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BOOK III.

DEFINITIONS.

i. Equal circles are those the diameters of which are

equal, or the radii of which are equal.

2. »A straight line is said to touch a circle which,

meeting the circle and being produced, does not cut the

circle.

3. Circles are said to touch one another which,

meeting one another, do not cut one another.

4. In a circle straight lines are said to be equally

distant from the centre when the perpendiculars drawn

to them from the centre are equal.

5. And that straight line is said to be at a greater

distance on which the greater perpendicular falls.

6. A segment of a circle is the figure contained by a

straight line and a circumference of a circle.

7. An angle of a segment is that contained by a

straight line and a circumference of a circle.

8. An angle in a segment is the angle which, when

a point is taken on the circumference of the segment and

straight lines are joined from it to the extremities of the

straight line which is the base of the segment, is contained

by the straight lines so joined.

9. And, when the straight lines containing the angle cut

off a circumference, the angle is said to stand upon that

circumference.

H. E. 11. 1



2 .'".'•'• BOOK III [in. deff.

io. /'.A sector of a circle is the figure which, when an

angle "is -constructed at the centre of the circle, is contained by

the straight lines containing the angle and the circumference

cut off by them.

"•.. ii. Similar segments of circles are those which

.•admit equal angles, or in which the angles are equal to one

"".another.

Definition i.

*Io"oi KvKXoi turiv, wv al SidpLtrpoi lo-ai tlo-lv, >J Zv ai IK tuiv KtVrpiov urai tlaw.

Many editors have held that this should not have been included among

definitions. Some, e.g. Tartaglia, would call it a postulate ; others, e.g. Borelli

and Playfair, would call it an axiom ; others again, as Billingsley and Clavius,

while admitting it as a definition, add explanations based on the mode of

constructing a circle ; Simson and Pfleiderer hold that it is a theorem. I

think however that Euclid would have maintained that it is a definition in

the proper sense of the term ; and certainly it satisfies Aristotle's requirement

that a " definitional statement " (6oio-tik6s Xoyos) should not only state the

fact (to on) but should indicate the cause as well (De anima 11. 2, 413 a

13). The equality of circles with equal radii can of course be proved by

superposition, but, as we have seen, Euclid avoided this method wherever he

could, and there is nothing technically wrong in saying " By equal circles I

mean circles with equal radii." No flaw is thereby introduced into the system

of the Elements ; for the definition could only be objected to if it could be

proved that the equality predicated of the two circles in the definition was

not the same thing as the equality predicated of other equal figures in the

Elements on the basis of the Congruence-Axiom, and, needless to say, this

cannot be proved because it is not true. The existence of equal circles (in

the sense of the definition) follows from the existence of equal straight lines

and 1. Post. 3.

The Greeks had no distinct word for radius, which is with them, as here,

the (straight line drawn) from the centre r} IK toC Ktvtpov (tvfltin); and so

definitely was the expression appropriated to the radius that ex tov Ktvrpov

was used without the article as a predicate, just as if it were one word. Thus,

e.g., in in. 1 IK Ktvrpov ydp means "for they are radii": cf. Archimedes, On

the Sphere and Cylinder 11. 2, rj BE IK tov xeVrpov tori tov...KvK\ov, BE is a

radius of the circle.

Definition 2.

Ev0tia KvK\ov lcpiiirrttr6ai Xe'-ytrai, tjtis airrafAtim] tov KvK\ov /cai lKf$aWop.i\ni]

oV rtfJLVU rOV KvK\oV.

Euclid's phraseology here shows the regular distinction between airrto-Bai

and its compound tydnrtaOai, the former meaning " to meet " and the latter

"to touch." The distinction was generally observed by Greek geometers

from Euclid onwards. There are however exceptions so far as dirrto-Oai is

concerned; thus it means "to touch" in Eucl. iv. Def. 5 and sometimes in

Archimedes. On the other hand, icf>airrto-6ai is used by Aristotle in certain
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cases where the orthodox geometrical term would be airrtcrOai. Thus in

Meteorologica in. 5 (376 b 9) he says a certain circle willpass through all the

angles (airao-wv iiftd^trai rcuf ywvimv), and (376 a 6) M will lie on a given

(circular) circumference (&t&ofiivr]<; irepuptptias icpd\j/erai to M). We shall find

aiTrto-Oai used in these senses in Book iv. Deff. 2, 6 and Deff. 1, 3 respectively.

