore, from the greater number 21 let the less number
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9 be taken, and 12 will remain. From 12 let 9 be taken, and

there will remain 3. But if 3 be taken from 9, 6 will remain ;

- from which if 3 be taken, 3 will be the remainder. And from

this 3 cannot be taken so as to leave any remainder. Hence

these numbers are commensurable, and 3 is their common

measure.

CHAPTER XIV.

Another division of the even number according to the perfect,

, deficient, and superperfect, or superabundant.

Again, of even numbers a second division is as follows. Of

these, some are superperfect, and others are deficient, according

to each habitude of inequality. For all inequality is considered

either in greater or less terms. Cut the superperfect numbers

are such as by an immoderate plenitude, exceed, as it were, by

the numerosity of their parts, the measure of their proper body.

On the contrary, the deficient numbers being as it were, op

pressed by poverty, are less than the sum of their parts. And the

superperfect numbers indeed, are such as 12 aud 24; for these

will be found to be more than the aggregate of their parts.

For the half of 12 is 6 ; the third part is 4 ; the fourth part is

3 ; the sixth part is 2 ; and the twelfth part is 1. And the

aggregate of all these parts is 16, which surpasses the multitude

of its whole body. Again, of the number 24, the half is 12 ;

the third 8 ; the fourth 6 ; the sixth 4 ; the eighth 3 ; the

twelfth 2 ; and the twenty-fourth 1 ; the aggregate of all which

is 36. And it is evident in this instance also, that the sum of

the parts is greater than, and overflows as it were, its proper

body. And this number indeed, because the parts surpass the
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Slim of the whole number, is called superabundant. On the'

contrary, that number is called deficient, the parts of which. are

surpassed by the multitude of the whole ; and such are the

numbers 8 and 14. For the half of 8 is 4 ; the fourth is 2 ;-

and the eighth is 1 ; the aggregate of all which is 7 ; a sum less

than the whole number. Again, the half of 14 is 7 ; the seventh

is 2 ; and the fourteenth is 1 ; the aggregate of which is 10; a

sum less than the whole term. Such therefore are these num

bers, the former of which in consequence of being surpassed by

its parts, resembles one born with a multitude of hands in a

manner different from the common order of nature, such as the

hundred-handed giant Briareus* or one whose body is formed

from the junction of three bodies, such as the triple Gerion, or

any other production of nature which has been deemed mon

strous by the multiplication of its parts. But the latter of these

numbers resembles one who is born with a deficiency of some

necessary part, as the one-eyed Cyclops, or with the vyant of

aome other member-

Between these however, as between things equally immode

rate, the number which is called perfect is allotted the tempera-

inent of a middle limit, and is in this respect the emulator of

virtue ; for it is neither extended by a superfluous progression,

nor remitted by a contracted diminution ; but obtaining the

limit of a medium, and being equal to its parts, it is neither

overflowing through abundance, nor deficient through poverty.

Of this kind are the numbers 6 and 28. For the half of 6 is 3 ?

the third is 2; and the sixth is 1, which if reduced into one

sum, the whole body of the number will be found to be equal

to its parts. . Again, the half of 28 is 14 ; the seventh is 4 ; the

fourth is 7 ; the fourteenth is 2 ; and the twenty-eighth is 1 ;

the aggregate of which is 28.

Nor must we omit to observe, that all the multiples of a
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perfect number are superabundant, but on the contrary all the

submultiples deficient. Thus, for instance, 3 the subduple

of 6 is a deficient, but 12 the double of 6 is superabundant.

Thus also 2 which is subtriple of 6 is a deficient, but 18 which

is the triple of it is a superabundant number. And the like will

take place in other multiples, and submultiples. Hence also it

is evident that a perfect number is a geometric medium between

the superabundant and the deficient number. Thus in the three

numbers 3. 6. 12, 6 is the geometrical mean between 3 and 12 ;

for as 3 is to 6, so is 6 to 12. Thus, too, 28 is the geometric

" mean between 14 and 56, the former of which is a deficient,

and the latter a superabundant number.

Perfect numbers therefore, are beautiful images of the virtues

which are certain media between excess and defect, and are not

summits, as by some of the ancients they were supposed to be.

And evil indeed is opposed to evil, but both are opposed to one

good. Good however, is never opposed to good, but to two

evils at one and the same time. Thus timidity is opposed to

audacity, to both which the want of true courage is common ;

but both timidity and audacity are opposed to fortitude. Craft

also is opposed to fatuity, to both which the want of intellect is

common ; and both these are opposed to prudence. Thus too

profusion is opposed to avarice, to both which illiberality is

common; and both these are opposed to liberality. And in a

similar manner in the other virtues ; by ail which it is evident

that perfect numbers have a great similitude to the virtues.

But they also resemble the virtues on another account ; for

they are rarely found, as being few, and they are generated iu a

very constant order. On the contrary, an infinite multitude of

superabundant and diminished numbers may be found, nor are

they disposed in any orderly series, nor geuerated from any
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certain end ; and hence they have a great similitude to the vices,

which are numerous, inordinate, and indefinite.

CHAPTER XV.

On the generation of the perfect number, and its similitude to

virtue.

On account of the paucity, therefore, of perfect numbers,

there is only one between 1 and 10, viz. 6 ; one only between

10 and 100, viz. 28; between 100 and 1,000 only one, 496 ;

and between 1,000 and 10,000 the only perfect number is 8,128.

These numbers likewise, are always terminated by the two even

numbers 6 and 8 ; 1 as is evident in those already adduced.

But the generation of them is fixed and firm, and can only

be effected in one way. For evenly-even numbers being dis

posed in an orderly series from unity, the first must be added to

the second, and if a first and incomposite number is produced

by that addition, this number must be multiplied by the second

of the evenly-even numbers, and the product will be a perfect

number. If, however, a first and incomposite number is not

produced by the addition, but a composite and second number,

this must be passed by, and the number which follows must be

added. And if this aggregate is not found to be a first and

incomposite number, another must be added, and this must be

done till a first number is found. When therefore this is found,

it must be multiplied into the last of the added evenly-even

numbers, and the product will be a perfect number. Thus for

instance, in the evenly-even series of numbers 1. 2. 4. 8. 16. 52.

64- 128, if 1 is added to 2 the sum is 3, and because 3 is a first

* Boetius asserts, that perfect numbers always alternately end in 6 ami

8 J but this is only true of the four first, and not of the rest.
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and incomposite number, this multiplied by 2 will produce the

perfect number 6. But 28 the next perfect number is pro

duced as follows : from the addition of 1, 2 and 4 arises 7,

which is a first and incomposite number, and this being multi

plied by 4 the last of the evenly-even numbers, the perfect

number 28 is produced. Since therefore these two perfect

numbers 6 and 28 are found, others must be investigated after

the same manner. Thus, in order to find the next perfect

number. add I, 2, 4, and 8 together; but the sum of these is

1.5. This however is a second and composite number ; for it

has a third and a fifth part, besides a fifteenth part, unity, which

is denominated from itself. This therefore must be passed by,

and the next evenly-even number, viz. 16, must be added to it,

and the sum will be 31, which is a first and incomposite num

ber. Let this then be multiplied by 16 the last of the evenly-

even numbers, and the product will be 496 the next perfect

number after 28. The monad therefore is in power though not

in energy itself a perfect number. For if it is first assumed in

the order of numbers, it will be found to be primary and incom

posite, and if multiplied by itself, the same unity is produced.

But this is equal to its parts in power alone. Hence the

monad is perfect by its own proper virtue, is first and incompo

site, and preserves itself unchanged when multiplied by itself.

The way however in which perfect numbers are generated,

will immediately become manifest by the following table.

Evenly-even numbers 1 2 4 8 16 33 64 128 266 512 1024 2048 40g6

Odd numbers pro.

duced by the /

addition of the J. 15 7 15 31 63 12T 255 511 1023 2047 4095 8191

evenly-even 4

numbers *

Perfect numbers .... 1 6 28 * 496 • 8128 » • » * * 33550336

The asterisks in this table signify that the odd numbers above

them produced by the addition of the evenly-even numbers, are

composite, and therefore unfit to form perfect numbers.

Theor. Ar. C
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CHAPTER XV r.

On relative quantity, and the species of greater and less in

equality.

The first division of relative quantity is twofold : for what

ever is measured by comparison with another quantity, is either

equal or unequal. And that indeed is equal which when com

pared to something else is neither less nor greater. This part

however, of relative quantity, viz. equality, is naturally indivisi

ble : for it cannot be said that one portion of equality is diffe

rent from another. For all equality in its proper measurement

preserves one measure. The quantity too which is compared,

has not an appellation different from that to which it is com

pared. For as a friend is the friend of a friend, and a neighbour

is the neighbour of a neighbour, so the equal is said to be equal

to the equal. But of unequal quantity there is a twofold divi

sion : for that which is unequal may be cut into the greater and

the less, which have a denomination contrary to each other.

For the greater is greater than the less, and the less is less than

the greater. Hence both have not the same appellations as was

observed to be the case with equal quantity, but they are distin

guished by different names, in the same manner as those of

teacher and learner, or of any other relatives which are compared

to contraries that are differently denominated.

Of greater inequality however, there are five parts. For one

partis that which is called multiple; another is superparticular ;

a third superpartient ; a fourth multiple-superparticular ; and a

fifth multiple-superpartient. To these five parts, therefore, of

greater inequality, other five parts of less inequality are opposed,

just as the greater is always opposed to the less. These species
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also of less inequality have the same appellations as those of

greater inequality, with the addition of the preposition sub.

For they are denominated submultiple, subsuperparticular, sub-

superpartient, niultiple-subsuperparticular, and multiple-sub-

superpartient.

CHAPTER XVII.

On multiple inequality, its species, and the generation of them.

Again, the multiple is the first part of greater inequality,

being more ancient than all the others, and naturally more ex

cellent, as we shall shortly demonstrate. This number however

is such, that when compared with another, it contains the num

ber with which it is compared more than once.

This multiple inequality also is first seen in the natural series

of number. For all the numbers that follow unity have the

relation of multiples to it. Thus 2 with relation to unity is

duple ; 3 is triple ; 4 quadruple ; and thus proceeding in order,

all multiple quantities are produced.

The inequality however, which is contra-distinguished to this,

is called submultiple, and this also is the first species of less

quantity. But this number is such that when compared with

another, it measures the sum of the greater number more than

once. If therefore, the less number measures the greater only

twice, it is called subduple : but if three times, subtriple : if

four times, subquadruple ; and so on ad infinitum. And they

are always denominated with the addition of the preposition sub.

Since, however, multiplicity and submultiplicity are naturally

infinite, the proper generations of the species also admit of infi

nite speculation. For if numbers are arranged in a natural

series, and the several even numbers are selected in a conxe
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quent order, these even numbers will be double of all the even

and odd numbers from unity, that follow each other, and this

ad infinitum. For let this natural series of numbers be given,

viz. I. 2. 3. 4. .5. 6. 7- 8. 9- 10. 11. 12. 13. 14. 15. 16. 17. 18.

19- 20. If therefore, in this series, the first even number is

assumed, i. e. 2, it will be the double of the first, i. e. of unitv.

But if the following even number 4 is assumed, it will be the

double of the second, i. e. of 2. If the third even number 6 is

assumed, it will be the double of the third number in the natural

series, i. e. of 3. But if the fourth even number is assumed,

i. e. 8, it will be the double of the fourth number 4. And the

same thing will take place without any impediment in the rest

of the series ad infmitum.

Triple numbers also are produced, if in the same natural

Series two terms are always omitted, and those posterior to the

two are compared to the natural number, 3 being excepted,

which as it is triple of unity passes over 2 alone. After 1 and 2

therefore, 3 follows which is triple of 1 . Again, 6 is imme

diately after 4 and 5, and is triple of the second number 2. The

number 9 follows 7 and 8, and is triple of the third number 3.

And the like will take place ad infinitum.

But the generation of quadruple numbers begins by the omis

sion of 3 terms. Thus after 1. 2. and 3, follows 4, which is

quadruple of the first term I. Again, by omitting 5, 6, and 7,

the number 8, which is the fourth following term, is quadruple

of the second term 2. And after 8, by omitting the three terms

9, 10, and 1 1, the following number 12, is quadruple of the

third term 3. This also must necessarily be the case in a pro

gression to infinity : and if the addition always increases by the

omission of one term, different multiple numbers will present

themselves to the view in admirable order. For by the omission

of four terms a quintuple multiple, of five a sextuple, of six a
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septuple, of seven an octuple, and so on, will be produced, the

name of the multiple being always one more than - that of the

terms which are omitted.

And all the double terms indeed are always even. But of

the triple terms, one is always found to be odd, and another

even. -Again, the quadruple terms always preserve an even

quantity ; aud they are formed from the fourth number, one of

the prior even numbers being omitted in order ; first the even

number 2 ; then 6 being omitted, 8 follows as the next quadru

ple term ; and after 8, the quadruple number 12 follows, the

even number 10 being omitted. And so on in the rest. But

the quintuple resembles ihe triple multiple ; for in this the even

and odd terms have an alternate arrangement.

CHAPTER XVIII.

On the superparticular number', its species, and the generation

of them, #c.

When one number contains the whole of another in itself,

and some part of it besides, it is called superparticular. And

if the part of the less which it contains is the half, it is called

sesquialter ; if the third part, sesquitertian ; if the fourth, ses-

quiquartan ; if the fifth, sesquiquintan. And the like names

being employed to infinity, the form of superparticular numbers

will also proceed infinitely. And the greater numbers, indeed,

are thus denominated. But of the less, the wholes of which are

containe'd in the greater, and a certain part of them besides ;

one is called subsesquialter ; another subsesquitertian ; another

subsesquiquartan ; another subsesquiquintan ; and so on ac
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cording to the rule and multitude of the greater numbers. The

greater numbers also are called leaders, but the less attendants.

Of superparticular numbers likewise, the multitude is infinite ;

because the progression of their species is boundless. For the

sesquialter has far its leaders all "the numbers that are naturally 1

triple after 5 ; but for its attendants, all the numbers that are

naturally even after 2. For let the series of natural, of triple,

and of double numbers be described in three rows as follows :

1234 5 6 7 8 9 10

3 6 9 IS 15 18 21 24 27 30

2 4 6 8 10 12 14 16 18 20

The first row therefore contains the series of natural numbers ;

the second the triple ; and the third, the double of them. Hence,

if 3 is compared to 2, or 6 to 4, or 9 to 6, or if all the superior

triple are opposed to all the inferior double numbers, sesquialter

ratio will be produced. For 5 contains in itself 2, and 1 the

half of two. Six also contains in itself 4, and 2 the half of 4.

And y contains in itself 6, and the half of 6 which is 3. And

in a similar manner in the rest.

It is likewise requisite to show the method of discovering the

sesquitertian, or second species of the superparticular number.

And the definition indeed of this comparison is as follows : the

sesquitertian is that which when compared to the less number,

contains it once, and a third part of it besides. But these num

bers are found, if all the terms in a continued series from 4

being made quadruple,' are compared with all the numbers that

' By numbers naturally triple, the triples of the natural series 1. 2. 3.

4. 5, &r.. must be understood. And in a similar manner numbers natu

rally duple, quadruple, &c. are such as are duple, quadruple, &c. of that

series.
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are made triple from 3. And the leaders ki this case will be

quadruple ; but the attendants triple. For let there be a series

of numbers in a natural order, and under these a quadruple, and

under the quadruple a triple series. Let the first triple there

fore, be placed under the first quadruple number ; the second

under the second ; the third under the third ; and let all the

triples be arranged under all the quadruples after the same

manner, as follows :

12345678

4 8 12 16 20 24 28 32

3 6 9 12 15 18 21 24

Hence, if the first number is compared with the first, a sesqui-

tertian ratio will be formed. For 4 contains the whole of 3 in

itself, and a third part of 3 besides, i. e. 1. In a similar manner

8 contains the whole of 6, and a third part of it 2. And the

same consequence will take place in the rest ad infinitum. It

must also be observed, that 3, 6, 9, 12, &c. are attendants, and

4, 8, 12, 16, &c. leaders ; and that the ratio of the former to

the latter is subsesquitertian, but of the latter to the former ses- .

quitertian.

This also is admirable and most profound in the orders of

these numbers, that the first leader and the first attendant are

conjoined to each other without the intervention of any other

number. But between the second leader, and the second at

tendant, one number intervenes. Between those in the third

rank, two numbers intervene. Between those in the fourth,

three. And the intervening numbers are always less by one

than the rank of the numbers themselves. But it is necessary

» that this should take place in sesquialter, sesquitertian, or other

superparticular parts. Thus when 4 is compared to 3, no
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number intervenes ; for 4 succeeds immediately to 3. But

when 8 is compared to 6, which forms the second sesquitertian

ratio, one number intervenes ; for 7 comes between 6 and 8.

Again, when 12 is compared to 9, which forms the third sesqui-

tertian ratio, two numbers intervene, viz. 10 and 11. After the

same manner, between those in the fourth order, three numbers

intervene ; between those in the fifth, four numbers ; and so on

ad infinitum.

CHAPTER XIX.

That the multiple is more ancient than the other species of ine

quality.

To demonstrate this, let there be first a series of numbers in

a natural order as far as to 10. Jn the second row let the duple

order be arranged. In the third row, the triple order. In the

fourth, the quadruple ; and so on as far as to the decuple order.

For thus w-e shall know how the species of the multiple precedes

the superparticular, superpartient, and all the other species of

inequality. We shall also at the same time perceive other

things, which are exquisitely subtile, most useful in a scientific

point of view, and which afford a most delightful exercise to

the mind.
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This Table is called Pythagorean, from Pythagoras, who is said to be the

author of it.

Length.

1 2 3 4 5 6 7 a 9 10

2 4 6 8 10 12 14 16 18 20

3 6 9 12 15 18 21 24 27 30

4 8 12 16 W 24 28 32 36 40

5 10 15 20 25 30 35 40 45 50

6 12 18 24 30 36 42 48 54 60

7 14 21 28 35 42 49 56 63 70

8 16 24 32 40 48 56 64 72 80

9 18 27 36 45 51 63 72 81 90

10 20 30 40 50 60 70 80 90 100

Length.

If therefore the two first sides which form an angle of the

above table are considered, and each of which proceeds from 1

to 10, and if the inferior orders which begin from the angle 4,

and terminate in 20, are compared to these, the double, i. e. the

first species of multiplicity will be exhibited. Hence, the first

will surpass the first by unity alone, as 2 surpasses 1. The

second will exceed the second by 2, as 4 exceeds 2. The third

will exceed the third by 3, as 6 exceeds 3 by 3. The fourth

will surpass the fourth by 4, and in this way 8 surpasses 4
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And after a similar manner in the rest. But if the third angle

is considered, which begins from 9, and which extends both in

length and breadth as far as to the number 30, and if this is

Compared with the first length and breadth, the triple species of

multiplicity will present itself to the view, so that the comparison

will take place through the black angle. And these numbers

will surpass each other according to the natural progression of

the even number. For the first number will surpass the first

by 2, as 1 surpasses 3. The second surpasses the second by 4,

as 6 surpasses 2. The third surpasses the third by 6, as 9 sur

passes 3. And after the same mode of progression the rest are

increased. If again, the boundary of the fourth angle is consi

dered, which is distinguished by the quantity of the number 16,

aud which terminates its length and breadth in the number 40,

here also a similar comparison being made with the preceding,

will unfold the quadruple species of multiplicity. Hence, the

first will surpass the first by 3, as 4 surpasses unity. The

second will surpass the second by (i, as 8 surpasses 2. The

third will exceed the third by 9, as VI exceeds 3. And after a

similar manner in all the following numbeis. If the remaining

angles likewise are considered, the same thing will take place

through all the species of multiplicity, as far as to the decuple

species.

If however, in this description. the superparticular species

are required, they may be found by the following method. For

if we direct our attention to the second angle, the beginning of

which is 4, and above which is 2, and if the row in which 4 is,

is compared with the row immediately under it, sesquialter ratio

will be unfolded. Thus 3 to 2, or fj to 4, or 9 to 6, or 1 <2 to 8,

is a sesquialter ratio. And in a similar manner in the rest.

Nevertheless, one number here exceeds another by the same

quantity as in the naturally double species. For the first sur
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passes the first, i. e. 3 surpasses 2 by 1. The second surpasses

the second by 2. The third surpasses the third by 3, and so on.

But if the fourth order is compared to the third, as 4 to 3, 8 to

6, 12 to 9, &c. in all these the sesquitertian ratio will present

itself to the view.

This too is divine in the above table, that all the angular

numbers are squares. But a square number in short, is that

which is produced by the multiplication of a number into itself.

Thus in this table, one multiplied by itself is one, and this is in

power or capacity a square. Also, twice 2 is 4, thrice 3 is 9,

four times 4 is 16 ; and so of the rest. But the numbers which

are placed about the angular numbers, are longilateral. These,

however, are such as are produced by the multiplication of two

numbers that differ from each other by unity. Thus 2 and 6

are situated about 4 ; but 2 is produced by the multiplication

of 1 by 2, and 2 differs by 1 from 1 . But 6 is produced by the

multiplication of 2 by 3 ; and these differ from each other by

unity. Again, 6 and 12 are situated about 9 : and 12 is formed

from 3 multiplied by 4, and 6 from 2 by 3. All which are pro

duced from sides that differ from each other by unity. And in

a similar manner in the other angular numbers, the numbers

vhich are situated about them will be found to be longilateral.

Again, from the aggregate of two longilateral numbers, and

twice the square which they surround, a square number will be

formed. Thus 2 + 6 added to twice 4 is equal to 16. Thus,

too, 6+ 12 added to twice 9 is equal to 36. And so of the rest.

A square number also will be formed from the aggregate of

two proximate square numbers together with the double of the

intermediate longilateral number. Thus in the following series,

1. 3. 4. 6. 8. 12. 16. SO. 25- SO. 36. 43. 49.

in wluch between two proximate squares there is a longilateral
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number, if 4 is added to 1 and to twice 2 the sum will be 9.

Thus, too, 4 added to 9, added to twice 6, is equal to 25. And

thus also, 9 added to 16, added to twice 12, is equal to 49. And

so of the rest. From this aggregation likewise, it is evident that

the squares thus formed are odd numbers ; but those arising

from the former aggregation are even numbers. For 9, 25, 49,

See. are odd, and 16, 36, 64, &c. are even numbers.

Moreover, of the monads or unities at the four corners of the

table, the first and the third are squares, viz. 1 and 100; but

the other corners have the two other monads 10 and 10. Far

ther still, the product arising from the multiplication of the two

squares 1 and 100, is equal to that of the two other monads

multiplied into each other, viz. is equal to 10 x 10. These

squares too, cut the table into two equal triangles. They also

become, as it were, the diameter of the figure ; and hence they

are called diametral.

CHAPTER XX.

On the third species of inequality, which is called superpartient :

—Its species, and the generation of them. - -

After the two first habitudes therefore, the multiple and

the superparticular, and those habiliiides which are under them,

viz. the submultiple and the subsupei particular, the third species

of inequality presents itself to the view, which we have already

denominated superpartient. But this takes place when one

number on being compared to another contains the whole of it

in itself, and certain parts of it besides, such as two, three, or

four parts, or any other that may arise from the comparison.

This habitude also begins from two third parts : for if one num
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ber besides containing the whole, contained two halves of the

other, the ratio would be duple instead of superpartient. And

if the greater, besides containing the whole, has only two third

parts of the less, the greater will surpass the less by odd num

bers. For if it contained the whole and two fourths of it, the

ratio would necessarily be superparticular ; since . two fourths

are the same as half, and the comparison will be sesquialter.

But if it contained two sixths, again the ratio is superparticular ;

for two sixths are the same as a third part. And this in the

comparison will produce the form of the sesquitertian habitude.

After these, the attendants arise which are called subsuperpar-

tient. These, however, are such as are contained in another

number, and two, three, four, or any other parts of them besides.

If, therefore, a number containing another number in itself, has

also two parts of it, it is called superbipartient ; if three, super-

tripartient ; if four, superquadripartient, and so on ad infinitum.

But the order of them is natural, as often as all the even and

odd numbers naturally constituted, are disposed from 3 ; and

under these others are adapted, which are all odd numbers be

ginning from .5. These, therefore, being thus disposed, if the

first is compared to the first, the second to the second, the third

to the third, and the rest to the rest, a superpartient habitude

will be produced ; as is evident from the following arrange

ment :

345 6 7 8 9 10

5 7 9 11 13 15 17 19

If, therefore, the comparison of 5 to 3 is considered, it will be

that superpartient which is called superbipartient ; for 5 con

tains in itself the whole of 3, and two parts of it besides, viz. 2.

But if 7 is compared to 4, the ratio will be supertripartient ;

for 7 <;ontain8 in itself the whole of 4, and three parts of it be
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sides. And in the following numbers, all the species of super-

partient ratio will be found in an orderly progression.

The manner however in which each of them is produced ad

infinitum, is as follows : If each of the terms that form the super

bipartient habitude is doubled, superbipartient ratio will always

be generated. Thus by doubling 3 and 5. 6 and 10 will be

produced, and these numbers will form a superbipartient ratio.

And if these again are doubled, the same order of ratio will

arise. By thus proceeding also ad infinitum, the state of the

former habitude will not be changed. .

Again, in order to find supertripartient habitudes, the first

supertriparticnts 7 and 4 must be tripled, and numbers of this

kind will be generated. And if those that are produced from

these are also tripled, the same ratio will be formed.

Thus, too, in order to produce superquadripartient habitudes

ad infinitum, the first roots of them, i. e. 9 and 5, must be mul

tiplied by 4. and the products of this multiplication must be also

quadruplicated, and the same ratio will present itself to the view.

The other species likewise will be generated by causing the

roots always to increase by one multiplication. But the num

bers in the above table are called roots, because all the before-

mentioned habitudes are derived from them. In the superbi

partient ratio also, because the greater contains the less, and two

thirds of the less, the habitude is called superbipartient-tertian.

Thus, too, the supertripartient ratio is denominated supertripar-

tient-quartan, because the greater contains the less, and three

fourths of it besides. Thus again, the superquadripartient- is

denominated superquadripartient-quiutan. And after a similar

miuiner in the rest. Hence the ratio which is called supeibi-

partient, may also be called superbitertian. That which is de

nominated supertripartient, may also be called supertriquartan.

Apd that which has the appellation of superquadripartient, may
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likewise be denominated superquadriquintan. And names may

be produced ad infinitum according to the same similitude.

CHAPTER XXI-

On the multiple sitperparticular and superpartient ratio.

These, therefore, are the simple and first species of relative

quantity. There are, however, two other species which are

composed from these as from certain principles. And these

are, the multiple sitperparticular, and multiple superpartient ;

and the attendants of these the submultiple superparticular, and

the submultiple superpartient. For in these, as in the before*

mentioned ratios, the less numbers and their species are denomi

nated with the addition of the preposition sub. But the defini

tion of them is as follows : Multiple superparticular ratio is

produced, when one number being compared to another, con

tains it moie than once, and one part of it besides ; viz. it con

tains either the double, or triple, or quadruple, or some other

multiple of it, and a certain part of it besides, as the half, third,

fourth, or some other part. Hence this ratio consists both of

multiple and superparticular. The number, therefore, which

contains another number twice, and the half of it besides, is

called duple sesquialter. That which contains the double and a

third, is duple sesquitertian. But that which contains the double

and a fourth, is duple sesquiquartan, and so on. If also, one

number contains the whole of another thrice, and its half, third,

or fourth part, it is called triple sesquialter, triple sesquitertian,

triple sesquiquartan, and after the same manner in the rest.

And as often as it contains the whole of the less number in it

self, it is denominated by the species of multiple number ; but

from the part of the compared number which it contains, it will



48

be denominated according to a superparticular comparison and

habitude. Examples of these are as follow : Duple sesquialter

ratio is such as that of 5 to 2 ; for 5 contains 2 twice, and the

half of it, which is 1 . But duple sesquitertian ratio, is such as

that of 7 to 3. Duple sesquiquartan ratio is such as that of 9

to 4. -And duple sesquiquintan, such as that of 11 to 5.

These ratios too will always be produced, if the numbers

which are naturally even and odd, being disposed in order from

2, the odd numbers beginning from 5 are compared to them ;

tiz. if the first is compared to the first, the second to the se

cond, the third to the third, and so on, as in the following table :

2 3 4 5 6 7 8 9 10 11 12

5 7 9 11 13 15 17 19 21 23 25

But if even numbers being disposed from 2 are compared to

those which, beginning from 5, surpass each other by 5, duple

sesquialter ratios will be produced, as will be evident from the

following diagram.

2 4 6 8 10 12

5 10 15 20 25 30

If the series begins from 3, and the numbers that follow sur

pass each other by 3, and if those that begin from 7, and exceed

each other by 7, are compared to them, duple sesquitertian ra

tios will be formed, as below :

3 C g'lS 15 18 21

7 14 21 23 35 42 49

If also the quadruplicates of the natural numbers 1, 2, 3, 4,

&c. beginning from 4 are disposed in order, and numbers be

ginning from 9, and surpassing each other by 9, are compared

to them, duple sesquiquartan ratios will be produced, as is evi

dent from the following diagram :
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4 8 12 16 SO 24 /

9 18 27 S6 45 54

But the species of this number which is triple sesquialter, is*

generated, if even numbers are disposed in order from 2, and a

series of numbers beginning from 7, and surpassing each other

by 7, are compared to them, as in the following diagram :

2 4 6 8 10 12 14

7 14 21 28 35 42 49

And if to the triples of the natural numbers beginning front

8, a\ series of numbers beginning from 10 and exceeding each

Other by 10, are compared, the species which is triple sesqui-

tertian will be produced, as below :

3 6 9 12 15 18 21 \

10 26 30 40 50 60 70

By directing our attention however, to the Pythagoreari tabid

in chap. 19, we may perceive examples of all these species.

For all the rows after the first will produce when compared t§

the first, all the species of multiple ratio. The numbers in thtf

third row when compared to those in the second, will exhibit »

species of superparticular ratio. Those in the fifth row com

pared to those in the third, present to the view a species of

superpartient ratio. But multiple superparticular ratio will be

produced when those in the fifth row, or those in the 7th or

yth are compared to those in the second. And thus, if the

table is extended ad infinitum, infinite species of this ratio will

be produced. It is likewise manifest that the attendants of

these ratios are always expressed with the preposition sub ; as

for instance, subduple sesquialter, subduple sesquitertian, sUb-<

duple sesquiquartan ; and after the same manner in all the rest.

Multiple superpartient ratio however is, when one nnmber

on being compared to another, contains the whole of it more

Theor. Ar. D
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than Once, and two, three, or some other number of parts,

according to the species of the superpartient number. Here

too, from the cause before mentioned, there will not be two

halves, nor two fourths, nor two sixths ; but there will be two

thirds, or two fifths, or two sevenths. Nor will it be difficult

according to the examples before adduced, to discover these

numbers also. These are denominated according to their

proper parts, duple superbipartient, or duple supertripartient,

or duple superquadripartient, and so on. And again, they are

called triple superbipartient, triple supertripartient, triple super

quadripartient, and the like. Thus 8, compared to 3, produces

a duple superbipartient ratio. This is also the case with 16

compared to 6 ; and with all those numbers that beginning from

8, and surpassing each other by 8, are compared to those that

begin from 3, and surpass each other by 3. It will likewise be

easy to find other parts of these numbers according to the

before mentioned mode. Here too, the less numbers are not

denominated without the preposition sub, as subduple superbi

partient, subduple supertripartient. And after a similar manner

in the rest.

CHAPTER XXII.

A demonstration that all inequality proceeds from equality.

It now remains for us to deliver a certain profound discipline,

which especially pertains to all the power of nature and integ

rity of things. For it is highly advantageous in this science,

not to be ignorant that the nature of good is definite, but that

of evil indefinite. That the more indefinite the nature of evil

is, the worse it is ; and that it is goodness alone, which by the

impression of itself, defines and bounds that which is of itself
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indefinite. Hence in the human soul, there is a certain vestige

of divine goodness, which moderates the inequality of its

motions. This vestige is the rational power, by which we

restrain the inordinate tendencies of desire, and the efferves

cence of anger, both which partake of the nature of inequality.

This however will be evident, if we demonstrate that all the

species of inequality originate from equality ; so that obtaining

as it were, the power of a mother and a root, she pours forth

with primordial exuberance, all the species and orders of ine-»

quality. Let there be three equal terms, therefore, i. e. three

Unities, or three of the number 2, or of 3, or of 4, of of any other

number. For that which takes place in one three terms, will

happen in the rest. From the three rules therefore, that will

be given, it will be seen, that in the first place multiples will be

produced, first duple, then triple, then quadruple, and so on.

Again, if the multiples are converted, from these superparticu-

lars will arise. And from such as are duple indeed, the sesqui-

alter ; from such as are triple, the sesquitertian ; from the quad

ruple, the sesquiquartan ; and the rest after the same manner. But

from the conversion of superparticulars, it is necessary, that

superpartient ratios should be produced; so that the superbi-

partieut will originate from the sesquialter ; the stipertripartient

from the sesquitertian ;' and the superquadripartient from the

sesquiquartan. From the former superparticulars however,

remaining in a direct position, and not being converted, multiple

superparticulafs will arise ; but multiple superpartients will be

produced, from the position of the former superpartients re

maining unchanged.

The three rules however, are as follow : The first number

must be made equal to the first ; but the second, to the first

and second ; and the third, to the first, to twice the second,

and the third. When this is effected therefore, in equal terms,
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the numbers produced from these will be duple. And if the

same thing is done with these duples, triple numbers will be

generated. From the triple, quadruple numbers will arise.

And thus ad infinitum, all the multiple forms of number will

be unfolded. Let there be, therefore, three equal terms, viz«

I. 1. 1. Let the first therefore be placed equal to the first,

i. e. to 1 . But let the second be equal to the first and the

second, viz. to 2. And the third, to the first, to twice the

second, and to the third, viz. to 4. And the order of the terms

will be woven together in a duple ratio, as below.

ill

12 4'

Again, let the same thing be done with the duple numbers.

And let the first be equal to the first, viz. to 1 . But let the

second be equal to the first and second, viz. to 1 and 2, which

make 3. And let the third be equal to the first, to twice the

second, and to the third, which together make 9 ; and this form

will be unfulded, viz.

12 4

13 9

viz. the terms produced will be in a triple ratio.

Farther still, if the same thing is done with the triple num

bers, quadruple terms will be immediately produced. For let

the first be equal to the first, i.e. to 1. Let the second be

equal to the first and second, i. e. to 4. And let the third be

equal to the first, to twice the second, and to the third, viz. to

16, as below :

18 9

1 4 16

And in the rest, these three rules must be used according to

this form.
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■» If, however, the multiples which are produced from the equal

terms are disposed in a converse order, and the same rules are

employed, sesquialter ratio will be generated from the double

terms ; sesquitertian from the triple ; sesquiquartan from die

quadruple, &c. For let there be three double terms which are

generated from equals, and let that which is the last be placed

as the first, viz.

4 2 1

Let the first therefore be made equal to the first, i. e. to 4. But

let the second be equal to the first and second, viz. to 6. And

let the third be equal to the first, to twice the second, and to

the third, viz. to 9.

4 2 1

4 6 9

And it is evident, that sesquialter ratio will be produced from

the double terms.

Again, let the former triple terms be disposed in a converse

order, viz. 9. 3. 1. Let the first therefore be equal to the first,

i. e. to 9- But let the second be equal to the first and second,

i. e. to 12. And the third to the first, to twice the second,

and the third, viz. to 16.

9 3 1

9 12 16

And thus the seeond species of the superparticular number,

i. e. the sesquitertian is generated.

By the same process also with the quadruple numbers, the

sesquiquartan ratio will be immediately produced, as is evident

from the subject description :

16 4 l

16 20 25
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And if the same thing is done with all the parts multiplied ad

infinitum, the order of superparticularity will be appropriately

discovered.

If, likewise, the superparticulars which were formed by con-:

version, are themselves converted according to these rules,

superpartient ratios will be immediately produced. And from

the sesquialter indeed, the superbipartient, but from the sesqui-.

tertian, the supertripartient ratio wijl be generated. The rest

also will be produced according to the common species of de-r

nomination without any innovation of order. Let the super-

particulars, therefore, be disposed as follows :

9 6 4

Let the first therefore be equal to the first, i. e. to 9- But the

second, to the first and second, i. e. to 15. And the third, to.

the first, to twice the second, and to the third .

9 6 4

9 15 25

And superbipartient ratio will, as is evident, be produced.

But if after the same manner the sesqnitertian ratio is changed,

the superpartient order will present itself to the view. Let the

converted sesquitertian terms therefore be :

16 12 9

Let the first therefore be equal to the first, i.e. to 16. But the

second to the first and second, i. e. to 28. And the third, to-

the first, to twice the second, and to the third, i. e. to 49. And

the ratio, as is evident, will be supertripartient :

16 12 9

16 28 49

Again, by converting after the same manner the sesquiquar-

tan, the superquadripartient ratio will immediately be generated,

as is evident from the subject description :
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l

i 25 SO 16

$5 45 81

It now remains therefore, to show how from superparticular

and superpartient, multiple superparticular, and multiple super-

partient ratios are produced. Of these, however, we shall only

make two descriptions. For from the sesquialter in a direct,

and not in a converted position, duple superparticular ratio will

be generated. Let the direct sesquialter terms therefore be :

4 6 9

And then according to the former mode, let the first be

equal to the first, i. e. to 4. But let the second be equal to the

first and second, i. e. to 10. And the third, to the first, to

twice the second, and to the third, i. e. to %b :

4 6 9

4 10 25

And duple sesquialter ratios will be produced.

But from the sesquitertian ratio, the terms not being trans-

posed, the duple sesquitertian will be produced., as is evident

from the subject description ;

9 13 iq

9 21 49

If, however, we direct our attention to superparticular ratios,

and dispose the terms of them according to the former rules,

we shall find multiple superpartients produced in an orderly

series. For by proceeding according to the rules in this formu

la of the superpartient, viz. in 9- 15. 25. the duple supeibipar-

tient ratios 9- 24. 64. will be generated. But from the super-

tripartient ratios 16. 28. 49. the duple supertripartieM will be

produced, viz. 16. 44. 121.

And thus multiple superparticulars, or multiple superpartients

arise from superparticular, or superpartient ratios. Hence it is

evident that equality is the principle of all inequalities ; since

/ all unequals are generated from it. ►
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CHAPTER I.

Mow all inequality may be reduced to equality.

In the former book we have shown how the whole essence off

inequality proceeds from equality as the principle of its nature.

From those things however which are elements, all things are

principally composed, and by analysis are resolved into the

same. Thus because letters are the elements of speech, the

conjunction of syllables proceeds from them, and are again

terminated in the same as in bounding extremes. Sound also

obtains the same power in music. And every one knows that

four elementary bodies constitute the world. But an ultimate

analysis is again effected into these four elements. Hence, be

cause we see that all the species of inequality proceed from the

bounding nature of equality, it is requisite that inequality should

be again resolved by us into equality, as into a certain element

of its proper genus. This, however, is again effected by a

triple rule; and the art of analyzation is as follows: Three

terms being given, which are unequal indeed, but proportion

ally constituted, viz. so that the middle may have the same ratio

to the first term, which the last term has to the middle, in eve

ry ratio of inequality, either in multiple, or superparticular, or

guperpartient ratios, or in those which are generated from these,
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i. e. in multiple sHperparticulars, or multiple superpartients ;—:

three terms therefore being given with these conditions, one and

the same indubitable method must be observed. For the first

term must be placed as the first. The second term must be

that which remains from the subtraction of the first from the

middle term. But the third term must be obtained by subtract

ing the first term from the third, and also twice the second term

that remained from the former subtraction ; for then the re

mainder will be the third term. By this process the proportion

will be reduced ; so that if the proportion is quadruple, it will

first be reduced to a triple, then to a duple proportion, and last

of all to equality. We shall only demonstrate that this will bo

the case in multiple proportion, as it will be easy to apply the

same process to the other species of inequality also.

Let there be three terms therefore quadruple of each other,

viz. 8. 32. 128. From the middle term, therefore, 32, let the

first term 8 be taken, and 24 will remain. Let 8 then be

placed as the first, and 24 as the second term. But from the

third term 128, take away the first term 8, and twice the re

maining second, i. e. twice 24, and 72 will remain. Hence^

the three terms will be 8. 24. 72 ; and the quadruple will be

reduced to a triple proportion.

Again, by the same process with these three terms, the triple

will be reduced to a duple proportion. For, let the first be

equal to the first, i. e. to 8. And from the second take away

the first, and \6 will remain. But from the third 72, take

away the first, i. e. 8, and twice the remaining second. i. e. 16,

and 32 will remain. So that the three terms will be 8. 16. 32 ;

and the habitude will be reduced to a duple proportion.

By the same piocess however with there terms, they will be

reduced to equality. For let the first be equal to the first, j. e.

U> 8. And from 16 subtract 8, and 8 will remain'. But from

-i
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the third term 32, take away the first 8, and twice the remain

ing second, i. e. twice 8, and 8 will remain. So that the three

terms will become by reduction, 8. 8. 8.

The other species of inequality also, will, by the same pro

cess be brought to equality. Hence, it may be indubitably as

serted, that as unity is the principle and element of quantity

that subsists by itself, so equality is the mother of relative

quantity.

CHAPTER II.

On discovering in each number, how many numbers of the

same ratio may precede,—a description of them, and an

exposition of the description.

In this affair however, there is a certain profound and admi

rable speculation, and as Nicomachus says, iwow^arov Stajj^ws,

or, a theorem replete with intellectual conception, useful for the

purpose of understanding the Platouic generation of the soul

in the Timeeus, and the intervals of the harmonic discipline.

For in the Timaeus we are ordered to produce and extend three

or four sesquialter, or a certain number of sesquitertian ratios,

and sesquiquartan comparisons. But lest this, which is always

indeed attended with the greatest labour, should frequently be

done without advantage, it is now requisite to investigate how

many superparticulars every multiple has for its attendants. For

all multiples will be the leaders of as many proportions similar

to themselves, as they themselves are distant from unity. But

similar proportions are those which are of the same ratio and

denomination. The meaning however, of multiples, being the

leaders of proportions similar to themselves, is as follows : The

multiplicity of the duple, as we have before observed, always
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produces sesquialter ratios ; and the triple is the leader of ses-

quitertian ; But the quadruple of sesquiquartan ratios.

The first duple, therefore, will only have one sesquialter;

the second will have two ; the third three ; the fourth four ;

and according to this order, there will be the same progression

ad infinitum. Nor can it ever be possible, that the equable

location from unity, should either surpass cr fall short of the

number of the proportions. The first duple, therefore, is the

binary number, i. e. 2, which receives one sesquialter alone, i.e.

3. For 2 when compared to 3, produces a sesquialter ratio.

The number 3, however, because it has not a half, cannot be

compared to any other number in a sesquialter ratio. But 4 is

the second double. This therefore is the leader of two sesqui

alter numbers. For 6 compared to it is sesquialter ; and to 6

because it has a half, 9 is sesquialter. Hence, there are two

sesquialters, to 4 indeed 6, but to 6, 9- But 9, because it

wants a half, is excluded from this comparison. The third

double is 8. This therefore is the leader of ihree sesquialters.

For the number 12 is compared to it in this ratio ; but to 12

18; and again to 18, 27. But 27 wants a half. The same

thing will also necessarily happen in other numbers, as is evi

dent in the following table :

1 3 4 8 16 32

3 6 12 24 48

9 18 S6 7S

27 54 105

81 162

243

For this always occurs by a certain divine, and no human

ordination, that the last sesquialter number is among sesquialters

as much distant from its leader, as its leader is among doubles

from unity. Thus 9 is the second sesquialter from 4 ; and 4

is the second double from 1. Thus too, 27 is the third sesqui
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alter from 8 ; and 8 is the third double from 1 . And so of

the rest. This last sesquialter likewise, is always incapable of

being divided into two equal parts.

The same thing also takes place in triple numbers ; for from

them sesquitertians are generated. Thus, because S is the first

triple number, it has one sesquitertian, i. e* 4 ; of which a third

part cannot he found, and therefore it is deprived of a sesqun

tertian number. But the second triple number which is 9, has

for a sesquitertian number 12. And 12 because it has a third

part, has also a sesquitertian 16, which is excluded from a third

part. The number 27, however, because it is the third triple,

has for a. sesquitertian 36 ; and this again is compared in the

same ratio tp 48 ; and 48 has also for a sesquitertian, 64. But

64 has no sesquitertian, because it has no third part. And thus

it will be found in all triple numbers, that the last number of

the same ratio has, preceding it, as many numbers, as the first

«f them is distant from unity ; and that it is incapable of being

divided into three equal parts : - - -

13 9 27 81 243

4 12 36 108 32* <

16 48 144 434

64 192 576

256. 768;

1024

The description of quadruple numbers is according to the

following scheme, which will be immediately obvious to those

who understand what has been already delivered. And the same

thing will take place in all the other multiples.

1 4 16 64 256 1024

5 20 80 330 1280

25 100 400 1600

196 500 2000

625 2500

' 3125
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Hence also it is evident, as was before shown, that multiples

precede all superparticulars, since they produce duple sesquial-

ters, triple sesquitertians, &c» ; and all the multiples generate

all the superparticulars in an orderly series. This! likewise is

admirable in these numbers, that where, as in the first scheme,

the first row consists of numbers that are double, those in the

second and following rows will also be double. But if those

in the first row are triple, as in the second scheme, those in the

following rows will also be triple. And if they are quadruple

in the first row, as in the third scheme, those in the other rows

will be quadruple ; and so of the other multiples ad infinitum.

All the angular numbers likewise are necessarily multiples.

And of the double series indeed, the angular numbers will be

triple ; but of the triple, quadruple ; of the quadruple, quintu

ple. And' thus all things will accord with themselves, accord

ing to one invariable order.

1 1 .>i .. _ \ . . _ . .. >

. . . CHAPTER nr.
- -. r - - : . - - '„

The method offinding the superparticular intervalsfrom which

the multiple interval is produced. - -

If, therefore, .the two first superparticular species are con

joined, the first species of multiplicity arises. For every duple

ratio is composed from the sesquialter and sesquitertian ; and

all sesquialter and sesquitertian ratios form a duple ratio. For

3 is sesquialter of 2 ; but 4 is sesquitertian of 3 ; and 4 is the

double of 2.

-2 3 4

1 - .-A /

sesquialter sesquitertian

And thus the sesquialter and the sesquitertian compose one duple

ratio. In short, if there are two numbers, one of which is the
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double of the other, between the two, one such medium may .

be found, which is sesquialter to the one extreme, but sesqui-

tertian to the other. Thus if 4 is placed between 6 and 3, i. e.

between a double and a half, when compared to S, it contains a

sesquitertian, but to 6 a sesquialter ratio.

3 4 6

A ..J

sesquitertian. sesquialter.

Rightly therefore, is it said that the duple ratio is conjoined

from the sesquialter and the sesquitertian, and that these two

species of superparticular ratio, generate the duple ratio, i. e.

the first species of the multiple.

Again, from the first species of the multiple, and from the

first superparticular, i. e. the sesquialter, the second species of

the multiple, i. e. the triple number is formed. For 12 is the

double of 6; but 18 is sesquialter to 12, and is the triple of 6.

6 12 13

double. sesquialter.

If also between the same numbers 6 and 18, 9 is placed as a

medium, it will be sesquialter to 6, aud subduple to 18 ; and 18

is triple of 6.

0 9 - 18

' t— - -A. _>

sesquialter. double.

From the duple and sesquialter therefore, triple ratio arises ;

and into them is again by analysis recalled. But if the triple

number, which is the second species of the multiple, is adapted

to the second species of the superparticular, i. e. to the sesqui

tertian, the form of the quadruple will be immediately produced,

and will be again dissolved by a natural separation into the

same parts, according to the mode which has been before de

monstrated.

- ♦
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i - - -

3 9 12

V... ■ , A mJ

triple. sesquitertian.

But from the quadruple and the sesquiquartan, the quintuple

ratio will immediately be formed.

4 16 20

y A - >

quadruple. sesquiquartan.

And from the quintuple and the sesquiquintan, the sextuple

ratio will arise.

5. 25. SO.

quintuple. sesquiquintan.

And thus, according to this progression, all the species of mul

tiplicity, without any variation of established order, will be

produced.

CHAPTER IV.

On the quantity subsisting by itself, which is considered in geo

metricalfigures, fyc.

And thus much may suffice at present, respecting relative

quantity. In what follows, we shall discuss certain particulars

pertaining to that quantity which subsists by itself, and is not

referred to any thing else, which may be profitable to what we

shall afterwards again unfold about relative quantity. For the

speculation of mathesis loves in a certain respect to be convers

ant with alternate demonstration* Our business however, at

present, is with the numbers which subsist in geometrical figures,

and their spaces and dimensions, viz. with linear, triangular, or

square numbers, and with others which superficies alone unfolds,

as also with those that are formed by an unequal composition

of sides. We have likewise to discuss solid numbers, viz. such
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as are cubical, spherical, and pyramidal, arid such as have the

form of tiles or beams; or wedges ; all which indeed, properly

pertain to the geometric speculation. But as the science of

geometry is produced from arithmetic, as from a certain root

and mother, so likewise we find the seeds of its figures in the

f. i .

first numbers. t . /

Unity therefore, or the monad, which is in arithmetic what a

point is in geometry, is the principle of interval and length ;

but itself is neither capacious of interval nor of length ; ju6t &i

a point is the principle of a line and of interval, but is itself

neither interval nor Kne. For a point placed on a point, does

not produce auy interval. Between things also that are equal

there is no interval. Thus, if three sixes are placed after thii

manner, 6. 6. 6. as is the first to the second, so is the second

to the third ; but between the first and second, or the second

and third, nothing intervenes ; for uo intervals of space disjoin

6 and 6. Thus also unity multiplied into itself, generates

nothing but itself. For that which is without interval does

not possess the power of generating interval. But every num

ber multiplied into itself, produces another number greater than

itself) because intervals when multiplied, distend themselves by

a greater length of space. That, however, which is without

interval, has not the power of generating more than it is itself.

From this principle, therefore, i. e. from unity, the first exten

sion into length proceeds, and which unfolds itself into all

numbers from the duad ; because the first interval is a line ;

but two intervals are length and breadth, i. e. a superficies ; and

three intervals, are length, breadth, and depth, i. e. a solid.

But besides these, no other intervals can be found ; so that the

m species of motion subsist conformably to the natures and

number of the intervals. For one interval contains in itself two

motions. Thus in length there is before and behind; in
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breadth, the right and the left hand ; and in depth, upward and

downward. But it is necessary that every solid body should

have length, breadth, and depth ; and that whatever contains

these three dimensions in itself, should be a solid. Since there

fore, a line surpasses a point by one dimension, viz. by length,

but a superficies surpasses it by two dimensions, i. e. by length

and breadth, and a solid surpasses it by three dimensions, i. e.

by length, breadth, and depth, it is evident that a point itself is

without any corporeal magnitude, or dimension of interval ; is

the principle of all intervals ; and is naturally incapable of being

divided. Hence a point is the principle of the first interval, yet

is not itself interval ; and is the summit of a line, but is not yet

a line. Thus too a line is the principle of a superficies, but is

not itself a superficies ; and is the summit of the second inter

val, yet retains no vestige of the second interval. And thus also

a superficies is the principle of a solid, but is itself neither dis

tended by a triple dimension, nor. consolidated by any crassitude.

Thus also in numbers, unity indeed is not itself a linear num

ber, yet it is the principle of number extended into length.

And linear number being itself void of all breadth, is the origin

of number distended into breadth. Superficial number like

wise, is itself deprived of all solidity, yet being added to depth

is the summit of a numerical solid. This however we shall

render more manifest by examples. But linear number begins

from 2 : and the series of such numbers is formed by the conti

nual addition of unity ; as in the following example :

11. ill. 1111. 11111.

Th. Ar. E
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CHAPTER V.

On plane rectilinear figures.—That the triangle is the principle -

of them. And on the distribution of triangles, their sides,

and generation.

A plane superficies however, is found in numbers to have

its beginning from 3, and with the addition of breadth the angles

are dilated in the multitude of numbers that follow each other in

a natural order. Hence the first plane superficies in numbers is

a triangle ; the second is a square ; the third, a pentagon ; the

fourth, a hexagon ; the fifth, a heptagon ; the sixth, an octagon ;

and the rest after the same manner increase their angles, in the

plane description of figures, according to the order of the

natural numbers.

But these begin from the number 3, because the ternary alone

is the principle of breadth and superficies. The same thing

also, is more evidently found to take place in geometry. For

two right lines do not contain space. And in every multangu

lar figure, whether it be a square, pentagon, or hexagon, &c.

lines drawn from the middle of it through the several angles;

will divide it into as many triangles, as the figure has angles ; as

is evident in the following diagrams :

 

If the triangular figure however, is divided after this manner,

it will not be resolved into any other figures than itself ; for it
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will be divided into three triangles, as is evident from the fol

lowing diagram :

Hence this figure is the principle of breadth, so that all other

superficies are resolved into this ; but because it is not itself

derived from other principles, and does not assume its beginning

from any other breadth, it is resolved into itself. But that the

same thing takes place also in numbers, will be shown in the

course of this treatise.

The first of all triangular numbers therefore, is that which is

formed from unit}'. But this is first in capacity or power, and

not in energy. For if it is the mother of all numbers, whatever

is found in those numbers that proceed from it, must necessarily

be contained in it by a certain natural power. The .first trian

gular number however in energy is 3 ; and this has for its side

the binary, or as it is called by the Greeks, the duad. But the

second triangle in energy is 6 ; and this has for its side the ter

nary. The third triangle is 10, the side of which is 4. The

fourth is 15 ; and the side of it is 5 ; and so on ad infinitum, as

in the following diagrams :

1 3 6
 

10 15 9i 28



These triangular numbers are generated from the addition of

the natural series of numbers ; viz. from the addition of the

series 1.2.3.4.5.6. 7. 8. 9, &c. If unity therefore is assumed,

it will be the first triangle in capacity. 1+2=3 will be the

second triangle in order, but the first in energy. 1+2 +3=6

will be the third triangle. 1+2 + 3 + 4=10 will be the fourth,

"and so of the rest. As many units likewise, as there are in the

last number which is added to the rest, so many will the triangle

which is produced contain in its side. Thus 3 which is the first

triangle in energy, is generated by adding 2 to 1 ; and therefore

it has two units in its side. Thus too, 6 is produced by the

addition of 3 as the last number ; and it has three units in its

side. And the like will be found to take place in the rest.

This also deserves to be remarked, that in a continued series

of triangular numbers, two even and two odd numbers alter

nately present themselves lo the view. For 1 and 3 which are

the two first triangles, are odd ; but 6 and 1 0, the two following

triangles, are even. Again, 15 and 21 are odd ; but 28 and 36

are even ; and so of the rest.

If there be a series likewise of triangular numbers, omittmg

unity, and a series of numbers in a natural order, the several

triangles separately taken will correspond in proportion to the

numbers of the natural order continually assumed. So that the

first and second of the one, will correspond to the first and

second of the other ; but the third and fourth of the one, to the

second and third of the other ; and the fifth and sixth of the

one, to the third and fourth of the other ; and so on. Thus let

there be a series of numbers in the natural order, viz.

1. 2. 3. 4. 5. 6. 7- 8. 9- And under it a series of triangles, viz.

3. 6. 10. 15. 21. 28. 36. 45. Then as 1 is to 2, so is 3 to 6.

And as 2 is to 3, so is 10 to 15. Likewise as 3 is to 4, so is

21 to 28 ; and so of the rest.
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Triangular numbers also are obtained after the following

manner. For in the natural series of numbers from unity, by

first omitting one term, then two terms, afterwards three, then

four, and so on, triangles will be formed in a continued series :

The series )

of natural > 1 2 3 4 5 6 T 8 9 10 11 12 13 H IS 16 17 18 19 20 21 22 23 24 25 «6 27 «8

numbers J

The series 1

of trian. > 1 3 6 10 15 21 28

gles J

Here it is evident, that between the first and second triangle, in

the natural order of numbers, one number intervenes ; between

the second and third triangle, two numbers ; between the third

and fourth, three ; and so on in the rest.

CHAPTER VI.

On square numbers, their sides, and generation.

A square number is that which does itself indeed unfold

breadth, yet not in three angles, as the preceding number, but

four. It likewise is extended by an equal dimension of sides.

But such numbers are as follow :

i ■ llll

ill llll

-'- 11 111 llll

1 11 111 llll

But in these numbers also the sides increase according to the

natural series of numbers. For the first square in power and

capacity, i. e. unity, has 1 for its side. But the second square,

which is the first in energy, i. e. 4, has 2 for its side. And the

third, which is 9, and is the second square in energy, has 3 for

its side. And after the same manner all the rest proceed.

Such numbers however, are generated from the series of
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natural numbers, not indeed after the same manner as triangles,

but by the continual omission of one number, in the addition of

the terms to each other. For in the natural series of numbers

from unity, 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11, &c. 1 is the first

square in power. Then 1+3=4, the second square. 1+3

+ 5=9, the third square. 1 +3 + 5 + 7= 16, the fourth square.

And thus by continually omitting one term, and adding the rest,

the whole series of squares will be produced.

In these numbers likewise, there is this subtilty of nature,

and immutable order, that each square retains as many units in

its side as there are numbers by the aggregation of which it is

formed. Thus in the first square, because it is produced from

1, the side is 1. In the second square, i. e. 4, because it is

generated from 1 and 3, which are two terms, the side is 2. In

9 because it is generated from three numbers, the side is 3.

And so of the rest.

CHAPTER VII.

On pentagons, their sides, and generation.

A pentagon is a number which being expressed by its

units, exhibits the form of a quinquangular figure ; and which

when thus described, has five angles, and five equal sides. But

pentagonal numbers are such as the following, viz. 1. 5. 12. 22.

35.51.70. Their sides also increase after the same manner.

For in every pentagon, the units that form its side, correspond

in number to the class of the pentagon. Thus 1 which is the

first pentagon in power, has 1 for its side. But 5 which is the

second pentagon has 2 for its side. The third pentagon which

is 12, has 3 for its side. The fourth which is 22, has 4. And
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so on, according to the progression of the series of natural

numbers :

Q

But these numbers which being extended into breadth unfold

five angles, are also generated from the addition of the natural

series of numbers, so that two terms being continually omitted,

and the posterior added to the prior, the several pentagons are

formed, as below :

The series of natural nura- j

bers, two being continu- > 1 4 7 10 13 16 19 23 25 S8 31 34

nually omitted *

The series of pentagons 1 5 12 22 35 51 70 92 117 145 176 210

Pentagons also are produced from squares and triangles, after

the following manner. The second square added to the first

triangle, will produce the second pentagon. The third square

added to the second triangle, will produce the third pentagon.

The fourth square added to the third triangle, will produce the

fourth pentagon. And so on ; each square being added to a

triangle of a class immediately antecedent to it. Thus for in

stance, the second square 4 being added to the first triangle 1,

produces the second pentagon .5. Thus too, the third square 9

added to the second triangle 3, forms the third pentagon 12.

And so of the rest.
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CHAPTER VIII.

On hexagons and heptagons, and the generation of them.—

A general method of discovering the generation of all

figures, <5rc.

The sides of hexagons and heptagons increase after the fol

lowing manner. In the generation of triangular numbers, those

terms were added together which followed each other in a natu

ral order, and surpassed each other by unity alone. But 'the

generation of squares was from numbers which were added to

gether, one term being omitted, and which surpassed each other

by 2. In the generation of pentagons two terms were omitted,

and the numbers by the addition of which they were formed,

surpassed each other by 3. Thus also in the generation of the

hexagon, three terms being omitted, those are added together

that surpass each other by 4 ; and these terms indeed, will be

the roots and foundations, from the aggregation of which all

hexagons will be produced. These roots therefore are the num

bers 1. 5. 9. 13. 17. 21, &c. and from the addition of these,

hexagons will be formed, viz. \. 6. 15. 28. 45. 66, &c.

But in the generation of heptagons, four terms being omitted,

those are to be added that surpass each other by 5 ; and these

numbers, as was before observed, will be the roots and founda

tions of them :

1. 6. 11. 16. 21.

The heptagons formed from the addition of these are, 1. 7. 18.

34. 55.

The forms of an octagon and of an enneagon, or figures of

eight and of nine angles, are generated according to the same

order, so that the first numbers, or roots of them, are distant
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from each other conformably to an equal progression. For in

the generation of octagons five terms are omitted ; hut in that

of enneagons, six terms. And in short, the number of omissions

continually increasing by 1, the series of plane numbers will be

formed by the addition of the remaining terms.

. ! " I . ' i

CHAPTER IX.

On the Jigurate numbers that are produced from figurate num

bers ; and that the triangular number is the principle of

all the rest.—A speculation pertaining to the description of

Jigurate numbers.

Plane numbers thus subsisting, let us in the next place in

vestigate what is consequent to their subsistence. AH the

squares which are disposed under triangles in a natural arrange

ment are generated from triangular numbers. Thus the square

4 is formed from the addition of 1 and 3, i. e. from two trian

gular numbers. Thus too, 9 is formed from 3 and 6 ; and both

of these are triangles. But 16 is from the triangles 6 and 10 ;

and 25 is from the triangles 10 and 15. And the same thing

jn the following order of squares will be found to take place

perpetually without any variation. But pentagons are generated

from the aggregation of squares and triangles. Thus the pen

tagon 5 is generated from the addition of the square 4 and the

triangle 1. Thus too the pentagon 12 is formed from the

aggregation of the square 9, and the triangle 3. The pentagon

22 is formed from the square 16, and the triangle 6 ;N a^d the

pentagon 35, from the square 25, and the triangle 10. And in

a similar manner all other pentagons are formed.

If also we direct our attention to hexagons, we shall find that

they are generated from the aggregation of triangles and penta
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gons. Thus the hexagon 6 is formed from the addition of the

pentagon 5, and the first triangle in power 1. Thus too, the

hexagon 15 is generated from the aggregation of the pentagon

12, and the triangle 3. Again, the hexagon "28, is formed from

the pentagon 22, and the triangle 6. And in a similar manner

the rest are formed.

Thus too in heptagons. For the heptagon 7 is generated

from the hexagon 6, and the triangle 1. The heptagon 18,

from the hexagon 15, and the triangle 3. And the heptagon

34, from the hexagon 28, and the triangle 6. And this will be

found to take place in all multangular numbers. It is evident

therefore that the triangular number is the principle of all figu-

rate numbers.

All these, however, if they are compared with each other, i. e

triangles with squares, or squares with pentagons, or pentagons

with hexagons, or these again with heptagons, will indubitably

surpass each other by triangles. For if the triangle 3 is com

pared to the square 4, or the square 4 to the pentagon 5, or 5

to the hexagon 6, or 6 to the heptagon 7, they will surpass each

other by the first triangle, i. e. by unity alone. But if 6 is

compared to 9, or 9 to 12, or 12 to 15, or 15 to 18, they will

surpass each other by the second triangle, i. e. by 3. Again, if

10 is compared to 16, or 16 to 22, or 22 to 28, or 28 to 34,

they will surpass each other by the third triangle, i. e. by 6.

And this will be the case with all other figurate numbers ; for

all of them will surpass each other by triangles. Hence, it is

perfectly evident that the triangle is the principle and element

of all forms.
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CHAPTER X.

On solid numbers.—On the pyramid, that it is the principle of

all solidfigures, in the same manner as the triangle, ofplane

figures ; and on its species.

Hence, however, the way becomes easier to the contempla

tion of solid figures. For by foreknowing what the power of

quantity naturally effects in the plane figures of numbers, there

will be no impediment in the transition to solid numbers. For

as we add to the length of numbers another interval, i. e. super

ficies, in order that breadth may be exhibited, so now by adding

to breadth that which is called depth, the solid body of number

will receive its completion.

It appears, however, that as in plane figures the triangular

number is the first, so in solids that which is called the pyramid,

is the principle of depth. For it is necessary to find the primor-

dials of all the established figures in numbers. But one kind

of pyramid is that which raises itself into altitude from a trian

gular base. Another kind is that which raises itself from a

square base ; another, from a pentagonal base ; and others,

from other multangular bases ; as may be seen in the following

diagrams :

 

These pyramids also are denominated from their bases ; so

that the first is called a triangular ; the second, a square ; the
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third, a pentagonal ; the fourth, an hexagonal pyramid ; and so

of the rest.

CHAPTER XI.

The generation of solid numbers.

As linear numbers are those which proceeding from unity

extend to infinity, such as 1. 2. 3. 4. 5. 6, &c. and as superficial

numbers are formed from the addition of these, in a similar

manner solid are generated from the junction of superficial num

bers. Thus, triangular pyramids are formed from the addition

of triangular numbers ; square pyramids from the addition of

squares ; pentagonal, from the addition of pentagons ; and so

of the rest.

The first triangle therefore, in power or capacity, is unity,

jmd unity is also the first pyramid. But the second triangle is

3 ; and this added to 1 the first triangle, forms the second pyra

mid 4. If to these the third triangle 6 is added, the third pyra

mid 10 will be geperated. And if to these, the fourth triangle

10 is added, the fourth pyramid 20 will be formed. In all the

rest likewise, there will be the same mode of conjunction.

Triangles.

1 3 6 10 15 21 28 36 45 55

Pyramids from Triangles.

1 4 10 20 35 56 84 120 165 220

In this conjunction therefore, it is necessary that the last of the

conjoined numbers should always be as it were the base of the

pyramid. For it is found to be broader than all the rest ; and

all the numbers that are conjoined prior to it are necessarily less,
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till we arrive at unity, which in a certain respect obtains the

place of a point and a vertex.

The pyramids also which are from the square, are generated

by the addition of squares to each other, as will be evident from

an inspection of the following schemes.

Squares.

1 4 9 16 25 36 49 64 81 100

Pyramids from Squares.

1 5 14 30 55 91 140 204 285 385

And after the same manner all the forms that proceed from the

other multangles are produced. For every multangular form

proceeds ad infinitum from unity, by the addition of unity to a

figure of its own kind. Hence it necessarily appears, that tri

angular forms are the principles of the other figures ; because

every pyramid from whatever base it may proceed ; whether

from a square, or pentagon, or hexagon, or heptagon, 8tc. is

contained by triangles alone, as far as to the vertex.

CHAPTER XII.

On defective pyramids.

As the pyramid is perfect which proceeding from a certain

base arrives as far as to unity, which is the first pyramid in

power and capacity ; so the pyramid whose altitude does not

reach to unity, is called defective. Thus, if to the square 16,

the square 9 is added, and to this the square 4, but unity is

omitted to be added, the figure indeed is that of a pyramid, but

because it does not arrive as far as to the summit, it is called

defective, and has not for its summit unity, which is analogous
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to a point, but a superficies. Hence if the base is a square, the

ultimate superficies will be a square. And if the base is a pen

tagon, or hexagon, or heptagon, 8cc. the ultimate superficies will

be of the same form as the base. If however, the pyramid does

not only not arrive at unity and the extremity, but not even at

the first multangle in energy, which is of the same kind as the

base, it is called twice defective. Thus, if a pyramid proceed

ing from the square 1 6, should terminate in 9, and not arrive at

4, it will be twice defective ; and in short, as many squares as

are wanting, so many times is the pyramid said to be deficient.

And all pyramids will be denominated in a similar manner,

from whatever multangular base they may proceed.

CHAPTER XIII.

On the numbers called cubes, wedges, and parallelopipedons.

And thus much concerning the solid numbers which have

the form of a pyramid, equally increasing, and proceeding from

a proper multangular figure as from a root. There is however

another orderly composition of solid bodies, such as cubes,

wedges, and parallelopipedons, the superficies of which are

opposite to each other, and though extended to infinity will

never meet. Squares therefore, being disposed in an orderly

series, viz. 1. 4. 9. 16. 25, &c. because these have alone length

and breadth, but are without depth ; if each is multiplied by its

side, it will have a depth equal to its breadth or length. For .

the square 4 has 2 for its side, and is produced from twice two.

From the multiplication therefore of the square 4 by its side 1,

the form of the cube 8 is generated. And this is the first cube

in energy. Thus also the square 9 multiplied by its side 3,
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produces the cube 27. And the square 16 multiplied by its

side 4 generates the cube 64. And after a similar manner the

Other cubes are formed. Every cube also, which is formed by

the multiplication of a square into its side, will have six super

ficies, the plane of each of which is equal to its forming square.

It will likewise have twelve sides, each of them equal to the side

of the square by which it is produced ; and eight angles, each

of which is contained under three such angles as those of its

producing square.

Because also every cube proceeds from equilateral squares,

it is equal in all its parts. For the length is equal to the

breadth, and the depth, to each of these. It is likewise neces

sarily equal to itself according to six parts, viz. upward, down

ward, on the right hand, on the left hand, behind and before.

But it is requisite that the solid which is opposite and con

trary to this, should be that which has neither the length equal

to the breadth, nor the depth to either of these, but has all

these unequal. Solids of this kind are such as thrice four mul

tiplied by 2, or thrice four multiplied by 5, and the like, which

unequally proceed through unequal degrees of spaces. Solids

of this form are called in Greek scalenoi scalene, but in Latin

gradati, because they increase like steps from the less to. the

greater. Certain Greeks also called them spheniscoi ; i. e. little

wedges. By some of the Greeks likewise they were called

bomiscoi, i. e. certain little altars, which in the Ionic region of

Greece, as Nicomachus says, were fashioned after this manner,

so that neither the depth corresponded to the breadth, nor the

breadth to the length. Between cubes therefore, extending

themselves in equal spaces, and those solids which increase

gradually from the less to the greater, those subsist as media,

which are neither equal in all their parts, nor unequal in all ;

and these are called parallelopipedous.
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CHAPTER XIV.

On the numbers called heteromekeis, or, longer in

the other part;—and on oblong numbers, and the

generation of them.

The numbers which are longer in one part than in the other

when they are considered according to breadth, will be found to

have four angles and four sides. They are not however all

equal, but are always less by unity. For neither are all the

sides equal to all, nor is the breadth equal to the length ; but

as we have said, one part being greater, it precedes and sur

passes the less part by unity alone. If therefore the series of

natural numbers is disposed in order, and the second is multi

plied by the first, or the second by the third, or the third by the

fourth, or the fourth by the fifth, and so on, the numbers called

heteromekeis will be produced :

1. 2. 3. 4. 5. 6. 7.

Hence 2x1, 2x8,3x4,4x5, &c. i- e. 2, 6, 12, 20, &c. will

be numbers longer in one part.

If therefore the numbers that are multiplied differ only from

each other by unity, the above mentioned numbers will be pro-

- duced. But if they differ by any other number, as thrice seven,

or thrice five, &c. and their sides do not differ by unity alone,

these numbers are not called heteromekeis, or longer in the

other part, but oblong. For Pythagoras, and the heirs of his

wisdom, ascribed other or the different to the binary or duad

alone. And this they asserted to be the principle of difference.

But they said that the primaeval and unbegotten monad was the

principle of a nature always the same, and which is similar to,
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and in concord with itself. The duad however, is primarily dis

similar to the monad, because it is first disjoined from it ; and

therefore is the principle of a certain difference, because it is

only dissimilar by unity to that primary essence which possesses

an invariable sameness of subsistence. These numbers there

fore, are deservedly called longer in the other part, because

their sides precede each other by unity alone.

This however is an argument that difference is justly consti

tuted in the binary number, that the term other or different, is

only asserted of two things, by those who are not negligent in

speaking accurately. Farther still, it has been shown that the

odd number derives its completion from unity alone ; but the

even number from the duad alone. Hence, it must be said, that

the odd number participates of the essence which possesses an

invariable sameness of subsistence, because it is formed by

unity ; but that the even number is full of the nature of diffe

rence, because it derives its completion from the duad.

CHAPTER XV.

That squares are generated from odd numbers ; but the hute-

romekeis from even numbers.

If all the odd numbers are arranged from unity, and under

these are placed the even numbers from the duad, the coacerva-

tion of the odd numbers forms squares, but the coacervation of

the even numbers produces the above mentioned numbers called

heteromekeis. Hence, because this is the nature of squares,

that they are generated from odd numbers, which participate of

the monad, i. e. of an essence invariably the same, and because

they are equal in all their parts, angles being equal to angles,

Tkeor. Ar. F
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side.? to sides, and breadth to length, it must be said that num

bers of this kind participate of the immutable essence. But we

must assert that those numbers which parity or evenness gene

rates longer in the other part, participate of the nature of diffe

rence. For as 1 differs only from 2 by 1, so the sides of these

numbers differ only from each other by unity. Let therefore all

the odd numbers be disposed in order from unity, and under

these all the even numbers from 2, viz.

1. 3. 5. 7. 9. 11. 13.

2. 4. 6. 8. 10. 12. 14.

The leader therefore of the odd series is unity, which is itself the

efficient cause, and after a manner a certain form of imparity..

Hence, in consequence of its sameness and immutable nature,

when it multiplies itself, either in breadth or depth, it still re

tains its own form, or if it multiplies any other number by itself,

the number which it multiplies does not recede from its own

quantity ;—a property which cannot be found in any other num

ber. But the duad is the leader of the even series, and is like

wise the principle of all difference. For if it multiplies itself

either in breadth or depth, or arry other number, a number dif

ferent from itself is immediately produced. Squares however

are produced by adding the terms in the above series of odd

numbers to each other. Thus 1+3=4, (I being the first

square in power,) 1 +3 + 5=9, 1 +3 + 5 +7= 16, 1 +3 +.5 + 7

+ 9=25, and so of the rest. But from the addition of the

terms in the series of even numbers, the heteromekeis are pro

duced. For the first term of the series 2 is produced from

twice one. But 2+4= 6, and 6 is produced from 3 multiplied

by 2. Again 2+4 + 6=12, and 12 is produced from 4 multi

plied by 3. And after a similar manner all the rest are pro

duced.
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CHAPTER XVI.

On the generation of the numbers called laterculi or tyles,

and of those denominated asseres or planks.—Their defini

tion ; and, On circular or spherical numbers.

The numbers called laterculi, which are also themselves

solids, are generated after the following manner. When spaces

are equally extended in length and breadth, but have a less depth,

the solid produced from these is a laterculus. Of this kind are

3x3x2=18, or 4x4x2=32, or any others of a similar

formation. But they are defined to be solids produced by the

multiplication of equal numbers equally into a less number.

The solids however called asseres or planks, are produced from

equal terms multiplied equally into a greater term, such as 4 x

4x9=144. But the spheniscoi, or little wedges are such as

are multiplied by unequal numbers into unequal numbers. And

cubes are produced from equal numbers equally through such

as are equal. >

Those cubes however, which are of such a kind that the ex

tremity of their depth terminates in the same number as- that

from which the side of tjbe- cubic quantity began, are denomi

nated spherical ; and such are the multiplications which proceed

from the numbers 5 and 6. For 5 x 5=25, the multiplication

beginning from 5 and ending in 5. And again 25x5=125.

And if this again is multiplied by 5, the extremity will be termi

nated by 5. Nor will there be any variation in the terminating

number, though the multiplication should be continued ad infi

nitum. The same thing also will take place in the involutions

of 6.1 But these numbers are called circular or spherical, be-

1 The number 5 in all the multiplications by itself has always 9 pre



84

t

cause in the same manner as a circle or sphere, they terminate

in the principle from which they originated. The monad also,

is in capacity or power a circle and a sphere ; because in all the

multiplications of itself, it terminates in itself from whence it

began. If there is only one multiplication therefore, a plane is

produced, and it becomes a circle ; but by a second multiplica

tion, a sphere is formed. For the second multiplication is al

ways effective of depth.

CHAPTER XVII.

On the. nature of sameness and difference, and what the numbers

are which participate of these.

And thus much may suffice at present concerning solid fi

gures. But those who have been most skilful in investigating

the principles of things, and who have given a twofold division

to the natures of all beings,—these assert that the essences of

all things consist of sameness and difference, the former of which

is the cause of an immutable, and the latter of a variable mode

of subsistence. These two principles likewise, pertain to the

monad and the duad, the latter of which being the first number

that departs from the monad, becomes on this account different.

And because all odd numbers are formed according to the nature

of the monad, and the nunftiers arising from the addition of

these are squares, hence squares are said to be participants- of

sameness in a twofold respect, because they are formed from

equality, each being produced by the multiplication of a num-

ceding the final number ; but 6 in the multiplications by itsejf, has

either 1, 3, 5. 7, or 9, preceding the final number, as is evident in the

following numbers, 36, 316, 1296, 7776, 46656, 879936, 1679616, &c.
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ber into itself, and both angles and sides being equal to each

other, and because they are generated from the coacervation

of odd numbers. But even numbers, because they are the

forms of the binary number, and the aggregates of these form

the numbers that are longer in the other part,- are said, through

the nature of the duad to depart from the nature of sameness,

and to be participants of difference. Hence, since the sides of

squares proceeding from equality tend to equality, the numbers

that are longer in the other part, by the addition of unity

depart from the equality of sides, and on this account are con

joined from sides that are dissimilar, and in a certain respect

different from each other. Every thing incorporeal therefore,

from its immutability participates of the nature of sameness, and

every thing corporeal, from its mutable and variable essence,

participates of the nature of difference.

It must now therefore be shown, that all the species of num

bers, and all habitudes, whether of relative discrete quantity,

such as those of multiples, or superparticukrs, &c, or of dis

crete quantity considered by itself, are comprehended in this

twofold nature of numbers, viz. of squares, and numbers longer

in the otherpart. Hence as the world consists of an immutable

and mutable essence, so every number is formed from squares which

partake of immutability, and from numbers longer in the other

part, which participate of mutability. And in the first place,

the numbers that are promekeis or oblong, must be distinguished

from those that are heteromekeis, or longer in the other part.

For the latter is produced by the multiplication of two numbers

that differ from each other by unity, such as 6 which is pro

duced by 2 multiplied by 3, or 12 which is produced by 4 mul

tiplied by 3. But the oblong number is produced by the mul

tiplication of two numbers that differ from each other by more

than unity, such as thrice five, or thrice six, or four times seven
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Hence, because it is more extended in length than in breadth,

it is very properly called promekes, or longer in the anterior

part. But squares, because their breadth is equal to their

length, may aptly be denominated of a proper length, or of the

same breadth. And the heteromekeis because they are not

extended in the same length, are called of another length, and

longer in the other part.

> '* * i

CHAPTER XVIII.

That all things consist of sameness and difference ; and that

the truth of this is primarily to be seen in numbers.

Every thing, however, which in its proper nature and es

sence is immoveable, is terminated and definite ; since that

which is changed by no variation, never ceases to be, and .never

can be that which it was not. The monad is a thing of this

kind : and those numbers which derive their formation from the

monad, are said to be definite, and to possess a sameness of

subsistence. These, however, are such as increase from equal

numbers, as squares, or those which unity forms, i. e. odd num

bers. But the binary, and all the numbers that are longer in

the other part, in consequence of departing from a definite

essence, are said to be of a variable and infinite nature. Every

number, therefore, consists of the odd and the even, which are

very remote from and contrary to each other. For the former

is stability ; but the latter unstable variation. The former pos

sesses the strength of an immoveable essence ; but the latter is

a moveable permutation. And the former is definite ; but the

latter is an infinite accumulation of multitude. These, however,

though contrary, are after a manner mingled in friendship and

alliance ; and through the forming power and dominion of
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unity, produce one body of number. Those, therefore, who

have reasoned about the world, and this common nature of

things, have neither uselessly, nor improvidently made this to

be the first division of the essence of the universe. And Plato,

indeed, in the Timaeus, calls every thing that the world contains

the progeny of sameness and difference ; and asserts, that there

is one thing which is always real being, and indivisible without

generation, but another which is generated, or continually rising

into existence, and divisible, but never truly is. But Philolaus

says, it is necessary that whatever exists should be either infinite

or finite ; for he wished to demonstrate that all things consist of

either infinites or finites, according to the similitude of number.

For this is formed from the junction of the monad and dtiad,

and from the odd and the even ; which evidently belong to the

same series as equality and inequality, sameness and difference,

the definite and the indefinite. Hence, it is not without reason

asserted, that all things that consist of contraries, are conjoined

and composed by a certain harmony. For harmony is a union

of many things, and the consent of discordant natures.

CHAPTER XIX.

That from the nature of the numbers which are characterized

by sameness, and from the nature of those which are charac

terized by difference, viz. from squares, and numbers long

er in the other part, all the habitudes of proportions

consist.

Let there be now therefore disposed in an orderly series,

not even and odd numbers, from which squares and numbers

longer in the other part are produced, but the two latter species

of numbers themselves. For thus we shall see a certain con
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sent of them, in the production of the other species of number.

Let there be two series, therefore, the one of squares from

unity ; but the other of numbers longer in the other part

from the duad, viz.

1. 4. 9. 16. 25. 36. 49

2. 6. 12. 20. 30. 42- 56

If, therefore, the first term of the one series is compared with

the first term of the other, the quantity of the duple will be

found, which is the first species of multiplicity. But if the

second term of the one is compared with the second term of

the other, the habitude of the sesquialter quantity is produced.

If the third is compared with the third, sesquitertian ratio is

generated. If the fourth with the fourth, sesquiquartan ; and

if the fifth with the fifth sesquiquintan ratio. And thus proceeding

ad infinitum, superparticular ratio will be invariably produced.

In the first ratio, however, which is that of the duple, the

difference between the two terms is only 1 ; but in the sesqui

alter ratio, the difference is 2. In the sesquitertian ratio, the

difference is 3. In the sesquiquartan it is 4. And thus, ac

cording to the superparticular form of numbers, the difference

continually increases by 1 . If again, the second square is com

pared with the first number longer in the other part, the third

with the second, the fourth with the third, and the fifth with

the fourth, 8cc. the same ratios will be produced as those above

mentioned. Here, however, the differences do not begin from

unity, but they proceed from the binary number through the

same terms ad infinitum. And the second term of the one

series will be double the first term of the other. The third of

the one will be sesquialter of the second of the other. The

fourth will be sesquitertian of the third ; and so on according

to the concord above demonstrated.
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Again, squares differ from each other by odd numbers ; but

the heteromekeis by even numbers.

Odd differences.

3. 5. 7. 9. 11. 13

1. 4. 9. 16. 25. 36. 49

- Squares.

Even differences.

4. 6. 8. 10. 12. 14.

3. 6. 12. 20. 30. 42. 56

Heleromekeis.

But if the first number longer in the other part, is placed

between the first and second square, it is conjoined to both of

them by one ratio ; for in each of the ratios, the multiplicity of

the duple is found. If also the second number longer in the

other part, is placed between the second and third square, the

form of the sesquialter ratio to both terms will be produced.

And if the third of these numbers is placed between the third

and fourth square, the sesquitertian ratio will be generated.

And by proceeding in this way in the rest, all the superparticu-

lar species will be found to be produced.

Again ; if two of the above squares are added together, and

the number longer in the other part which is a medium between

them, is multiplied by 2, and added to the sum of the two

squares, the aggregate will be a square number. Thus 1 +4=5,

and 5 added to twice £ is equal to 9. Thus too 4 + 9=5 13j

and 13 added to twice 6, is equal to 25 ; and so of the rest.

But if the process is converted, and between the two first

terms longer in the other part, the second square is placed,

which is in order the second, but in energy the first ; and if this

square is doubled, and is added to the sum of the two other
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terms, the aggregate will again be a square. Thus 2 added to

6, added to twice 4, is equal to the square 16. Thus too, if

the second and third terms longer in the other part are added

together, and to their sum the double of the third square is

added, viz. if to 12 + 6=18 the double of 9 is added, the

aggregate will be the square 36. And thus also, 12 + 20=32,

added to twice 16, is equal to the square 64 ; and so of the

rest.

Th)s too, is no less admirable, that when a number longer in

the other part is placed as a medium between two squares, and

a square by the above process is produced from the three terms,

the square so produced has always an odd number for its side.

Thus from 1+4 and twice 2 the square 9 is produced, the side

of which is the odd number 3. And the square 25 which is

produced from 4 + Q, and twice 6, has for its side the odd num

ber 5. Thus likewise, the square 49, arising from the addition

of 9, 16, and twice 12, has for its side the odd number 7. And

the like will be found to take place in the rest.

But when one square subsists between two numbers longer

in the other part, all the squares produced from them will have

even numbers for their sides. Thus the square 16, produced

from the addition of 2, 6, and twice 4, has for its side the even

number 4. Thus too, the square 36, arising from the addition

of 6, 12, and twice 9, has for its side the even number 6. And

thus also the square 64, produced by the addition of 1 2, 20,

and twice 1 6, has for its side the even number 8 ; and so of the

rest.
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CHAPTER XX.

That from squares and numbers longer in the other

part, all numerical figures consist.—How numbers long

er in the other part, are produced from squares,

and vice versa, the latter from the former, fyc.