The latter of the two expressions quoted from Aristotle means that the locus

of M is a given circle, just as in Pappus aif/trai to crrjp.tiov 6Vo-« StSo/i.mjs

tvOtiai means that the locus oftk\o. point is a straight line given in position.

Definition 3.

KvkXoi icf>dirr«rBai aWrf\iov Xryovrcu o'tivti cwn-d/ievoi a\\rj\u)v ov rtp.vovcriv

aWrj\ovs.

Todhunter remarks that different opinions have been held as to what is,

or should be, included in this definition, one opinion being that it only means

that the circles do not cut in the neighbourhood of the point of contact,

and that it must be shown that they do not cut elsewhere, while another

opinion is that the definition means that the circles do not cut at all.

Todhunter thinks the latter opinion correct. I do not think this is proved ;

and I prefer to read the definition as meaning simply that the circles meet

at a point but do not cut at that point. I think this interpretation

preferable for the reason that, although Euclid does practically assume in

in. 11— 13, without stating, the theorem that circles touching at one point

do not intersect anywhere else, he has given us, before reaching that

point in the Book, means for proving for ourselves the truth of that

statement. In particular, he has given us the propositions in. 7, 8 which,

taken as a whole, give us more information as to the general nature of a

circle than any other propositions that have preceded, and which can be used,

as will be seen in the sequel, to solve any doubts arising out of Euclid's

unproved assumptions. Now, as a matter of fact, the propositions are not used

in any of the genuine proofs of the theorems in Book in. ; in. 8 is required

for the second proof of 11I. 9 which Simson selected in preference to the first

proof, but the first proof only is regarded by Heiberg as genuine. Hence it

would not be easy to account for the appearance of m. 7, 8 at all unless as

affording means of answering possible objections (cf. Proclus' explanation of

Euclid's reason for inserting the second part of i. 5).

External and internal contact are not distinguished in Euclid until i11.

11, 12, though the figure of in. 6 (not the enunciation in the original text)

represents the case of internal contact only. But the definition of touching

circles here given must be taken to imply so much about internal and external

contact respectively as that (a) a circle touching another internally must,

immediately before " meeting " it, have passed through points within the

circle that it touches, and (6) a circle touching another externally must,

immediately before meeting it, have passed through points outside the circle

which it touches. These facts must indeed be admitted if internal and

external are to have any meaning at all in this connexion, and they constitute

a minimum admission necessary to the proof of in. 6.

Definition 4.

'Ev ki'kXw "urov airixtiv dirb tov Ktvrpov tiOtiai \tyovrai, orav a1 dirb tuv

Ktvrpov iir aims kdOtroi dyop.tva1. laai waiv.
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Definition 5.

Mti£ov 8t airi\nv Xcyerai, icf>' rjv r\ p.i i(mv KiiOeroi iri'irrti.

Definition 6.

Tfirjfia kvkXov tori to irtpit)i6p.tvov o-\qfia xnro rt ti6tiai Kai KvKXov

irtpuptptias.

Definition 7.

TpypuatoS St yiovia io-rlv ij irtpLt\ofiivr] viro rt tvBtias Ko.1 KvK\ov irtpicptptLai.

This definition is only interesting historically. The angle of a segment,

being the "angle" formed by a straight line and a "circumference," is of the

kind described by Proclus as "mixed." A particular "angle" of this sort is

the "angle of a semicircle" which we meet with again in 11I. 16, along with

the so-called " horn-like angle " (KtparotiS^s), the supposed " angle " between

a tangent to a circle and the circle itself. The " angle of a semicircle " occurs

once in Pappus (vn. p. 670, 19), but it there means scarcely more than the

corner of a semicircle regarded as a point to which a straight line is directed.

Heron does not give the definition of the angle of a segment, and we may

conclude that the mention of it and of the angle of a semicircle in Euclid is a

survival from earlier text-books rather than an indication that Euclid considered

either to be of importance in elementary geometry (cf. the note on m. 16

below).