Nor does it less deserve to be considered, that from these

two, all figures are produced. For triangles which are the

elements of all the other arithmetical forms, as we have before

shown, arise from the aggregates of these. Thus from 1

which is the first square in power or capacity, and 2 which is

the first number longer in the other part, the triangle 3 is

formed. Thus also from 2, and .4 the second square, the

triangle 6 is generated. From 4 likewise and 6> the triangle

10 arises; and so of the rest. For let squares and numbers

longer in the other part, be arranged alternately, and let the

triangles produced by the addition of them, be placed under

them as follows. -

Squares and heteromekeis alternately arranged. '

1. 2. 4. 6. 9. 12. 16. 20. 25. 30. 36. 42.

3. 6. 10. 15. 21. 28. 36. 45. 55. 66. 78.

Triangles.

But every square, if its side is either added to, or taken from

it, becomes a number longer in the other part. Thus, if to

the square 4 its side 2 is added, the sum is 6, and if 2.be

taken from 4, the remainder is 2, and both 6 and. 2 are numr

be-rs longer in the other part. Thus too, by adding 3 to 9, and

by taking 3 from it, 12 and 6 are produced; and these are
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numbers longer in the other part. This, however, arises from

the great power of difference. For every finite and definite

power, when it departs from the nature of equality, and from

an essence which contains itself within its own bounds, either

becomes exuberant or deficient, verges to the greater, or de

clines to the less. And, on the contrary, by taking the side of the

square from the greater, or adding it to the less number longer in

the other part, the intermediate square will be produced. Thus

6—2, or 2 + 2 is equal to 4.

Hence it appears in the first place, that the monad is the

principle of an essence which is properly immutable and the

same ; but that the duad is the principle of difference and mu

tation. In the second place it appears that all odd numbers on

account of their alliance to the monad, participate of the

essence which is invariably the same ; but that even numbers

on account of their alliance to the duad, are mingled with

difference. Thus too, squares, because their composition and

conjunction is from odd numbers, participate of an immutable

essence ; but numbers longer in the other part, because they

are generated from the conjunction of even numbers, are never

separated from the variety of difference.

CHAPTER XXI.

What agreement there is in difference and in ratio, between

squares and numbers longer in the other part, when

they are alternately arranged.

If, therefore, squares and numbers longer in the other part,

are arranged in an alternate order, there is so great a conjunc

tion between these, that at one time they accord in the same

ratios, but are discordant in their differences ; and at another

time they are equal in their differences, but discordant in their
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ratios. Let them, therefore, be alternately arranged from unity

as follows : 1. 2. 4. 6. 9- 12. 16. 20. 2.5. 30. In this arrange

ment we shall find, that between 1 which is the first square in

capacity, and 2, there is a duple ratio ; and that between 2 and

4, the ratio is also duple. Here, therefore, a square is joined

to a number longer in the other part, and this to the following

square, in the same ratio, but not with the same differences.

For the difference between 2 and 1 is unity alone, but between

4 and 2 the difference is 2. Again, if 4 is compared to 2 the

ratio is duple, but if 6 is compared to 4 the ratio is sesquialter.

Here then, the terms are discordant in ratios, but equal in

differences. For the difference between 4 and 2 is 2, and

there is the same difference between 6 and 4. In the following

also, after the same manner as in the first numbers, the ratio is

the same, but the differences are not the same. Thus 4 ig

joined to 6, and 6 to 9 by a sesquialter ratio ; but 6 surpasses

surpasses 4 by 2, and 9 surpasses 6 by 3. In the terms that

follow likewise, at one time the ratios are the same, but the

differences not the same ; and at another, vice versa, the differ

ences are the same, but the ratios are different. The squares

too, and numbers longer in the other part, surpass each other

in their differences according to the series of natural numbers,

but with a duplication of the terms, as is evident from the fol

lowing scheme.

1. 2. 4. 6. 9. 12. 16. «0. 25. 30. 36.

1. 2. 2. 3. 3. 4. 4. 5. 5. 6.

Differences.

That the agreement and difference however, of these two

species of numbers may become more apparent, let there be

two series of them, in the former of which numbers longer in

the other part come between the squares, and in the latter

squares, between numbers longer in the other part as below :
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Unequal difference?. | 1. 2. 2. 3. 3. 4. 4. 5. 5. 6.

Is umbers timber in

the oth- part, be- \ 1. 2. 4. ti. 9. 12. 16. 20. 25. 30. 30.

tween Mp ires. \

Equu' ,iHc,cuces. | 2. 2 3. 3. 4 4. 5. 5. (i. 6.

Squa,i'- briworu i

numbers /on#er in J 2. 4. 6. 9. 12. 16. 20. 25. 30. 36. 42.

the oilier pin l.. J

In the first of these series it is evident that the numbers longer

in the other part, accord in ratio with the squares between

which they are inserted ; but are discordant in differences.

Thus 2 is to 1 as 4 to 2. And 6 is to 4 as 9 to 6. And 12 is

to 9 as 16 to 12. And so of die rest. But the difference be

tween 1 and 2 is 1 ; but between 2 and 4 is 2. The difference

between 4 and 6 is 2 ; but between 6 and 9 is 3. The differ

ence between 9 and 12 is 3; but between 12 and 16 is 4.

And so of the rest. But in the second of these series the

differences are equal ; but the ratios are discordant. For 4 is

not to 2 as 6 to 4. Nor is 9 to 6 as 12 to 9. JMor is 16 to

1 2 as 20 to 16. Hence it is evident that squares when they

come between numbers longer in the other part, preserve an

arithmetical mean ; but that numbers longer in the other part,

when they come between squares preserve a geometrical mean.

Thus 4 is an arithmetical mean between 2 and 6. Thus too 9

is an arithmetical mean between 6 and 12. And this is the

case with 16 between 12 and 20. And so of the rest. But

in the other series 2 is a geometrical mean between 1 and 4 ;

ti between 4 and 9 , 12 between 9 and 16. And so on. —

In the first series also, the differences are unequal in quantity,

but equal in denomination. Thus the difference between 1 and

2 is 1, but between 2 and 4, the difference is 2. In quantity,

however, I and 2 are unequal, but in appellation equal. For

each is the whole of the less, and the half of the greater quan
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tijty . For 1 is the whole of 1 to which it is equal, and is the

half of 2. Thus also the difference 2 is the whole of 2 to

which it is equal, and the half of 4. Again, 2 is the difference

of 4 and 6, and 3 is thcdifference of 6 and y. And these are

unequal in quantity, but equal in denomination. For in each

the difference is the half of the less, and the third of the great

er number. For 2 is the half of 4, and the third of 6. And

3 is the half of 6, but the third of 9. After the same manner

3 is the difference between 9 and 12, and 4 is the difference

between 1 2 and 1 6 ; and these are unequal in quantity, but

equal in denomination ; since each is the third part of the less,

and the fourth part of the greater. And so of the rest. Hence

it is evident that the differences proceed from the whole through

every part. For the first and second differences are the whole

and the second part. The third and fourth differences are the

second and third parts. The fifth and sixth differences, are

the third and fourth parts. And in a similar maimer in the rest.

On the contrary, in the second series, the differences are

equal in quantity, but unequal jn denomination. For of the

two first terms 2 and 4, the difference is 2, and this is also the

difference of 4 and 6. These differences, therefore, are equal

in quantity. The difference 2, however, though it is the whole

of the less of the first terms, is only the half of the less of the

second terms. And though it is the half of the greater of the

first terms, it is only the third part of the greater of the second

terms. Thus also the difference between 6 and 9 is 3. and the

same likewise is the difference between 9 and J 2. Hut this

difference is the second part of .the less of the first, but the

third part of the less of the second terms. The same also is

the third part of the greater of the first, but is only the fourth

part of the greater of the second terms. And so of the rest.
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CHAPTER XXII.

A demonstration that squares and cubes partake of the nature

of sameness.

It is a most evident sign that all squares are allied to odd

numbers, because in every arrangement of them, whether in a

duple or triple series of terms, from unity, they are never

found but in the place of an odd number according to the

natural series of numbers. And they will also be found to be

in the places of odd numbers in a quadruple, quintuple, &c.

series, though it is not true in these series, that they are found

in these places alone. For let numbers be disposed in an

orderly series, first the duple, then the triple, &c. as follows :

The places of odd numbers. 13 5 7

The duple series. 1 2 4 8 16 32 64 138

The triple series. 13 9 27 81 243 729 2187

The quadruple series. 1 4 16 64 256 1024 4096 16384

The quintuple series. 1 5 25 125 625 3125 15625 78125

The sextuple series. 1 6 36 216 1296 7776 46656 279936

Here in the duple and triple series, it will be found that all the

squares are in the places of the odd numbers. Thus 4 and 9

are in the place of 3 ; 16 and 81 are in the place of 5 ; and

64 and 729 are in the place of 7. And so of the rest. But in

the quadruple series, the numbers which are in the second and

fourth places (and these are the places of even numbers) viz. 4

and 64 are also squares, as well as those which are in the third,

§fth, &c. places.

Cubes also, though they have three intervals, yet on account

of the equal multiplication by which they are produced, partici

pate of an immutable essence, and are the associates of same

ness : for they are generated by the coacervation of odd, but
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hever by that of even numbers. For if all the odd numbers

are disposed in an orderly series from unity, viz.

1 3 5 7 9 11 13 15 17 19 SI

the addition of these will form cube numbers. Thus, since 1

is the first cube in power or capacity, if the two following

numbers, i. e. 3 and 5, are added together, their sum will be the

second cube, which is 8. If the three numbers also that follow

these are added together, viz. 7. 9- 1-1 » their sum 27 will be the

third tube. And the four following numbers, 13, 15, 17, 19.

will, when added together, produce the fourth cube, viz. 64.

And so of the rest.

CHAPTER XXII 1.

On proportionality, or analogy.

An*d thus much may suffice concerning these particulars.

It is now requisite that we should discuss what pertains to

ratios, so far as may be necessary to a knowledge of the theo

retic part of music, astronomy, and geometry, and of the philoso

phy of Plato and Aristotle. Proportionality, therefore, is the

collection into one, of two, or more than two ratios.1 Or accord

ing to a more common definition, it is the similar habitude of

two or more ratios, though they are not constituted in the same

quantities and differences. But difference is the quantity be

tween numbers ; and ratio is a certain habitude, and as it were,

connexion of two terms to each other ; the composition of

which produces that which is proportional or analogous. For

proportionality arises from the junction of ratios. The least

proportionality, however, is found in three terms, such as 4, %

1 Analogy is most accurately defined by Proclus on the Timasus of

Plato, to be, identity of ratio, and the most beautiful of bonds.

Theor. Ar. G
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1. For as 4 is to 2, so is 2 to 1 ; the proportionality consist

ing of two ratios, each of which is a duple ratio. Proportion

ality, however, may consist in any number of terms greater than

three. Thus in the four terms 8, 4, 2, 1, as 8 is to 4, so is 4 to

2, so is 2 to 1 ; and in all these the proportionality consists of

duple ratios. This will also be the case in the five terms 16,

8, 4, 2, 1 ; and in the six terms 32, 16, 8^4, 2, 1, and so on

ad infinitum. As often, therefore, as one and the same term so

communicates with two terms placed about it, as to be the

antecedent to the one, and the consequent to the other, this

proportionality is called continued, as in the instances above

adduced. But if one term is referred to one number, and

another to another number, it is necessary that the habitude

should be called disjunct. Thus in the terms 1, 2, 4, 8, as 2

is to 1, so is 8 to 4, and conversely as 1 is to 2, so is 4 to 8.

And alternately as 4 is to 1, so is 8 to 2.

CHAPTER XXIV.

On the proportionality which was known to the ancients, and

what the proportions are which those posterior to them have

added.—And on arithmetical proportionality, audits proper

ties.

The three middles which were known to the more ancient

mathematicians, and which have been introduced into the phi

losophy of Pythagoras, Plato, and Aristotle, are, the arithmeti

cal, the geometrical, and the harmonic. After which habitudes

of proportions, there are three others without an appropriate

appellation ; but they are called the fourth, fifth, and sixth, and

are opposite to those above mentioned. The philosophers how

ever, posterior to Plato and Aristotle, on account of the perfec
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tion of the decad according to Pythagoras, added four other

middles, that~in these proportionalities a decad might be formed.

It is indeed in conformity to this number, that the former five

habitudes and comparisons, which we have discussed, are de

scribed ; where to the five greater proportions, which we called

leaders, we adapted other less terms which we called attendants.

Hence it is evident, that in the description of the ten predica

ments by Aristotle, and prior to him by Archytas (though it is

considered as dubious by some, w,hether these predicaments

were invented by Archytas,) the Pythagoric decad is to be

found.

Let us now, however, direct our attention to proportionalities

and middles. And, in the first place, let us discuss that middle

which preserves the habitudes of terms according to equality of

quantity, neglecting similitude of ratio. But with these quanti

ties that middle is conversant in which there is an equal differ

ence of the terms from each other. What the difference of

terms is, however, has been before defined. And that this

middle is arithmetical, the ratio itself of numbers will evince,

because its proportion consists in the quantity of number.

What then is the reason that the arithmetical habitude is prior

to all other proportionalities ? In the first place, it is because

the natural series of numbers in which there is the same differ

ence of the terms, comprehends this middle. For the terms

differ from each other by unity, by the fecundity of which the

nature of number is first unfolded. In the second place, it is

because, as was observed in the first chapter of the first book,

arithmetic is prior both to geometry and music ; the two latter

cointroducing at the same time the former; and the former

when subverted, subverting the two latter. The discussion,

therefore, will proceed in order, if we first begin from that

middle which is alone conversant with the difference of num

ber.
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That is called an arithmetical middle, therefore, when lhie«

or more terms being given, an equal and the same difference is

found between all of them ; in which the identity of ratio

being neglected, the difference only of the terms is considered.

Thus in the natural series of numbers 1. 2. 3. 4. 5. 6. 7- 8. 9-

10, the differences are equal, but there is not the same ratio and

habitude. If, therefore, three terms are given, the proportion

ality is said to be continued. But if there are four or more

terms, the middle is called disjunct. Whether, however, the

terms are three or four, or any other number, there will always be

the same difference of the terms, the ratios only being changed.

Thus the differences of the terms 1.2.3. are the same, but the

ratios are different. For 2 to 1 is a duple, but 3 to 2 is a ses-

quialter ratio. And the same thing will take place in the other

terms.

If, also, an equal number of terms are omitted, the differ

ences will be equal, but the ratios different. Thus if one

term is omitted, the difference will be 2 ; for then the terms

-will be 1.3. 5. the difference between which is 2. But the

ratio of 3 to 1 is very different from that of 5 to 3. If two

terms are omitted, the difference will be 3 ; if three terms are

omitted, it will be 4 ; and so of the rest, both in continued and

disjunct proportions. But the quality of the ratio will not be

the same, though the terms are distributed by equal differences.

If, however, conversely, there should be the same quality of

ratio, but not the same differences, such proportionality is

called geometrical, but not arithmetical.

It is the peculiarity of this middle, that in*three terms, the sum

of the extremes is double the mean ; as in 1. 2. 3, 1 +3=4=

2 x 2. But if there are four terms, the sum of the extremes is

equal to the sum of the two means. Thus if the terms are 1.

2. 3. 4., 1+4= 2 + 3.
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This also is a very subtile property of this proportion, which

no one of the ancients who were skilled in the mathematical

disciplines discovered, except Nicomachus, that in every con

tinued arrangement of terms, the rectangle under the extremes,

is less than the square of the middle, by the product arising

from one difference multiplied by the other. Thus in the three

terms, 3, 5, 7, 3x7= 21, and 5x5= 25. And 21 is less

than 25 by 4, which is equal to the difference between 3 and 5

multiplied by the difference between 5 and 7, viz. is equal to

2x2. But if there are four terms, the rectangle under the

extremes is less than the rectangle under the means by the pro

duct arising from the difference between the greatest of the

terms, and one of the means, multiplied by the difference be

tween the same mean and the least term. Thus in the four

terms 12. 10. 4. 2., 12x2=24, and 10x4=40, and 24 is less

than 40 by 16, which is equal to the difference between 12 and

10, i. e. 2 multiplied by the difference between 10 and 2, i. e.

8; for 2x8=16. And it is also equal to the difference be

tween 12 and 4. i. e. 8 multiplied by the difference between 4

and 2, i. e. 2. And so in other instances.

Another peculiarity likewise of this proportionality, which

was kuown to those who were prior to Nicomachus is this,

that in less terms a greater ratio, but in greater terms a less

ratio, is necessarily found. Thus in the numbers 1. 2. 3., the

ratio of the less terms, i.e. of 2 to 1 is double; but the ratio

of the greater terms, i. e. of 3 to 2 is sesquialter. « And a duple

- is greater than a sesquialter ratio. Thus too, in four terms 12.

10. 8. 6., the ratio of 8 to 6 is greater than the ratio of 12 to

10. For the ratio of 12 to 10 is sesquiquintan, but that of 8 to 6 is

sesquitertian. In harmonic proportionality, on the contrary, in

less terms there is a less, but in greater terms a greater ratio, as will

be hereafter shown. But of these middles, viz. the arithmeti
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cal and the harmonic, the geometric proportionality is the me

dium ; for this preserves both in greater and less terms an

equality of ratio. And equality is the medium between the

greater and the less.

CHAPTER XXV.

On the geometrical middle and its properties.

It is now requisite to discuss the geometrical which follows

the arithmetical middle, and which alone or principally, may be

called proportionality or analogy ; because both in the greater

and the less terms of which it consists, there is found to be the

same ratio. For here the same ratio is always preserved, and

contrary to the arithmetical middle, the quantity of the number

is neglected. Tims, in the duple series, 1. 2. 4. 8. 16. 32. &c.

or in the triple series, 1. 3. 9. 27. 81. &c. or in any other,

whether quadruple or quintuple, 8tc. the prior to the following

number, will always be in the same ratio as the following to

another number that is immediately consequent to it. Thus, if

there are three terms 2. 4. 8. it will be 2 : 4 : ". 4 : 8, and con

versely 8 : 4:: 4 : 2. And in four terms 2. 4. 8. 16, it will be

2 : 4::8 : 1(5, and conversely 16 : 8:: 4 : 2. And in a similar

manner in all the rest.

The peculiarity of this middle is, that in every arrangement

of the terms, trie differences are in the same ratio to each other,

as the terms of which they are the differences. For if the

terms are double of each other, the differences also will be

double ; if the former are triple, the latter will be likewise

triple ; if the one is quadruple, the other also will be quadru

ple. And whatever the multiplicity of the terms may be, there
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will be the same multiplicity in the differences, as will be evi

dent from an inspection of the following schemes :

Duple differences.

1. 2. 4. 8. 16. 32. 64. 128

1. 2. 4. 8. 10. 32. 64. 128..

Duple terms.

Triple differences.

2. 6. 18. 54. 162. 486. 1458

1. 3. 9. 27. 81. 243. 739. 2187.

Triple terms.

Quadruple differences.

3. 12. 48. 192. 768. 3072. 12288.

1. 4. 16. 64. 256. 1021. 4096. 16384.

Quadruple terms.

There is also another peculiarity of this middle, that where

the ratios are duple, every greater term compared to the less has

for its difference the less term. Thus 2 compared to 1 differs

from it by 1 . Thus 4 compared to 2 differs from it by 2.

And thus 8 compared to 4 differs from it by 4. And so of the

rest. But if the ratios are triple, the greater term differs from

the less by the double of the less term. Thus 3 differs from 1

by 2 the double of ] . Thus 9 differs from 3 by 6 the double

of 3. And thus 27 differs from 9 by 1 8 the double of 9. And

in all the rest the same property will be found. If also the

ratios are quadruple, the greater term will differ from the less

by the triple of the less term. Thus 4 differs from 1 by 3 the

triple of 1. Thus 16 differs from 4 by 12, the triple of 4.

And thus 64 differs from 16 by 48, the triple of 16. And so

of the rest. Thus likewise, if the ratios are quintuple, sextuple,

Sec. the greater term will always be found to differ from the

less by the quantity of the ratio less by unity.

\
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In continued geometrical proportionality also, the rectangle

under the extremes is equal to the square of the mean. Thus

in the three terms 2. 4. 8. which are in geometrical proportion,

2x8=4x4=16. The same thing will also take place though

there should be a greater number of terms than three, if the

number of terms is odd. Thus in the five terms 16. 8. 4. 2. 1,

the rectangle under the extremes, i. e. 16 x 1 is equal to the

square of the middle term 4. Thus too in the seven terms 64.

32. 16. 8. 4. 2. 1., 64 x 1=8 x 8. But where the terms are not

continued, the rectangle under the extremes is equal to the rec^

tangle under the means ; as is evident in the terriis 2. 4. 8. 16 ;

for 2 x 16=4 x 8= 32. And if the terms are more than four,

if only they are even, the same thing will take place. Thus in

the six terms 2. 4. 8. 16. 32. 64, 2 x 64= 128=4 x 32=8 x 16.

Another property of this middle is, that there is always an

equal ratio both in the greater and the less terms. Thus in all

the terms 2. 4. 8. 16. 32. 64, there is a duple ratio. This is

likewise the case in the terms, 3. 9- 27. 81. 243. 729. And in

a similar manner in others.

And in the last place, it is peculiar to this middle, squares

and numbers longer in the other part, being alternately arranged,

to proceed from the first multiple into all the habitudes of

superparticular ratios, as will be evident from the following

scheme.

Squares and numbers longer in the other part. alternately arranged.

12 4 6 9 It 16 JO 25 30 37

Duple Duple Sesqui- Sesqui- Sesqui- Sesqui- Sesqui- Sesqui- Sesqui- Sesquiquintaq

i | I alter j alter I tertian ( tertian 1 quartan | quatan | qintan I J

I 1 I I I t

Hence the arithmetical middle is compared to an oligarchy,

or the republic which is governed by a few, who pursue their

own good, and not that of the community ; because in its less
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terms there is a greater ratio. But the harmonic middle is said

to correspond to an aristocracy, because there is a greater ratio

in its greater terms. And the geometric middle is analogous to

a popular government, in which the poor as well as the rich

have an equal share in the administration. For in this there is

an equality of ratio both in the greater and the less terms.1

CHAPTER XXVI.

That plane numbers are conjoined by one medium only, but

solid numbers by two media.

It is now time, however, that we should discuss certain

things very useful to a knowledge of the fabrication of the

world, as delivered in the Tim»us of Plato, but not obvious to

1 With respect to these three middles, the arithmetic, the geometric

and the harmonic, Proclus in Tim. p. '238. observes " that they pertain

to the three daughters of Themis, viz. Eunomia, Dice, and Irene.

And the arithmetic middle indeed pertains to Irene or peace, which sur

passes and is surpassed by an equal quantity, which middle we employ

in our contracts during the time of peace, and through which likewise

the elements are at rest. But the geometric middle pertains to Eunomia

or equitable legislation, which also Plato denominates the judgment of

Jupiter, and through which the world is adorned by geometrical analo

gies. And the harmonic middle pertains to Dice or Justic e, through

which greater terms have at greater ; but less, a less ratio."

The geometric middle also comprehends the other two. For let there

be any three terms iu arithmetical proportion, for instance 1.2.3, and -

Jet a fourth term be added which shall cause all the four to be in geome

trical proportion. This fourth term will be 6. For 1 s; ;8 : 6. This

analogy therefore, will comprehend both arithmetical and harmonical

proportion. For 2. 3. and 6 are in harmonic, and 1. 2 and 3 in arithme

tic proportion.



106

every one. For all plane figures are united by one geometrical

medium only ; and hence in these there are only two intervals,

viz. from the first to the middle, and from the middle to the

third term. But cubes have two media according to a geome

trical ratio ; whence also solid figures are said to have three in

tervals. For there is one interval from the first to the second,

another from the second to the third, and another from the third

to the fourth, which is the ultimate distance. Plane figures,

therefore, are very properly said to be contained by two, and

•olid, by three intervals. Let there be two squares, therefore,

viz. 4 and 9. Of these, therefore, there can only be one me

dium constituted in the same ratio ; and this medium is 6.

For 6 is sesquialter to 4, and 9 is sesquialter to 6. This, how

ever, takes place, because the side of the one square, multiplied by

the side of the other, produces the middle term 6. For the

side of 4 is 2, and of 9 is 3, and these multiplied together pro

duce 6. Hence, in order to find the medium of two squares,

their sides must be multiplied together, and the product will be

the medium that is sought. But if two cubes are given, as 8

and 27, two media only can be constituted between these in the

same ratio, viz. 12 and 18. For 12 to 8, and 18 to 27 are con

joined by a sesquialter ratio alone.

These two media also are found as follows : If the side of

the greater cube is multiplied by the side of the less, and after

wards the product is multiplied by the less, the less of the two

media will be obtained. But if the square of the side of the

greater cube, is multiplied by the side of the less cube, the

product will be the greater medium. Thus in the two cubes 8,

and 27. The side of the greater cube is 3, and the side of the

less is 2, and 3x2x2=12, the less medium. And S x 3 x 2

= 18, the greater medium. Thus too in the cubes 27 and 64.

The side of the greater cube is 4, and the side of the less is 3,
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and 4 x 3 x 3= 36, the less medium. And 4 x 4 x 3= 48, the

greater medium. Hence the less medium derives two sides

from the less cube, and one side from the greater cube. And

after the same manner the greater medium derives two sides

from the greater cube, and one side from the less cube. Thus

12 the less medium between the cubes 8 and 27, has two sides

from 8, and one side from 27 ; for 2 x 2 x 3= 12. And 18, the

greater medium, has two sides from 27, and one side from 8 ;

for 3x3x2=18.

It is also universally true, that if a square multiplies

a square, the product will be a square.1 But if a number

longer in the other part, multiplies a square, or vice versa,

an oblong number, and not a square, will always be pro

duced.* Again, if a cube multiplies a cube, the product

will be a cube but if a number longer in the other part,

multiplies a cube, or vice versa, the product will never be a

cube.4 And this happens from a similitude to the even and the

odd. For if an even multiplies an even number, the product

will always be an even number.5 And if an odd multiplies an

odd number, an odd number will be immediately produced.6

But if an. odd multiplies an even, or an even an odd number,

• Thus 4 x 9=36, which is a square number. Thus also 9x 16=144,

which is also a square numher.

1 Thus 2 x 4=8 an oblong number. Thus also 6 which is a number

longer in the other part, multiplied by 9, is equal to 54, an oblong num

ber.

1 Thus 8x27=216 a cube number, the root of which is 6. Thus too,

8x64=512, a cube number, the root of which is 8.

♦ Thus 2 x 8=16 which is not a cube. Thus also 6 x 27=162, a non-

cubic number.

5 Thus 6 x 6=36 an even number. Thus too, 8 x 8=64, which is an

even number.

6 Thus 3x5=15; and 7x9=63, both which are odd numbers.
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an even number will always be produced.1 This, however, will

be more easily known, by consulting that part of the eighth

book of the Republic of Plato, in which the Muses are intro

duced by the philosopher speaking of the geometric number,

which is the source of better and worse generations, and which

will be hereafter explained.

CHAPTER XXVII.

On the harmonic middle and its properties.

The harmonic middle is neither constituted in the same

differences, nor in equal ratios ; but in this, as the greatest

term is to the least, so is the difference of the greatest and the

middle, to the difference of the middle and the least term : as

in the numbers 3. 4. 6, and 2. 3. 6. For as 6 is to 3, so is

the difference between 6 and 4, i. e. 2, to the difference be

tween 4 and 3, i. e. I. And as 6 is to 2, so is the difference

between 6 and 3, i. e. 3, to the difference between 3 and 2, i. e.

1 . Hence in this middle, there is neither the same ratio of the

terms, nor the same differences.

But it has a peculiarity, as we have before observed, con

trary to the arithmetical middle. For in that, there is a greater

ratio in the less, but a less ratio in the greater terms. On the

contrary, in the harmonic middle, there is a greater ratio in ihe

greater, but a less in the less terms. Thus in the terms 3. 4. ii.

if 4 is compared to 3, the ratio is sesquitertian, but if 6 is com

pared to 4, the ratio is sesquialter. But sesquialter is as much

greater than sesquitertian ratio, as \ is greater than \. With

great propriety therefore, is geometrical proportionality said to

1 Thus 5 x 4=30 ; and 6 x 9=54, both which are even numbers.
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be a medium between that in which there is a less ratio in the

greater, and a greater in the less terms, and that in which there

is a greater ratio in the greater, and a less in the less terms.

For that is truly proportionality or analogy, which obtaining as

it were the place of a medium, has equal ratios both in the

greater and the less terms.

This also is a sign that geometrical proportion is a medium

in a certain respect between two extremes ; that in arithmetical

proportion the middle term precedes the less, and is preceded

by the greater, by the same part of itself, yet by one part of

the less, and a different part of the greater term. Thus in the

three terms, 2, 3, 4, the term 3 precedes 2, by a third part of

itself, i. e. 1. and is preceded by 4 by the same part of itself.

But 3 does not surpass 2 by the same part of 2, nor is sur

passed by 4, by the same part of 4. For it surpasses 2 by 1,

which is the half of 2, but it is surpassed by 4, by J, which is

the fourth part of 4. The ratios, however, in the harmonic

middle, have a contrary mode of subsistence. For the middle

term in this ratio, does not surpass the less, nor is surpassed by

the greater, by the same part of itself ; but it surpasses the less

by the same part of the less, as is that pari of the greater, by

which it is surpassed by the greater. Thus in the harmonic

arrangement, 2. 3. 6., the term 3 surpasses 2 by the half of

2, and the same 3 is surpassed by 6, by 3 which is the half of

6. But in the geometric proportionality, neither does the mid

dle surpass the less term, nor is it surpassed by the greater

term, by the same parts of itself, nor does it surpass the less

term by the same part of the less, nor is surpassed by the

greater by the same part of the greater ; but by that part

of itself, by which the middle surpasses the less term, by the

same part of itself the greater surpasses the middle term.

Thus in the three terms 4. 6. 9, the middle term 6 surpasses 4
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by a third part of itself, and 9 also surpasses 6 by a third part

of itself. The harmonic proportion also has another property,

that if the two extremes are added together, and multiplied by

the middle, the product will be double that of the extremes

multiplied by each other. Thus in the terms 3. 4. 6, 3 + 6=9,

and 9x4=36, which is the double of 3 multiplied by 6.

Thus too, in the terms 2. 3. 6., 2 + 6=8, and 8 x 3= 24, the

double of 2 x 6= 12.

In the harmonic proportionality likewise, the sum of the ex

tremes is always more than double of the middle term. Thus

in the numbers above adduced 6+3 is more than twice 4.

And 6 + 2 is more than twice 3. The extremes also multiplied

by each other, exceed the square of the middle term by the

product arising from the difference between one extreme and

the middle, multiplied by the difference between the middle and

the other extreme. Thus 3x6= 18, which exceeds 16, the

square of the middle term 4 by 2. And 2 is equal to the

difference between 6 and 4, multiplied by the difference between

4 and 3. Thus too 2x6 exceeds 9 the square of 3, by 3.

And 3 is equal to the difference between 6 and 3 multiplied by

the difference between 3 and 2.

CHAPTER XXVUI.

Why this middle is called harmonic, and on geometrical har

mony.

The reason, however, why this middle is called harmonic is

this, that an arithmetical arrangement of terms, divides the

quantities by equal differences only ; but a geometrical arrange

ment conjoins the terms by an equal ratio. The harmonic

arrangement, however, being more amply conversant with rela-

-
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tion than the other middles, neither speculates ratio solely in the

terms, nor solely in differences, but is in common conversant

with both. For it shows that as the extreme terms are to each

other, so is the difference between the greater and middle term,

to the difference between the middle and last term. But that

the consideration of what is relative, is peculiar to harmony,

has been shown by us before.

The proportions also of the musical concords which are de

nominated symphonies, are frequently found in this middle

alone. For the symphony diatessaron which is the principal,

and after a manner possesses the power of an element with

respect to the other symphonies. being constituted in a sesqui-

tertian ratio, or that of 4 to 3, is found in harmonic middles of

this kind. For let the terms of harmonic proportion be of

such a kind as that the extremes are in a duple ratio, and again

let there be other terms, the extremes of which are in a triple

ratio, viz. let them be

3. 4. 6. and 2. 3. 6.

In the first arrangement, therefore, 6 is double of 3, and in the

second, 6 is triple of 2. If the differences then of these are

collected and compared to each other, a sesquitertian ratio will

be produced, whence the symphony diatessaron is formed. For

the difference between 6 and 3 is 3, and between 6 and 2 is 4,

and 4 compared to 3, produces a sesquitertian ratio.

In the same middle also, the symphony diapente is formed

from the sesquialter ratio. For in the first of the above ar

rangements, 6 to 4 is sesquialter, and in the second, 3 to

From each of which the symphony diapente is formed. In the

next place, the symphony diapason which consists in a duple

ratio, is formed in the first of these, viz. in the ratio of 6 to S.

In the second of the arrangements also, the symphonies dia
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petite aud diapason are formed, which preserve a sesquialtef

and a duple ratio. For of the terms 2. 3. 6., 3 to 2 is dia-

pente, and 6 to 3, diapason. And because the extreme terras

in this arrangement, which contains two symphonies, are in a

triple ratio, the differences likewise of the terms will be found

to be triple. For the difference between 3 and 2 is 1, and

between 6 and 3, the difference is 3. But in the first of these

arrangements, viz. 3. 4. 6., the greater term 6 is triple of the

difference between it and the middle term, viz. is triple of 2.

And again, the less term is also triple of the difference between

it and the middle term, viz. 3 is triple of 1. The greatest

symphony likewise which is called bis diapason, or as it were

twice double, because the symphony diapason is collected

from a duple ratio, is found in this harmonic middle. For in

the arrangement 3. 4. 6., the middle term 4 is quadruple of 1,

the difference between it and the less extreme. In the arrange

ment also, 2. 3. 6., the difference of the extremes 6 and 2 is

quadruple of the difference between the middle and the less

term; for the former difference is 4, but the latter 1. And the

ratio of 4 to 1 forms the symphony bis diapason.

Some, however, call a middle of this kind harmonic, because

it is allied to geometric harmony. But they denominate the

cube geometric harmony. For its extension into length, breadth,

and depth is such, that proceeding from equals, and arriving at

equals, the whole increases equally, so as to accord with itself.

The harmonic middle, however, is beheld in all cubes, which

constitute geometric harmony. For every cube has 12 sides,

or bounding lines, eight angles, and six superficies. But this

arrangement is harmonic ; for 6. 8. 12. are in harmonic pro

portion. For as 12 is to 6, so is the difference between 12

and 8 to the difference between 8 and 6. Again, 8 which is

the medium, precedes the less term 6 by one part of itself, and
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is preceded by the greater term by another part of itself. But

it surpasses the less term by the same part of the less, as is

that part of the greater by which it is surpassed by the greater.

Again, if the extremes are added together, and their sum is

multiplied by the middle term, the product will be double the

product arising from the multiplication of the extremes by

each other. For 12 + 6=18, and 18x8=144. Butl44is

the double of 12 x 6=72.

All the musical symphonies, likewise, may be found in this

arrangement. For the diatessaron, indeed, is the ratio of 8 to

6, because it is a sesquitertian ratio. But the diapente is the

ratio of 12 to 8, because what is called sesquialter ratio, is

found in that symphony. The diapason which is produced

from a duple ratio, is found in the ratio of 12 to 6. But the

diapason and at the same time, diapente, which is in a triple

ratio, arises from a comparison of the difference of the extremes

with the difference between the middle and the less extreme.

For the difference between 12 and 6 is 6, and the difference

between 8 and 6 is 2 ; and 6 is triple of 2. And the greater

symphony which is the bis diapason, and consists in a quadru

ple ratio, is beheld in the comparison of 8 with the difference

between 8 and 6, viz. in the comparison of 8 with 2. Hence a

proportionality of this kind, is properly and appropriately called

an harmonic middle.

CHAPTER XXIX.

Hoze two terms being constituted on either side, the arithmetic,

geometric, and harmonic middle is alternately changed

between them ; and on the generation of them.

We ought, however, to show, that as when in a musical pipe,

the extreme holes remaining, it is usual, by changing the middle

Th. Jr. - H



hole, and opening one and shutting another with the fingers,

to cause them to emit different sounds ; or as when two chords

being extended on each side, the musician causes the sound of

the intermediate chord to be either sharp or flat, by stretching

or relaxing it ; thus also, two numbers beiug given, we may

insert between them, at one time an arithmetical, at another a

geometrical, and at another an harmonic middle. We may,

however, be able to change this middle, when placed between

' two terms that are either odd or even, so that when the middle

is arithmetical, the ratio and equability of the differences only

is preserved ; but when it is geometrical, the conjunction of the

ratios will remain firm ; and if there is an harmonic comparison

of the differences, it will not be discordant with the ratio of

the terms. In the first place, therefore, let the extremities he

the even numbers 10 and 40, between which it is required to

insert all these middles. Let the arithmetical middle then he

first inserted. And this will be effected, if 25 is placed betweeii

these numbers ; for 10, 25, and 40, are in arithmetical pro

portion. Again, if between 10 and 40, the number 20 is

inserted, the geometric middle, with all its properties, will be

immediately produced; for as 10 is to 20, so is 20 to 40.

But if 16 is inserted between 10 and 40, the harmonic middle

will be produced; for as 10 is to 40, so is the difference be

tween 16 and 10, i. e. 6, to the difference between 40 and 16,

i. e. 24.

If odd numbers, however, are proposed as the two extremes,

such as are 5 and 45, it will be found that 25 will constitute

the arithmetical, 15 the geometrical, and 9 the harmonic middle.

It is necessary, however, to show how these middles may be

found. Two terms beiug given, if it is required to constitute

an arithmetical middle, the two extremes must be conjoined,

and the sum arising from the addition of them must be divided
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by 2, and the quotient will be the arithmetical mean that was to

be found. Thus 10 + 40=50, and 50 divided by 2 is equal to

25. This, therefore will be the middle term, according to

arithmetical proportion. Or if the number by which the

greater surpasses the less term, is divided by 2, and the quotient

is added to the less term, the sum thence arising, will be the

arithmetical mean required. Thus the difference between 40

and 10 is 30, and if this is divided by 2 the quotient will be 15.

But if J 5 is added to 10, the sum will be 25, the arithmetical

mean between 10 and 40. -Again, in order to find the geome

trical mean, the two extremes must be multiplied together, and

the square root of the product will be the required mean. Thus

10x40=400, and the square root of 400 is 20. Hence 20

will be the geometrical mean between 10 and 40. Or if the

ratio which the given terms have to each other is divided by 2,

the quotient will be the middle that was to be found. For 40

to 10 is a quadruple ratio. If this, therefore, is divided by 2,

it will become duple, which is 20 ; for 20 is the double of 1 0.

This, therefore, will be the geometrical mean, between the two

given terms. But to find the harmonic middle, the difference

of the terms must be multiplied into the less term ; then the

product must be divided by the sum of the extremes ; and in

the last place, the quotient must be added to the less term, and

the sum will be the mean required. Thus the difference be

tween 40 and 10 is 30; but 30 x 10=300 ; and 300 divided

by 40 + 10=50, gives for the quotient 6 ; and 6 + 10= 16, the

harmonic mean between 10 and 40.
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CHAPTER XXX.

On the three middles zehich are contrary to the harmonic and

geometric middles.

The middles which we have now discussed, were invented

and approved of by the more ancient mathematicians ; and we

have more largely unfolded them, because these are especially-

found in the writings of the ancients, and are most useful to a

genuine knowledge of them. We shall therefore mention the

other middles with brevity, because they are scarcely of any

Other use than that of giving completion to the duad. But

these middles appear to be contrary to the former, from which

they nevertheless originate. The fourth middle, however, is

that which is opposite to the harmonic. For in the harmonic,

as the greatest is to the least term, so is the difference between

the greatest and the middle, to the difference between the mid

dle and the least term, as iu the terms 3. 4. 6; but in this

fourth proportionality, three terms being given, as is the great-

est to the least, so is the difference between the middle and

least, to the difference between the greatest and middle terms ;

as iu 3. 5. 6. For as 6 is to 3, so is the difference between 5

and 3, i. e. 2, to the difference between 6 and 5. i.e. 1. But

it appears that this middle is opposite, and after a manner con

trary to the harmonic middle, because in the latter, as is the

greatest to the least term, so is the difference of the greater to

the difference of the less terms ; but in the former, as is the

greatest to the least term, so is the difference of the less to

the difference of the greater terms. It is the peculiarity of this

middle, that the rectangle under the greatest and middle terms,

is double the rectangle under the middle and least terms. Thus
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5x6=30; but 3x5= 15. But the two other proportionali

ties, viz. the fifth and sixth, are contrary to the geometric pro

portionality, and appear to be opposite to it.

For the fifth is when in three terms, as is the middle to the

less term, so is their difference to the difference between the

middle and greater terms ; as in the terms 2. 4. 5. For as 4 is

to 2, so is the difference between 4 and 2, i. e. 2, to the

difference between 5 and 4, i.e. 1 . But this is contrary to

geometric proportion, because there, as is the ratio of the

greater to the less, i. e. to the middle, and of the middle to the

least term, so is the difference of the greater to the difference

of the less terms, as in 8. 4. 2. For the ratio of 8 to 4, and

of 4 to 2, is the same as the ratio of 8—4, to the ratio of

4—2. But in the fifth proportionality, as is the ratio of the

greater to the less term, so is the ratio of the difference of the

less, to the difference of the greater terms. The peculiarity

also of this proportionality is, that the rectangle under the

greater term and the middle, is the double of the rectangle

under the two extremes. Thus in the terms 2. 4. 5. 5 x 4=20r

and 20 is the double of 5 x 2.

The sixth proportionality is when in three given terms, as is

the greater to the middle term, so is the difference of the less,

to the difference of the greatest terms; as in the terms 1. 4. 6.

For here the greatest is to the middle term in a sesquialter ratio;

and the difference between 4 and 1, i.e. 3. is in the same ratio

to the difference between 6 and 4, i. e. 2. . For as 6 : 4 : : 3 : 2.

After the same manner also as the fifth, this proportionality is

contrary to the geometrical, on account of the converse ratia of

the differences of the less to the greater terms.
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CHAPTER XXXI.

On Ike four middles which the ancients posterior to those

before mentioned, invented for the purpose of giving com

pletion to the decad.

And these indeed are the six middles, three of which re

mained from Pythagoras as far as to Plato and Aristotle. But

those that followed them inserted in their commentaries the

three others, which we discussed in the preceding chapter.