We have however, in the note on 1. 5 above (Vol. 1. pp. 252—3), seen evi

dence that the angle of a segment had played some part in geometrical proofs up

to Euclid's time. It would appear from the passage of Aristotle there quoted

(Anal, prior. 1. 24, 41 b 13 sqq.) that the theorem of 1. 5 was, in the text-books

immediately preceding Euclid, proved by means of the equality of the two

" angles of" any one segment. This latter property must therefore have been

regarded as more elementary (for whatever reason) than the theorem of 1. 5 ;

indeed the definition as given by Euclid practically implies the same thing,

since it speaks of only one "angle of a segment," namely "the angle contained

by a straight line and a circumference of a circle." Euclid abandoned the

actual use of the "angle" in question, but no doubt thought it unnecessary

to break with tradition so far as to strike the definition out also.

Definition 8.

*Ev rfit/fiari 8e ymvia iarlv, orav iirl r17? irtpuptptw tov rp.ijp.aros \r]iftOy ri

<rqp.ii.ov KoX air avrov iirl to. iripara rrj'i tiiOtuii, t] tori /8airis tov rp.t]fiatoi;,

iiri^tv\BiocrLV tvBeiai, rj Tttpit\ofiivyi yiovia virb riov iiri^tv^6titr£v tvOtidiv.

Definition 9.

"Oraf ot al irtpiexovo-ai rrjv ytoviav tvOtiai diroXafi^avmo-i riva tttpuptptiav,

iir tkti'it;s \tytrai /8t/iijKtvai >7 yiovia.
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Definition 10.

Top.tvs 8* kvkXov totiV, orav irpos to Kivrpw rov kvkXov avirra&Q yiavia,

to wtpit)(6p.ivov (rxfjp.a vito rt ruiv jrjv ywviav irtpuxowuiv tvOtuSv kou njs

dwoXali.fia.voli.ivrj<; thr airiZv irtpuptpaas.

A scholiast says that it was the shoemaker's knife, o-kutotojuik6s to/mus,

which suggested the name to/*«js for a sector of a circle. The derivation of

the name from a resemblance of shape is parallel to the use of op/JijXo« (also

a shoemaker's knife) to denote the well known figure of the Book of Lemmas

partly attributed to Archimedes.

A wider definition of a sector than that given by Euclid is found in a

Greek scholiast (Heiberg's Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze,

p. 112). "There are two varieties of sectors; the one kind have the angular

vertices at the centres, the other at the circumferences. Those others which

have their vertices neither at the circumferences nor at the centres, but at

some other points, are for that reason not called sectors but sector-like

figures (to/iotiS^ o-xnhaTa)-" The exact agreement between the scholiast and

an-Nairizi suggests that Heron was the authority for this explanation.

The sector-like figure bounded by an arc of a circle and two lines drawn

from its extremities to meet at any point actually appears in Euclid's book On

divisions (irepl Siaipi<ruov) discovered in an Arabic ms. and edited by

Woepcke (cf. Vol. 1. pp. 8— 10 above). This treatise, alluded to by Proclus,

had for its object the division of figures such as triangles, trapezia,

quadrilaterals and circles, by means of straight lines, into parts equal or

in given ratios. One proposition e.g. is, To divide a triangle into two equal

parts by a straight line passing through a given point on one side. The

proposition (28) in which the quasi-sector occurs is, To divide such a figure by a

straight line into two equalparts. The solution in this case is given by Cantor

(Gesch. d. Math. 1.,, pp. 287—8).

If ABCD be the given figure, E the middle point

of BD and EC at right angles to BD,

the broken line AEC clearly divides the figure into

two equal parts.

Join AC, and draw EF parallel to it meeting

ABmF.

Join CF, when it is seen that CF divides the

figure into two equal parts.

Definition ii.

"Op-oia T/aiij/«iTu kvkXiov t<tti Ta St\6jitva ycunas uras, fj iv ols at yioviai urai

aWrjXaK luriv.

De Morgan remarks that the use of the word similar in "similar

segments " is an anticipation, and that similarity ofform is meant. He adds

that the definition is a theorem, or would be if " similar " had taken its final

meaning.
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Proposition i.

To find the centre of a given circle.

Let ABC be the given circle ;

thus it is required to find the centre of the circle ABC.

Let a straight line AB be drawn

s through it at random, and let it be bisected

at the point D ;

from D let DC be drawn at right angles

to AB and let it be drawn through to E ;

let CE be bisected at F ;

10 I say that F is the centre of the circle

ABC.

For suppose it is not, but, if possible,

let G be the centre,

and let GA, GD, GB be joined.

15 Then, since AD is equal to DB,

and DG is common,

the two sides AD, DG are equal to the two sides

BD, DG respectively ;

and the base GA is equal to the base GB, for they are

20 radii ;

therefore the angle ADG is equal to the angle GDB. [1. 8]

But, when a straight line set up on a straight line makes

the adjacent angles equal to one another, each of the equal

angles is right ; [1. Def. 10]

25 therefore the angle GDB is right.
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But the angle FDB is also right ;

therefore the angle FDB is equal to the angle GDB, the

greater to the less : which is impossible.

Therefore G is not the centre of the circle ABC.

30 Similarly we can prove that neither is any other point

except F.

Therefore the point F is the centre of the circle ABC.

Porism. From this it is manifest that, if in a circle a

straight line cut a straight line into two equal parts and at

35 right angles, the centre of the circle is on the cutting straight

line.
Q. E. F.

12. For suppose it is not. This is expressed in the Greek by the two words Mrj ydp,

but such an elliptical phrase is impossible in English.

17. the two sides AD, DG are equal to the two sides BD, DG respectively.

As before observed, Euclid is not always careful to put the equals in corresponding order.

The text here has " GD, DB."

Todhunter observes that, when, in the construction, DC is said to be

produced to E, it is assumed that D is within the circle, a fact which Euclid

first demonstrates in in. 2. This is no doubt true, although the word 8v,jxQw,

" let it be drawn through," is used instead of tV/St/JA^o-flu,, " let it be produced."

And, although it is not necessary to assume that D is within the circle, it is

necessary for the success of the construction that the straight line drawn

through D at right angles to AB shall meet the circle in two points (and no

more) : an assumption which we are not entitled to make on the basis of what

has gone before only.

Hence there is much to be said for the alternative procedure recommended

by De Morgan as preferable to that of Euclid. De Morgan would first prove

the fundamental theorem that "the line which bisects a chord perpendicularly

must contain the centre," and then make in. 1, in. 25 and iv. 5 immediate

corollaries of it. The fundamental theorem is a direct consequence of the

theorem that, if P is any point equidistant from A

and B, then P lies on the straight line bisecting AB

perpendicularly. We then take any two chords AB,

AC of the given circle and draw DO, EO bisecting

them perpendicularly. Unless BA, AC are in one

straight line, the straight lines DO, EO must meet

in some point O (see note on iv. 5 for possible

methods of proving this). And, since both DO,

EO must contain the centre, O must be the centre.

This method, which seems now to be generally

preferred to Euclid's, has the advantage of showing

that, in order to find the centre of a circle, it is sufficient to know three points

on the circumference. If therefore two circles have three points in common,

they must have the same centre and radius, so that two circles cannot have

three points in common without coinciding entirely. Also, as indicated by

De Morgan, the same construction enables us (1) to draw the complete circle

of which a segment or arc only is given (m. 25), and (2) to circumscribe a

circle to any triangle (iv. 5).
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But, if the Greeks had used this construction for finding the centre of a

circle, they would have considered it necessary to add a proof that no other

point than that obtained by the construction can be the centre, as is clear

both from the similar reductio ad absurdum in 11I. i and also from the fact

that Euclid thinks it necessary to prove as a separate theorem (in. 9) that, if

a point within a circle be such that three straight lines (at least) drawn from it

to the circumference are equal, that point must be the centre. In fact,

however, the proof amounts to no more than the remark that the two

perpendicular bisectors can have no more than one point common.

And even in De Morgan's method there is a yet unproved assumption.

In order that DO, EO may meet, it is necessary that AB, AC should not be

in one straight line or, in other words, that BC should not pass through A.

This results from in. 2, which therefore, strictly speaking, should precede.

To return to Euclid's own proposition in. 1, it will be observed that the

demonstration only shows that the centre of the circle cannot lie on either

side of CD, so that it must lie on CD or CD produced. It is however taken

for granted rather than proved that the centre must be the middle point of

CE. The proof of this by reductio ad absurdum is however so obvious as to

be scarcely worth giving. The same consideration which would prove it may

be used to show that a circle cannot have more than one centre, a proposition

which, if thought necessary, may be added to in. 1 as a corollary.

Simson observed that the proof of in. 1 could not but be by reductio ad

absurdum. At the beginning of Book in. we have nothing more to base the

proof upon than the definition of a circle, and this cannot be made use of

unless we assume some point to be the centre. We cannot however assume

that the point found by the construction is the centre, because that is the

thing to be proved. Nothing is therefore left to us but to assume that some

other point is the centre and then to prove that, whatever other point is

taken, an absurdity results; whence we can infer that the point found is

the centre.