And the following age, as we have said, added four other mid

dles, in order to the completion of the decad. What these are,

therefore, we shall briefly relate. The first of them, which is

in order the seventh, is when in three terms, as the greatest is

to the last, so is the difference of the greatest and least term, to

the difference of the less terms ; as in the terms 6. 8. 9. For

Q to 6 is sesquialter, the difference of which is 3. But the

difference of the less terms, i. e. of 8 and 6, is 2, which com

pared to the former 3 produces a sesquialter ratio.

Again, the second proportionality of the four, but the eighth

in order is, when in three lerms, as the extremes are to each

other, so is their difference to the difference of the greater

terms ; as in 6. 7- 9. For 9 to 6 is sesquialter, and their differ

ence is 3, which compared to the difference of the greater

terms, i. e. to the difference of 9 and 7 which is 2, produces

also a sesquialter ratio.

The third proportion among the four, but the ninth in order

is, when three terms being given, as is the middle to the least

term, so is the difference of the extremes to the difference of

the less terms ; as in 4. 6. 7. For 6 to 4 is sesquialter, the

difference of which is 2. But 7 differs from 4 by 3, which is-

sesquialter to 2
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And the fourth proportion, but which is in order the tenth, is

when in three terms, as is the middle to the least term, so is

the difference of the extremes to the difference of the greater

terms ; as in 3. 5. 8. For 5 the middle term is to 3 in a super-

bipartient ratio. But the difference of the extremes is 5,

which to the difference of the greater terms 8 and 5, i. e. 3, is

also superbipartient.1

CHAPTER XXXII.

On the greatest and most perfect symphony, which is extended

in three intervals;—and also on the less symphony.

It now remains for us to speak of the greatest and most

perfect harmony, which, subsisting in three intervals, obtains

great power in the temperaments of musical modulation, and in

the speculation of natural questions. For nothing can be found

more perfect than a middle cf this kind, which being extended

in three intervals, is allotted the nature and essence of the

most perfect body. For thus we have shown that a cube,

which possesses three dimensions, is a full and perfect harmony.

This, however, may be discovered, if two terms being given,

which have themselves increased by three intervals, viz. by

length, breadth, and depth, two middle terms of this kind are

found, which having three intervals, are either produced from

equals, through equals equally, or from unequals to unequals

1 Jordanus Brunus has added an eleventh to these proportions; and

this is when in three terms, as is the greatest to the middie term, so is

the difference of the extremes to the difference of the greater terms ;

as in 6. 4. 3. For as 6 is to 4 ; so is the difference of 6 and 3, i. e. 3, to.

the difference of 6 and 4, i. e. 2.
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equally, or from unequals to equals equally, or after some other

manner. And thus, though they preserve an harmonic ratio,

yet being compared in another way, form the arithmetical mid

dle ; and to these, the geometric proportionality which is be

tween both, cannot be wanting.

Let the following, therefore, be an instance of this arrange

ment, viz. 6. 8. 9- 12. That all these then are solid quantities,

cannot be doubted. For 6 is produced from 1x2x3; but 12

from 2x2x3. Of the middle terms, however, between these,

8 is produced from 1x2x4; but 9 from 1x3x3. Hence

all the terms are allied to each other, and are distinguished by

the three dimensions of intervals. In these, therefore, the geo

metric proportionality is found, if 12 is compared to^8, and 9

to 6; for 12 : 8:: 9 .' 6. And the ratio in each is sesquialter.

But the arithmetical proportionality will be obtained, if 12 is

compared to 9, and 9 to 6 ; for in each of these the difference

is 3, and the sum of the extremes is the double of the mean:

Hence we find in these, geometrical and arithmetical proportion.

But the harmonic proportionality may also be found in these, if

12 is compared to 8, and again 8 to 6. For as 12 is to 6, so is

the difference between 12 and 8, i.e. 4, to the difference be

tween 8 and 6, i. e. 2. We may likewise here find all the mu

sical symphonies. For 8, when compared to 6, and 9 to 12,

produce a sesquitertian ratio, and at the same time the sympho

ny diatessaron. But 6 compared to 9, and 8 to 12, produce a

sesquialter ratio, and the symphony diapente. If 12 also is

compared to 6, the ratio will be found to be duple, but the

symphony diapason. But 8 compared to 9, forms the epogdous,

which in musical modulation is called a tone. And this is the

common measure of all musical sounds ; for it is of all sounds

the least. Hence a tone is the difference of the symphonies
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diatessaron and diapente ; 1 just a3 the epogdous alone is the

difference between the sesquitertian and sesquialter ratio.

Moreover, the less harmony is when in an arrangement of

solid numbers, two proportionalities only are assumed, as the

arithmetical and geometrical, or the geometrical and harmonic,

or lastly, the arithmetical and harmonic ; as in the terms 5. 15.

25. 45. For in these numbers, the arithmetical and geometri

cal proportionalities alone are found; the geometrical in 5. 15.

and 45, since 5 : 15:: 15 : 45 ; and the arithmetical in 5. 25.

and 45, since there is the same difference between 25 and 5, as

between 45 and 25. There is a less harmony also in the num

bers 40. 25. 16. 10. For 40. 16 and 10 form an harmonic

proportion, since as 40 is to 10, so is the difference between

40 and 16, to the difference between 16 and 10. But 40. 25.

and 10 form an arithmetical proportionality, since the difference

between 40 and 25, is the same as the difference between 25

and 10. And lastly, there is a less harmony in the terms 80.

40. 32. 20, which comprehend in themselves geometric and

harmonic proportionalities. For 80. 40. 20. are in geometrical ;

but 80. 32. and 20 in harmonic proportion. The following

scheme however will facilitate the comprehension of all that has

been said in this chapter.

1 For 8 to 19 which is diapente, is compounded of 8 to 9, and 9 to 12 ;

so likewise $ = £ + f.
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Hie greatest

harmonies.

Proportionalities. Differences and habitudes. Tone and Symphonies.

15. u. 8. 6.> lieome. 12. 9.8. 6.

Uitlim. 12. 9. 6.

Harmo. 12. 8. 6.

Sesquiteman when disjoined.

Difference 3. 3. -

Duple. Difference 4. 2.

Sesquioct-

ave ... 9- 8 Tone.

Sesquiler- [aron.

tian . . 8. 6 Diatess-

Sesquial- [te.

II

tcr ... 9. 6 Diaptn-

Duple 12. 6.
Triple 12. 4 Diapen-

te Dia

pason.

Quadru- [pasou.

pie. . . 12. 3 Disdia-

Geome. 24. 18. 16. 12.

Arithm. 24. 18. 12.

Harmo. 14. 16. 12.

Sesquitert,an when disjoined.

Pittereuce 6. 6.

Duple. Difference 8. 4.

Sesquioct. 18. 16 Tone.

Sescmiter. 16. 12 Diatess.

Sesquialt. IB. 12 Diapen.

Duple 24. 12 Diapa.

Triple 18. 6 Diapen. >
St. 18. 10. 12. -.iitI ii ei ».:'. -c H

ft - ... .1 . . Ouadru. 12.

J.css harmonies. Proportionalities. Habitudes and differences.

[pa.

45. 25. IS. S. Geome. 45. 15. 5.

Arithm. 45. 25. 5.

Tr,ple proportion.

Difference 20. 20.

40. 25. 16. 10. Harmo. 40. 16. 10.

Arithm. 40. 25. 10.

Quadruple. Difference 24. 6.

D.flereicel.,,5. .M.f,l. Wi-

80. 40. 32. 20. Gconic. 80. 40. 20.

Harmo. 80. 32. 20.

Duple proportion.

Quadruple. Difference 48. 12

CHAPTER XXXIII.

On amicable numbers.

Iamblichus in his treatise On the Arithmetic of Niconia-

chus observes p. 47- " that certain numbers were called amica

ble by those who assimilated the virtues and elegant habits to

numbers." He adds, " that 284 and 220 are numbers of this

kind ; for the parts of each are generative of each other accord

ing to the nature of friendship, as was shown by Pythagoras.

For some one asking him what a friend was, he answered, atta~

ther I (sr£goj syto) which is demonstrated to take place in these;
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numbers." And he concludes with informing us, " that he

shall discuss in its proper place what is delivered by the Pytha

goreans relative to this most splendid and elegant theory." Un

fortunately, he has not resumed this subject in the above men

tioned treatise, nor in any work of his that is extant. And the

only writer I am acquainted with, who has written more fully

concerning these numbers, is Ozanam, who in his Mathematical

Recreations p. 15. observes of them as follows : " The two

numbers 220 and 284 are called amicable, because the first 220

is equal to the sum of the aliquot parts of the latter, viz. 1+2

+ 4 + 71 +142==220. And reciprocally the latter 284 is equal

to the sum of the aliquot parts of the former, viz. 1+2+ 4 + 5

+ 10+11+22 +44 + 55+110=284.

" To find all the amicable numbers in order, make use of

the number 2, which is of such a quality, that if you take 1

from its triple 6, from its sextuple 12, and from the octodecu-

ple of its square, viz. from 72, the remainders are the three

prime numbers 5, 11 and 71 ; of which 5 and 11 being multi

plied together, and the product 55 being multiplied by 4, the

double of the number 2, this second product 220 will be the first

of the two numbers we look for. And to find the other 284, we

need only to multiply the third prime number 71, by 4, the

same double of 2 that we used before.

" To find two other amicable numbers, instead of 2 we make

use of one of its powers that possesses the same quality, such as

its cube 8. For if you subtract an unit from its triple 24, from

its sextuple 48, and from 1 152 the octodecuple of its square 64,

the remainders are the three prime numbers viz. 23, 47, 1151;

of which the two first 23, 47 ought to be multiplied together,

and their product 1081 ought to be multiplied by 16 the

double of the cube 8, in order to have 17296 for the first of the
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two numbers demanded. And for the other amicable number

which is 18416, we must multiply the third prime number 115 1

by 16, the same double of the cube 8.

" If you still want other amicable numbers, instead of 2 or its

cube 8, make use of its square cube 64 ; for it has the same

quality, and will answer as above."

Thus far Ozanam. But the two amicable numbers produced

from 64, which he has omitted in this extract are, 936 3.584, and

9437056. And the three prime numbers which are the remain

ders are 19 1, 383, aud 73727-

CHAPTER XXXIV.

On lateral and diametrical numbers.1

As numbers have trigonic, tetragonic, and pentagonic reasons,

(or productive principles) and the reasons of all other figures ft*

power (i. e. causally) so likewise we shall find lateral and dia

metrical reasons, spermatically as it were presenting themselves

to the view in numbers. For from these, figures are elegantly

arranged. As therefore, the monad is the principle of all

figures, according to a supreme and seminal reason, thus also

the reason of a diameter and a side, are found in the monad Or

unity. Thus for instance, let there be two units, one of which

we suppose to be a diameter, but the other a side ; since it is

necessary that the monad which is the principle of all figures,

should be in power, or causally both a side and a diameter. And

let the diameter be added to the side, but two sides to the

diameter ; since the diameter is once in power what the sids is

1 Vid. Thedn. Smyrn. Mathemat. p. 67.
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twice.1 The diameter therefore will be made more, but the

side less. And in the first monadic side and diameter indeed,

the square iu power of the diametrical monad, will be less by

one monad, than the double of the square of the side produced

by the monad. For the monads or units are in equality. But

1 is less than 2 by 1 . Let us therefore add one to the side in

power, i. e. to the monad. Hence the side will be two monads.

And let us add to the diameter two sides, i. e. to the monad two

monads. The diameter therefore will consist of three monads.

And the square indeed, which is made from the side, i. e. from

2 is 4. But the square which is made from 3 js <J. Hence 9

exceeds the double of the square, which is made from 2 by 1.

Again, let us add 3 in power to the side 2. The side there

fore will consist of 5 monads. But to the triad in power, let

us add two sides, i. e. twice two, and the aggregate will be 7

ihonads. Hence, the square from the side will be 25 ; but the

square from 7 will be 49- The square 49 therefore is less by

the monad than the double of the square 25. Farther still, if to

the side you add 7, the sum will be 12. And if to the diameter

7 you add twice the side 5, the square from 17, viz. 289, will

exceed the double of the square from 12, i. e. the double of 144,

by 1 . And thus successively, an addition being similarly made,

there will be an alternate analogy, the square from the diameter

being sometimes less by 1, and sometimes more by 1, than the

double of the square from the side. And such sides and dia

meters are effable.* But the diameters alternately sometimes

exceed by 1 the double in power of the sides, and are sometimes

less by 1 than the double of them. All the diameters therefore

» For in a square figure, the square of the diagonal is twice the square

of one of the sides, by 47. 1, of Euclid.

* Effable quantities are such as can be expressed either in whole num

bers or fractions.
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will become double in power of all the sides, by an alternate

excess and defect, the same monad in all of them producing

equality, so that the double in all of them neither exceeds, nor

is deficient. For what was deficient in the former diameter,

exceeds in power in that which follows. These numbers there

fore are as follow :

The doubles of the squares The squares of

Sides. Diameters. of the sides. the diameters.

11 2 1

2 3 8 9

5 7 50 49

12 17 888 289

29 41 1682 1681

70 99 9800 9801

1G9 289 57122 57121

The sides are composed from the addition of the preceding dia

meter and preceding side. Thus 29 is formed from the side

12 and the diameter 17- The diameters are composed from

the preceding diameter, and the double of the preceding side.

Thus 41 consists of 17 and twice 12. And 99 consists of 41

and twice 29, i. e. =41 +58.

CHAPTER XXXV.

On arithmetical and geometrical series.

In the preceding part of this work, what has been delivered

is almost wholly derived from the ancients ; in what follows, the

observations are I believe, for the most part, if not entirely, new.

In the arithmetical series 1+2+3+4 + 5, &c. when the

number of terms is even and fmite, the sum of the two middle

terms multiplied by the number of terms, is equal to twice the
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sum of the series. Thus in 4 terms 3 + 2=5. and 5x4=20,

whic h is the double of 10, the sum of the series.

In the geometrical series 1 + 2 + 4 + 8 + 1 6 + 32, &c. when

the number of terms is finite. the sum of the series added- to

unity, is equal to the double of the last term. Thus the sum of

1+2+ 1 is the double of 2. The sum of 1+2+4 + 1 is the

double of 4, and so of the rest.

In the geometrical series 1+3+9 + 27+81, 8tc. the triple

of the last term exceeds the double of the sum of the series by

unity. Thus in two terms the triple of 3, i. e. 9, exceeds the

double of the sum 1 +3, i. e. 4, by 1. Thus the triple of 9,

i. e. 27, exceeds the double of the sum, 1 + 3 + 9, i. e. I3 by 1,

and so of the rest.

In the geometrical series 1+4 + 16 + 64 + 256, 8cc. the

quadruple of the last term exceeds the triple of the sum of the

series by unity.

And in the geometrical series 1 + 5 + 25 + 125+625, &c. the

quintuple of the last term exceeds the quadruple of the sum of

the series by unity.

Again, in the series 1 + 2 + 4 + 8+16, 8tc. when the number

of terms is finite, the last term added to the last term less by

unity, is equal to the sum of the series. Thus 2 added to 2 less

by 1 =1 + 2. 4 added to 4 less by 3 =1 +2 + 4, &c.

In the series 1-f 3+9 + 27 + 81, &c. if unity is subtracted

from the last term, and the remainder divided by 2 is added to

the last term, the sum is equal to the sum of the series. Thus

3—1=2 this divided by 2=1 and 1 +3=4 = the sum of the

two first terms; 9—1=8 and 8 divided by 2 =4, and 4 + 9

= 13 = 1 +3 + 9, &c.

In the series 1 + 4 + 16+64+256, &c. if unity is subtracted

from the last term, and the remainder divided by 3 is added to

the last term, the sum is equal to the sum of the series.



128

In the series 1 +5 +25 + 125+625, &c. if unity is subtracted

from the last term, and the remainder divided by 4 is added to

the last term, the sum is equal to the sum of the series.

In the geometrical fractional series -f +i+ i + 3 > &c'

the last term multiplied by the sum of the denominators is equal

to the sum of the series, when the number of terms is finite.

Thus {x 1+2 + 4 +8= V tbesumof l+i+i+ i. Thus

-JL-x 1 +3+9 +27=+?, and so of the rest. And this will be

the case whatever the ratio of the series may be.

And in the first of these series if unity be taken from the de

nominator of the last term, and the remainder be added to the

denominator, the sum arising from this addition multiplied by

the last term will be equal to the sum of the series. Thus 8—

1=7 and 7+8=15, and 1x15=^,^6 sum of the series.

In the second of these series, if unity be subtracted from the

denominator of the last term, the remainder be divided by 2, and

the quotient be added to the said denominator, the sum multi

plied by the last term will be equal to the sum of the series. In

the 3d series after the subtraction the remainder must be divided

by 3 : in the 4th by 4 : in the fifth by 5 : in the 6th by 6, and

so on.

In the series 1 +i+j;+^ + j5-, &c. which infinitely conti

nued is equal to 2, an infinitesimal excepted, if any finite num

ber of terms is assumed, then if the denominator of the last

term be added to the denominator of the term immediately pre

ceding it, and the sum of the two be multiplied by the last term,

the product will be equal to the sum of the series. Thus in two

terms l+3x|=|= the sum of 1+4.. If there are three
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terms, then 3 +6 x -£=-|— 1 +-^+-£. If there are four terms,

then 6 + tOx1V=i-§-=l+i-r-i+TV, and so of the rest.

If the half of each term of this series is taken, so as to pro

duce the series i + i +iV + ih + To> &c- then the half of the

sum of the denominator of the last term, and the denominator

of the term immediately preceding the last, multiplied by the

last term, will be equal to the sum of the series. If the 3d of

each term is taken, the sum of the two denominators must be

divided by 3. If the 4th of each term is taken, the division

must be by 4 ; and so of the rest.

If the half of each term of the series 1 + i+-5+-g +T6, &c.

is taken, so as to produce the series jr+-z + jj+-jL$ + Tj> &c- and

if the sum of the denominators is divided by 2, the quotient

multiplied by the last term is equal to the sum of the series.

2+4+8 2+4+8+16

Thus x i=i+i+i, x ^a=i+i+ i

2 * 2

+ J--, and so of the rest.

But if the third of each term of this series is taken, the divisor"

must be 3 ; if the 4th is taken, the divisor must be 4 ; if the

5th, it must be 5 ; if the 6th, 6 ; and so on.

CHAPTER XXXVI.

On imperfectly amicable numbers.

Imperfectly amicable numbers are such as 27, and 35,

39 and 55, 65 and 77, 51 and 91, 95 and 119, 69 and 13$,

115 and 187, 87 and 247. For the parts of 27 =3x9 are 1,

3, 9, the sum of which is 13 ; and the parts of 35=5 x 7 are

1, 5, 7, the sum of which is also 13.

Theor. Ar. I
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The parts of 39=3 x 13, are 1, 3, 13, and the sum of these is

17. And this is also the sum of I, 5, 11, the parts of 53= 5

x 11.

The parts of 65 = 13 x 5 are 1, 5, 13. The parts of 77 are

1, 7, 1 1 ; and the sum of each is 19.

The parts of 51 = 17x8 are 1,3, 17- The parts of 91 =

13 x 7 are 1, 7, 13 ; and the sum of each is 21. And so of the

rest.

The sums of the numbers from the multiplication of which

these imperfectly amicable numbers are formed, are 12, 16, 18,

20, 24, 26, 28, 32, of which the first differs from the second by

4, the 2d from the 3d, and the 3d from the 4th by 2. And

again the 4th differs from the 5th by 4, the 5th from the 6th by

2, the 6th from the 7th by 2, and the 7th from the 8th by 4.

Hence the differences are 2, 2, 4, 2, 2, 4, and so on ad infill.

Numbers of this kind are not noticed by any writers on arith

metic that 1 am acquainted with. I call them imperfectly ami

cable numbers ; because in two perfectly amicable numbers,

the aggregate of the parts of the one is equal to the other ; but

in these the aggregate of the parts of one number is equal to the

aggregate of the parts of the other, but the sum of each is less

than the whole number. In perfectly amicable numbers there

fore, the parts of the one embosom as it were the whole of the

other ; but in these, the parts of the one do not embosom the

whole, but only a part of the other, because the aggregate of

the parts falls short of the whole-

Hence, in numbers that are deficient, or the sum of whose

parts is less than the numbers themselves, there is a great abun

dance of numbers, the sums of the parts of two of which are

equal to each other. But in super-perfect numbers, or such

the sum of whose parts exceeds the numbers of which they arc

the parts, the numbers are very rare that have the above men
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tioned property of deficient numbers. Thus between 1£ and

144, there are only two numbers, the sums of the parts of which

are equal to each other, and these are 80 and 104. For the

sum of the parts of each is 106.

As perfectly amicable numbers also adumbrate perfect friend

ship, and which consequently is founded in virtue, so these

numbers are perspicuous images of the friendship subsisting

among vicious characters ; such of them whose parts are less

than the whole, adumbrating the friendship between those who

fall short of the medium in which true virtue consists ; and

those whose parts are greater than the whole, exhibiting an

image of the friendship of such as exceed this medium. As

likewise, of the vicious characters situated on each side of the

medium, those that exceed it are more allied to virtue, than

those that fall short of it, and being more allied to virtue are

more excellent, and being more excellent, are more rarely to be

tound ;—thus also in these numbers, the pairs whose parts are

less than the whole numbers, are far more numerous than those

whose parts are greater than the wholes of which they are the

parts. . -

. CHAPTER XXXVII.

On the series of unevenly-even numbers.

The series of these numbers is as follows : 12, 20, 24, 28,

36, 40, 44, 48, 52, 56, 60, 68, 72, 76, 80, 84, 88, 92, 96, 100,

104, 108, 112, 116, 120, 124, 132, 136, 140, 144, 148, 152,

156, 160, 164, 168, 172, 176, 180, 184, 188, 192, 196,200,

204, 208, 212, 216, 220, 224, 228, 232, 236, 240, 244, 248,

252, 260, 8tc.
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In this series, it is observable in the first place, that the diffe

rence between the terms is every where either 8 or 4. Thus

the difference between 1 2 and 20 is 8 ; but between 20 and 24,

and 24 and 28 is 4. Again, the difference between 28 and 36

is 8 ; but between 36 and 40, 40 and 44, 44 aud 48, 48 and

52, 52 and 56, 56 and 60, is 4. And again the difference be

tween 60 and 68 is 8 ; but between 68 and 72 is 4, and so on,

till we arrive at 124 and 132, the difference between which is 8.

In the second place, it is observable, that the difference be

tween 12 and 20 is 8 ; between 20 and 30 is 16 ; between 36

and 68 is 32 ; between 68 and 132 is 64, and so on, which dif

ferences are in a duple ratio.

In the third place, if the number which exceeds its preceding

number by 8, is added to the number immediately preceding

that which is so exceeded, the sum will be the following num

ber, immediately preceding that which exceeds by 8. Thus

36 + 24=60, the number immediately preceding 68. Thus

too 68 + 56=124, which immediately precedes 132. And

132+120=252. Aud so of the rest. From all which it is

evident, that the series of unevenly-even numbers ad infinitum

may be easily obtained.

CHAPTER XXXVIII.

On the aggregate of the parts of the terms of different series.

The sum of the parts of each term of the duple series, 2, 4,

8, 16, 32, 64, Sic. is equal to the whole of the term less by

unity. Thus the part of 2 is 1 ; the parts of 4 are 2 and 1,

the sum of which is 3 ; the parts of 8 are 4, 2, and 1, the aggre-
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gate of which is 7 ; and the parts of 16 are S, 4, 2, 1, the sum

of which is 1-5. And so of the rest.

But each of the terms of the triple series 3, 9, 27, 81, 243,

&c. exceeds the double of the sum of its parts by unity. Thus

the only part of 3 is 1 ; and 3 exceeds 2 by 1. The parts of 9

are 3 and 1 ; and 9 exceeds the double of the aggregate of

these, i. e. 8 by 1. Thus too 27 exceeds the double of 13,

the aggregate of its parts 9, S and 1 by 1 . Thus also, 8 1 ex

ceeds the double of 40 the sum of its parts, 27, 9, 3, and 1, by

I. And thus 243 exceeds twice 121, the aggregate of its parts,

81, 27, 9, 3 and 1 by 1. And so of the rest.

In the quintuple series, 5, 25, 125, 625, &c. it will be found

that each term of the series exceeds the quadruple of the sum

of its parts, by unity.

In the septuple series, each term exceeds the sextuple of the

sum of its parts, by unity.

In the noncuple series, each term exceeds the octuple of the

sum of its parts, by unity. And thus in all series formed by

the multiplication of odd numbers, each term will exceed the

sum arising from the multiplication of its parts by the odd

number, by unity.

If to each term of the series 1 2 4 8 16 32 64 128 256

6 is added, viz. - -- - 6 6666 6 6 6 6

the sums will be - - -

And if to the series -

be added - - - -

- 7 8 10 14 22 38

- 13 9 27 81 243

- 3 6 6 6 6 6

70 134 262

729 2187 6561

6 6 6

735 2193 6567, &c.the sums will be - - - - 4 9 15 33 87 249

In which it is remarkable, that the aggregates of the parts of
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the five sums 8, 10, 14, 22, SB, are ?, 8, 10, 14, 32 ; and of

the parts of the five sums 9, 15, 33, 87, 249, are 4, 9, 15, S3,

87. The aggregates also of the parts of the sums 134, 262,

are 70, 134 ; but this will not be the case with the sums be

yond 262, if the terms of the duple series are continued, and 6

is added to them. Nor will it be the case with the sums of

the triple series beyond 249.

CHAPTER XXXIX.

On the series of terms arisingfrom the multiplication of evenly-

even numbers, by ike sums produced by the addition of

them ^ (see Chap. 15, Book I.) in which series perfect

numbers also are contained.

This series consists of the terms 1, 6, 28, 120, 496, 2016,

8128, 32640, 130816, &c. the aggregate of which series is the

1

expression for this when expanded gives the series

1-6+8;

1 +6 +28+ 120 + 496, &c. in which all the perfect numbers

likewise are contained.

If therefore to the series 6, 28, 496, 8128, 130816, 2096128,

33550336, 536854528, &c. viz. if to the terms of the above

series, omitting every other term after 28, and beginning from 6,

the numbers 2, 4, 16, 64, 256, &c. are added as below :

2 4 16 6-1 256 1024 4096 16384

6 28 496 8128 130816 2096128 38550336 536854528

1. 8 32 512 8192 131072 2097152 33554432 536870912

then, the first sum will be equal to the 3d power of 2, the
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second to the 5th power of 2, the third to the 9th, the fourth to

the 13th, the fifth to the 17th, the sixth to the 21st, the seventh

to the 25th, the eighth to the 29th, and so on, there being

always an interval after the first and second sums of 4 powers.

1-8-96

But the expression when evolved, gives the series

1-16

1 +8+32 + 512 + 8192+131072, &c. ad infin. And the ex-

1-2—4

pression gives the series 1 +2 +4+ 16 + 64 + 256, &c.

1-4

ad infin. But this latter subtracted from the former, viz.

1-8-96 1-2-4 6-92 + 320

gives which when evolv-

1 — 16" - 1-4 1—20+ 64

ed, is the series 6 + 28+496 + 8128 + 130816, &c.

The terms which being multiplied by numbers in a duple

ratio produce the series, 1, 6, 23, 496, 8128, &c. are 1, 3, 7,

31, 127,511, 2047, 8191, &c. And the series equal to the last

term of these numbers is 1+2+4 +24+96 + 384, &c. For

1 = 1, 1+2=3, 1+2 + 4= 7, 1+2+4 +24=31; and so of

the rest. In which series it is remarkable, that each term after

the first three terms, viz. after 1, 2, 4, is the J of the following

term* Thus 24 is the \ of 96 ; 96 is the I of 384 ; and 384

is the I of 1536 ; and so on.

After the first three terms likewise, if each term is multiplied

by 4, and 3 is added to the product, the sum will be the follow

ing term. Thus 31x4=124, and 124 + 3=127. Thus too,

127x4=508, and 508+3=511. And again, 51 1 x 4=2044,

and 2044 + 3=2047. And so of the rest.

It is also remarkable, that the sum of the divisors consisting

of 2 and its powers, is always equal with the addition of unity,
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to the last quotient of the division. Thus 2 + 1 —3, the quo

tient in the division of 6. Thus too, 2 + 4 + 1=7* the last

quotient in the division of 28. And 2 + 4 + 8 + 16 + 1=31, the

quotient of 496. And so of the rest.

It is likewise possible to find an expression which when

evolved will give the series 1+3 + 7+31 + 127, 8cc. For this

l—2—4+8

expression will be

1-5+4.

As perfect numbers are resolved into their component parts

through a division by 2 and its powers, so that the sums arising

from these as divisors, and from the quotients, together with

unity, are respectively equal to the perfect numbers themselves,

thus also the sum arising from a similar division of any term

in the series 6 + 28 + 496 + SI28+ 130816 + 2096128, &c. that

is not a perfect number, will be equal to that term, though

such division will not resolve it into all its parts.

Put that the reader may more clearly apprehend my meaning;,

and be fully convinced of the truth of this assertion, the follow

ing instances are subjoined of a distribution of ten terms of this

series into their parts by these divisors ; aniong which terms,

four are perfect numbers :

(1.)

2)6 3

3 1

(«.) (3.)

2)28 14 2)496 465

2)14

7

4 2)248 4

2 8

r I . 2)124 ie

?8 2)62

31

465

»

496

\
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(4.)

2)8128 8001

2

4

8

16

33

64

1

8128

2)4064

2)2032

2)1016

2)508

2)254

127

8001

(5.)

2)130816

2)65408

2)32704

2)16352

2)8176

2)4088

2)2044

2)1022

511

130305

130305

2

4

8

16

32

64

128

256

1

130816

2)2096128

2)1048064

2)524032

2)262016

2)131008

2)65504

2)32752

2)16376

2)8188

2)4094

2094081

%

4

8

16

32

64

128

256

512

1024

1

2096128

2047

2094081

(T.)

2)33550336

2)16775168

2)8387584

2)4193792

2)2096896

2)1048448

2)594224

2)262112

2)131056

2)65528

2)32764

2)16382

8191

- 33542145

33542145

2

4

8

16

32

64

128

256

512

1024

2048

4096

1

33550336

(8.)

2)536854528

2)268427264

2)134213632

2)67106816

2)33553408

2)16776704

2)8388352

2)4194176

2)2097088

2)1048544

2)524272

2)262136

2)131068

2)65534

32767

536821761

3

4

8

16

32

64

128

256

512

1024

2048

4096

8192

16384

1

536854528

536821761
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(90

2)8589869056

2)4294934528

2)2147467264

2)1078733632

2)536866816

2)268433408

2)134216704

2)67108352

2)83554176

2)16777088

2)8388544

2)4194272

2)2097136

2)1048568

2)524284

2)262142

131071

8589737985

8589737985

2

4

8

16

32.

64

128

256

512

1024

2048

4096

8192

16384

32768

65536

1

8589869056

(10.)

2)137438691328

2)687 19345664

2)34359672832

2)17179836416

2)6589918208

2)1291959104

2)2147479552

2)1073739776

2)536869888

2)268434944

2)134217472

2)67108736

2)33554368

2)16777184

2)8388592

2)4194296

2)2097148

2)1048574

524287

137438107041

2

4

16

33

64

128

256

512

1024

2048

4096

8192

16384

32768

65536

131072

262144

1

137438691328

137438167041

Here it is evident in the first instance, that 3, 2, and 1, are

all the possible parts of 6. For 3 is the half, 2 the third, and 1

the sixth part of 6. And it is likewise manifest that 14, 7, 4, 2,

and 1, are all the parts of 28. Thus too, in the division of 4f)6

into its parts, 465 is the sum of the parts that are the quotients

arising from the division by 2 and its powers. And as the half

of 496 is 248, it is the same thing to divide 248 by 2, as to di
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vide 496 by 4. For the same reason it is the same thing to

divide 124, the half of 248, by 2, as to divide 496 by 8. And

to divide 62, the half of 124, by 2, as to divide 496 by 16.

Hence the divisors of 496 are 2, 4, 8, 16, and the sum of these

added to 1 and to 465, is 496. In a similar manner in the

fourth instance, 8001 is the aggregate of the parts that are the

quotients arising from the division by 2 and its powers. And

the divisors of 8128 are 2, 4, 8, 16, 32, 64, the sum of which

added to 1, and to 3001, is equal to S1 28. And so in the other

instances.

Only eight perfect numbers have as yet been found, owing to

the difficulty of ascertaining in very great terms, whether a

number is a prime or not. And these eight are as follow,

6, 28, 496, 8128, 33550336, 8589869056, 13743S691328,

2305843008139952128. By an evolution of the expression

6-92+320

< to twenty terms, the reader will see at what dis-

1-20+ 64

tance these perfect numbers are from each other. But these

twenty terms are as follow, those that are perfect numbers be

ing designated by a star :

6, 28, 4*G, 8*28, 130816, 2096128, 33550836, 536854558,

85898*69056, 137438*591328, 2199022206976, 351843678945S8,

562919936644096, 9007199187632128, 144115187807420416,

2305843008 1 39952 128, 36893488 143 124-135936,

590295810341525782528, 9444732965670570950656,

15 1 11572745 1 553768931328.

Hence it appears that the eighth perfect number is the 16th

6-92+ 320

term of the series produced by the expansion of

1-20+ 64.
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As however there are only eight perfect numbers in twenty

i .....

terms of this series, it is evident that RufFus in his Commentary

on the Arithmetic of Boetius, was greatly mistaken in asserting

that every other term in the series is a perfect number.

It is remarkable in this series that the terms alternately end

in 6 and 8. This is also true of the four first perfect numbers ;

but the other four end indeed in 6 and 8, yet not alternately.

The other terms also of this series, from their correspondence

with perfect numbers, may be called partially perfect. For

both are resolved by 2 and its powers into parts, the aggregates

of which are equal to the wholes ; and both are terminated by

6 and 8.

Again, in the series 1+8+32 + 512 + 8192, &c. produced

1-8-96

by the expausion of the half of each of the terms after

1 — 16,

the first is a square number. Thus the half of P, of 32, of 512,

&.c. viz. 4, 1 6, 2 1 6, are square numbers. And if each of the terms

of the series 6 +28+4964 8128 + 130816, &c. is douhled, the

sum of the parts of each is a square number. Thus the sum

of the parts of 12, the double of 6 is 16 ; the sum of the parts

of 56, the double of 28, is 64 ; the sum of the parts of 992, the

double of 496, is 1024, the root of which is 32 ; of the parts of

16256, the double of 8128, is 16384, the square root of which

is 128; and of the parts of 261632, the double of 130816, is

262144, the square root of which is 5 12. And so of the rest ;

all the roots after the second increasing in a quadruple ratio.

As this property also extends to the terms that are not perfect

numbers as well as to those that are, it shows in a still greater

degree the correspondence of what 1 call the partially perfect,

with the completely perfect numbers.

Farther still, if 2 be subtracted from the number of the rank
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which any number after 28, holds in the series 6, 28, 496? 8128,

1.'30816, Sec. and the remainder be added to the number of the

said rank, the sum will be the index of that power of 2 which by

multiplication with its corresponding number in the series 3, 7,

31, 127, 511, &c. produced the perfect or partially perfect

number. Thus if from 3, we subtract 2, and add 3 to the re

mainder 1, the sum 4 will indicate that the fourth power of 2,

viz. 16 multiplied by the third term 31, will give the third term,

viz. 496, in the series 6, 28, 496, 8128, Sec. Thus also, if 2

be subtracted from 4, and 4 be added to the remamder, the sum

6 will indicate that the sixth power of 2, viz. 64, multiplied by

the 4th term 127, will produce the 4th term 8128, of the series

6, 28, 496, 8128, &c. And so of the rest.

The rule for obtoining a number which is either perfect or

partially perfect in the series 6, 28. 496, 8128, 130816, &c.

any term in this series being given, in the most expeditious

manner, is the following. Multiply the given perfect, or par

tially perfect number by 16, and add to the product twelve

times the number in the duple series, from the multiplication of

which with a corresponding number in the series 3, 7, 31,

127, 511, Sic. the perfect, or partially perfect number is pro

duced, and the sum will be the next number in order in the

series 6, 28, 496, Sec. Thus 28 x 16=448, and 448 added to

12 times 4, i. e. to 48, is equal to 496. Thus too 496 x 16

= 7936, and 7936+ 12 x l6(=192) =8128. And so of the

rest.

Lastly, all the perfect numbers are found in the series of

hexagonal numbers ; which numbers are 1, 6, 15, 28, 45, 66,

See. ; and the expression which is the aggregate of them and

when evolved gives all of them in order ad infinitum is

1+3

1-3+3-1.
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CHAPTER XL.

On another species of imperfectly amicable numbers.

As O/auam in bis Mathematical Recreations, does not men

tion what numbers are to he employed in order to find other

amicable numbers after 9363584, and 9437056,1 after various

trials to accomplish this, I found that if any number by which

two amicable numbers are obtained, is multiplied by 8, the pro

duct will be a number by which either two numbers may be

obtained, the aggregate of all the parts of one of which is equal

to the other, or two numbers the aggregate of the parts of one

of which only arising from a division by 2 and its powers, will

be equal to the other. Thus if 64- is multiplied by 8, the pro

duct will be 512. The three numbers formed in the same way

as the primes that produce amicable numbers, will be 1535,

3071, and 4718591. And two numbers 4827120640,

4831837184, will be produced, the sum of the parts of the

latter of which arising from a division by 2 and its powers with

the addition of unity, will be equal to the former.

1 " Schooten gives the following practical rule from Descartes, for

finding amicable numbers, viz. Assume the number 2, or some power of

the number 2, such that if unity be subtracted from each of these three

following quantities, viz. from 3 times the assumed number, also from 6

times the assumed number, and from 13 times the square of the assumed

number, the three remainders may be all prime numbers ; then the last

prime number being multiplied by double the assumed number, the pro

duct will be one of the amicable numbers sought, and the sum of its ali

quot parts will be the other."—Mutton's Mathem. Diet.

This also is Ozanam's method of finding amicable numbers, which we

have already given and illustrated by examples. Mr. John Gougb

shows, that if a pair of amicable numbers be divided by their greatest

common measure, and the prime divisorb of these quotients be severally

increased by unity, the products of the two sets thus augmented, will be

equal.
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Again, if 512 is multiplied by 8, the product will be 4096.

The three numbers corresponding to primes will be 12287,

2-1575, and 301989887. And the two imperfectly amicable

numbers will be 2473599180800, and 2473901154304, the

sum of the parts of the latter of which arising from a division by

2 and its powers with the addition of unity will be equal to the

former.

Farther still, the product of 4096 multiplied by 8 will be

S2768. The three numbers which are either primes or corres

ponding to primes, will be 98303, 196607, and 19327352831.

And the two imperfectly or perfectly amicable numbers will be

1 2666 1 80679 1 0656, and 1 266637395 132416.

And in the last place if 32768 is multiplied by 8, the product

will be 262144. The three numbers which are either primes or

corresponding to primes, will be 786431, 1572863, and

1235950581247. And the two imperfectly or perfectly

amicable numbers will be 648517109391294464, and

648518346340827136.

In order that the reader may become acquainted with the

method of obtaining the parts of perfectly amicable numbers, I

shall give an instance of it in the two numbers 0363584, and

9437056. Let the first of these numbers then be divided by 2

and the powers of 2, viz. by 4, 8, 16, 32, 64, Sec. till the divi

sion is stopped by a remainder which is a prime number. These

quotients with the indivisible remainder will be as below^

4681792,2340896, 1170448,585224,292612, 146306,73153

In the next place, as the two prime numbers 191 and 383, are

multiplied together in order to produce the number 9363584,

it is evident that these abjo are parts of it, and consequently

they must be employed as the divisors of it. The quotient

therefore of 9363584 divided by 191 is 49024; and the quo

tient of the same number divided by 383 is 24448. Each of

these quotients also may be divided by 2 and its powers. The
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quotients therefore arising from the division of 49024 by 2 and

its powers are 124512, 12256, 6128, 3064, 1532, 766 ; and the

remainder is 383. But the quotients arising from a similar

division of 24448 are 12224, 6112, 3056, 1528, 764, 382 ; and

the remainder is 19 1. The sum therefore of all these quotients

will be as below :

4681792

2340896

1 170448

585224

292612

146306

73153

49024

24448

24512

12256

6128

3064

1532

766

383

12224

6112

3056

1528

764

382

191

9436801

And if to this sum, the sum of 2 and its powers are added,

together with unity, viz. if 1+2 + 4 + 8+16+ 32 +64+128

=255 be added, the aggregate will be 9437056, the second of

the amicable numbers.

In like manner if 9437056 be divided by 2 and its powers,

the quotients and their aggregate will be as below :

4718528

2359264

1179632

589816

294908

147454 <

73727

9363329
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And if to this sum 255 be added, as in the former instance, the

aggregate will be 9363584, the first of the amicable numbers.

The first thing remarkable in these perfectly amicable num

bers is, that the number 2 and its powers are employed in the

production of all of them, and that they tannot be produced by

any other number and the powers of it. For as these amicable

numbers are images of true friendship, this most clearly shows

that such friendship can only exist between two persons.

In the next place, the numbers S, 6, and 18, which are used

in the formation of these numbers, perspicuously indicate per

fection ; and are therefore images of the perfection of true

friendship. For 3 and 6 are the first perfect numbers, the

former from being the paradigm of the all, comprehending in

itself beginning, middle and end, and the latter from being equal

to all its parts : and 18 is produced by the multiplication of 6

by 3.

In the third place, the paucity of these numbers most beauti

fully adumbrates the rarity of true friendship. For between 1

and 1000 there are only two. In like manner between 284 and

20000 there are only two. And between 1841(5 and ten mil

lions there are only two.

In the fourth place the greater the numbers are in the series

of perfectly and imperfectly amicable numbers, the nearer they

approach to a perfect equality. Thus for instance, the exponent

of the ratio of 220 to 284 is l-j^+o and by reduction lJ-£. But

the exponent of the ratio of 17296 to 18416 is 1iV/sVj ancl by

reduction ly££-p And xJsT 's ,nucn le?s than Againy

the exponent of the ratio of 9363.534 to 9437056 is l-g^-$fft»,

and by reduction lTf^a"?- And T£ff-j is much less than yoTT'

In a similar manner it will be found that the exponents of the

ratios of the succeeding amicable numbers will continually de

crease ; and consequently that the greater two amicable numbers

Theor. Jr. K
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become, the nearer they approach to an equality with each

other. Indeed, in the amicable numbers after the first threes

this is obvious by merely inspecting the numbers themselves.

For in the amicable numbers 4827 1 20640 and 483 1 837 1 84, the

first two numbers from the left hand to the right are the same

in each, viz. 4 and 8. In the two amicable numbers

2473599180800 and 2473901154304, the first four numbers

2473 are the same in each. In the two amicable numbers

12666180(57910656 and 1 266637395 13241 6, the first five

numbers are the same in each. This is also the case with the

two amicable numbers which immediately succeed these, viz.

649517109391294464 and 648518346340827136. And in

the two amicable numbers which are next but one to these

last,- viz. -in the numbers 170005188316757680455680 and

170005193383307194138624, the first seven numbers from the

left hand to the right are the same in each ; by all which it

appears that the greater two amicable numbers are, the more

figures in ithe one are the same as those in the other, and con

sequently that their approximation to a perfect equality is

greater*- . •

The following are the remarkable properties of the prime

numbers and the numbers corresponding to prime, from which

both species of amicable numbers are produced.

These numbers are as follow :

5 11 71

23 47 1151

m 383 73727

1535 307 1 4718591

12287 24575 301989887

98303 196607 19327352831

In the first place 2x5 and +1 = 11, 2x23 and +1=47,

2x191 and +1 = 383, 2x1535 and +1= 3071, 2x12287
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»n.d + 1=24575, and 2 x 98303 and + 1 = 196607. And thus

the double of the first number in each rank added'to unity is

equal to the second number in the same rank.

In the next place, the first uumber of the first rank multiplied

by 4 and added to 3, will be equal to the first number of the

second rank. Thus also the second number 11x4 and added

to 3=47 the second number of the second rank. But 23 x 8

and +7= 191, 47x8 and +7= 383, 191x8 and +7=1535,

383x8 and +7=3071, 1535x8 and +7=12287, 3071x8

and +7=24575, 12287x8 and +7=98303, and 24575 x 8

and +7=196607.

Again, 47 x 4 and +3=191, 383x4 and +3=1535, 8071

x 4 and +3= 12287, and 24575 x 4 and +3=98303.

Again, 14/f1 = 16, with a remainder 15. yjLSJ =64, with a

remainder 63. *-f^-f-f-f 1 =64, and the remainder is 63. And

3*ti 85 9 i7—64, w'tn tne same remainder 63. And so of the

rest ad infin. the quotient and remainder being always 64 and 63.

Hence inhnite series of all these may easily be obtained, vi?.

of the two first terms in each rank, the first rank excepted, and

of the third term in each rank the two first ranks excepted. For

23 +7+7 + 7, &c ad infin.

1-8 = 23 + 191+1535 + 12287,' &c.

47 +7 +7 + 7, &c. ad infin.

1-8 = 47 + 383 + 3071+24575, Sun

73727+63+63+63, 8ic.

Aud

1-64 = 73727+4718591, 6tc. But

23-16 47-40

these expressions when reduced will be — ■ and

1-9 + 8, 1-9 + 8,

73727-73664

1-65 + 64.
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Another remarkable property of these numbers is tins, tfraf

the product of the two first in each rank subtracted from the

third number in the same rank, leaves a remainder equal to the

aggregate of those two first. Thus 5x11=55, and 71—55

=;i6. But 16=5 + 11. Thus too, 23x47— 1081, and 1151

— 1081=70, =25+47. And thus 191 x383=73153, and

73727-7315S=574= 191+383. And so of the rest. Hence

the third less by the sum of the two other numbers, will be

equal to the product of the two first. Prom the expressions

therefore before given, and from what is now shown, it will be

easy to find an expression which when evolved will give an infi

nite series of the products of the two first numbers in each rank.

And this expression, (the first term of it Ireing the product of the

two first numbers, in the third rank, in order that it may be in

73727-73664

the same rank with the expression — ) will be

1-65+64,

73153-699337 + 1 179656-503472

] -74 +657-1096 + 512.

All these amicable numbers therefore in order after 17296,

18416. may be found, if the first term of the infinite series

arising from the expansion of each of these expressions is mul

tiplied by 128, the second term of each by 1024, the third term

by 8 192, and so on, the multipliers always increasing in an

octuple ratio. -

That the n^der may see the truth of what we have asserted

Concerning this species of imperfectly amicable numbers, exem

plified, the following instances are added of the resolution of

two of them into parts by 2 and its powers.

In the first place the sum of the parts of the number

4831837184 is equal to 4827120640, as is evident from the

following division :
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3)1831837184 Divisors by 2 and its powers with

the addition of unity. - .

2)2415918592 1

2)1207959296 ..T'"~ U

f -~7 ' ' 8:.>'! ' f

2)603979648 16 „ , .

. - - > - 3H— °'

2)301989824 . .. 64 ^' :

128

2)15099491*. -- . : - ' - 086 — 1'

2)75497456 --" ; 1024

2)37748728 ; -2047 Total.

2)18874364

2)9437182

47J8591

4827118593

+ 2047

4827120640

-.

The next instance is in the two numbers 2473901 154304,

Q473599 180800, as below :

2)2473901154304 Divisors, with the addition

-— -— of unity,

2)1236950.'»77152 1

2

2)618)75288576 4

8

2)309237644288 16

32

2)154618822144 64

128

2)77309411072 256

513

2)38654705536 1024

2048

2)19327352768 4096

8192

2)9663676384

2)4831838192

2)2415919096

10383 Total.

- 3)1807958548 ... - -.| Carried forward,
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Brought forward 2%633r97^4

301989887

2473599164417

+ 16883

2473599180800

The most extraordinary circumstance attending this series of

numbers is, that the greater any pair of them is, the more

they approximate to a perfect equality ; so that if the series

could be extended to infinity, the last pair of humbers would

he equal to each other.

It is likewise evident from the formation of this series, that

all perfectly as well as all imperfectly amicable numbers, are

contained in it ; so that it corresponds in this respect, to the

series before delivered, in which all perfect and partially per

fect numbers are contained.
. .

CHAPTER XLI. "

On the geometric number, in the eighth book of the Republic

of Plato.

The obscilrjty of what Plato says respecting the geometric

number, is so great, as to have become proverbial among the

ancients ; and it is not elucidated in any of those invaluable

remains of Grecian philosophy, which have been transmitted to

the present time. What follows, is an attempt to remove the

veil, in which it has been so long concealed.

In the first place, the whole passage in the Republic respect

ing this number is -as follows : " It is indeed difficult for a city

thus constituted, to be changed ; but as every thing which is

generated is obnoxious to corruption, neither will such a con

stitution as this remain for ever, but be dissolved. And its dis
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solution is this. Not only with respect to terrestrial plants, but

likewise in terrestrial animals, a fertilrty-and sterility of soul as

well as of body takes place, when the revolutions of the

heavenly bodies complete the periphery of their respective

orbits, which are shorter, to the shorter-lived, and contrarywise

to such as are the contrary. And with reference to the fertility

and sterility of our race, although those are wise that you have

educated to be governors of cities, yet will they never by reason

in conjunction with sense, observe the proper seasons, but over

look them, and sometimes generate children when they ought

not. But the period to that which is divinely generated, is

that which the perfect number comprehends ; and to that which

is generated by man, that period in which the augmentations

surpassing and surpassed, when they shall have received threp

restitutions, and four boundaries of things assimilating and <lis-

simibting, increasing and decreasing, shall render all things cor

respondent and effable ; of which the sesquitertinn progeny

when conjoined with the pentad, and thrice increased, affords

two harmonies. One of these, the equally equal, is a hundred

times a hundred ; but the other, of equal length indeed, but

more oblong, is of a hundred numbers from effable diameters

of pentads, each being deficient by unity, and from two num

bers that are ineffable, and from a hundred cubes of the triad.

But the whole geometric number of this kind, is the author of

better and worse generations ; of which when our governors

being ignorant, join our couples together unseasonably, the

children shall neither be of a good genius, nor fortunate."

In the second place, with respect to the meaning of what is

here said by Plato, as to the periodical mutation of things in

the sublunary region, it must be observed, that all the parts of

the universe are unable to participate of the providence pf

divinity in a -similar manner, but some of its parts enjpy tins
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eternally, and others temporally ; some in a primary, and others

in a secondary degree. For the universe being a perfeot

whole, must have a first, a middle, and a last part. But its first

parts, as having the most excellent subsistence, must always

exist according to nature ; and its last p;irts must sometime? -

subsist according to, and sometimes contrary to nature. Hence

the celestial bodies, which are the first parts of the universe,

perpetually subsist according to nature, both the whole spheres,

and the multitude coordinate to these wholes; and the only

alteration which they experience, is a mutation of figure, and

variation of light at different periods. But in the sublunary

region, while the spheres of the elements remain on account of

their subsistence as wholes, always according to nature, the

parts of: these wholes have sometimes a natural, and sometimes

an unnatural subsistence ; Tor thus alone can the circle of gene

ration unfold all the variety which it contains.

The different periods in which these mutations happen, are

called by PJato, with great propriety, periods of fertility and

sterility. For in these periods, a fertility or sterility of men,

animals, and plants, takes place ; so that in fertile periods,

mankind will be both more numerous, and upon the whole,

superior in mental and bodily endowments, to the men of a

barreu period. And a similar reasoning must be extended to

animals and plants. The so much celebrated heroic age, was

the result of one of these fertile periods, in which men trans

cending the herd of mankind, both in practical and intellectual

virtue, abounded on the earth.

With respect to the epithet divinely generated, it is well ob

served by the Greek scholiast, " that Plato does not mean by

this either the whole world, though the epithet is primarily

applicable to it, nor the celestial regions only, nor the sublunary

world, but every thing which is -perpetually and circularity
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ftioved, whether in the heavens, or under the mown ; so far as it

. is corporeal calling it generated, (for no body is self-subsistent,)

but so far as it is perpetually moved, divine. For it imitates

the most divine of things, which possess an ever-vigilant life.

- }?ut with respect to the perfect number mentioned here by

PLto, we must not only direct our.atterrtion to a perfect num

ber in vulgar arithmetic,—for this is rather numbered than

number, tends to perfection and is never perfect, as being

always in generation,— but we must survey the cause of this

number, which is indeed intellectual, but comprehends the

definite boundary of every period of the world."

In the third place, let us consider what Plato means by aug

mentations surpassing and surpassed ; things assimilating and

dissimilating, increasing and decreasing, correspondent ^nd

eflable. . ., .... > . --1-- '-

Augmentations surpassing, are ratios of greater inequality,

viz. when the greater is compared to the less, and are multiples,

superparticulars, superpartients, multiple super-particulars, and

multiple-superparrients. But multiple ratio is, as we have

before shown, when a greater quantity contains a less

many times ; superparticular ratio is when the greater con

tains the less quantity once, and some part of it besides;

and superpartient ratio is when the greater contains the less

quantity once, and certain parts of it likewise. Again, multi-

ple-superparticiilar ratio is when the greater contains the less

many times, and some part of it besides j and multiple-super-

partient ratio, is when the greater contains the less many times,

and also some of its parts. But augmentations surpassed, are

ratios of Jess inequality, viz. when the less is compared with the

greater quantity ; as for instance, submultiples, subsuperpa*-

ticulars, subsuperpartients, and those which are composed from
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these three. Those numbers are called by Plato assimilating

and dissimilating, which are denominated by arithmeticians

similar and dissimilar. And similar numbers are those whose

sides are proportional, but dissimilar numbers those whose sides

are not proportional. Plato also calls those numbers increasing

and decreasing, which arithmeticians denominate superperfect,

and deficient, or more than perfect and imperfect.

Things correspondent and effable, are boundaries which

correspond in ratio with each other ; and can be expressed in

numbers either integral or fractional,—such as these four terms

or boundaries 27, 18, 12, 8, which are in sesquialter and sub-

sesquialter ratios ; since these mutually correspond in ratio, and

are effable. For effable quantities are those which can be ex

pressed in whole numbers or fractions ; and in like manner,

ineffable quantities are such as cannot be expressed in either of

these, and are called by modern mathematicians surds.

In the fourth place, let us consider what we are to understand

by the sesquitertian progeny when conjoined with the pentad,

and thrice increased, affording two harmonies. By the sesqui

tertian progeny, then, Plato means the number 95. For this

number is composed from the addition of the squares of the

numbers 4 and 3, (i. e. 25) which form the first sesquitertian

ratio, and the number 70 which is composed from 40 and 30,

and therefore consists of two numbers in a sesquitertian ratio.

Hence, as 95 is composed from 25 and 70, it may with great

propriety be called a sesquitertian progeny. This number conjoin

ed with 5, and thrice increased, produces ten thousand and amillion.

ForlOOx 100=10,000, and 10,000x 100=1,000,000. But it

must here be observed, that these two numbers, as will shortly

be seen, appear to be considered by Plato as analogous to two

parallelopipedons, the former viz. ten thousand, being formed
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from 10 x 10 x 100, and llie latter" from 1000 x TOx 100.

These tw o numbers are called by Plato two harmonfesy for the

following reason ':—Simplicity in- his commentary on Aristotle>^

treatise De Ccelo, informs us that a cube was denominated by

the Pythagoreans fiOYmtfrto* because it consists of 12 bounding

hiies, '8 angles, and 6 sides ; and 1% 8, and 6 are' in harmonic

proportion. As a parallelopipedon, therefore, has the same

number of sides, angles. and bounding lines as a cube, the

reason is obvious why the numbers 10,000, and 1,000,000

are called by Plato harmonies. Hetice also, it is evident why

he says, " that the other of these harmonies, viz. a million is of

equal length indeed, but more oblong." For if we call 100

the breadth, and 10 the depth, both of ten thousand and a mil

lion, it is evident that the latter number, when considered as

produced by lOOOx 10 x 100 will be analogous to a more ob

long parallelopipedon than the former.

Again, when he says, " that the number 1,000,000 consists

of a hundred numbers from effable diameters of pentads, each

being deficient by unity, and from two that are ineffable, and

from a hundred cubes of the triad," his meaning is as follows.

The number 1,000,000 consists of a hundred numbers (i.e. of

a hundred such numbers as 10,000,) each of which is composed

from effable diameters of pentads, 8tc. But in order to under

stand the truth of this assertion, the reader must recollect what

has been delivered in Chap, xxxiv. of this book, viz. that

there are certain numbers which are called by arithmeticians

effable diameters. These also are twofold ; for some are the

diameters of even, and others of odd squares. And the diame

ters of effable even squares, when multiplied into themselves,

produce square numbers double of the squares, of which they

'! Sec'chap. XXVIII. of this book.
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are the diameters, with an excess of unity. Thus, for instance,

the number 3 multiplied into itself, produces Q, which is double

of the square number 4, with an excess of unity ; and there

fore 3 will be the diameter of the even square 4. But the

diameters of effable odd square numbers, are in power double

of the squares pf which they are the diameters by a deficiency

of unity. This being premised, it follows that the number

10,000 will consist of a certain number of heptads; for 7 is

the effable diameter of the square number 25. And from what

follows it will be found that this number is 989-

But the number 10,000, not only consists of 989 heptads,

but Plato also adds, " from two numbers that are ineffable/'

viz. from two numbers, the roots of which cannot be exactly

obtained nor expressed, either in whole numbers or fractions,

such as the roots of the numbers 2 and 3. The numbers 300

and 77 are also of this kind ; and as we shall see appear to be

the numbers signified by Plato. In the last place, he adds,

" and from a hundred cubes of the triad," viz. from the number

2700 ; for this is equal to a hundred times 27, the cube of 3,

The numbers, therefore, that form 10,000, are as below ;

... ' 989

7
i . ...

6,928

300

77

S700

10,000

viz. 989 heptads, two ineffable numbers 300 and 77,1 and a

i The reader, who may have my Plato and Aristotle in his possession,

is requested to correct, by the above numbers, an error in the develope-

roent of this geometric number, which is given in the Republic of the

former, and the Politics of the latter. This error originated from mis-

tating the product of a hundred times 37 to be 270, instead of 2,700.
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hundred times the cube of 3, i, e. 270. And the whole geo

metric number is a million. '- — ;

All that Jamblichus says-concerning this, which he calls the

nuptial number, in his commentary on the Arithmetic of Nico-

niachus, is as follows : " This example will be useful to us for

the purpose of understanding the nuptial number in the Re

public of Plato. For he there says, that from two parents

who are good, a good offspring will entirely be born ; but the

contrary, from two of a contrary character. And that from a

mixture of good and bad parents, the progeny will be in every

respect bad, but never good. For from the conjunction of odd

numbers by themselves, with the addition of unity, which in the

composition precedes them, square numbers are produced,

which from such numbers have the nature of good. But the

cause of this is equality, and prior to this the one. From a

conjunction, however, of even numbers, the duad being the

leader, numbers longer in the other part are produced, which

have a contrary nature, because this is also the case with their

generators. But again, the cause of this is inequality, and

prior to this, the indefinite duad. And if a mixture should be

made, and as I may say, a marriage of the even and the odri,

the offspring will partake of the nature of each of these,

whether their generat6rs differ by unity, or by some greater

number. For the numbers produced, are either such as are

longer in the other part, or such as are oblong. And

again, from squares mingled with each other, squares are

generated ; from numbers longer in the other part, such as

resemble them are produced; but from such as are mixed,

squares are never generated, but numbers that are entirely

heterogeneous. And this is what the most divine Plato says

respecting the male and female governors of his Republic,

when they have not been nourished in the mathematical disci

plines, or though they have been nurtured in them, yet have
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engaged in wedlock in a confused and disorderly manner, from

which the progeny being depraved, will be the principle of

sedition and discord to the whole polity." . ; . . t

Let the.re.be given a series of square numbers from unity,

and under them a series of numbers longer in the other part,

from the duad or two, as below : .... . ; #.. ....

1 4 9 16 25 36 49 64 fll 100

2 6 12 20 SO 42 56 72 90 110

Then, if. 2 is compared to 1, the ratio is duple, and is the root

of the duple ratio. But 6 to 4 is sesquialter, and 12 to 9 ses-

quitertian, and by thus proceeding, the superparticular ratios,

the sesquiquartan, sesquiquintan and others will be found, the

differences exceeding each other by unity. For the difference

between 2 and 1 .is li between 6 and 4 is 2, between J 2 and 9

is 3, and so on, the excess being always unity.

In the next place, the terms of one series being compared

with each other, it will be found, that the square numbers differ

from each other, when assumed in a continued series, by 3.

But the difference between the numbers longer in the other

part, is 4. : ,

The difference of two numbers longer in the other part, to.

the difference of two squares, is superpartient ; but those ratios

have only the appellations pertaining to odd numbers. Thus,

for instance, the difference between 6 and 2 is 4, but the differ

ence between 4 and 1 is 3, therefore, the difference 4 to the

difference 3 is sesquitertian. Again, the difference between 12

and 6 is 6, but between 9 and 4 is 5, therefore the ratio of the

difference 6 to the difference 5, is sesquiquintan, and so of the

rest.

The numbers which are generated from the first similar, or

the square 4, are all similars and squares. Thus 4 times 4 is

16, four times 9 is 36, four times 16 is 64 ; all which are
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square numbers, and of a similar nature. But the numbers

which are generated from dissimilar terms, are all dissimilar, as

12 which is generated from 2 and 6, and 72 which is generated

from 6 and 12, and so of the rest. And the number produced

by the multiplication of a dissimilar number 6, with a similar

number 4, will be the dissimilar oblong 24, and will be in the

rank of evil numbers.*

In the gnomons of squares, and the gnomons of numbers

longer in the other part, the following analogy occurs*

1 3 5 7 9 11 13 15

- - S 4 6 8 10 12 14 16

If three gnomons of squares are assumed, 1, 3, 5, the sum

of them is 9, and the sum of the gnomons 2 and 4, of two

numbers longer in the other part, is 6, which is subsesquialter

to 9. If four gnomons of squares are assumed, 1, 3, 5, 7,

the sum of them is 16, and the sum of the three gnomons

2, 4, and 6 of numbers longer in the other part is 12 ; but 16

to 12 is a sesquitertian ratio. And by proceeding in this way,

the other ratios will be found to be sesquiquartan, sesquiquintan,

&c.

If squares are compared, and the numbers longer in the other

part which are media between them, the ratio of the first analo-

1 Good numbers, according to Plato, are such as always subsist after

the same manner, and preserve equality ; and such are square numbers

which are generated from odd gnomons, and are placed by the Pythago

reans in the series of things that are good. But evil numbers are those

that are longer in the ether part, and oblongs. From good numbers,

therefore, good numbers are produced. Thus from 3 multiplied into

, itself, the square number is generated ; from 4 the square 16 ; and from

5 the square 25, which are also generated from the circumposition of

odd gnomons. But from the multiplication of 3 and 4, i. e. from the

conjunction of good and evil, 12 is produced, which is longer in the

other part, and is therefore evil. And so in other instances.
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gy is duple, i. 6. of 1, 2, 4 ; of the second analogy 4, 6, S', irf

sesquialter; of the third 9, 12, 16, is sesquitertian, and so on.

But if numbers longer in the other part are compared with

squares as media, the ratios will be found to be allied and con

nected, viz. the duple with the sesquialter, as in 2, 4, 6 ; the'

sesquialter with the sesquitertian, as in 6, 9, 12 ; the sesquiter

tian with the sesquiquartan, as in 12, 16, 20, and so on. More

over, every square and similar number, with a subject number

longer in the other part, and dissimilar, produces a triangular'

number. Thus 1+2=3, 4+6=10, 9 + 12=21, &c. all

which sums are triangular numbers. Likewise, if the first dis

similar is added to the second similar number, or the second

dissimilar to the third similar number, the sums will also be

triangular numbers. Thus 2 + 4=6, 6 + 9=15, 12 + l6=2P^

8cc. And thus much with respect to what Jamblichus says con

cerning the nuptial number.
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CHAPTER I.

Vn the manner in which the Pythagoreans philosophized

about numbers.

The Pythagoreans, turning from the vulgar paths, and deliver

ing their philosophy in secret to those alone who were worthy

to receive it, exhibited it to others through mathematical names.

Hence they called forms, numbers, as things which are the first

separated from impartible union ; for the natures which are

above forms, are also above separation.1 The all-perfect multi

tude of forms, therefore, they obscurely signified through the

duad; but they indicated the first formal principles by the

monad and duad, as not being numbers ; and also by the first

triad and tetrad, as being the first numbers, the one being odd,

and the other even, from which by addition the decad is gene

rated; for the sum of 1, 2, 3, and 4, is ten. But after num

bers, in secondary and multifarious lives, intr oducing geometri

cal prior to physical magnitudes ; these also they referred to

numbers, as to formal causes and the principles of these ; re

ferring the point indeed, as being impartible to the monad, but.

■ Forms subsist at the extremity of the intelligible triad, which triad

consists of leing, life, and intellect. But being and life, with all they

contain, subsist here involved in impartible union. See my Proclus on

the Theology of Plato.

Theor. At. L
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a line as the first interval to the duad and again, a superficies,

as having a more abundant interval to the triad ; and a solid to

the tetrad. They also called, as is evident from the testimony

of Aristotle, the first length the duad; for it is not simply

length, but the first length, in order that by this they might sig

nify cause. In a similar manner also, they denominated the

first breadth, the triad ; and the first depth the tetrad. They also

referred to formal principles all psychical knowledge. And

intellectual knowledge indeed, as being contracted according to

impartible uuion, they referred to the monad ; but scientific

knowledge, as being evolved, and as proceeding from cause to

the thing caused, yet through the inerratic, and always through

the same things, they referred to the duad ; and opinion to the

triad, because the power of it is not always directed to the

same thing, but at one time inclines to the true, and at another

to the false. And they referred sense to the tetrad, because it

has an apprehension of bodies ; for in the duad indeed, there is

one interval from one monad to the other ; but in the triad there

are two intervals from any one monad to the rest ; and in the

tetrad there are three. They referred, therefore, to principleJ

every thing knowable, viz. beings, and the gnostic powers of

these. But they divided beings not according to breadth, but

according to depth; into intelligibles, objects of science, objects

of opinion, and sensibles. In a similar manner, also, they

divided knowledge into intellect, science, opinion, and sense.

The extremity, therefore, of the intelligible triad, or animal

itself, as it is called by Pl,ato in the Titnseus, is assumed from

the division of die objects of knowledge, manifesting the intel

ligible order, in which forms themselves, viz. the first forms and

the principles of these, are contained, viz. the idea of the one

itself, of the first length, which is the duad itself, and also tk«

ideas of the first breadth and the first depth ; (for in common
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tbe term first is adapted to all of them,) viz. to the triad itself,

and the tetrad itself.

Again, the Pythagoreans and Plato did not denominate idea

from one thing, and ideal number from another. But siuce the

assertion is eminently true, that all things are similar to number,

it is evident that number, and especially every ideal number,

was denominated on account of its paradigmatic peculiarity.

If any one, however, wishes to apprehend this from the appel

lation itself. it is easy to infer that idea was so called, from

tendering as it were its participants similar to itself, and im

parting to them form, order, beauty, and unity ; and this in

consequence of always preserving the same form, expanding its

own power to the infinity of particulars, and investing with the

same species its eternal participants. Number also, since it

imparts proportion and elegant arrangement to all things, was

allotted this appellation For the ancients, says Syrianus,1 call

to adapt or compose apcrsu arsai, whence is derived agifyxcj

arithmos number. Hence avxgcrtov anarsion among the Greeks

signifies incomposite. Hence too, those Grecian sayings, you

will adapt the balance, they placed number together with them,

and also number and friendship. From all which number was

called by the Greeks arithmos, as that which measures and

orderly arranges all things, and unites them in amicable league.

Farther still, some of the Pythagoreans discoursed about

inseparable numbers alone, i. e. numbers which are inseparable

from mundane' natures, but others about such as have a sub

sistence separate from the universe, in which as paradigms they

saw thosef numbers are contained, which are perfected by

nature. But others, makmg a distinction between the two,

unfolded their doctrine in a more clear and perfect manner.

1 In Aristdt. Metaphys. Lib.'JS;
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If it be requisite, however, to speak concerning the difference

of these monads, and their privation of difference, Ave must say

that the monads which subsist in quantity, are by no means to

be extended to essential numbers ; but when we call essential

numbers monads, we must assert that all of them mutually

differ from each other by difference itself, and that they possess

a privation of difference from sameness. It is evident also,

that those which are in the same order, are contained through

mutual comparison, in sameness rather than in difference, but that

those which are in different orders are conversant with muck

diversityy through the dominion of difference.

Again, the Pythagoreans asserted that nature produces sensi

bles by numbers ; but then these numbers were not mathemati

cal but physical } and as they spoke symbolically, it is not im

probable that they demonstrated every property of sensibles by

mathematical names. However, says Syrianus, to ascribe to

them a knowledge of sensible numbers alone, is not only ridicu

lous, but highly impious. For they received indeed, from the

theology of Orpheus, the principles of intelligible and intellec

tual numbers, they assigned them an abundant progression, and

extended their dominion as far as to sensibles themselves.

Hence that proverb was peculiar to the Pythagoreans, that all

things are assimilated to number. Pythagoras, therefore, in

"the sacred discourse, clearly says, that " number is the

ruler of forms and ideas, and is the cause of gods and daemons."

He also supposes that " to the most ancient and artificially

ruling deity, number is the canon, the artificial reason, the iu^

teilect also, and the most undeviating balance of the compo-.

sition and generation of all things." aura; ftti irvQayoga;, tv rip

upta Xoycw, Suxpgrfiqv f&opQcov xau iSecuv xpctvrogit tov apfflftov eAsyev

etveu, xai dew xat ioufiovcov cunov xai rep itgeo-fivTUTtp xai xpa-

Tiariuovn rixyivf 6tf xctvovx, xm Xoyov jt^yixov, vow rt xnt
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crTatfynxv axXive(TT«T«v tov aptfywv wreixt <rv<rTU<T«>; xat yevsosca; tw

-xctrrmv. Syrianus adds, " But Philolaus declared that number

is the governing and self begotten bond of the eternal perma

nency of mundane natures." *iAoAaoj &«, rvjf tcuv xoerfwxcev

uiwviuf 8»a|xov>is T)jV xpstTtirTeuovcav xat otVToyivr\ avvoyvp eivat

aireipryuTo rov apd/iov. " And Hippasus, and all those who were

destined to a quinquennial silence, called number the judicial

instrument of the maker of the universe, and the first paradigm

of mundane fabrication." oi 8e wegi ini:ao~ov ax.ova-fi.arix.oi Ei7rov

xptrixov xoo-fiovpyou fleou ogyavov, xat -!rapaSny[x.st 7rpeorov xoo-^oiroiia^.

But how is it possible they could have spoken thus sublimely

of number, unless they had considered it as possessing an

essence separate from sensibles, and a transcendency fabricative,

and at the same time paradigmatic ?

CHAPTER II.

On mathematical and physical number.

As in every thing, according to the doctrine of Aristotle, one

thing corresponds to matter, and another to form, in any num

ber, as for instance the pentad, its five monads, and in short its

quantity, and the number which is the subject of participation,

are derived from the duad itself ; but its form, i. e. the pentad

itself, is from the monad: for every form is a monad, and

unites its subject quantity. The pentad itself, therefore, which

is a monad, , roceeds from the principal monad, or that which

ranks as the highest principle after the ineffable one, forms its

subject quantity, which is itself formless, and connedts it to its

own form. For there are two principles of mathematical num

bers in our souls, the monad which comprehends hi itself all

the forms of numbers, and corresponds to the monad in intel
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lectual natures, and the duad which is a certain generative

principle of infinite power, and which on this account, as being

the image of the never-failing and intelligible duad, is called

indefinite. While this proceeds to all things, it is not deserted

in its course by the monad, but that which proceeds from- the

monad continually distinguishes and forms boundless quantity^

gives a specific distinction to all its orderly progressions, and

incessantly adorns them with forms. And as in mundane

natures, there is neither any thing formless, nor any vacuum

among the species of things, so likewise in mathematical num

ber, neither is any quantity left innumerable, for thus the form

ing power of the monad would be vanquished by the indefinite

duad, nor does any medium intervene between the consequent

numbers, and the well-disposed energy of the monad.

Neither, therefore, does the pentad consist of substance and

accident, as a white man ; nor of genus and difference, as man

of animal and biped; nor of five monads mutually touching

each other, like a bundle of wood ; nor of things mingled, like

a drink made from wine and honey ; nor of things sustaining

position, as stones by their position complete the house ; ner

lastly, as things numerable, for these are nothing else than par

ticulars. But it does not follow that numbers themselves,

because they consist of indivisible monads, have nothing else

besides monads ; (for the multitude of points in continued

quantity is an indivisible multitude, yet it is not on this account

that there is a completion of something else from the points

themselves) but this takes place because there is something in

them which corresponds to matter, and something which corre

sponds to form. Lastly, when we unite the triad with the

tetrad, we say that we make seven. The assertion, however, is

not true : for monads conjoined with' monads, produce in

deed the subject of the number 7, but nothing mere. Who



167

then imparts the heptadic form to these monads ? Who is it

also that gives the form of a bed to a certain number of pieces

of wood? Shall we not say that the soul of the carpenter,

from the art which he possesses, fashions the wood, so as to

receive the form of a bed. and that the numerative sonl, from

possessing in herself a monad which has the relation of a prin

ciple, gives form and subsistence to all- numbers ? But in this

only consists the difference, that the carpenter's art is not natu

rally inherent hi us, and requires manual operation, because it

is conversant with sensible matter, but the numerative art is

naturally present with us, and is therefore possessed by all men,

and has an intellectual matter which it instantaneously invests

with form. And this is that which deceives the multitude, who

think that the heptad is nothing besides seven monads. For

the imagination of the vulgar, unless it first sees a thing una

dorned, afterwards the supervening energy of the adorner, and

lastly, above all the thing itself, perfect and formed, cannot be

persuaded that it has two natures, one formless, the other

formal, and still further, that which beyond these imparts form;

but asserts that the subject is one, and without generation.

Hence, perhaps, the ancient theologists and Plato ascribed tem

poral generations to things without generation, and to things

which are perpetually adorned, and regularly disposed, privation

of order and ornament, the erroneous and the boundless> that

they might lead men to the knowledge of a formal and effective

cause. It is, therefore, by no means wonderful, that though

seven sensible monads are never without the heptad, these

should be distinguished by science, and that the former should

have the relation of a subject, and be analogous to matter, but

the latter should. correspond to species and form.

Again, as when water is changed into air, the water does not

become air, or the subject of air, but that which was the sub
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jcct of water becomes the subject of air, so when one number-

unites itself with another, as for instance the triad with the

duad, the species or forms of the two numbers are not mingled,

except in their immaterial reasons, in which at the same time

that they are separate, they are not impeded from being united,

but the quantities of the two numbers which are placed together,

become the subject of the pentad. The triad, therefore, is

one, and also the tetrad, even in mathematical numbers : for

though in the ennead or number nine, you may conceive a first,

second, and third triad, yet you see one thing thrice assumed ;

and in short, in the ennead there is nothing but the form of the

ennead in the quantity of nine monads. But if you mentally

separate its subject, (for form is impartible) you will immediately

invest it with forms corresponding to its division ; for our soul

cannot endure to see that which is formless, unadorned, espe

cially as she possesses the power of investing it with ornament.

Since also separate numbers possess a demiurgic or fabrica-

tive power, which mathematical numbers imitate, the sensible

world likewise contains images of those numbers by which it is

adorned ; so that all things are in all, but in an appropriate man

ner in each. The sensible world, therefore, subsists from im

material and energetic reasons,1 and from more ancient causes.

But those who do not admit that nature herself is full of pro

ductive powers, lest they should be obliged to double things

themselves, these wonder how from things void of magnitude and

gravity, magnitude and gravity are composed ; though they are

never composed from things of this kind which are void of gravity

and magnitude, as from parts. But magnitude is generated from

essentially impartible element ; since form and matter are the

elements of bodies ; and still much more is it generated from those

1 i. c Pi oductive principles.
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truer causes which are considered in demiurgic reasons and

forms. Is it not therefore necessary that all dimensions, and "

all moving masses, must from these receive their generation J

For either bodies are unbegotten like incorporeal natures, or of

things with interval things without interval are the causes, of

partibles impartibles, and of sensibles and contraries, things in

sensible and void of contact : and we must assent to those who

assert that things possessing magnitude are thus generated from

impartibles. Hence the Pythagorean Eurytus, and his follow

ers, beholding the images of things themselves in numbers,

rightly attributed certain numbers to certain things, according

to their peculiarity. In consequence of this, he said, thai a

particular number is the boundary of this plant, and again,

another number of this animal ; just as of a triangle 6 is the

boundary, of a square 9, and of a cube 8. As the musician

too, harmonizes his lyre through mathematical numbers, so

nature through her own natural numbers, orderly arranges, and

modulates her productions.

Indeed, that numbers are participated by the heavens, .and

that there is a solar number, and also a lunar number, is mani

fest according to the adage, even to the blind. For the restitu

tions of the heavenly bodies to their pristine state (cnroxarcuTTa-

creij) woul not always be effected through the same things, and

in the same manner, unless one and the same number had do

minion in each. Yet all these contribute to the procession of

the celestial spheres, and are contained by their perfect number.

But there is also a certain natural number belonging to every

animal. For things of the same species would not be dis

tinguished by organs after the same manner, nor would they

arrive at puberty and old age about the same time, or generate,

nor would the fetus be nourished or increase, according to

regular periods, unless they were detained by the same measure



170

of nature. According to the best of the Pythagoreans afro,

Plato himself, number is the cause of better and worse genera

tions. Hence though the Pythagoreans sometimes speak of

the squares and cubes of natural numbers, they do not make

them to be monadic, such as the number 9, and the number

S7r but they signify through these names from similitude, the

progression of natural numbers into, and dominion about,

generations. In like manner, though they call them equal or

double, they exhibit the dominion and symphony of ideas in

these numbers. Hence different things do not use the same

number, so far as they are different, nor do the same things use

a different number, so far as they are the same. . -

In short, physical numbers are material forms divided about

the subject which receives them. But material powers are tlie

sources of connection and modification to bodies. For form is

one thing, and the power proceeding from it another. For

form itself is indeed impartible and essential; but being ex

tended, and becoming bulky, it emits from itself, as if it were a

blast, material powers which are certain qualities. Thus, for

instance, in fire, the form and essence of it is impartible, and

is truly the image of the cause of fire : for in partible natures,

the impartible has a subsistence. But from form which is im

partible in fire, and which subsists in it as number, an extension

of it accompanied with interval, takes place about matter, from

which the powers of fire are emitted, such as heat, or refrigera

tion-, or moisture, or something else of the like kind. And

these qualities are indeed essential, but are by no means the

essence of fire. For essences do not proceed from qualities, -

nor are essence and power the same thing. But the essential

every where precedes power. And from this being one the

multitude of powers proceeds, and the distributed from that

which is- undistributed ; just as many energies are the progeny

of one power.
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CHAPTER ITI.

On the monad.

The monad, as we learn from the extracts preserved by

Photius from Nicomachue, was called by the Pythagoreans

intellect, male and female, God, and in a certain respect matter.

They also said, that it in rearlfty mingled all things, is the reci

pient and capacious of all things,- is Chaos, confusion, corn-

mixtion, obscurity, darkness, a chasm, Tartarus, Styx, and

horror, and void of mixture, a subterranean profundity, Lethe,

a rigid virgin, and Atlas. It is likewise called by them the axis,

the Sun, and Pyralios, Morpho, the tower of Jupiter, and sper

matic reason. Apollo likewise, the prophet. and ambiguous.

With respect to the first of these appellations, intellect, the

reason why the Pythagoreans thus denominated the monad wilt

be evident if it is- considered that forms or ideas were called by

them numbers, and that as the monad contains in itself the

cause of numbers, so intellect is the source of all ideas. A»

the monad too comprehends in itself the multitude which it

produces, and with which it accords, so intellect comprehends

in itself all the forms which proceed from it, and with which it

is coordinate. But they appear to have called the monad male

and female, from containing in itself causally, the odd and the

even, the former of which corresponds to the male, and the

latter to the female, or according to the anonymous author in

Theologumenicj Arithmeticis, it was so called as being the seed

of all things. Hence we are informed by Theo of Smyrna,

(p. 30) that Aristotle in his treatise called Pytbagorie, said,

" that the one partakes of both these natures ; for being added

to the odd it makes the even number, and to the even, the odd

number, which k ceuld not db, if it■ did not participate of both
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these." And he further informs us that Archytas also was of

the same opinion. As God too is the cause of all multitude,

the reason is obvious why they called the monad God. They

also very properly denominated it in a certain respect, and uot

■wholly matter, from its similitude to divinity. For God is the

first, and matter the last of things, and each subsists by a nega

tion of all things. Hence matter is said to be dissimilarly

similar to divinity. It is similar, so far as it alone subsists by a

negation of all things. But it is dissimilarly similar, because

divinity is better and beyond all things, but matter is worse

than, and below all things.

Again, when they said that the monad in reality mingled and

is the recipient of all things, this likewise was asserted by them

from the analogy of the monad to deity ; for all things are

mingled by and comprehended in the ineffable nature of divini

ty. But they called it chaos from resembling the infinite ; for

chaos, according to Pythagoras,1 is analogous to infinity, in the

same manner as ether is said by him to correspond to bound.

And bound and infinity are the two great principles of things

immediately posterior to the ineffable. For the same reason

they called it a chasm. But they called it confusion, commix

ture, obscurity, and darkness, because in the ineffable principle

of things of which it is the image, all things are profoundly one

without any separation or distinction, as being all things prior,

to all, and in consequence of being involved in unfathomable

depths, are concealed in unknown obscurity and darkness.

Hence, as we are informed by Damascius in his admirable

MS. treatise «g%aiv, the Egyptians asserted nothing of the

first principle of things, but celebrated it as a thrice unknown.

darkness transcending all intellectual perception, avyftyijxaa-iv

1 S«e the notes to my translation of Aristotle's Metaphysics.
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Wpairtjv cig^yy <rx.ort>; meg irourotv voijcnv, ctxotoj ayvanrrov, rpi; touti

fifi^rjjiti^ovTsy. As Tartarus too subsists at the extremity of the

universe, in a descending series, it is dissimilarly similar to the

ineffable which is the extremity of things in an ascending

series. But when they called the monad Styx, it was in conse*

quence of looking to its immutable nature. For Styx, accord*

ing to its first subsistence, is the cause by which divine natures

retain an immutable sameness of essence ; for this is the occult

meaning of the fabulous assertion, that the Gods swear by

Styx, viz. they continue through this invariably the same.

They appear to have called the monad, horror, from considering

that the ineffable is perfectly unknown, and unconnected with

our nature ; for the perception of any sensible thing of this

kind, is attended with terror. But they denominated it void of

mixture, from the simplicity of the nature of the ineffable and

a subterranean profundity from its unfathomable depths, which

are beyond all knowledge. As with respect to the ineffable

likewise, knowledge, as Damascius beautifully observes, is. re

funded into ignorance, the monad, which is the image of it, is

Very appropriately called Lethe or oblivion. But from the

purity of its nature, the monad is denominated a rigid virgin.

And it is called Atlas, because the ineffable supports, connects,

and separates all things; for of this the fabulous pillars of

Atlas are an image.

Besides these appellations, the Pythagoreans also called the

monad Apollo, as we are informed by Plutarch and Plotinus,

from its privation of multitude. They likewise denominated it

Prometheus, according to the anonymous author of Theologum.

Arithmet. because it in no respect runs to the anterior part, cmto

♦ou irpo<rco /x*)£evi rpmca Beiv ; for there is nothing beyond the

ineffable. The same author, likewise, informs us that they

called it " essence, the cause of truth, the simple paradigm, the
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Dfcder of symphony ; io the greater and toe lets, the equal ; to

intension and remission, the middle ; in multitude the moderate ;

in time the present now. .And besides these, a ship, a chariot)

a friend, life, and felicity." For as the one is all things prior to

all, it is preeminently the most excellent of things, but this,

according to the one, i. e. without departing from the ineffable

simplicity of its nature. They also denominated it form, be

cause, as Simplicius observes (in Phys. lib. I.) form circum-

soribes and bounds every thing to which it accedes. But they

called it Proteus, as we are informed by the above mentioned

anonymous author, in consequence of comprehending the pe

culiarities of all things in itself, oyx mt$uw( S* x«i Trpwrea irgog-ri-

yapsiwy avTijv, tov ev Aiywrrcp wrtju.ft.og0oy »;p«oa, rat xuvtuv ifawfiard

%tpnX9v<rav. They also denominated it Jupiter, because what

the one, or the ineffable principle of things is to all the orders

of the Gods, that Jupiter is to all the divine orders posterior

to him, as is beautifully observed by Proclus in Theol. Plat-

Jib. 5. They likewise called it Mnemosyne the mother of the

Muses, because as the Muses generate all the variety of reasons

with which the world is replete, and are the causes of the

perfection of the universe, Mnemosyne will be analogous to

the one which is the source of all multitude. It may also be

said that as Mnemosyne is memory, and memory is stability of

knowledge, the monad is thus denominated, as being the image

of the one which is the stable root of all knowledge, and of all

things. But they called it Vesta, or the fire in the centre of

the earth, which as Simplicius observes (de C&lo lib. 2.) pos

sesses a fabricative power, nourishes the whole earth from the

middle, and excites whatever in it is of a frigid nature. So

that as a producing centre it is analogous to the one.1 On this

* From this passage of Simplicius, it is evident how much they are

mistaken, who suppose that by the fire at the centre, the Pythagoreans
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appellation, there is the following remarkable passage in the

before mentioned anonymous author. " In addition to these

things, also, they say, that a certain fiery cube of the nature of

unity, is situated about the middle of the four elements, the

middle position of which Homer also knew, when he says,

As far beneath the unseen region hurl'd,

As earth is distant from the etherial world.

Empedocles, Parmenides, and nearly most of the ancient wise

Knen, appear to accord in these things with the Pythagoreans j

for they say that the monadic nature, after the manner of Vesta,

is established in the middle, and on this account preserves that

seat in equilibrium." irpo; touts1? $a<n w«g« to /xwoy tcov Twrnpm

e-TtHX&tuv xe1o"0«1 Ttvx svseSjxov foourvpov xujSov, oo Tijy /X£croT>jT« Tijf

Sect; (lege 6Wscoj) ethvai xai Opypov teyoyroi

, TO<reov evegi' aVSoj, o<rov ovpavo; ear' «wro yanjf.

«oixa« 5$ xaret ye raurx xaT^xoAouflijxeyat toij itoSotyopnoic, 01 Tt

vsgi EftweSoxXsa xai 27agjt*eyiS))y, km a^sSov 01 wAenrrot T»y waAai

o-o$a>y, <p«j«-e»o1, tijv /xov«S;xijv <$ww, E<mas rpowov, sy perio i8guo~9«W

xai 81a tovto icogpomv $u\a.<r<ruv rqv avTqv e$pav.

In the last place, they called the monad multinominal, as we

are informed by Hesychius; and this with the greatest pro

priety, because the ineffable one, of which the monad is the

image, is, as we have before observed, all things prior to all. -

meant the sun, and who in consequence of this ascribe the system of

Cepernicus to Pythagoras, as the author. See my Introduction to the

Titnaeus in vol. II. of ray translation of Plato, and the note on the

Hymn to. Vesta, in my translation of the Orphic hymns.
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CHAPTER IV.

On the duad.

The duad was called by the Pythagoreans, as we learn frorri

Nicomachus, " audacity, matter, the cause of* dissimilitude, and

the interval between multitude and the monad. This alone

produces equality from composition and mixture, on whicn

account also it is* equal. But it is likewise unequal, defect, and

abundance, and is alone unfigured, indefinite, and infinite. It

is also alone the principle and cause of the even, yet is neithef

evenly-even, nor unevenly-even, nor evenly-odd. But many of

these things ate proximate to the physical peculiarity of the

duad. It is likewise the fountain of all symphony, and among

the Muses is Erato. It is also harmony, patience, and a root,

though not in a certain respect in energy. It is power too, the

feet of Ida abounding with fountains, a summit and Phanes.

It is also Justice, and Isis, Nature and Rhea, the mother of

Jupiter, and the fountain of distribution. It was likewise

called by them Phrygia, Ljdia, Dihdymene, Ceres, and Eleu-

sinia, Diana and Cupid, Dictynna, Aeria, Asteria, Disamos,

and Esto. Also Venus, Dione, Mychaea, Cytherea, ignorance,

ignobility, falsehood, difference, indistinction, strife, dissension^

Fate and Death."

Prior, however, to a developement of these appellations, it

will be requisite to observe concerning the duad, that the Py

thagoreans, before they evinced that multitude subsists in intcl-

ligibles, necessarily investigated the cause of the multitude

which is there, and found that among the genera of being it is

difference, which subsists according to non-being ; but that in

causes most eminently the first, it is the indefinite duad, which,
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says Syrianus, Pythagoras in the Sacred Discourse calls Chaos,

and which he associates with intellect ; for he assigns this ap

pellation to the monad, which is the first of the two great

principles1 after the ineffable one.

This duad is indeed every where the cause of multitude, so

far as it produces things from the one with their proper differ

ences. But so far as it is a principle, there is also in the

several orders of beings a proper monad ; and a duad connate

to this is found, and which generates a number accommodated

to itself.

Every number too, subsists from these two principles, the

monad and duad ; but the odd number is rather characterized

by the property of the monad, but the even by the property of

the duad. In angles, also, the right angle subsists rather accord

ing to the monad, but the acute and obtuse, according to the

indefinite duad, in which exuberance and defect are most appa

rent. Of figures, likewise, those which are characterized by

equality, sameness, and similitude, have a greater relation to the

monad ; but those in which inequality, difference, and dissimili

tude are predominant, are more allied to the duad. In short,

every figure subsists from these two principles : for the sphere,

circle, equilateral triangle, square and cube, participate of the

duad by their quantity, and their possession of interval. And

again, beams of timber, altars, scalene triangles, and oblong

figures, accord with the monad, from which they receive their

form.

Again, the Pythagoreans, says Syrianus, considered accidents,

and saw that the same principles had an analogous subsistence

in these ; and that they had their proper monad and duad ; the

• These two great principles are not only called the monad and duad,

but also bound and infinity,

Theor. Jr. M
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former being the cause of identity to them, and the latter of

difference and multitude. In natural reasons also, or produc

tive seminal principles, they placed effective causes. There is

therefore, in nature, one productive principle generative of all

colours, and another which is indeed primarily perfected from

this, but which produces together with it the multitude and

diversity ef colours : and these are the monad and duad of

cblours. In other accidents also, which are perfected through

natural reasons, there will be found a monad and duad analo

gous to these.

Having premised thus much, let us direct our attention in

the nest place, to the appellations of the duad. With respect

to the appellation audacity, therefore, we are informed by the

anonymous author that the duad was so. called "because it first

separated itself from the monad." For as the descent of the

soul into body, and her abandoning an intellectual and divine

life, for an irrational and mortal condition of being may be

called audacity, as being in a certain respect an improper bold

ness, so with reference to the transcendant excellence of the

monad, a departure from it as the paternal profundity and the

adytum of god-nourished silence, as it is called in the Chaldean

oracles, may be said, metaphorically speaking, to be an auda- .

cious undertaking. But the duad was called matter, as being

indefinite, and the cause of bulk and division, as Simplicius

observes in his comment on the Physics. And it is the cause of

dissimilitude, as being in its first subsistence the infinite, from

which dissimilitude is suspended, in the same manner as simili

tude is suspended from bound. But it is the interval between

multitude and the monad, because it is not yet perfect multitude,

but is as it were parturient with it, and almost unfolding it into

light. Of this we see an image in the duad of arithmetic.

For as Proclus beautifully observes in his Comment on the
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QOth &c. definition of the first book of Eudid's Elements :

" The duad is the medium between unity and number. For

unity, by addition, produces more than by multiplication ; but

number, on the contrary, is more increased by multiplication

than by addition ; and the duad, whether multiplied into, or

compounded with itself, produces an equal quantity." The

duad was also called equal, because, says the anonymous author,

" two and two are equal to twice two : " that is, the addition of

two to itself, is equal to the multiplication of it by itself. But

it is unequal, defect and abundance, as the same author ob

serves, according to the conception of matter. For he adds,

the Pythagoreans call matter homonymously with this, theindefi'

nite duad, because so far as pertains to itself, it is deprived of

morphe, form, and a certain definition, and is defined and

bounded by reason and art. It is likewise alone unfigured,

because, as the anonymous writer observes, " From the triangle

and the triad polygonous figures proceed in energy, ad infini-

ii«b ;! - from the monad all figures subsist at once according

to power; but from two things, whether they are right lines,

or angles, a right-lined figure can never be composed." 1 But

the duad was called indefinite and infinite, because in its first

subsistence it is infinity, and therefore has no appropriate

bound. And as we have shown that it was called equal, it is'

not wonderful that it was denominated the cause of the even,

and consequently as the cause of it, was said to be neither

evenly-even, noi unevenly-even, nor evenly-odd.

Again, it was called the fountain of all symphony, because

the symphony diapason, which is most harmonic, is formed

1 The latter part of this extract in the original is defective ; for it is

una it Suo ovt(j tuQtiwI flroTE, tin yoviwv, tv9uyfa.fxft.Qv a-jvto-Tarai ay^fxa. Instead

of which it is necessary to read, as in my translation, vita ^« iw ivrif nit
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from a duple ratio. But it was denominated Erato, " because, says

the anonymous author, it attracts to itself through love the ac

cession of the monad, as of form, and thus generates the remain

ing effects," t»jv yap rr$ fiovaSoj, hij e1Souf 7rgocro8ov 81 egurrec

«irio-7raija.6v>), ra Xmirot awoTeXfo-ftaTa yivva. As the fountain of

all symphony, it is evident why it was called harmony. But it

was denominated patience, because, says the anonymous writer,

it is the first multitude that sustains or endures separation, viz.

a separation from the adytum of the monad. It is also a root,

though not in a certain respect in «nergy, because it is the

mother of number with which it is parturient, but is not num

ber in perfect energy. It was likewise denominated power,

because the first infinity is the first power. But it is the feet of

Ida abounding with fountains, because it is the root of ther

region of ideas, or an intelligible essence. For the foot of a

mountain is the same as the root of it ; and mount Ida, as

Proclus observes in his Apology for Homer, signifies the region

of ideas. It is also called Phanes, or intelligible intellect, as

being the occult power of it. But it may be said generally,

that it is Justice, Isis, Nature, Rhea, 8tc. because, as being of

a feminine nature, it is the fountain of all the divinities that

are of a female characteristic. It likewise appears that it was

called Cupid for the reason above assigned, for its being de

nominated Erato, viz. from desiring the accession of the

monad. But it is ignorance, from its subsistence as infinity,

about which there is an all-perfect ignorance. And it is igno-

bility, falsehood, difference, &c. as being the leader of the

worse co-ordination of things.
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CHAPTER V.

On the triad.

NicomACHUSj in the extracts from him preserved by Pho-

tius, observes of the triad conformably to the Pythagoreans, as

follows : " The triad is the first odd number in energy, is the

first perfect number, is a middle and analogy. It causes the

power of the monad to proceed into energy and extension. But

it is also the first of numbers, and is properly a system of mo

nads. Hence afterwards, the Pythagoreans refer this number

to physiology. For it is the cause of that which has triple di

mensions, gives bound to the infinity of number, is similar and

the same, homologous and definite. The triad also is intellect,

and is the cause of good counsel, intelligence, and knowledge.

It is also the most principal of numbers, and is the mistress and

composition of all music. It is likewise especially the mistress

of geometry, possesses authority in whatever pertains to astro

nomy and the nature and knowledge of the heavenly bodies, and;

connects and leads them into effect. Every virtue also is sus

pended from this number, and proceeds from it. In the next

place with respect to its mythological appellations, it is Saturn

and Latona, and the horn of Amalthea. It is also Ophion,

Thetis, and Harmony, Hecate, 'Erana, and Charitia, and among

the Muses, Polymnia. It is likewise Pluto and Loxia, the

bear, and Helice, and the constellation which is never merged

in the deep. It is Damatrame and Dioscoria, Metis and Tri

geminal Triton, and the prefect of the sea, Tritogeneia and

Achelous, Naetis and Agyiopeza, Curetide and Cratside, Sync

heilia and marriage, Gorgonia and Phorcia, Trisamos and Ly-

dios."

Thug far Nicomachus. That the triad then is the first odd
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number in energy, will be evident from considering that it is in

reality the first number; for number is more increased by mul

tiplication than by addition, as we have before observed from

Proclus, and this is the case with the triad, but is not so with

the duad or the monad. That it is also the first perfect number

is evident from this, that three things, as Aristotle 1 observes,

are all, and the all is perfect from having a beginning, middle,

and end. But the triad is a middle and analogy, because all

analogy or proportionality consists of three terms at least, and

analogies were by the ancients called middles. It also causes

the power of the monad to proceed into energy, and extension,

because the monad considered as unproceeding is hyparxis, or

the summit of essence, but it is prolific through power, and in

the third place, it unfolds multitude into light through energy.

That it is likewise the first of numbers we have before shown.

And it appears to me that it was said to be a system of monads,

because every system has a first, middle, and last. But it gives

bound to the infinity of number, because it is all-perfect.

Hence too, from its all-perfect nature, it is similar and the same,

homologous and definite. As energy also it is intellect ; for

intellect is the first energy. But it is the cause of good counsel,

intelligence, and knowledge, " because," as the anonymous

author observes, " men correctly employ present circumstances,

foresee such as are future, and acquire experience from such as

are past." It is also the most principal, because it is the first

of numbers. And it is the mistress and composition of all mu

sic, because harmony contains three symphonies, the diapason,

the diapente, and the diatessaron. It may likewise be said to

be especially the mistress of geometry, because the triangle is

the principle of all figures. With respect to the triad possessing

• De Coelo. lib. i. cap. 1.
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authority in whatever pertains to astronomy and the nature and

knowledge of the heavenly bodies, and that it connects and leads

them into effect, this will be evident from considering that there

are three quaternions of the celestial signs, viz. the fixed, the

moveable, and the common. In every sign also, there are three

faces and three decans, and three lords of every triplicity. And

among the planets there are three fortunes. According to the

Chaldeans likewise, there are three etherial worlds prior to the

sphere of the fixed stars. And we are informed by the anon

ymous author, " that every traduction of divine and mortal na

tures is effected by emission, reception, and restoration ; etherial

natures after a certain manner disseminating ; the region which

surrounds the earth as it were receiving ; and restoration takmg

place through things which have an intermediate subsistence.

Ot» xat ij cru/xwacra 8iefaycoyij fleictfvre xai Svijtujv ex re irpoe<ria>$, xai

wroSojpif, xai Tgirov avramSocretoj xpaxuverai- crwep^aivovTcov y,tv

rpoicov Tiya rm aiflsgitw. mofoxpfievw 85 cocravsi tcov Tepijyeicov. av-

T«ro8ocrea>j 8a 81a tcov avajaeo-cov TsAou/xevcov.

With respect to the mythological appellations of this number,

as no author that is extant has unfolded their recondite meaning,

I shall only observe, that the several divinities by the names of

which it is celebrated, were doubtless referred to it so far as

each of them is of a perfective nature.

CHAPTER VI.

On the tetrad.

The tetrad, as we learn from Nicomachus, was called by the

Pythagoreans, " the greatest miracle, a God after another man

ner [than the triad,] a manifold, or rather, every divinity. It i»
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also the fountain of natural effects, and is the key-bearer of na

ture. It is the introducer and cause of the constitution and

permanency of the mathematical disciplines. It is likewise the

nature of iEolus, Hercules, and elevation, most robust, mascu

line, and virile. It is Mercury and Vulcan, Bacchus and Sori-

tas, Maiadeus or Maiades. For the tetrad is the son of Maia,

i. e. of the duad. It is also Eriunius, Socus, and Dioscorus,

Bassareus and Bimater, having the duad for its mother. It is

also of a feminine form, is effective of virility, and excites Sac-

chic fury. It is likewise Harmonita or Harmonia, and among

the Muses, Urania."

With respect to the first of these appellations, " the greatest

miracle," it is necessary to observe, that the tetrad in its first

subsistence is the extremity of the intelligible triad, which is

called by Orpheus Phanes and Protogonus, and by Plato

animal itself (auTo£cuov). In this the first ideas of all things are

contained ; and this, as we are informed by Proclus, is the fu st

effable deity, all beyond it being perfectly ineffable. Hence all

the intellectual orders of Gods are said by Orpheus to bave

been astonished on surveying this deity unfolding himself into

light from mystic and ineffable silence ;

Buvficttyv xaflogwref sv aiflegi <$syyoj asKirrov,

rip [lev aTe<rriA/3e ^§005 aSavaroio pavijToj.

Procl. lib. 2. in Tim.

Hence as an astonishing, admirable, and unexpected deity, the

tetrad may be mythologically said to be the greatest miracle.

But it is a God after another manner than the triad, because in

the triad the first perfect is beheld, but in the tetrad all mundane

natures are comprehended according to the causality of princi

ple. From its all-comprehending nature likewise, it is a manifold,

or rather, every divinity. As too, it causally contains all mun
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dane natures, it may very properly be called thefountain of na

tural effects. Because likewise it opens and shuts the recesses

of generation, it is denominated, as the anonymous author ob

serves, the key-bearer of nature, as is also the mother of the

Gods who is represented with a key. But it is the introducer

and cause of the constitution and permanency of the mathema

tical disciplines, because these are four in number, viz. arithmetic

and geometry, music and astronomy ; and also because the first

numbers and the first forms subsist in the intelligible tetrad. It

is likewise said to be the nature of JEolus, on account of the

variety of its peculiarity, according to the anonymous writer, and

because without this it would be impossible for the orderly and

universal distribution of things to subsist. With respect to the

other appellations of the tetrad, as Meursius in his Denarius

Pythagoricus has given but few extracts from the anonymous

writer, though his treatise professedly contains an explanation of

these names, and as I cannot find a satisfactory developement

of them in any ancient writer, the appellation Harmonia ex

cepted, I shall not attempt any elucidation of them. But the

tetrad was very properly called by the Pythagoreans harmony,

because the quadruple ratio forms the symphony disdiapason.

They also called the tetrad the first depth, because they con

sidered a point as analogous to the monad, a line to the duad, a

superficies to the triad, and a solid to the tetrad. They like

wise denominated it justice, because, as we are informed by

Alexander Aphrodisiensis (in Metaphys. major, cap. 5.) they

were of opinion that the peculiarity of justice is compensation

and equability, and finding this to exist in numbers, they said

that the first evenly-even number is justice. For they asserted

that which is first in things which have the same relation, to be

especially that which it is said to be. But the tetrad is this

number, because since it is the first square, it is divided into
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even numbers, and is even. The tetrad also was called by the

Pythagoreans every number, because it comprehends in itself

all the numbers as far as to the decad, and the decad itself ; for

the sum of 1. 2. 3. and 4, is 10. Hence both the decad and

the tetrad were said by them to be every number ; the decad

indeed in energy, but the tetrad in capacity. The sum likewise

of these four numbers was said by them to constitute the te-

tractys, in which all harmonic ratios are included. For 4 to 1,

which is a quadruple ratio, forms, as we have before observed,

the symphony disdiapason ; the ratio of 3 to 2, which is ses-

quialter, forms the symphony diapente ; 4 to 3, which is sesqui-

tertian, the symphony diatessaron ; and 2 to 1, which is a duple

ratio, forms the diapason.

Having however mentioned the tetractys, in consequence of

the great veneration paid to it by the Pythagoreans, it will be

proper to give it a more ample discussion, and for this purpose

to show from Theo of Smyrna,1 how many tetractys there are :

" The tetractys," says he, " was not only principally honoured

by the Pythagoreans, because all symphonies are found to exist

within it, but also because it appears to contain the nature of

all things." Hence the following was their oath : " Not bj

him who delivered to our soul the tetractys, which contains the

fountain and root of everlasting nature." But by him who de

livered the tetractys they mean Pythagoras ; for the doctrine

concerning it appears to have been his invention. The above

mentioned tetractys therefore, is seen in the composition of the

first numbers 1. 2. 3. 4. But the second tetractys. arises from

the increase by multiplication of even and odd numbers begin

ning from the monad. Of these, the monad is assumed as the

first, because, as we have before observed, it is the principle of

■ In Matheraat. p. 147.
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all even, odd, and evenly-odd numbers, and the nature of it is

simple. But the three successive numbers receive their compo

sition according to the even and the odd ; because every number

is not alone even, nor alone odd. Hence the even and jhe odd

receive two tetractys, according to multiplication ; the even in

deed, in a duple ratio ; for 2 is the first of even numbers, and

increases from the monad by duplication. But the odd number

is increased in a triple ratio ; for 3 is the first of odd numbers,

and is itself increased from the monad by triplication. Hence

the monad is common to both these, being itself even and odd.

The second number however, in even and double numbers js 2. ;

but in odd and triple numbers 3..- The third among even num

bers is 4 ; but among odd numbers is 9. And the fourth

among even numbers is 8 ; but among odd numbers is 27.

H- *- 4. 8.7 -

. \l. 3.- 9. 27. j

-, Jn these numbers the more perfect ratios of symphonies are

found ; and in these also a tone is comprehended. The monad

however, contains the productive principle of a point. But the

second numbers 2 and 3 contain the principle of a side, since

they are incomposite, and first, are measured by the monad, and

naturally measure a right-line. The third terms are 4 and 9,

which are in power a square superficies, since they are equally

equal. And the fourth terms 8 and 27 being equally equally

equal, are in power a cube. Hence from these numbers, and

this tetractys, the increase takes place from a point to a solid.

For a side follows after a point, a superficies after a side, and a

solid after a superficies. In these numbers also, Plato in the

Timauis constitutes the soul. But the last of these seven num

bers, i. e. 27, is equal to all the numbers that precede it ; for

1+2 +3+4 +8+9=27. There are therefore, two tetractys

of numbers, one of which subsists by addition, but the other by
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multiplication, and they comprehend musical, geometrical, and

arithmetical ratios, from which also the harmony of the universe .

consists.

But the third tetractys is that which according to the same

analogy or proportion comprehends the nature of all magnitude.

For what the monad was in the former tetractys, that a point is

in this. What the numbers 2 and S, which are in power a side,

were in the former tetractys, that the extended species of a line,

the circular and the right are in this ; the right line indeed sub

sisting in conformity to the even number, since it is terminated *

by two points ; but the circular in conformity to the odd num

ber, because it is comprehended by one line which has no end.

But what in the former tetractys the square numbers 4 and Q

were, that the twofold species of planes, the rectilinear and the

circular are in this. And what the cube numbers 8 and 27

were in the former, the one being an even, but the other an odd

number, that the two solids, one of which has a hollow super

ficies, as the sphere and the cylinder, but the other a plane

superficies, as the cube and the pyramid, are in this tetractys.

Hence, this is the third tetractys, which gives completion to

every magnitude, from a point, a line, a superficies, and a solid.

The fourth tetractys is of the simple bodies fire, air, water

and earth, which have an analogy according to numbers. For

What the monad was in the first tetractys, that fire is in this.

But the duad is air. The triad is water. And the tetrad is

earth. For such is the nature of the elements according to

tenuity and density of parts. Hence fire has to air the ratio of

1 to 2 ; but to water, the ratio of 1 to 3 ; and to earth, the ratio

of 1 to 4. In other respects also they are analogous to each

other.

1 Instead of *ipiTTouT«i, it is necessary to read irijarouTai, the necessity

of which emendation, I wonder the learned Bullialdus did not observe.
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The fifth tetractys is of the figures of the simple bodies. For

the pyramid indeed, is the figure of fire ; the octaedron of air ;

the icosaedron of water ; and the cube of earth.

The sixth tetractys is of things rising into existence through

the vegetative life. And the seed indeed is analogous to the

monad and a point. But if it increases in length it is analogous

to the duad and a line ; if in breadth, to the triad and a super

ficies ; but if in thickness, to the tetrad and a solid.

The seventh tetractys is of communities ; of which the prin

ciple indeed, and as it were monad is man ; the duad is a house ;

the triad a street ; and the tetrad a city. For a nation consists

of these. And these indeed are the material and sensible te

tractys.

The eighth tetractys consists of the powers which form a

judgment of things material and sensible, and which are of a

certain intelligible nature. And these are, intellect, science,

opinion and sense. And intellect indeed, corresponds in its

essence to the monad ; but science to the duad ; for science is

the science of a certain thing. Opinion subsists between science

and ignorance ; but sense is as the tetrad. For the touch which

is common to all the senses being fourfold, all the senses ener

gize according to contact.

The ninth tetractys is that from which the animal is com

posed, the soul and the body. For the parts of the soul indeed,

are the rational, the irascible, and the epithymetic, or that which

desires external good ; and the fourth is the body in which the

soul subsists.

The tenth tetractys is of the seasons of the year, through

which all things rise into existence, viz. the spring, the summer,

the autumn, and the winter.

And the eleventh is of the ages of man, viz. of the infant, the

lad, the mau, and the old man.
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Hence there are eleven tetractys. The first is that which

subsists according to the composition of numbers. The second,

according to the multiplication of numbers. The third subsists

according to magnitude. The fourth is of the simple bodies.

The fifth is of figures. The sixth is of things rising into exist

ence through the vegetative life. The seventh is of communi

ties. The eighth- is the judicial power. The uinth is of the

parts of the animal. The tenth is of the seasons of the year.

And the eleventh is of the ages of man. All of them however

are proportional to each other. For what the monad is in the

first and second tetractys, that a point is in the third ; fire in the

fourth ; a pyramid in the fifth ; seed in the sixth ; man in the

seventh ; intellect in the eighth ; and so of the rest. Thus for

instance, the first tetractys is I. 1. S. 4. The second is the mo

nad, a side, a square, and a cube. The third is a point, a line,

a superficies, and a solid. The fourth is fire, air, water, earth.

The fifth the pyramid, the octaedron, the icosaedron, and the

cube. The sixth, seed, length, breadth and depth. The seventh,

man, a house, a street, a city. The eighth, intellect, science,

opinion, sen6e. The ninth, the rational, the irascible, and the

epithymetic parts, and the body. The tenth, the spring, sum

mer, autumn, winter. The eleventh, the infant, the lad, the

man, and the old man.

The world also which is composed from these tetractys is

perfect, being elegantly arranged in geometrical, harmonica!,

and arithmetical proportion ; comprehending every power, all

the nature of number, every magnitude, and every simple and

composite body. But it is perfect, because all things are the

parts of it, but it is not itself a part of any thing. Hence, the

Pythagoreans are said to have first used the before mentioned

oath, and also the assertion that " all things are assimilated to

number."
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The Pythagoreans likewise, as we learn from the anonymous

author, gave a fourfold distribution to the goods both of the

soul and the body. For those of the former are prudence, tem

perance, fortitude, and justice ; but those of the body which

correspond to these, are, acuteness of sensation, health, strength

and beauty. And in external things, prosperity, renown, power

and friendship, are the objects of desire.

The celebrated four causes also of Aristotle, are referred to

the tetrad, divinity as the cause by which u<$'ou, or the efficient

cause, matter from which e$ ov, form through which 81 ou, and

the effect with reference to which irgo; o. . - .

The anonymous author further observes, that in the tetrad

accumulation and abundance are considered, in the same manner

as multitude in the triad, and hence, says he, we proclaim the

living thrice blessed on account of their felicity, but the dead

who have exchanged this life for the next in the best manner,

four times blessed. And thus much for the tetrad.

CHAPTER VII.

* . - - - - * ' ... i

On the pentad.

The pentad, as we learn from the Nicomachean extracts, was

called by the Pythagoreans the privation of strife, and the un-

conquered, alliation or change of quality, light and justice, and

the smallest extremity of vitality. Likewise Nemesis and Bu-

bastia, vengeance and Venus, Gamelia and Androgynia, Cythe-

reia and Zonaea, circular and a demigoddess, the tower of Ju

piter, Didymaea, and a stable axis. They likewise magnificently

celebrate it as immortal and Pallas, Cardiatis and the leader,

Acreotis and equilibrium, unmarried and Orlhiatis, and of the

Muses Melpomene.
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Of these names the four first are thus explained by the anon

ymous author. " The pentad," says he, " is change of quality,

because it changes that which is triply extended or which has

length, breadth and depth into the sameness of a sphere, in con

sequence of moving circularly * and producing light. Whence

also it is called light. But it is the privation of strife, because

it constitutes and unites all things which were before separated

by interval, and on account of the association and friendship of

the two forms [of numbers, i. e. of the even and the odd, the

pentad consisting of 3 and 2.] And it is justice, because the

pentad in the most eminent degree uufolds justice into light."

But Alexander Aphrodisiensis in his Comment on the 7th chap

ter of the first book of Aristotle's Metaphysics, assigns the fol

lowing reason why the pentad was called by the Pythagoreans

the unconquered. " Because," says he, " in the first right-

angled triangle whose sides are effable,1 one of the sides is 3,

another is 4, and the base is 5, and the base is in power equal to

both the other sides ; hence it was said by the Pythagoreans that

it was victorious, and the two other sides were conquered. The

pentad therefore, was denominated by them unconquered as not

being surpassed, and as being superior." The anonymous

author too, unfolds the meaning of this appellation as follows :

" The Pythagoreans," says hej " called the pentad uncon

quered, not only because the fifth element, ether, which is

arranged analogous to the pentad, and which has an invariable

sameness of subsistence, terminates the strife and mutation of

the elements which subsist under it as far as to the earth, but

also it amicably connects and unites the first two differing, and

1 For 5 is eminently a circular and spherical number, in every multi

plication terminating in, or restoring itself.

1 See this explained in the chapter on the properties of the heptad.
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not similar species of numbers, the odd and the even [i. e. 2

and 3.] becoming itself the system of their association."

The same author likewise thus explains the reason why the

pentad was called the smallest extremity of vitality. " Since,"

says he, " according to physiologists there are three things

which are productive of life after corporification, viz. the vege

table, the psychical, and the rational power ; and the rational

indeed, is arranged according to the hebdomad, but the psychi

cal power according to the hexad, the vegetable power necessa

rily falls under the arrangement of the pentad ; so that the pen

tad is a certain least extremity of vitality."

He also informs us that the reason why the Pythagoreans

called the pentad Nemesis, was because it distributes in an ap

propriate manner things celestial and divine, and the natural

elements. The pentad was likewise called Justice by the Pytha

goreans for two reasons, as we are informed by Proclus on

Hesiod, because it pertains to justice either to punish trans

gression, and take away inequality of possession, or to equalize

what is less, and to benefit. But they denominated it Venus,

according to the anonymous author, because the male and the

female numbers are complicated with each other. And after

the same manner, he adds, they called it Gamelia, because the

pentad first comprehends the form of every number, viz. 2 the

first even, and 3 the first odd number. Hence it is denominated

marriage, as consisting of the male and the female. .And they

doubtless called it Androgynia, because being Bn odd number it

is of a masculine characteristic. But they called it circular, be

cause, as we have before observed, it is eminently a circular and

spherical number. They likewise denominated it a demi-

goddess, as the anonymous writer informs us, not only because

it is the half of the decad which is a divine number, but also

Theor. Ar. N
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because in its proper diagram it is arranged in the middle.1 And

Didymus, or Didymaea, double, because it divides the decad,

which is otherwise indivisible, into two parts. But they called

it, he adds, immortal and Pallas, from containing a representa

tion of the fifth essence [ether, over which Pallas presides.]

He further informs us, that they denominated it Cardiatis, or

Cordialis, according to a similitude of the heart in animals,

which is arranged in the middle. But they called it, he adds,

Providence and Justice, because it equalizes things unequal ;

justice being a medium between excess and defect, just as 5 is

the middle of all the numbers that are equally distant from it on

both sides as far as to the decad, some of which it surpasses,

and by others is surpassed, as may be seen in the following

arrangement :

14 7

* 5 8

3 6^

For here, as in the middle of the beam of a balance, 5 does not

depart from the line of the equilibrium, while one scale is

raised, and the other is depressed.

In the following arrangement also, viz. 1. 2. 3. 4. 5. 6. 7- 8.

9, it will be found that the sum of the numbers which are pos

terior, is triple the sum of those that are prior to 5 ; for 6+7

+ 8 + 9=30; but 1+2 + 3 + 4=10. If therefore the numbers

on each side of 5 represeut the beam of a balance, 5 being the

tongue of it, when a weight depresses the beam, an obtuse angle

is produced by the depressed part with the tongue, and an acute

angle by the elevated part of the beam. Hence, it is worse to

do than to Suffer an injury : and the authors of the injury verge

downward as it were to the infernal regions ; but the injured

tend upward as it were to the Gods, imploring the ( i'ine assist-

* Viz. it is in the middle of the series 1. 2. S. 4. 5. 6. 7. 8- 9.



195

atice. Hence the meaning of the Pyllmgoric symbol is obvious,

" Pass not above the beam of the balance." Since however in

justice pertains to inequality, in order to correct this, equaliza

tion is requisite, that the beam of the balance may remain on

both sides without obliquity. But equalization is effected- by

addition and subtraction. Thus if 4 is added to 5, and 4 is also

taken from 5, the number 9 will be produced on one side, and

1 on the other, each of which is equally distant from 5. Thus

too, if 3 is added to 5, and is also. subtracted from it, on the one

side 8 will be produced, and on the other 2. If 2 is added to 5,

and likewise taken from it, 7 and 3 will be produced. And by

adding 1 to 5 and subtracting 1 from it, 6 and 4 will be the

result ; in all which instances the numbers produced are equi

distant from 5, and the sum of each couple is equal to 10.

We are likewise informed by Plutarch in his treatise On the

Generation of the Soul according to Plato, that the Pythago

reans called the pentad rgotpo;, which signifies a sound, because

they were of opinion that the first of the intervals of a tone

which is capable of producing a sound is the fifth.

The same Plutarch also in his treatise On £i at Delphi, far

ther informs us that the pentad was called by the Pythagoreans

nature, " because," says he, " by the multiplication of itself, it

again terminates in itself. For as nature receiving wheat in the

seed, and becoming expanded in the middle produces many

figures and forms, through which she brings her work to the

[desired] end, but at last exhibits wheat, restoring the principle

at the end of the whole mutation, thus also, while other num

bers, when multiplied into themselves, terminate by increase in

other numbers, five and six alone as often as they are multiplied

into themselves, exhibit and preserve themselves."
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CHAPTER VIII.

On the hexad.

The Pythagoreans, as we learn from the extracts from Nico-

machus, denominated the hexad, " the form of form, the only

number adapted to the soul, the distinct union of the parts of

the universe, the fabricator of the soul, and the producing cause

of the vital habit. Hence also, it is harmony, the perfection of

parts, and is more properly Venus herself. It is also Zygia and

nuptial, and Androgynaea. It is likewise Zygitis, benevolence,

peace, friendship, health, Acmon, and truth. Among the Fates

likewise they make it to be Lachesis ; and they call it the prin

ciple, and the half of the whole. They also denominate it far-

darting and Trivia, pertaining to two times, and Persea, tri-

formed, Amphitrite and Anchidice, among the Muses Thalia,

and Panacea."

With respect to the first of these appellations the form of

form, Meursius has unfortunately omitted to assign from the

anonymous author, the reason of its being so called, in the true

spirit of a mere verbalist contenting himself with extracting

from that author the words, eiSoj ouv eiSouj oox av foxfictgrotntv

uvrrp »jyTOft£voi, i. e. " We shall not therefore err in conceiving

that the hexad is the form of form." Perhaps however, it was

thus denominated because the perfect is that which characterizes

all forms or ideas, and 6 is the first perfect number in energy.

But the hexad was said by the Pythagoreans to be the only

number adapted to the soul, because soul from being the con

necting medium or bond of intelligibles and sensibles is most

eminently allied to Venus, who, as we are informed by Proclus

in his MS. Commentary on the Parmenides, " imparts commu

nion in multitude to intelligibles and all beings," tijv n to> *Xij
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9m xotvwiuv waps^o/xev>j T015 ts voijtoij, xai toi{ owiv. From

the anonymous author also we learn that the hexad was called

the distinct union of the parts of the universe, because soul is as

it were the animated form of formless matter. He adds, that

no number can be more adapted to soul than the hexad, or can

more properly be said to be the fabricator of soul, because it is

found to be effective of the vital habit, from whence also it

derives its appellation, tvpi<rxof/.tvri xm this £o>tixijj sfecoj s^wroii|-

TMtj, %ap 0 e£aj. And that it is called harmony, because every

soul is harmonic.

The same writer also observes, " that the hexad was called

the perfection of parts by the Pythagoreans, who in thus deno

minating it followed Orpheus, whether because six alone of all

the numbers within the decad is equal to its members or parts ;

or because the whole and the universe is divided according to

this number, and is through it elegantly arranged." With respect

to its being denominated Venus herself, we learn from Martianus

Capella lib. 7. that it was thus called, " because it may be shown

that it is the source of harmony. For 6 to 12, says he, forms

the symphony diapason ; 6 to 9 the symphony diapente ; and 6

to 8 the symphony diatessaron ; whence it is said to be Venus

the mother of harmony."

Again, with respect to the epithets nuptial (y«fwj\ia) and An-

drogynaea, these in the anonymous author are yajttoy marriage,

and etppevoSytM; ; and concerning these he observes " that the

hexad is generated by the power and multiplication of the first

odd and the first even number which are male and female ; and

hence it is called apptvoiriKus, i. e. male and female. It is like

wise called marriage, because it is itself equal to its parts. But

the work of marriage is to produce offspring similar to the pa

rents." The epithet ipiAonju-Mi benevolence, is in the anonymous

author $iX»«xnj friendship and love, " which," says he, " it is
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appropriately called, because it connects together the male and

the female." The anonymous author further informs us, " that

the hexad was called health and beauty oil account of the entire-

ness and symmetry of its parts." For- health is symmetry and a

subsistence according to nature of the parts of the body.

From the same author likewise we learn, " that it was called

Acmon, viz. as it w ere unwearied, (t»jv otov axa/xaTov) because

the most principal triangles of the mundane elements participate

of it, each of them becoming six, if they are distributed by three

perpendiculars." ' . r

With respect to the appellation truth, perhaps it was so

called because truth is the harmonious conjunction of that which

knows with that which is known ; and the hexad, as we have

before shown, is most eminently harmonic.

Again, according to the anonymous author it was called far-

darting exo£t»)/3=X5tis, Trivia, and pertaining to tw o limes ; the

first of these because the triad which is Hecate being fiurjed

forth (BoXflo-aa-ctv) and as it were composed (i. e. joined with

another triad) generates the hexad. " But it was called Trivia,"

says he, " perhaps from the nature of the goddess. And it is

probable that it was thus denominated, because this number is

first allotted the motions which take place in the three intervals

(length, breadth and depth,) each of which receives a twofold

division from circumstances ; [viz. motion according to length,

is either backwards or forwards, according to breadth., is either

on the right hand or the left, and according to depth, i$ ;either

upwards or downwards.] But it was denominated pertaining to

two times, from the distribution of the whole of -time being

effected by six signs of the zodiac above, and six under thfr

earth. Or jt w-as thus called, because time is allied to the triad^

since it consists of three parts, and the hexad is formed from

two triads." . <t> .. ;.-o.v»X) "- i; . ■ -;-
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With respect to the epithets Persea and triformed, the hexad

appears to have been thus denominated for the same reason that

it was called Trivia ; for it is well known that Diana is triform

ed, and this goddess is called Persia by Orpheus in the intro

duction to his hymns. But we are informed by the anonymous

writer that the hexad was called Amphitrite, because it has a

triad on each side of it ; and Anchidice, because it is especially

proximate to the pentad, which as we have before shown was

called by the Pythagoreans Sijoj dice, or Justice. ;

Lastly. the same author informs us, that it was called Thalia

and Panacea, the former on account of the harmony of its com

position ; for I conjecture this to be the meaning of the words

ii« tijv tco!/ eTspuiv ctpfMtviav, " through the harmony of the others,"

since the same author adds, " that much prior to this it was

called xoo-ftoj the world, because the world, in the same manner

as 6, is often seen to consist of contraries according to an har

monious arrangement." And six consists by multiplication o(

the two contrary numbers 2 and 3, one of which is even and the

other odd, and one of which is analogous to the male, but the

other to the female. But it was called Panacea, on account of

what has been before said of it under the appellation of health,

or because it is as it were ■jravstgxstu panarcea, all-sufficiency,

being sufficiently supplied with parts to the perfection of its

whole.

CHAPTER IX.

On the heptad.

The heptad, as we are informed by the anonymous writer,

and Etymologici Auctor, was so called from the verb sebo de

noting veneration (awo too <rtfit») being a certain septas, as divine,
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and motherless, and a virgin, mtretf tij cv<ra, w; Sitct, xeu mpifrwg,

xai iragSsvoj. And the appellations given to it by the Pythago

reans, as we learn from the extracts from Nicomachus are as

follow : " Fortune and opportunity, Minerva, Mars and Acreo-

tis, Agelia and Atrytone, Phylacitis, and Obrimopatra, or sprung

from a powerful father, Tritogenia and Glaucopis or azure-eyed,

Alalcomenia and Panteuchia, Ergane and Polyarete or much-

hnplored, integrity of parts, and the horn of Amalthea, .SSgis

and Osiris, dream and voice, sound, and of the Muses Clio.

To which may also be added judgment and Adrastia."

Of these epithets, Fortune, opportunity, Minerva, Tritogenia

and voice, are explained as follows by the anonymous writer :

" The heptad is called Minerva, because similar to what is said

of the goddess in fables, it is a certain virgin and unmarried ;

being neither begotten from a mother, which is the even num

ber, nor by a father which is the odd number ; except, that as

Minerva was produced from the summit of the father of all

things, so the heptad proceeds from the monad which is the

head or summit of number. And it is as it were a certain virile

Minerva. But the number which may be easily divided is

feminine. It is also called opportunity, because its energies in

decision with respect to health or disease, generation or corrup

tion, are accomplished in a short time. And it is Fortune, be

cause similar to what is said in fables of that goddess, it governs

mortal affairs, and after a certain manner casually and oppor

tunely occurs and decides. It is likewise denominated voice, be

cause there are seven elementary sounds not only of the human

voice, but also of every instrumental, mundane, and harmonic

sound. And this not only because the first harmonic sounds

are emitted, as we learn, by the seven planets, but also because

the first diagram with musicians is the heptachord. But it is

denominated Tritogenia, because the forms or parts of the soul
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being three, viz. the intellective, the irascible and the epithy-

metic, four most perfect virtues are produced belonging to these

parts, just as of the three intervals [length, breadth and depth,]

there are four boundaries in corporeal increase, [viz. a point, a

line, a superficies and a solid]."

With respect to the epithet Agelia, the same anonymous

writer likewise informs us, " that the heptad was thus called

from being collected and congregated, [«to tou o-uvsiAijo-fl«(, xat

o-ui/jj^fiai] the nature of it being uniform, since it is entirely indis

soluble except into that which is homonymous.1 Or it is so

called because all physical effects are led through it to perfec

tion, p) euro tou "xomtoi ayctytvcu &V aunjj ret <pu<nxa «7roTeA.eo-/x»T«

eij T£Xij«icriv.] Or rather, which is more Pythagoric, it is thus

denominated, because the most celebrated of the Babylonians,

together with Ostanes and Zoroaster, very properly call the

starry spheres herds, (ayeXai) ; whether because these alone

among corporeal magnitudes are perfectly carried about a cen

tre, or in conformity to the Oracles because they are considered

by them as in a certain respect the bonds and collectors' of phy

sical reasons, which they likewise call in their sacred discourses

-herds, and by the insertion of a gamma angels. Hence, in a

similar manner, they denominate the stars and daemons which

rule over each of these herds (or starry spheres) angels and arch

angels : and these are seven in number."

The same author further informs us that the heptad was called

Phylacitis, or of a guardian nature, not only because the above

mentioned angels and archangels are seven leaders, but also be

cause the stars which guard the universe and preserve it in a

connected and perpetual permanency are seven in number."

With respect to the epithets Obrimopatra and Glaucopis, it

1 Viz. Except into a seventh part which is I.
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is evident that the heptad was thus called from its alliance to

Minerva. This is also the case with the epithets Panleuchia

and Ergane. For Minerva considered as one of the Curetes

was celebrated by the former of these appellations, which signi

fies that she is furnished with every kind of armour. Hence the

epithet iravTsu^oj panteuchos is given to her by the Chaldaean

Oracles, and by Plato in the Laws she is said to be adorned

with every kind of armour, TravofrAia travtiXu xocr/*rj8eicra. And

Ergane or the artificer is well kuown to be an epithet of Mi

nerva.

Again, the heptad perhaps as well as the triad was called

the horn of Amaltha-a, from its alliance to the monad, as being

the source of every divine good. But it appears to have been

called iEgis, because Minerva is celebrated as the segis-bearing

goVldess, and this, as Proclus informs us On the Timaeus, be

cause the all-connecting chain of Fate is moved by this goddess,

from whom also its plastic energies proceed. Lastly, the hepr

tad was called, as we are informed by the anonymous writer,

Telesphoros and judgment, the former because the seventh

month is prolific, and the latter because a judgment is formed

of diseases on the seventh day.

i ' . >.j ■

CHAPTER X. . ": '" '

On the ogdoad. ■ - -- ■

" The number eight," says the anonymous writer, " is the

first cube in energy, and is the only evenly-even number within

the decad." The power of this number also is so great, that,

according to the Grecian proverb, " All things are eight ;"

which proverb according to the above mentioned author origi
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liated from all things being comprehended in the eighth celestial

sphere. . " - S:

According to the extracts from Nicomachus, the names given

to this number by the Pythagoreans are as follow : " Universal

harmony and Cadmeia, mother and Rhea, the producing cause

of females and Cybele, Cybebe and Dindymene, and the tutelar-

goddess, love and friendship, Metis, conception, and Oreia,

Themis, law, immature, and of the Muses Euterpe." - »

With respect to the first of these epithets universal harmony,

Camerarius1 informs us, (from the anonymous author above

quoted I have no doubt) that the Pythagoreans distinguished

musical ratios by this number, >aud explained the mundane sys-,

tern according to those ratios as follows : The ratio of 9 to 3 is

sesquioctave. This forms a tone, and is attributed to the moon;

The ratio ofi!2 to- 9 is.sesquitertiani, and the ratio of 12 to .8.- iff

sesquialter. These ratios are given to the planet Mercury.- in.

like manner 16 to 12 is sesquitertian, and 1 6 to .8 is duple.

These ratios they attribute- to Venus. The ratio of 18 to 12 is

sesquialter, and of ! 18 to 9 is duple. These are ascribed to the

sun. The ratio i of 21 to 9 which is. duple sesquitertian, is attri^

buted to the planet Mars. The ratios of 24 to 18 which is

sesquiteriiaiyof 24 to 12 which is duple, of 24 to 8 which is

triple, of 18. to J 2 and also of 12 to 8, each of which is sesqui-

alterj are ascribed to Jupiter. The ratios of 32 to 24, which i>

sesquitertian, and- of 32 to;8 which is quadruple, are attributed

to Saturn. :And in the last place, the ratios of 36 to 24 which

is sesquialter, of 36 to 18 which is'duple, of 36 to 9 -which is

quadruple, and of 24 to 18 which is sesquitertian, are ascribed

to the eighth or inerfatic sphere, which comprehends all the

rest. Hence the ogdoad was called by the Pythagoreans Cad

meia, because Harmony is said to have been the wife of Cad-

> In Nicomach. Arithmet.
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mus. And Cadmus, as we learn from Olympiodorus, is the

sublunary world.

With respect to the epithets mother, Rhea, Cybele, and Din-

dymene, the ogdoad was doubtless thus denominated from being

the first cube, and a cube is the element of earth which is par

ticipated by Rhea who is the same divinity as Ceres, and was

called Cybele and Dindymene. As Rhea too is the vivific god

dess, the life of which she is the source must be of a feminine

characteristic ; and hence the reason is obvious why the ogdoad

is celebrated as the producing cause of females. As to the epi

thet Cybele, the mother of the gods was so called from being

the cause of divine inspiration to mystics.* The anonymous

writer likewise informs us, that this number was called Euterpe,

because it is the most mutable (naXicrTa. suTgsirrej) of all the

numbers within the decad, being evenly-even, and this as far as

to the monad which is naturally indivisible.*

From Macrobius too we learn that " the ogdoad was called

by the Pythagoreans justice, because it is the first number that

is so resolved into evenly-even numbers, viz. into two fours, that

each of these can nevertheless be divided into numbers equally

evenly-even, i. e. into two twos. Its composition also is of the

same quality as its analysis ; for it is twice two twice. Since

therefore its composition proceeds by an even equality, and its

analysis equally returns as far as to the monad, which does not

receive division in an arithmetical ratio, the ogdoad deservedly

obtains the appellation of justice on account of its equal

division."

1 Etymologici Auctor.

1 Viz. It can be divided by 2 as far as to unity.
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CHAPTER XT.

On the ennead.

According to the extracts from Nicomachus, the ennead

was celebrated by the Pythagoreans as " flowing round the

other numbers within the decad like the ocean. It was also

called by them the horizon, Prometheus and Concord, Perseia

and Halios, freedom from strife and similitude, Vulcan and

Juno, the sister and wife of Jupiter, Hecaergus and Pasan,

Nysseis and Agyica, Enyalius and Agelia, Tritogenia and Per

suasion, Curetis and Proserpine, Hyperion, and of the Muses

Terpsichore."

Of these appellations, ocean and the horizon are unfolded as

follows by the anonymous writer : " That there can be no num

ber beyond the ennead, but that it circulates all numbers within

itself, is evident from the regression of numbers. For the na

tural progression of them is as far as to 9, but after it their

retrogression takes place. For 10 becomes as it were again the

monad. Thus if from each of the numbers 10, 11, 12, 13, 14,

15, 16, 17, 18, and 19, the number 9 is subtracted, the numbers

that remain will be 1,2, 3, 4, 5, 6, 7, 8, 9, 10. And vice versa

the progression will receive an increase by the addition of 9-

For if to each of the numbers 1, 2, 3, 4, 5, &c. 9 is added, the

numbers produced will be 10, 11, 12, 13, 14, &c. Likewise

by subtracting from 20, twice 9, from 30, thrice 9, from 40,

four times 9, from 50, five times 9, &c. the numbers 2, 3, 4, 5,

6, &c. will be produced. By taking likewise from 100, eleven

times 9, we again return to the monad. And after the same

manner we may proceed to infinity. Hence it is not possible

there should be any elementary number beyond the ennead.

Hence the Pythagoreaqs called it ocean and the horizon, because
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all numbers are comprehended by and revolve within it. Hence

too, it was called by them Halios, (ira-pa. to aAi^siv) concord, and

Perseia, because it congregates all numbers, and collects them

into one, and does not permit the conspiration of the numbers

beyond it to be dissipated."

With respect to the appellation Prometheus, we are informed

by the anonymous writer, that the ennead was thus called,

" from not suffering a number to proceed in the anterior part

of it." [viz. from not suffering any number besides the nine that

are in the place of units to be anterior to it.] am tov pj sxv tivix.

Kfo<ru> ami\i xwgeiva.gtQix.ov. He adds: " And this reasonably ,-

for being triply perfect, it does not admit of any increase ; but

consisting of two cubes, viz. 1 and 8, and being also a square,

it is the only number as far as to itself that has a triangle 1 for

its side."

The same author likewise informs us, that the ennead was

called freedom from strife, on account of the retribution and

permutation of numbers from it as far as to the monad. By

this I suppose he alludes to the equalization by addition and

subtraction mentioned in the chapter on the pentad. But he

says, it was perhaps denominated similitude, because 9 is the

first odd square number. . For. the form of the odd number is

said to be assimilative through the whole of itself ; but the form

of the even number is dissimilar. And again, the square num

ber is assimilative ; but that which is longer in the other part is

dissimilar. Perhaps also it was thus denominated, because it is

especially similar to its side. For as its side has the third place

in the natural series of numbers, so likewise the ennead is the

third number in a progression according to analogy* He far

ther observes, that it was called Vulcan because the ascent of

* I. e. a triangular number.

* Viz. in the triple progression 1, S, 9, 27, 81, &c.
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numbers is as far as to 9, in the same manner as the ascent of

things which are decomposed by fire is as far as to the sphere of

fire [i.e. the summit of the air.] But it was denominated Juno,

because the sphere of air is arranged according to this number.

And it was called the sister and wife of Jupiter, on account of

its conjunction with the monad ; but Hecaergus or far-darting,

from preventing the farther progression of number- (two tow

eigyeiv tijv sxa; 7rgo/3ao-iv too apifyxou.) The epithet Nysseis is

with the anonymous writer Nysseiotas ; and he informs us the

ennead was thus denominated from piercing 1 (cwro tou nrtvur<rctv)

and from being arranged as a certain boundary of the progres

sion of number.

With respect to the appellation Enyalius, which signifies

Mars, we are informed by Martianus Capella, that the ennead

was thus called because it is the extremity of the first series of

numbers [i. e. of the numbers within 10] ; and that the end of

all things is from Mars. As to the epithets Curetis and Pro

serpine, we learn from the anonymous author, that the ennead

had these appellations in consequence of consisting of three

triads ; the triad harmonizing both with the Curetes and Pro

serpine. From the same author also we learn that it was called

Hyperion, from having proceeded into a magnitude transcending

the other numbers [within the decad] ; and Terpsichore from

turning, and causing the retrogression and cor.vergency of pro

ductive principles to circulate like a dance- {am too Tpnrttv x«i

aS X°P0V ot-vzxvx^ovv rrjv rcev Koytov waAifwrersiav, xai o"UV5tio"iv.)

This author likewise informs us, that it was called Telesphoxus,

or bringing to an end, because it gives perfection and consum

mation to the offspring that are produced in nine months ; and

1 Ni/o-ira signifies a goal, and therefore the verb mwaau alludes here to

an arrow or dart having arrived at its destined boundary by piercing th«

mark.
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also that it was denominated perfect because it is generated from

the triad which is perfect. The ennead likewise may be said to

be the perfector as we learn from Proclus in Tim. p. 298, " be

cause it gives completion to the fabrication of generation." For,

says he, " this number is adapted to generation [i. e. the sublu

nary region] ; since it proceeds from the monad as far as to the

last numbers without retrogression ; and this is the peculiarity

of generation." And thus much for the appellations of the

ennead.

CHAPTER XII.

On the decad.

The decad according to the extracts from Nicomachus was

denominated by the Pythagoreans " the world, heaven, fate,

eternity, strength, faith, necessity, Atlas, unwearied, God, Phaues,

the sun, Urania, memory and Mnemosyne."

The anonymous author informs us that the first of these ap

pellations the world, was given to the decad, " from all things

being arranged according to it both universally and partially."

But as Protospatharius observes (in Hesiodi Dies) it was called

the decad, from containing every number in itself, (ai; Se^o/xevtjv

irotwa uptifi.ov sif tavTou.) Proclus likewise informs us, " that

the decad, as the Pythagorean hymn says, is mundane ; and that

divine number proceeds from the undecaying retreats of the mo

nad, till it arrives at the divine tetrad which generated the mother

of all things, the universal recipient, venerable, the boundary of

all things, immutable and unwearied, and which both the im

mortal Gods and earth-born men denominate the sacred decad."

Proclus adds, " that by the monad and its undecaying retreats

in these verses, that uniform and occult cause- the one being,
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[i. e. being characterized by the one, and which is the summit of

the intelligible order] is signified ; but that the divine tetrad is

the evolution into light of intelligible multitude, which the duad

that is between the monad and tetrad unfolds ; and that the de-

cad is the world, which receives the images of all the divine

numbers, which are superually imparted to it.'"1 -

The decad was called heaven, as we learn from the anon

ymous writer, " from being the most perfect bouuclary of num

ber, whence also it was denominated the decad, being as it were

Ss^cej, the recipient, just as heaven is the receptacle of all things."

With respect to the epithet fate, we are informed by the same

author, " that the decad was thus called, because there is no

peculiarity either in numbers, or in things that exist according

to the composition of number, which is not spermatically con

tained in the decad and in* the numbers within it. But it ex

tends connectedly and consecutively to the numbers posterior to

itself. Hence it is fate, as being a certain connected and welj-

ordered digression [from the monad]." As the decad likewise

contains every number in itself, and number is infmite, perhaps

it was on this account called eternity ; for eternity is infinite

life. I say perhaps, for Meursius stupidly omits the reasons

assigned by the anonymous writer for these appellations, as well

as for those of faith and necessity. As to the epithet Atlas, the

anonymous writer observes, " that the decad is so called in

irav^^ia, 7rpi<rj3iipav, opey weci mn<ri TiSeuray,

arpoTroy, ecxa^taTey, iixaia xAeiOlxri |Uey ay#*jy

Procl. in Tim. p. 269.

But the last line is from Svrianus in Aristot. Metaphys.

Theor. Ar. O
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allusion to the Titan Atlas, who is fabled to bear the heavens on

his shoulders. For Homer says of him,

And the long pillars which on earth he rears,

End in the starry vault and prop the spheres.

But the decad preserves the reason or productive principle of

the spheres, being as it were a certain diameter, and convolving

and enclosing these in the most connected manner."

With respect to the epithet Phanes, as the decad is denomi

nated the world, and as Phanes who subsists at the extremity of

the intelligible order is the paradigm of the world, the reason is

obvious why the decad is thus called. To which we may add

that Phanes who is the auro^aiov or animal itself of Plato, contains

in himself the first ideas, which are four, and 4 is paradigmati-

cally or causally 10. Prom the anonymous writer we learn that

it was called strength, because mundane natures are corroborated

by it, and because it appears to rule over other numbers. It is

also a certain defensive enclosure and receptacle of all reasons

or productive principles, whence it is called the key-bearer,

(xXsiSou^of). According to Cedrenus likewise " it was deno

minated xXaSou^oj, or the branch-bearer, because all the num

bers [posterior to it] germinate from it as certain branches."

Again, according to Anatolius, as we learn from the anonymous

writer, " the decad was denominated strength and all-perfect,

because it bounds every number, comprehending within itself

every nature of the even and the odd, the moveable and the im

moveable, the evil and the good." And lastly, according to

Chalcidius on the Timasus of Plato, the decad was called by the

Pythagoreans the first square, because it consists of the first

four numbers, 1,2, 3, and 4.

We have already observed that all numbers revolve within the

number 9, and that on this account it was called by the Pytha
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goreans the ocean and the horizon ; so that it is in reality par-

onymous to the monad. This being the case, it may seem

wonderful that the decad also should be considered as analogous

to the monad. The reason however of this is, that the first

offspring of a monad is likewise a monad, which contains in a

more expanded manner all that subsists more contractedly, and

as it were spermatically in the prior monad. Hence both the

ennead and the decad are monads ; but in the former all num

bers subsist more unitedly, and in the latter with more abundant

diffusion and separation.

CHAPTER XIII.

On the properties of the monad.

Having thus unfolded the meaning of most of the appella

tions given by the Pythagoreans to numbers as far as to the de

cad, L shall in the next place present the reader with such pro

perties of these numbers as have been discovered partly by the

ancients and partly by myself ; and shall begin as order requires

with the properties of the monad. -

We have shown then from Aristotle in his Pythagorics that

the monad is virtually i. e. causally, both odd and even ; for

added to the odd it produces the even number, and to the even

the odd number. In the next place, Plutarch in his Platonic

Questions observes, that the monad is a triangular number [in

power] ; for if any triangular number is multiplied by 8, and

unity is added to the product, the sum will be a square number.

Thus 3 x 8=24, and 24 + 1 =25, a square number. Thus too,

6x8= 4S, and 48 + 1=49. But this likewise happens to the

monad ; for 8 x 1 = 8, and 8 + 1=9, which is a square number.

Again, it is well known to mathematicians, that if any penta
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gonal number is multiplied by 24, and unity is added to the

product, the sum will be a square number. Thus 5 x 24= 120,

and 120+1 = 121, the square of 11. Thus too, 12 x 24=288,

and 288 + I =289, the square of 17. And so in other instances.

And this also happens to the monad; for 24x1=24, and

24+ J =25, the square of 5. The monad therefore is also vir

tually in power or causally a pentagonal number.

Thus too, I have found it may be shown that the monad is a

triangular, quadrangular, pentagonal See. pyramid. Thus for

instance, the numbers 1, 4, 10, 20, 35, &c. are triangular pyra

mids.1 The numbers 1, 5, 14, 3O, 55, &c. are quadrangular

pyramids. The numbers 1, 6, 18, 40, 75, &c. are pentagonal ;

and the numbers 1 , 7, 22, 50, 95, &c. are first hexagonal pyra

mids.

But 4x 1 and +1= 5 the second j

4x 4 and +1=17 the 5th > hexagonal gnomon.

4 x 10 and +1=41 the 11th J

&c.

5x 1 and +1= 6 the second j

5x 5 and +1=26 the 6th > heptagonal gnomon.

5x14 and +1=71 tne 15th 3

&c.

7x1 and +1= 8 the second j

7x 6 and +1= 43 the 7th i enneagonal gnomon.

7x18 and +1=127 the 17th J

&c.

8x 1 and +1= 9 the second j

8x 7 and +1= 57 the 8th J decagonal gnomon.

8x22 and +1=177 the 23d >

&c.

Again, the numbers 1, 2, 3, 4, 5, 6, &c. are triangular gno

mons, and I have found it may be demonstrated that the monad

is virtually each of these. For,

i Sec the Table in the first book of the Arithmetic of Maurolycus.
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2x1 and +1= 3-\

2x2 and +1= 5 /

8x3 and +1= 7 > the gnomons of squares.

-2x4 and +1— 9 \

2x5 and +1=11 J

&c.

3x1 and +1= 4>

3x2 and +1= 7 /

3x3 and + 1=10 > the gnomons of pentagons.

3x4 and +1=13 \

3x5 and +1=16 J

&c.

4x 1 and +1= 5>

4x2 and +1= 9 /

4x3 and + 1=13 > the gnomons of hexagons.

4x4 apd -f 1=17 I

4x5 and +1=21 J

&c.

5x1 and +1= 6 -\

5x2 and +1=11 /

5x3 and -j- 1=:16 > the gnomons of heptagons.

5x4 and +1=21 1

5x5 and +1=26 J

&c.

6x1 and +1= 7-\

6x2 and +1=13 /

6x3 and +1=19 >the gnomons of octagons.

6x4 and +1=25 V

6x5 and +1=31 J

&c.

And so of the rest, which abundantly proves that the monad

is causally every number.

CHAPTER XIV.

On the properties of the duad, and triad.

The duad, as it is beautifully observed by Proclus in his

Commentaries on Euclid, is the medium between the monad

and number. For unity, says he, by addition produces more

than by multiplication ; but number, on the contrary, is more

increased by multiplication than by addition ; and the duad,
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whether multiplied into, or added to itself, produces an equal

quantity. Hence some of the ancients derive its appellation

from too Suvai, because number begins from hence to enter into

multitude. Hence too, it was called Rhea, which signifies a

certain flux, because from hence the streams, i. e. the progres

sions of multitude are derived. Again, the duad, as Martianus

Capella observes, is the mother of the elements ; for 4 is the

offspring of 2. And it is also the first form of the even num

ber. The hebdomad likewise 64 which is both a square and a

cube, is produced by a continued multiplication by 2 from unity,

as we shall show when we discuss the properties of the number

7- As Theo of Smyrna also observes,1 matter, every sensible

nature, generation, motion, increase, composition, association

and relation, subsist according to the duad. And lastly, as is

evident from the preceding chapter, if 2 is multiplied by any

triangular gnomon, and unity is added to the product, the sum

will always be the gnomon of a square.

Again, from the junction of the duad with the monad the triad

is generated, which, says Theo of Smyrna, is the first number

that has a beginning, middle and end. He adds, ". Hence it is

the first number of which the word all is enunciated. For we

do not enunciate the all of the numbers less than three, but we

say one, and both. By this number also we make compacts,

manifesting by this that we request every good. We likewise

call those that are in every respect miserable, thrice-wretched,

and those that are in every respect blessed, thrice-blessed. The

first origin also of a superficies is from this number. For the

first subsistence of it is in a triangle ; and on this aecount there

are three genera of a triangle, viz. the equilateral, the isosceles,

and the scalene. There are likewise three species of angles, the

1 Mathcmat. p. 156.



215

right, the acute, and the obtuse. And the right angle indeed is

defined by the nature of unity, and consists of the equal and the

similar. Hence all right angles are equal to each other, being

media between the acute and obtuse, the surpassing and the

surpassed. But the other angles are infinite and indefinite ; for

they consist from excess and defect. The triad also from the

composition of the monad and duad with itself produces 6,

which is the first perfect number, being equal to its parts. And

this perfect number when added to the first square, which is 4,

produces the decad."

According to the Pythagoreans likewise, as we have before

observed,1 every transmission of divine and mortal concerns is

accomplished through emission and reception, and in the third

place is strengthened through restoration. Thus after a certain

manner the etherial bodies disseminate ; but terrestrial natures

receive as it were [the etherial effluxions] ; and a restoration z is

effected through the intermediate natures.

Again, of any two numbers whatever, either one of the two,

or their sum, or their difference is divisible by 3. Thus of the

two numbers 6 and 5, 6 is divisible by 3 ; of 11 and 5 the dif

ference 6 is divisible by 3 ; and of 7 and 5 the sum 12 is divisi

ble by 3. The square of 3 also, viz. 9, has this property, that 4,

the sum of its aliquot parts 1, 3, is the square of 2.

1 See chap. 5.

1 Bullialdus, from whom this information is derived, and who obtained

it from the anonymous author of Theologum. Arithmet. is very much

mistaken in the meaning of the word avramSoo-is restoration, in this place.

For he says, " per anamiomt intelligere oportet effectus productos a

causis."' So far however is this word from signifying in this passage

effects produced by causes, that it signifies the restoration of parts to the

wholes from which they were derived. For in every order of things

there are pan, wpooioc, and nrwrpof*, i. e. permanency in, progression fro l,

and a return to causes.
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Farther still, if any triangular gnomon is multiplied by 3 and

unity is added to the product, the sum will be the gnomon of a

pentagon, as is evident from what is delivered in the I 3th chap

ter. And lastly, if any gnomon of a square, viz. if any one of

the numbers 1, 3, 5, 7, 9, &c. is multiplied by 3, and unity is

added to the product, the snm will be a pentagonal gnomon, as

we have before shown in the chapter on polygonous numbers.

Thus for instance,

3x1 and +1= 4 the 2d

3x3 and +1=10 tbe 4th

3x5 and +1=16 the 6th

3 x 7 and + 1=22 the 8th

pentagonal gnomon.

CHAPTER XV.

On the properties of the tetrad, pentad, and hexad.

Having already said so much about the tetrad in the chap

ter on its appellations, there remains but little more to observe

concerning it from the ancients ; Theo in the extract we have

given from him respecting the tetractys having nearly exhausted

the subject. I have therefore only to add farther, that the

square of this number has a space equal to the length of the

sides. For the sides are 4 in number, each of which is 4, and

the square of it is 16. It is also produced as well by the addi

tion of 2 to itself, as by the multiplication of 2 into itself, and

on both these accounts, as we are informed by Camerarius, and

as we have before observed, it was called by the Pythagoreans

justice ; the essence of justice consisting in equality. I have

also found that if 4 multiplies any one of the series of squares

1, 4, 9, 16, 25, Sec. and unity is added to the product, ihe sum

will be an hexagonal gnomon. For,
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i 4x1 and +1= 5 the 2d "1

4x4 and +1=17 the 5th ^hexagonal gnomon.

4x9 and +1=37 the 10th 3

&c.

Likewise, that if 4 multiplies any gnomon of a square, and

unity is added to the product the sum will be also an hexagonal

gnomon. For,

4x1 and +1— 5 the 2d "J

4x3 and +1=13 the 4th >hexagonal gnomon.

4x5 and + 1=21 the 6th J

&c.

And again, that if 4 multiplies any pentagon, and unity is added

to the product the sum will likewise be an hexagonal gnomon.

Thus,

4x 1 and + 1= 5 the 2d -)

4x 5 and +1=21 the 6th f- ,
4x 12 and +1=49 the 13th ^hexagonal gnomon.

4x22 and +1=89 the 23d *

&c.

Farther still, that if 4 multiplies any gnomon of a pentagon, and

unity is added to the product, the sum will also be an hexagonal

gnomon. For,

4x 1 and +1= 5 the 2d ")

4x 4 and +1=17 the 5th f- ,
4x 7 and +1=29 the 8th {hexagonal gnomon.

4x10 and +1=41 the 11th -J

&c.

Again, if 4 multiplies any triangular number, and unity is added

to the product, the sum will be an hexagonal gnomon. For,

4x 1 and +1= 5 the 2d )

4x 3 and +1=13 the 4th f- ,
4x 6 and +1=25 the 7th {hexagonal gnomon.

4x10 and +1=41 the 11th*

&c.

And in the last place, if 4 multiplies any one of the numbers in

a natural series 1, 2, 3, 4, 5, &c. and unity is added to the pro

duct, the sum will likewise be an hexagonal gnomon, as is evi

dent from what is delivered at the end of the 13th chapter.
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With respect to the pentad, in the first place, as !Martianus

Capella observes, whether it is associated with other odd num

bers, or with those of its own kind, it always presents itself to

the view. Thus 5 x 5=25 ; 3x5=15 ; 7 x 5=35 ; and 9x5

=45 ; in all which products the terminating figure is 5. He

adds, " There are five zones of the earth. In man also there

are five senses. And there are five species of inhabitants of the

earth, viz. men, quadrupeds, reptiles, flying and swimming ani

mals." There are likewise five descending (xaT«<pogai) meteors;

viz. snow, dew, hail, rain, and frost. And there are as many

ascending (ava$opai) from the earth and water; viz. vapour,

smoke, clouds, mists, and the wind called typhon, or a whirl

wind.

Again, from what I have shown in the 13th chapter, it is evi

dent that if 5 multiplies any quadrangular pyramid, and unity is

added to the product, the sum will be an heptagonal gnomon.

From what is there shown also it follows, that if 5 multiplies

any triangular gnomon, and unity is added to the product, the

sum will be an heptagonal gnomon. For,

5x1 and +1= 6 the 2d -\

5x2 and +1=11 the 3d #

5x3 and +1=16 the 4th sheptagonal gnomon.

5x4 and +1=21 the 5th 4

5x5 and +1=26 the 6th J

Farther still, I have found that if 5 multiplies any hexagonal

gnomon, and unity is added to the product the sum will also be

an heptagonal gnomon. For,

For,

 

&c.

&c.
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5x 1 and +1= 6 the 2d

5x 5 and +1=26 the 6th

5x9 and +1=46 the 10th

5x13 and +1=66 the 14th

&c.

Likewise, if 5 multiplies any hexagon, and unity is added to the

product, the sum will be an heptagonal gnomon. Thus,

5x 1 and +1= 6 the 2d ~l

5x 6 and +1=31 the 7th /heptagonal gnomon.

5x15 and +1=76 the 16th J

&c.

Again, if 5 multiplies any one of the squares 1, 4, 9, 16, &c.

and unity is added to the product the sum will also be an hepta

gonal gnomon. For,

5x1 and +1= 6 the 2d "1

5x4 and +1=21 the 5th Mieptagonal gnomon.

5x9 and +1=46 the 10th J

&c.

And in the last place, if 5 multiplies any gnomon of a square,

and unity is added to the product, the sum will be an hepta

gonal gnomon. For,

5x1 and +1= 6 the 2d } -

5x3 and +1=16 the 4th > heptagonal gnomon.

5x5 and +1=26 the 6th >

&c.

With respect to the hexad, it is the first perfect number in

energy, being equal to the sum of its parts. Hence, it after a

manner comprehends in itself 3 which is prior to it, and is re

markable also for its perfection. For 2+2 +2=6. The sum

likewise of any three numbers that surpass each other by unity,

may be divided by 3 or 6. The area also of the first rectangu

lar triangle whose sides are commensurable is 6, as will be

shown in the next chapter, On the hebdomad. For the sides of

this triangle are 3, 4, and 5 ; by which numbers the Pythago

reans demonstrate as follows among other things, that the off

spring of nine and seven months are vital, but not those of eight

heptagonal gnomon.
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months. If 4 is multiplied by 5 the product is 20. Five also

multiplied by itself is 25. The sum of these two numbers

added together is 45 ; which sum being multiplied by the num

ber of the space 6, produces 270. This number, if it is consi

dered as so many days, and is reduced to months by dividing it

by 30, will give 9 months. Again, if 5 is multiplied by 4 the

product is 20, and the product of 5 by 3 is 15. But the sum

of these two is 35 ; which sum multiplied by 6 the number of

the triangular area produces 210. This number also being con

sidered as so many days, and divided by 30, will be reduced to

7 months.1 Farther still, if 5 is multiplied by 3 the product is

15 ; and 5 multiplied by itself is 25. The sum of these two is

40 ; and this multiplied by 6 is 240. But this divided by 30

will be reduced to 8 months, when the number 240 is consi

dered as days. The offspring however of 8 months are not

vital, because 8 consists of the two odd numbers 5 and 3, which

have a masculine property.1 The male however by itself, or

the female by itself, is unable to generate. But in the numbers

9 and 7, the odd and the even are mingled together, viz. the

male and the female. For 5+4=9, and 4 + 3=7 -3 The hexad

1 It may also be shown as follows, that the times of a vital birth de

pend on the hexad. Let 6 and 12 be taken, which are in a duple ratio,

and let there also be assumed the two harmonic media 8 and 9. The

sum of these four numbers is 35, which multiplied by 6 produces 210, th«

time of seven months. Again, let 6 and 18 be taken, which are in a

triple ratio, and let the two harmonic media likewise, 9 and 12, be as

sumed. The sum of these four is 45, which multiplied by 6 exhibits the

sum of 270 days, the time of nine months.

1 Any two numbers likewise of which 8 consists, are either both of

them odd, or both of them even. Thus 1 and 7, and 5 and 3 are both of

them odd ; but 2 and 6, and 4 and 4, are both of them even.

3 In like manner of any two numbers of which 9 and 7 consist, one is

odd and the other even. Thus 1+8=9, 2+7=9, 3+6=9, and 4+5=9.

And again 1+6=7, 2+5=7, and 3+4=7.
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likewise is a certain foundation or root of arithmetical propor

tion. For the least numbers in which arithmetical proportion

consists are 1, 2, 3, and the sum of these is 6.

The hexad also in the same manner as the pentad, always re

stores itself in the multiplication of itself by itself, but unlike

the pentad it has not the same number always preceding. Thus

for instance in all the multiplications of 5 into itself, 2 always

precedes the last number. Thus 5 multiplied into itself as far

as to the 5th power, produces the series 5, 25, 125, 625, 3125.

And so in other instances ad infinitum. But 6 in the multipli

cations of itself by itself, always has either 1, or 3, or 5, or 7,

or 9, viz. it always has some one of the odd numbers within the

decad preceding the last term, as is evident in the following

series 6, 36, 216, 1296, 7776, 46656.

According to the Pythagoreans likewise, after 216 years,

which number is the cube of 6, there is a regeneration of things ;

and this is the periodic time of the metempsychosis.

In the hexad too, as Theo of Smyrna observes, the harmonic

medium first consists. For the sesquitertian of it, viz. 8, being

assumed, and also the double of it 12, the numbers 6, 8, and

12, will be in harmonic proportion ; for as 6 is to 12 so is the

difference between 8 and 6, to the difference between 8 and 1 2,

viz. so is 2 to 4. If likewise, the sesquialter of it 9 is assumed,

and the double of it 1 2, the numbers 6, 9, and 12, will be in arith

metical proportion. And if the half of it is taken, and afterwards

the double, the numbers 3, 6, and 12, will be in geometrical

proportion. The four numbers themselves likewise, 6, 8, 9,

and 12, are in geometrical proportion ; for 6 x 12=72=:8 x 9.

The hexad also, says Martianus Capella, is the first number that

generates harmonies. For 6 to 12 is the symphony diapason;

6 to 9 is the symphony diapente ; and 6 to 8 is the symphony

diatessaron. He adds, " The hexad likewise associated with
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the square and solid quaternary, i. e. with 4, measures the hours

of the day and night ; for 6x4=24."

Farther still, from what I have shown in the 13th chapter, it

is evident that if 6 multiplies any triangular gnomon, and unity

is added to the product, the sum will be an octagonal gnomon.

And I have also found that if 6 multiplies any heptangular gno

mon, and unity is added to the product, the sum will be an

octangular gnomon. For,

6x 1 and +1= 7 the 2d

6x 6 and +1=37 the 7th

6x11 arid +1=67 the 12th

6x16 and +1=97 the 17th

&c.

And by a similar process with the squares 1, 4, 9, 16, &c. the

gnomons of squares 1 , 3, 5, 7, &c. and the heptagons 1,7, 18,

&c. octangular gnomons will be produced. For,

6x1 and +1= 7 the 2d j
6x4 and +1=25 the 5th > octangular gnomon. ■

6x9 and +1=55 the 10th J

&c.

6x1 and +1= 7 the 2d j

6x3 and +1=19 the 4th > octangular gnomon.

6x5 and +1=31 the 6th 3

&c.

6x 1 and +1= 7 the 2d ^

6x 7 and +1= 43 the 8th \ octangular gnomon.

6x18 and +1=109 the 19th J

ice.

CHAPTER XVI.

On the properties of the hebdomad.

The hebdomad possesses many admirable properties, and is

of a venerable nature as its name implies. Concerning these

properties much has been transmitted to us by the ancients, but

they have been discussed by none so copiously as by Philo the

octangular gnomon.
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Jew, who in his treatise De Mundi Opificio, has written the

following eulogium on this number :

*' I know not whether any one can sufficiently celebrate the

nature of the hebdomad, which is too excellent to be described

t>y the power of words ; yet it is not proper to be silent though

■what is said about it is of the most wonderful nature, but we

should endeavour, if we cannot relate all and its most principal

excellencies, to render manifest at least such of its properties as

are accessible by our reasoning power. The hebdomad then, is

spoken of in a twofold respect ; one indeed, subsisting within

the decad, which is seven times measured by the monad alone,

and consists of seven monads ; but the other is external to the

decad, of which the principle is entirely the monad, according

to double, or triple, or in short, analogous numbers ; and such

are the numbers 64 and 729 ; the former indeed increasing by

a duplication from unity, but the other by a triplication. Each

species however ought not to be negligently considered. The

second species indeed, has a most manifest prerogative. For

the hebdomad which is compounded from double, or triple, or

analogous numbers from the monad, is both a cube and a

square, comprehending both species, viz. of the incorporeal and

corporeal essence ; the species of the incorporeal indeed, accord

ing to the superficies which is formed by squares ; but of the

corporeal according to the other dimension (depth) which is

formed by cubes. But the credibility of what is said is most

manifest in the above mentioned numbers. For the hebdomad

64 which is immediately increased from unity in a duple ratio,

is a square produced by the multiplication of 8 by 8 ; and it is

also a cube, the side or root of which is 4. And again, the

hebdomad which is increased in a triple ratio from the monad,

viz. 729, is a square indeed, formed by the multiplication of 27
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by itself, and is also a cube, the side of which is 9.' B_y a/ways

making too a hebdomad the principle instead of the monad,

and increasing according to the same analogy as far as to the

hebdomad, you will always find that the increased number is

both a square and a cube. The hebdomad therefore com

pounded in a duple ratio from G4, will be 40Q6,* which is both

a square and a cube ; a squate indeed, having for its side 64 ;

but a cube, the side of which is 16.

Let us now pass to the other species of the hebdomad which

is comprehended in the decad, and which exhibits an admirable

nature no less than the former hebdomad. This therefore is

composed of one, two and four, which possess two most har

monic ratios, the duple and the quadruple ; the former of which

forms the symphony diapason, and the latter the symphony dis-

diapason. This hebdomad aho comprehends other divisions,

consisting after a manner of certain conjugations. For it is in

the first place indeed, divided into the monad and hexad, after

wards into the duad and pentad, and lastly into the triad and

tetrad. But this analogy or proportion of numbers is also most

musical. For 6 has to 1 a sextuple ratio ; and the sextuple

ratio produces the greatest interval in tones, by which the most

sharp is distant from the flattest sound, as we shall demonstrate

when we make a transition from numbers to harmonies. Again,

the ratio of 5 to 2 exhibits the greatest power in harmony,

nearly possessing an equal power with the diapason, as is most

clearly exhibited in the harmonic canon. But the ratio of 4 to

3 forms the first harmony the sesquitertian, which is diatessarou.

1 Thus 1x2x2x2x2x2x2=64; and 1x3x3x3x3x3x3=72!).

1 For 64x2x2x2x2x2x2=4096. And thus also the hebdomad

compounded in a triple ratio from 64 will be 46656, which is both a

square and a cube ; for the square root of it is 216, and the cube root is

36!
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Another beauty likewise of this hebdomad presents itself to

the view, and which is to be considered as most sacred. For >

since it consists of the tiiad and the tetrad, it exhibits that which

is undiverging and naturally in a direct line in things. And it

must be shown after what manner this is effected. The rectan

gular triangle which is the principle of qualities, consists of the

numbers 8, 4 and .5.1 But 3 and 4 which are the essence of

this hebdomad, form the right angle. For the obtuse and the

acute exhibit the anomalous, the irregular and the unequal;

since they admit of the more and the less. But the right angle

does not admit of comparison, nor is one right angle more right

than another, but it remains in the similar, and never changes its

proper nature. If however the right angled triangle is the prin

ciple of figures and qualities ; but the essence of the hebdomad

3 and 4 necessarily impart the right angle, this hebdomad may

justly be considered as the fountain of every figure and of every

quality. To what has been said- also, it may be properly added,'

that 3. is the number of a plane figure, since a point is arranged'

according to the monad, but a line according to the duad, and a

1 Viz. The first rectangular triangle whose sides are commensurable

consists of the numbers 3, 4, and 5. For the area of such a triangle is 6,'

3x4

being equal to half the product of the two sides 3 and 4, i. e. to

2.

But the sides of any rectangular triangle, whose area is less than 6, will

be incommensurable. Thus, if 5 is the area of a rectangular triangle, it

2x5 1x10

will be equal to or to Hence the two least sides will be

2 1.

either 2 and 5, or 1 and 10; and the hypothenuse will either be 2 <</ 29,

or 2 >/ 1C>1, each of which is incommensurable. This also will be the

case if the area is 4, or 3, or 2. And as the commensurable is naturally.

prior to the incommensurable, the rectangular triangle, whose sides are 3,

4, and 5, will be the principle of the rest. Hence too, it is evident why

3 and 4 form the right angle.

Theor. Jr. P
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superficies according to the triad. But 4 is the number of a

solid, by the addition of unity giving depth to superficies.

Hence it is manifest, that the essence of the hebdomad is the

principle o-f geometry and stereometry : and in short, it is the

principle of incorporeal and corporeal natures.

There is also naturally so much of what is adapted to sacred

concerns in the hebdomad, that it has a pre-eminence with refe

rence to all the numbers that are within the decad. For of

these some beget, not being themselves begotten ; but others are

begotten indeed. but do not beget ; and others both beget and

are begotten. The hebdomad however alone is beheld in no

part of these ; which may be confirmed by demonstration as

follows : Unity therefore generates all the numbers that are pos

terior to it, but is by no means generated by any number.

Eight is indeed generated by twice four, but generates no num

ber within the decad. Again, 4 ranks among those natures that

both beget and are begotten. For it generates H by being mul

tiplied by 2, and is generated by twice two. But 7 alone, as I

have said, is neither naturally adapted to generate, nor to be

generated. Hence other philosophers indeed assimilate this

number to Victory, who is motherless and a virgin, and who is

said to have sprung to light from the head of Jupiter. But the

Pythagoreans assimilate it to the leader and ruler of all things.

For that which neither generates nor is generated, remains im

moveable ; for generation subsists in motion, since that also

which is generated is not without motion. For that which

generates is in motion, in order that it may generate, and also

that which is generated, in order that it may be generated. But

the most ancient principle and leader of things, of whom the

hebdomad may appropriately be said to be the image, alone

neither moves nor is moved. Philolaus bears testimony to the

truth of what I say in the following words : " God," says he,
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" is the leader and ruler of all things, being always one, stable,

immoveable, himself similar to himself, and different from other

things." In intelligibles therefore, the hebdomad exhibits the

immoveable and the impassive ; but in sensibles it evinces a

mighty and most connective power, by which and by the periods

of the nijon, all terrestrial things are naturally adapted to be

benefited. The manner however in which this is effected must

be considered.

The number 7 being added to unity, and the numbers that

follow it, generates 28, a perfect number, and equal to its parts.1

But the number thus generated is apocataslatic of the moon, i. e.

has the power of restoring it to its pristine state, at the time in

which the moon begins to receive a sensible increase of its

figure, and to which by decreasing it returns. It increases in

deed, from the first lunarform illumination till it is bisected,

during seven days. Afterwards, in the same number of days it

becomes full-oibed. And again, running back as it were from

the goal through the same path, from being full-orbed, it be

comes again bisected in seven days, and from this, in the same

number of days it acquires its first form, and thus gives comple

tion to the number 28.

The hebdomad also js called by those who employ names

properly telesphoros, or the perfector, because all things acquire

perfection through this number. The truth of this however,

may be inferred from every organic body employing three inter

vals or dimensions, i. e. length, breadth and depth, and four

boundaries, a point, a line, a superficies, and a solid, from the

composition of which the hebdomad is formed. It would how

ever be impossible for bodies to be measured by the hebdomad,

according to the composition of three dimensions and four boun-

1 For 1+2+3+4+5+6+7=28.
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daries, unless it happened that the ideas of the first numbers,

viz. of one, two, three and four, in which the decad is founded,

comprehended the nature of the hebdomad. For these num

bers have indeed four boundaries, the first, the second, the

third, and the fourth ; but three intervals ; the first interval be

ing from 1 to 2, the second from 2 to 3, and the third from 3

to 4. Independent also of these things, the ages from infancy

to old age, most clearly exhibit the perfective power of the heb

domad, since they are measured by it. In the first seven years

therefore, the teeth shoot forth. In the second is the time in

which there is an ability of emitting prolific seed. In the third

there is an increase of the beard. And in the fourth there is an

accession of strength. The season of marriage is in the fifth.

But in the sixth is the acme of intelligence. In the seventh

there is an amelioration and an increase both of intellect and

reason. But in the eighth, perfection in each. In the ninth

there is equity and mildness, the passions for the most part be

coming gentle. And in the tenth age, is the desirable end of

life, the organic parts being still entire. For extreme old age

is wont to supplant and afflict. Solon also the Athenian legis

lator, enumerates human life by the above mentioned hebdo

mads. But Hippocrates the physician says there are seven ages,

viz. of the infant, the child, the lad, the young man, the man,

the elderly man, and the old man ; and these are measured by

hebdomads, but do not extend beyond seven. His words how

ever are as follow : " In the nature of man there are seven

seasons, which they call ages, the infant, the child, the lad, &c.

And infancy indeed continues to the shedding of the teeth ; but

the child, to the generation of the seed which extends to twice

seven years. The lad continues till the beard becomes rough

with hairs ; but the young man, as far as to the increase of the

whole body, which extends to four times seven years. The
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man continues as far as to fifty years wanting one, i. e. to seven

times seven years ; but the elderly man as far as to fifty-six

years, i. e. to seven times eight years. And all the years that

follow this pertain to the old man."

It is also said with respect to the peculiar composition of the

hebdomad, as having an admirable order in its nature, since it

consists of three and four, that the third number from the monad

in a duple ratio is a square, but the fourth number in the same

ratio is a cube, and that the seventh is a cube and at the same

time a square.1 Hence the seventh number is truly perfective-,

announcing both equalities, the superficial through a square,

according to an alliaucc with the triad, and the solid through a

cube, according to an alliance with the tetrad. But the hebdo

mad consists of the triad and the tetrad. The hebdomad how

ever is not only perfective, but, as 1 may say, is most harmonic,

and after a certain manner is the fountain of the most beautiful

diagram which comprehends all harmonics, i. e. the diatessaron,

the diapente, and the diapason ; and likewise all analogies, viz.

the arithmetical, the geometrical, and besides these, the harmo

nic. But the plinthion 1 consists of the numbers 6', 8, 9, and

12. And 8 is indeed to 6 in a sesquitertian ratio, according to

which the harmony diatessaron subsists. But 9 is to 6 in a

sesquialter ratio, according to which the harmony diapente sub

sists. And 12 is to 6 in a duple ratio, which forms the harmony

diapason. It contains likewise, as I have said, all analogies j

the arithmeticalindeed, in the numbers 6, 9, and 12; for as

1 Thus in the numbers 1, 2, 4, 8, 16, 32, 64, which are in a duple ratio,

4 is a square, 8 is a cube, and 64 is both a square and a cube. Thus also

in the numbers 1,3, 9, 27, 81, 24S, 729, which are in a triple ratio, 9 is a

square, 27 a cube, and 729 is both a square and a cube. And this will

also (>e the case with numbers iu a quadruple, quintuple,- &c. ratio.

1 See chap. 32, of the 2d book.
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the middle number surpasses the first by 3, it is also surpassed

by the last number by 3. But it contains the geometrical ana

logy in the four numbers (>, 8, 9, and 12. For as 8 is to 6, so

is 12 to 9 ; the ratio being sesquitertian. And it contains the

harmonic analogy in the three numbers (), 8, and 12. There is

however a twofold criterion of harmonic analogy ; one indeed,

when as is the last term to the first, so is the difference between

the last and middle, to the difference between the middle and

first term. Of this, the most evident credibility may be derived

from the proposed numbers 6, 8, and 12. For the last is double

of the first term ; and 12 exceeds 8 by 4, and S exceeds 6 by 2.

But 12 : 6:: 4 : 2. The other criterion however of harmonic

analogy is, when the middle term by an equal part surpasses

and is surpassed by the extremes. For 8 being the middle term,

surpasses the first by a third part of the first term ; for 8—6=2

the' third part of 6 ; but it is surpassed by the last term by an

equal part of the last ; for 12—8= 4, which is the third of 12.

These things indeed necessarily thus subsist with respect to the

venerable nature of this diagram, whether it may be proper to

call it plinthion, or to give it some other appellation. So many

ideas, and still more than these, does the hebdomad exhibit in

things incorporeal and intelligible.

But the nature of it likewise extends to every visible essence,

pervading through heaven and earth, which are the boundaries

of the universe. For what part of the world is there, which is

not enamoured of the hebdomad, being tamed by the love and

desire of it ? They say therefore, in the first place, that heaven

is begirt with seven circles, the names of which are, the arctic,

antarctic, the summer tropic, the winter tropic, the equinoctial,

the zodiac, and besides these, the galaxy. For the horizon be

longs to us ; according to the acuteuess of our vision, or the

contrary, our sensible perception being circumscribed by it in a
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greater or less degree. The planets indeed, an army proceed

ing in a course contrary to that of the fixed stars, being arranged

in seven orders, exhibit tin abundant sympathy with the air and

the earth. For these they vary by what are called the annual

seasons, producing infinite mutations in each of them, by serene

and- cloudy weather, and by violent storms of wiud. Again,

they cause rivers to overflow", and to be diminished, plains to

"become stagnant water, or on the contrary, to have a squalid

appearance. They likewise produce the mutations of the seal,

its fluxes and refluxes. For sometimes the gulfs of the sea

when it resounds through its reciprocations form profound

shores ; and a little after, the sea returning becomes most deep

and navigable not by bearing small burdens, but an innumerable

multitude of large ships. The planets likewise generating all

terrestrial animals, plants and fruits, increase and bring them to

perfection, preparing the nature in each to run its course ; so

that new flowers may succeed the old, and may arrive at their

acme ; in order to supply animals that are in want with an exu

berant abundance. Moreover, the bear which is said to be the

precursor of sailors consists of seven stars ; to which pilots

looking out through ten thousand paths in the sea, attempting a

thing incredible, and greater than human judgment could expect

.to accomplish. For by looking to the above mentioned stars as

leading lights, regions have been discovered unknown before,

islands indeed, by the inhabitants of the continent, and conti

nents by islanders. For it was necessary that the profound

recesses both of the earth and sea, should be unfolded by the

most pure essence of the heavens to the animal which is dear to

divinity.

In addition also to what has been said, the choir of the pleia-

des derives its completion from a hebdomad of stars, the risings

and occultatious of which become the causes of mighty goods to
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all things. For when these set furrows are cut for the purpose

of semination ; and when they are about to rise, they become

the joyful messengers of harvest. liut when they rise, they

excite the glad husbandmen to the collection of necessary

aliment ; who well pleased deposit the- food they 4iave collected

for diurnal use. The sun too, the leader of the day, by produ

cing two equinoxes in every year, in spring and in autumn ; the

vernal in Aru s, but the autumnal in Libra, procures the most

manifest credibility of divine majesty about the hebdomad.

For each of the equinoxes takes place in the seventh month, at

> which times the law orders the greatest and most public festi^

vals to be celebrated ; since in both these, the fruits of the

earth arrive at perfection ; in spring indeed, corn and other

seminations ; but in autumn the produce of the vine, and of

most other trees. Since also terrestrial are suspended from ce

lestial natures according to a certain physical sympathy, the

productive principle of the hebdomad originating supernal/y

descends as far as to us, that mortal genera may be partakers of

its advent.

Our soul also, the ruhng part excepted, is divided into seven

parts, viz. the five senses, the vocal organ, and the generative

power ; all which as in admirable machines, being drawn by

the ruling part as if by secret strings, at one time are at rest,

and at another time, in motion, and each according to appro

priate habitudes and motions. In a similar manner likewise, if

any one endeavours to explore the internal and external parts of

the body, he will find that in each of these there are seven.

The parts therefore, that are obvious are these, the head, the

breast, the belly, the two hands and the two feet. But the

internal parts which are called the viscera are, the stomach, the

- heart, the lungs, the spleen, the liver, and the two kidneys.

Again, the most ruling j art in the animal, the head, employs
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seven most necessary parts, two eyes, an equal number of ears,

two nostrils, and in the seventh place the mouth, through

which, as Plato says, there is an ingress of mortal, but an

egress of immortal natures. For meat and drink indeed enter

into it, which are the corruptible nutriment of the corruptible

body ; but from the reason of the immortal soul, there is an egress

of immortal laws, through which the rational life is governed,

The subjects also of the judicial power of the sight, the most

excellent of the senses participate according to genus of the

number seven. For there are seven things that are seen, body,

interval, magnitude, colour, motion, and permanency ; and

besides these, nothing else. It happens likewise, that all the

mutations of voice are seven, the acute, the grave, the circum

flex, in the fourth place, the rough, in the fifth, the smooth, in.

the sixth the long, and in the seventh the short sound.

Moreover, it happens that there are seven motions, the

upward, the downward, to the right hand, to the left hand,

before, behind, and the circular, which become in the highest

degree manifest from leaping. It is also said, that the secre

tions through the body are subject to this number. For tears

indeed are poured forth through the eyes; the purifications from

the head through the nostrils ; but the saliva which we eject,

through the mouth. There are also two evacuations for carrying

off superfluities ; the one before, but the other behind. The

sixth secretion, is the effusion of the sweat through the whole

body. And the seventh is the most natural emission of the

seed through the genitals. Again, the menstrual purgations in

women, are for the most part supplied in seven days ; and the

infant in the womb is naturally adapted to be animated in seven

months, as au event most paradoxical. For offspring that are bom

in the seventh month live ; but those that are born in the eighth

month for the most part die. Severe diseases of our body
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likewise, and especially when from the bad temperature of the

corporeal powers, we are afflicted with continued fevers, are

principally decided on the seventh day. For this day forms a

judgment of the contest about the soul, to some decreeing

safety, but to others death.

But the power of this number not only extends to the above

mentioned particulars, but also to the best of the sciences, to

grammar and music. For the lyre indeed consisting of seven

chords, analogous to the choir of the seven planets, produces

the most noble harmonies, and is nearly the leader of all instru

mental music. Among the elements also of the grammatical

art, the vowels truly so called are seven, since they are seen to

produce a sound from themselves, and when they are conjoined

with other letters, they form articulate sounds. For they sup

ply indeed, what is wanting in the semivowels, by furnishing

entire sounds ; but they turn and change the natures of the

mutes, by inspiring them with proper power, in order that

things which were before ineffable may become effable. Hence

those who first gave names to letters, as being wise men, appear

to me to have denominated this number eirra, from the venera

tion and inherent senctity pertaining to it, (am tou irsgt aurov <rs-

jSao-ju-ou, xstt tijj TrgocroucDjj <rejU.vim)TOf.) But the Romans adding

the letter o-, which is wanting in the Greek, more clearly exhibit

its origin, by calling it septem, from, as I have said, veneration

and sanctity."

Again, according to Herophilus, as we are informed by Theo

of Smyrna,1 the human intestine is 48 cubits long, i. e. four

times seven ; and 28 is a perfect number. The moon also is

said to impart from the etherial to the sublunary regions celestial

powers while she uses the tetrad and the hebdomad. The in-

1 Matheiuat. p. 162.
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crease likewise and decrease of things, and especially of such as

are humid, follow the phases of the moon. Hence, a Greek

poet cited by Baptista Camotius, in his Comment on the Me

taphysics of Theophrastus, says of the moon, " that when she

increases she augments, and when she decreases, injures all

things."

This number too is the shortest boundary of the birth of

children. And according to the Theban Hephaestion, the

longest boundary of the duration in the womb of those children

that are born in the tenth month is 288 days and 8 hours. The

mean duration is 273 days and 8 hours. And the shortest dura

tion is 258 days and 8 hours. But of those that are born in the

seventh month, the longest duration in the womb is 206 days

and 8 hours ; the least duration is 176 days and 8 hours ; and

the mean duration is 191 days and 8 hours. The ancient physi

cians likewise, as we learn from the anonymous writer, observe,

that seven hours prior to the birth the navel of the foetus is

spontaneously separated from the mother ; within which space

of time the foetus is ahlt- to support life, without receiving any

nutriment from the mother.1

Again, Plato, says Theo Smyrnaeus, following nature consti

tutes the soul from seven numbers. These numbers are 1, 2.

3, 4, 8, 9, 27, concerning the remarkable properties of which, I

refer the reader to Plutarch's treatise On the Generation of the

Soul according to Plato in the Tima?us.

Farther still, conformably to what I have shown in the pre

ceding numbers, if 7 multiplies a triangular gnomon, and unity

is added to the product, the sum will be an enneagonal gnomon.

For,

' Vid. Notas Bulliald. in Theon. Mathemat. p. 381.
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7x1 and +1= 0 the 9d

7x2 and +1=15 the 3d

7x3 and +1=22 the 4th

7x4 and +1=29 the 5ih

&c.

By a similar process likewise with octagons, with squares, with

pentagonal column- triang. pyramids, with square gnomons, and

with the gnomons of octangles, enneagonal gnomons will be

produced. Thus,

7x 1 and +1= 8 the 2d "1

7x 8 and +1= oT the 9ih s enneagonal gnomon.

7x21 and +1=148 the 22(1 )

&c.

7x 1 and +1= 8 the 2d "1

7x4 and +1=29 the 5th .enneagonal gnomoB.

7x9 and +1=01 the 10th *

&c.

7x1 and +1= 8 the 2d -,

7x 6 and +1= 43 the 7th enneagonal gnomon.

7X18 and +1=127 the 19th J

&c.

7x 1 and +1= 8 the 2d j

7x3 and +1=22 the 4th i enneagonal gnomon.

7x5 and +1=36 the 6th 3

&c.

7x 1 and +1= 8 the 2d y

7x7 and +1=50 the 8th ! enneagonal gnomon.

7 x 13 and + 1=92 the 14th 3

. &c.

CHAPTER XVII.

On the ogdoad, enpead, and decadf

The ogdoad, says Martianus Capella, is perfect, because it

is covered by the hexad ; 1 for every cube has six superficies.

> In my edition which is Lugd. 1619, the original is, " Perfectus item

qucd a septenarjo tegitur;" but instead of septtnario, it is evident it

should be senario.

enneagonal gnomon.
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Likewise it derives its completion from odd numbers in a fol

lowing order. For the first odd number is 3 and the second 5,

and 3 + 5 = 8. Thus also the cube which is formed from the

triad, viz. 27, is composed of three odd numbers in a follow

ing order, viz. of 7, 9, and 11. Thus too, the third cube which

is formed from the tetrad. viz. 64, derives its completion from

four odd numbers in a following order, viz. from 13, 15, 17,

19; for the sum of these is 64. And thus all cubes will be

found to consist of as many odd numbers as there are unities in

its root. Moreover, this octonary cube is the first of all cubes,

iu the same manner as the monad is the first of all numbers."

Thus far Capella.

Again, in the chapter On the properties of the monad, we

have shown from Plutarch that if 8 multiplies any triangular

number, and unity is added to the product, the sum will be a

square number. And we have also shown that if the triple of

S, i. e. 24, multiplies any pentagonal number, and unity is added

to the product, the sum will also be a square.

Farther still, conformably to what we have shown of the

former numbers within the decad, if 8 multiplies any triangular

or enneangular gnomon, or any gnomon of a square, or any

square, or first hexangular pyramid, or any eiuieagon, and unity

is added to the product, the sum will be a decagonal gnomon.

For,

8x1 and +1= 9 the 2d j

8x2 and +1=17 the 3d J decagonal gnomon.

8x3 and +1=25 the 4th J

&c.

8x 1 and +1= 9 the 2d }

8x 8 and +1= 65 the 9th J decagonal gnomon.

8x15 and +1=121 the I6th>

&c.
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fix 1 and +1= 9 the 2d j

8x3 and + 1=25 the 4th I decagonal gnomon.

8x5 and +1=41 the Oth *

&c.

8x1 and +1= 9 the 2d ^

8x4 and + 1=33 the 5th [ decagonal gnomon.

8x9 and +1=73 the 10th >

&c.

8xl and +1= 9 the 2d j

8x 7 and +1= 57 the 8th I decagonal gnomon.

8x22 and +1=177 the 23d >

cVc.

8x1 and +1= 9 the 2d j

8x 9 and +1= 73 the 10th > decagonal gnomon.

8x21 and +1=193 the 25th J

&c.

With respect to the properties of the ennead, in the first

place it consists of the three numbers 2, S, and 4, which are in

a natural order, and iu which the ratios of symphonies are con

tained. For the ratio of 4 to 3 is sesquitertian, and forms the

symphony diatessaron. The ratio of 3 to 2 is sesquialter, and

forms the symphony diapente. And the ratio of 4 to 2 is duple,

in which the diapason consists.

Again, if 9 multiplies any triangular, square, or decagonal

gnomon, or any square or decagon, and unity is added to the

product, the sum will be an endecagonal gnomon. For,

9x1 and +1=10 the 2d ^

9x2 and +1=19 the 3d > endecagonal gnomon.

9x3 and +1=28 the 4th )

&c.

9x1 and +1=10 the 2d j

9x3 and +1=28 the 4th > endecagonal gnomon.

9x5 and +1=46 the Gth >

&c.

9 x 1 and + 1= 10 the 2d ^

9x9 and +1= 82 the 10th > endecagonal gnomon.

9x17 and +1=154 the 18th'

&c.

«



239

9x1 and +1=10 the 2(1 ^

9x4 and + 1=37 the 5th ? endecagonal gnomon.

9x9 and +1=82 the 10th 3

&c.

i

!)x 1 and +1= 10 the 2d »

9x 10 and +1= 91 the 11th ; endecagonal gnomon.

9x27 and + 1E244 the 28th 3

&c.

In the next place, with-respect to the properties of the decad,

it must be observed, that though the monad is the form of all

arithmetical forms, yet it is chiefly the form of the decad. For

what the monad is simply to all the series of numbers, that the

decad is to the following hundreds, thousands, and millions ;

whence according to a secondary progression, it is denominated

unity. -Again, as this number is the ultimate perfection of be

ings, it contains all things in its omniform nature. For all pro

portion subsists within this number ; the arithmetical ill a natu

ral progression of numbers from unity ; the geometrical in the

numbers 1, 2, 4, and 1, 3, 9 ; and the harmonical in the num

bers 2, 3, 6y and 3, 4, 6.

Again, it will be found that if 10 multiplies any gnomon of a

triangle, square, or endecagon, or any square, or endecagon, and

unity is added to the product the sum will always be a duode-

cagonal gnomon. For,

10x1 and +1=11 the 2d "1

10x2 and +1=21 the 3d >duodecagonal gnomon.

10x3 and +1=31 the 4th J

10x1 and +1=11 the 2d )

10x3 and +1=31 the 4th £ duodccagonal gnomon.

10x5 and +1=51 the 6th S

&c,

lOx 1 and +1= 11 the 2d "J

10x10 and +1=101 the 11th > duodecagonal gnomon.

10x19 and +1=191 the 20th)

&c.
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JOxl and +1=11 the 2d ">

10x4 and 4-1=41 the 5th Jduodecagonal gnomon.

10x9 and +1=91 the 10th f

&c.

10x 1 and +1= 11 the 2d "1

10x11 and +1=111 the 12th ^duodecagonal gnomon.

10x30 and +1=301 the 31st J

&c.

CHAPTER XVIII.

Additional observations on numbers.

The Pythagoreans, says Plutarch, in his treatise On Isis and

Osiris, adorned numbers and figures with the appellations of

the Gods. For they called indeed an equilateral triangle Mi

nerva Coryphagenes, (or born from the summit) and Tritoge-

neia, because it is divided by three perpendiculars drawn from

the three angles. But they called unity or the one, Apollo, be

ing persuaded to give it this appellation for an obvious reason,

(i. e. because Apollo signifies a privation of multitude, and from

the simplicity of the monad. 1 ) They also denominated the

duad, strife and audacity; but the triad, justice. For since

injuring and being injured, subsist according to excess and de

fect, justice through equality obtains a middle situation. But

what is called the tetractys, being the number 36, was according

to common report the greatest oath among them, and was deno-

1 Tn the original teiSouto ifofaim, xat jmxororoi; fxoi«3o;, which is evi

dently eironeous and unintelligible, owing to the word Sw^mum;. Hence

Baxter, not being able to correct this passage, does not attempt to trans

late it, but merely says, " he restores it to the margin whence it was

taken." The whole however will be intelligible, if for huXtmtis we read,

as in the above translation, air\iT*fi ti;.
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minated the world, in consequence of being composed of the

first four even, and the first four odd numbers.1

Again, in the same treatise he says, " It is fabled by the

Egyptians that the death of Osiris happened on the 17th day of

the month, at which time it is especially evident that the moon

is at the full. Hence the Pythagoreans call this day anii-

phraxis, obstruction, or opposition, and utterly abominate this

number. For 17 falling as a middle number, between the

square 16, and 18 an oblong number, (which are the only plain

numbers that have their ambits equal to the spaces contained

by the ambits) it opposes and disjoins them from each other,

and being divided into unequal portions forms the sesquioctave

ratio ;" [viz. by a division into 9 and 8.]

But that the ambits of these two numbers 16 and 18 are

equal to their areas is evident. For 1 6 is a square each side of

which is 4, and the number of the sides is 4. And 18 may be

'conceived to be a parallelogram the four sides of which are 6,

6, 3, 3, the sum of which is 18.

It Is observed by Martianus Capella, that if the number 5

either multiplies itself, or any odd number, the product always

ends in 5. And 1 have observed of 6, which when multiplied by

itself always ends in 6, that If it multiplies an even number, the

product will always end in that even number itself, which it

multiplies, or the final number of it. Thus 2x6=12; 4x6

=24; 6x6=36; 8x6=48; 10x6=60; 12x6=72; 14

x6=84; 16x6=96; 18x6=108, &c. And this shows the

superiority of the odd to the even number. For 5 vanquishes

1 Baxter, who is always a bad translator and critic where philosophy

and science are concerned, absurdly translates what is here said by Plu

tarch of the number 36, as follows, " Because it is made up of the even

number 4, and of four odd numbers summed up together." And then

adds in a note, " i. e. four times 9."

Theor. Ar. Q
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the odd number which it multiplies, by causing it to terminate

in itself ; but 6 is vanquished by the even number which k-

multiplies, and terminates in it.

Jamblichus in his Commentary on the Arithmetic of Nico-

machus, p. 47, observes of the number 6, " that besides being

a perfect number, it is the first evenly-odd number, and the first

of the numbers that are longer in the other part. He adds,

that it was called marriage by the Pythagoreans, because the.

first conjunction of the male and female subsists from mixture *

according to this number. In consequence also of the entireness

and symmetry' which it contains, they called it health and

beauty."

The following properties of 6 and 8 are remarkable, and have

I believe escaped the notice of both ancient and modern ma

thematicians. They respect the formation of squares by the

continual addition of these numbers to themselves, together with

unity.

Thus for instance 1 +6+6+6+6=25, i. e. l+tTx4=25,

and 25+6x76=121, 121 +b x 28= 289, and 289 + 6x40=

529. And so of the rest. That is, 1 added to four times 6 i«

equal to 25 ; this added to 16 times 6 is equal to 121 ; and 121

added to 28 times 6 is equal to 289, &c. In which it is ob

servable, that the square roots of the numbers thus produced

differ from each other by 6. For the roots are 5, 11, 17, ^3,

&c. Bat the difference of the multiplying numbers is always

12. Thus the first multiplier is 4, the second 16, the third 28,

and die fourth 40, the difference between each of which is 12.

. 1 In the original xaTapajiiuj, but it should evidently be as in my trans

lation *a.<T*KMttriws. Tenellius, from not seeing this error, has made non

sense of the passage. For his translation is : " Item connubivm vocari a

JJythagoaeis, quia per se primum fit conjunctio maris et feminse ex can-

iktu." -.. -. ->
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Again, with respect to 8, 1 +8=9+8 x 2=25, +8 x 3=49*

+ 8x4=81, +«x5=121, +8x6=169. Here the roots of

the squares are the odd numbers 3, 5, 7, 9, 11» 13, &c which

differ from each other by 2 j and the multiplying numbers are

2, 3, 4, by 6, &c.

1 +4+4, &c. will likewise produce the same square numbers

as 1+8 + 8, &c.



ADDITIONAL NOTES.

P. 3. The motion of the stars likewise is celebrated as being accompanied

with harmonic modulations.—" The Pythagoreans," says Simplicius, in

his Commentary on tHe 2d book of Aristotle's treatise On the Heavens,

" said, that an harmonic sound was produced from the motion of the

celestial bodies, and they scientifically collected this from the analogy of

their intervals; since not only the ratios of the sun and moon, of Venus

and Mercury, but also of the other stars, were discovered by them.'1

Simplicius adds. " Perhaps the objection of Aristotle to this assertion of

the Pythagoreans, may be solved according to the philosophy of those

men, as follows : All things are not commensurate with each other, nor

is every thing sensible to every thing, even in the sublunary region. This

is evident from dogs who scent animals at a great distance, and which

are not smelt by men. How much more, therefore, in things which are

separated by so great an interval as those which are incorruptible from

the corruptible, and celestial from terrestrial natures, is it true to say,

that the sound of divine bodies is not audible by terrestrial ears ? But if

any one like Pythagoras, who is reported to have heard this harmony,

should have his terrestrial body exempt from him, and his luminous and

* The soul has three vehicles, one etherial, another aerial, and the third

this terrestrial body. The first which is luminous and celestial is connate

with the essence of the soul, and in which alone it resides in a state of bliss in

the stars. In the second it suffers the punishment of its sius after death.

And from the third it becomes an inhabitant of earth.
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celestial vehicle,1 and the senses which it contains purified, either

through a good allotment, or through probity of life, or through a per

fection arising from sacred operations, such a one will perceive thing*

invisible to others, and will hear things inaudible by others. With re

spect to divine and immaterial bodies however, if any sound is produced

by them, it is neither percussive nor destructive, but it excites the powers

and energies of sublunary sounds, and perfects the sense which is co

ordinate with them. It has also a certain analogy to the sound which

concurs with the motion of terrestrial bodies. But the sound which is

with us in consequence of the sonorific nature of the air, is a certain

energy of the motion of their impassive sound. If then air is notpassive

there, it is evident that neither will the sound which is there be passive.

Pythagoras however, seems to have said that he heard the celestial har

mony, as understanding the harmonic proportions in numbers, of the

heavenly bodies, and that which is audible in them. Some one however

may very properly doubt why the stars are seen by our visive sense, but

the sound of them is not heard by our ears ? To this we reply that nei

ther do we see the stars themselves ; for we do not see their magnitudes,

or their figures, or their surpassing beauty. Neither do we see the mo

tion through which the sound is produced ; but we see as it were such an

-illumination of them, as that of the light of the sun about the earth, the

sun himself not being seen by us. Perhaps too, neither will it be won

derful, that the visive sense, as being more immaterial, subsisting rather

according to energy than according to passion, and very much transcend

ing the other senses, should be thought worthy to receive the splendour

and illumination of the celestial bodies, but that the other senses should

not be adapted for this purpose. Of these however, and such like parti

culars, if any one can assign more probable causes, let him be considered

as a friend, and not as an enemy."

P. 3. And it cannot be doubted that arithmetic naturally surpasses astro

nomy, since it appears to be more ancient than geometry and music, which are

prior to it.—This also was the opinion of the Pythagoreans, whose doc

trine concerning the diyision of these four mathematical sciences was,

according to Proclus in his Commentary on Euclid, p. 10, as follows :

" The Pythagoreans gave a fourfold division to the whole mathematical



246"

science, attributing one of its parts to the hutc-many, but the other to th*

haa-much. They also gave to each of these parts a twofold division.

For they said that discrete quantity, or the how-many, either has a sub

sistence by itself, or is surveyed according to habitude to something else.

And that continued quantity, or the how-much, is either stable, or in

motion. They likewise said that arithmetic surveys the discrete quan

tity which subsists by itself, but music that which subsists with reference

to something else. And that geometry considers the continued quantity

which is immoveable, but spherics (or astronomy) that which is of itself>

or essentially, moveable. They affirmed besides, that discrete and con

tinued quantity, did not consider either magnitude or multitude simply,

but that which in each of these is definite. For sciences alone speculate)

the definite, rejecting as vain the apprehension of infinite quantity. When

however these men who were universally wise, assigned this distribu

tion, we must not suppose they directed their attention to that discrete-

quantity which is found in sensibles, or to that continued quantity which

appears to subsist about bodies ; for it is the business of physiology, I

think, to survey these, and not of the mathematical science. But since

the demiurgus assumed the union and division of wholes, and the same

ness together with the difference of them, for the purpose„of giving com

pletion to the soul, and besides these, permanency and motion, and as

Timaeus teaches us, constituted the soul from these genera, we must say,

that the discursive energy of reason abiding according to its diversity, its

division of productive principles, and its multitude, gives subsistence to

arithmetic ; but that according to the union of multitude, and commu

nion with itself, it produces geometry. Understanding itself likewise to

be both oue and many, it produces numbers, and the knowledge of these.

But it procures for itself music, according to the bond by which it is held

together. Hence arithmetic is more ancient than music, since the soul

was first divided in a fabricative way, and afterwards was bound together

by harmonic ratios, as Plato narrates in the Timaeus. And again, the

discursive energy of reason beiug established according to a permanent

energy in itself, unfolds from itself geometry, and the fabricative princi

ples of all figures.1 But according to its inherent motion, it produces

the spheric science. For it also is moved according to circles ; but is

v- -

1 I. e. a right and circular line.
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-««tabliahed in invariable sameness} according to the causes of circles,

-On this account, here also geometry precedes spherics, just as perma-

iMsncy is prior to motion.

Since however the scientifically-reasoning power generates these

sciences, not by looking to its evolution of forms which possesses an in

finite power, but to the generic comprehension of hound, hence the Py

thagoreans say that the mathematical sciences taking away the infinite,

are now conversant with finite quantity. For intellect has established in

-the scientifically-reasoning power all the principles both of multitude and

magnitude ; since this power wholly consists with reference to itself of

similar parts, is one and indivisible, and again divisible. Unfolding into

light likewise the world of forms, it participates of bound and infinity

essentially from intelligibles. But it perceives intellectually indeed from

its participation of bound, and generates vital energies, and various pro

ductive principles from the nature of infinity. The intellections there

fore of the reasoning power, constitute these sciences according to ilia

bound which they contain, and not according to the infinity of life. For

they bring with them an image of intellect, but not of life. Such there

fore is the doctrine of the Pythagoreans, and their division of the fouf

mathematical sciences."

r - ... ... - ...

Jp.ji. Again, the evenly-even number is that which may be divided into

tao equal parts, and each of these parts into two other equal parts. and each

of' these may be divided in a similar manner, and the division of the putts

may be continued till it is naturally terminated by indivisible unity.

Euclid is blamed by Asclepius in his MS. Commentary on the first

hook of Niconiachus, for his definition of the evenly-even number, as

follows: evteu^ev Toivyn eXiy^srat o E-jyJkttctj; xaxw; oaio-afAzvo; tv tui ifi$a[xit) BijSMw'

to» apTiajuj apTtov a^tfyxov. $tjcrt yap on apiiaxj; aprto; &qi9(xo; iffTtv 0 vxo apTto'/

aptfijixou {AeTpoUjUevoc xaTa apnov /sptdjuoy. toutw yap Tty Xoytu xat 01 apTioi fxov(u;, xcrjt

(*i «tej ajTiaxi; ajTioi rjpiSiio-ovToii. i. e. "Hence therefore Euclid is repre

hended, who badly defines the evenly-even number in his 7th book. For

he says that the evenly-even number is that which is measured by the

even number, according to the even number. For by this definition,

wen numbers alone, and not such as are evenjy-even will be found."

In like manner Euclid is blamed by Jamblichus, for the same definitipu.
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And indeed justly. For as Bullialdus observes in his Notes on Theo, p.

832, 0 for instance measures 24, by the even number 4. But 21 is not

an evenly-even number. For the division is terminated before it arrives

at unity; since £4 is divided into 12, 12 into 6, and 6 into 3; but bere

the division ends, and can proceed no farther. Euclid therefore, he

adds, is deservedly blamed, because his definition is imperfect, and more

confined than it ought to be.

P. 12. The unevenly-even number is composed, ice.—Jamblichus, a man

of a most acute genius, as Bullialdus justly calls him, again blames Eu

clid in his Commentaries on the Arithmetic of Nicomachus, for con

founding evenly-odd with unevenly-even numbers, and for not distin

guishing one of these from evenly-even numbers. And certainly, as

Bullialdus observes, Euclid ought to have distinguished odd numbers

from the unevenly-even, and these again from the evenly-even, which

are confounded by him.

P. 47. Chap. 6. A square number, #c.—In this aild the two following

chapters. the generation of squares, pentagons, hexagons, &c. is deliver

ed. And in the first place it is necessary to observe, that another gene

ration of squares is delivered by ancient authors, and is called by them

ita-j\>s, or, a circuitous course from the same to the same. For in this

method, says Jamblichus on Nicomachus, " the monad becomes both

the barrier and the goal in each composition. For from it the progres

sion begins in the generation of every square, from the barriers as it

-were, as far as to the goal, which is the side of the square." Th'.is for

instance in order to produce a square whose side is 4, let numbers be dis

posed from unity, as from the barriers of a Circus, as far as to 4, and

from 4 again in a retrograde order as far as- to unity, as below :

1 2 3 4 3 2 1

For the sum of all these is 16, a square number, the side of which is 4.

Thus too, in order to produce a square whose side is 5, numbers must be

disposed from unity in a similar manner as follows :

1 23454321

For the sum of these is 25, and consequently the side is 5. And so fa

all other instances.
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But numbers will be thus disposed, if a number is distributed into

units, and in this distributed form multiplied into itself, as may be seen

below :

1 +1 +1 +1

1 +1.+1 +1 ^ - .

1 +1 +1 +1

+ 1 +1 +1 +1

+ 1 +1 +1 +1

+ 1 +1 +1 +1

. .<

1+2+3 +4 +3 +2 -+1

1 +1 +1 +1 +1

1 +1 +1 +1+1

1 +1 +1 +1 +1

+ 1 +1 +1 +1 +1

+ 1 +1 +1 +1 +1

+1 +1 + 1 +1 +1

+ 1 +1 +1 +1 +1

+1 +2 +3 +4 +5 +4 +3 +2 +1

For the purpose of facilitating the knowledge of the generation of

polygonous numbers, the following Table is added :

A Table of Polygons.

The Gnomons of Tri-

l 9 3 i 5 6 7 8 9 10 11 is?

Triangles collected l 3 6 10 IS 21 28 36 45 59 66 ta

Thegnomonsof squares l -3 5 7 9 11 13 15 17 19 21 23

Squares collected - - l 4 9 16 S3 36 49 64 81 100 121 144

The Gnomons of Pen

tagons - - - - l 4 7 10 13 16 19 22 25 28 31 34

Pentagons collected - l 5 12 22 .35 51 ro 92 117 145 176 210

The Gnomons of Hexa-

l 5 9 13 17 21 25 39 33 37 41 45

Hexagons collected 1 0 15 28 45 66 91 ISO 153 190 231 276

Theor. Jr. R
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The Gnomons of Hep

tagons 1 6 11 16 21 26 31 36 41 46 51 56

Heptagons collected - 1 7 18 34 55 81 112 148 189 235 286 342

The Gnomons of Oc

tagons - - - - - 1 7 13 19 25 31 37 43 49 55 61 67

Octagons collected - 1 8 21 40 65 96 133 176 225 280 341 408

The Gnomons of En-

neagons - - - - 1 8 15 22 29 36 43 50 57 64 71 78

Enneagons collected - 1 9 21 46 75 111 154 204 261 325 396 474

The Gnomons of De

cagons 1 9 17 25 33 41 49 57 65 73 81 89

Decagons collected - 1 10 27 52 85 126 175 232 297 370 451 540

Jamblichus has extracted the following particulars respecting this table

from the Epanthemal/i or Arithmetical Flowers of Thymarid^s :

Polygons are formed from triangles. The first triangle in power 1, is

the difference of the first polygons in energy in the descending series in

the table. Thus for mstance, the first triangle in energy is 3, the first

square is 4, the first pentagon is 5, the first hexagon is 6, &c. and the

difference between these is 1. Likewise the first triangle in energy 3, is

the difference of the second polygons in energy 6, 9, 12, 15, &c. in the

descending series. And all the gnomons of heptagons have the same

final numbers, as the first and second have, viz. 1 and 6.

In the series of hexagons, all the perfect numbers are found, as* 6, 28,

&c. Likewise, all hexagons are triangles, one triangle in the series of

triangles being alternately omitted, as 1, 6, 15, 28, 45, &c. The perfect

numbers also contained in the series of hexagons are triangular, as 6, 28,

&c. In the series of pentagons, two of them are alternately even num

bers, and two are odd. And of the even one number is evenly-odd, but

the other is unevenly-even. Thus 1 and 5 are odd, but 12 and 22 even.

And afterwards alternately 12 is unevenly-even, but 22 is evenly-odd.

In the descending series of these numbers, after the series of units,

the first polygons differ by unity, as 3, 4, 5, 6 ; the second by 3, as 6, 9,

12, &c; the third by 6, as 10, 16, 22, &c. ; the fourth by 10, as 15, 25,

35, &c. ; and the fifth by 15, as 21, 36, 51,' &c. ; so that all these diffe

rences are in the series of triangles.

All the second and third polygons from unity, have superparticular

ratios, as 3, 4, 5, 6, and also 6, 9, 12, 15. But the fourth polygons from

unity have superpartient ratios as 10, 16, 23, 28.
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Every square is composed from the triangle above it, and the next an

tecedent triangle, as 9 from the triangles 6 and 3. Every pentagon is

composed from the triangle above it and twice the antecedent triangle,

as 12 from- 6 and twice 3. Every hexagon from the triangle above it,

and thrice the antecedent triangle, as 15 from 6 and thrice 3. And so

on, the number of the preceding triangle being increased by unity. The

pentagon 12 is composed from the square 9 and the preceding square 4,

the first triangle unity being subtracted from the sum. The hexagon 15

consists of the pentagon 12 placed above it, and the antecedent pentagon

5, the two triangles of unity being subtracted from the sum. The hep

tagon 18 consists of the hexagon 15 placed above it, and the preceding

hexagon 6, the three triangles of unity being subtracted from the sum.

The square 16 consists of the triangles 10 and 6. The pentagon 22 con

sists of the square 16 and the triangle 6. The hexagon 28, of the penta

gon 22, and the triangle 0. The heptagon 34, of the hexagon 28, and

the triangle 6. The square 16 consists of the triangles 10 and 6, pre

cisely and entirely. But the pentagon 22 consists of the squares 16 and

9, less by once the first triangle in energy 3. The hexagon 28, consists

of the pentagons 22 and 12, less by twice the first triangle in energy, i. e.

less by C. And the heptagon 34, consists of the hexagons 28 and 15,

less by thrice the first triangle in energy, i. e. less by 9.

P. 53. The numbers called heteromekeis, <§-<".—Because these numbers

depart from that equality which is in squares, the Pythagoreans arranged

them in the co-ordination of things evil ; but they arranged squares in

the co-ordination of things good. The reason however of this arrange

ment is, that all square numbers or figures are similar to themselves,

and have equal sides, which are in the same ratio to each other. Hence

they are at rest, and do not depart from unity. But numbers and figures

longer in the other part, are dissimilar to each other, and have also a dis

similar ratio of their sides. For as in the natural series-of numbers 1,

8, 3, 4, 5, 6, &c. the ratio of the last to the next antecedent term, be

comes by proceeding less and less, so in numbers longer in the other

part, the more they increase the less is the ratio of the greater side to

the less. Thus for instance, 12 is a number longer in the other part,

the greater side of which is 4, but the less 3. Hence the former has to
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the latter a sesquitertian ratio, which is less than a sesquialter ratio, be

cause -J- is less than Euclid never distinguishes numbers longer in

the other part from such as are oblong, and comprehends all the species

of them under the general name of planes ; for which he is reprehended

by the acute Jamblichus as follows : " This again Euclid not perceiving,

confounds the diversity and variety of explanation. For he thought that

the number which is longer in the other part, is simply that which is

produced by the multiplication of two unequal numbers, and does not

distinguish it from the oblong number. If any one however should

grant him this, it would happen that contraries which are naturally in

capable of subsisting together, would be found in the same subject. For

his defmition comprehends both square numbers and such as are longer

in the other part."

P. 92. Perfect numbers.—As every perfect is a triangular" number,

the side of which is the prime number from which the perfect number is

formed ; if that prime be squared, it will be equal to the sum of the per

fect number itself, and the triangular number immediately preceding it.

Thus 7X7=49, and 49=21+28. Thus too 31x31=961, and 961=465

+496. And so of the rest.

P. 128. In the series 1 +^ +i + T(r + lV> &c-—1* 's remarkable

likewise, that the sum of any finite number of terms in the series

"£+ "fi+l1? + iV> &c- may De obtained by multiplying the last term by

the denominator of the term next to the last. Thus the sum of -§-+-$-

is equal to 3 X -£=-|=i. Thus too the sum of \ + \ +~fjj- is equal to

6*^10— And thus also the sum of i+^ +xo+TT is equal to

And so of the rest. <

Addendum et Erratum.

P. vi. !. 3. after formed, read, to whutever mathematical excellence it may

possess.

P. 42. 1. 9. for, as " 1 surpasses 3," read, as 3 surpasses 1. >











 



 