The Porism to in. 1 is inserted, as usual, parenthetically before the words

oirtp Ski iroiijo-aL, which of course refer to the problem itself.

Proposition 2.

If on the circumference of a circle two points be taken at

random, the straight line joining the points will fall within

the circle.

Let ABC be a circle, and let two points A, B be taken

at random on its circumference ;

I say that the straight line joined from

A to B will fall within the circle.

For suppose it does not, but, if

possible, let it fall outside, as AEB ;

let the centre of the circle ABC be

taken [in. 1], and let it be D ; let DA,

DB be joined, and let DFE be drawn

through.
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Then, since DA is equal to DB,

the angle DAE is also equal to the angle DBE. [1. 5]

And, since one side AEB of the triangle DAE is produced,

the angle DEB is greater than the angle DAE. [1. 16]

But the angle DAE is equal to the angle DBE ;

therefore the angle DEB is greater than the angle DBE.

And the greater angle is subtended by the greater side ; [1. 19]

therefore DB is greater than DE.

But DB is equal to DF;

therefore DF is greater than DE,

the less than the greater : which is impossible.

Therefore the straight line joined from A to B will not

fall outside the circle.

Similarly we can prove that neither will it fall on the

circumference itself;

therefore it will fall within.

Therefore etc.

Q. E. D.

The rediutio ad absurdum form of proof is not really necessary in this case,

and it has the additional disadvantage that it requires the destruction of two

hypotheses, namely that the chord is (1) outside, (2) on

the circle. To prove the proposition directly, we have

only to show that, if E be any point on the straight line

AB between A and B, DE is less than the radius of the

circle. This may be done by the method shown above,

under 1. 24, for proving what is assumed in that

proposition, namely that, in the figure of the proposition,

F falls below EG if DE is not greater than DF. The

assumption amounts to the following proposition, which

De Morgan would make to precede 1. 24 : " Every

straight line drawn from the vertex of a triangle to the base is less than

the greater of the two sides, or than either if they be equal." The case

here is that in which the two sides are equal ; and, since the angle DAB is

equal to the angle DBA, while the exterior angle DEA is greater than the

interior and opposite angle DBA, it follows that the angle DEA is greater

than the angle DAE, whence DE must be less than DA or DB.

Camerer points out that we may add to this proposition the further

statement that all points on AB produced in either direction are outside the

circle. This follows from the proposition (also proved by means of the

theorems that the exterior angle of a triangle is greater than either of the

interior and opposite angles and that the greater angle is subtended by

the greater side) which De Morgan proposes to introduce after 1. 21, namely,

" The perpendicular is the shortest straight line that can be drawn from a
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given point to a given straight line, and of others that which is nearer to the

perpendicular is less than the more remote, and the converse ; also not more

than two equal straight lines can be drawn from the point to the line, one on

each side of the perpendicular."

The fact that not more than two equal straight lines can be drawn from a

given point to a given straight line not passing through it is proved by Proclus

on i. 1 6 (see the note to that proposition) and can alternatively be proved by

means of i. 7, as shown above in the note on 1. 12. It follows that

A straight line cannot cut a circle in more than two points :

a proposition which De Morgan would introduce here after in. 2. The proof

given does not apply to a straight line passing through the centre ; but that

such a line only cuts the circle in two points is self-evident.

Proposition 3.

If in a circle a straight line through the centre bisect a

straight line not through the centre, it also cuts it at right

angles ; and if it cut it a't right angles, it also bisects it.

Let ABC be a circle, and in it let a straight line CD

5 through the centre bisect a straight line

AB not through the centre at the point

F;

I say that it also cuts it at right angles.

For let the centre of the circle ABC

10 be taken, and let it be E ; let EA, EB

be joined.

Then, since AF is equal to FB,

and FE is common,

two sides are equal to two sides ;

15 and the base EA is equal to the base EB ;

therefore the angle AFE is equal to the angle BFE. [1. 8]

But, when a straight line set up on a straight line makes

the adjacent angles equal to one another, each of the equal

angles is right ; [1. Def. 10]

20 therefore each of the angles AFE, BFE is right.

Therefore CD, which is through the centre, and bisects

AB which is not through the centre, also cuts it at right

angles.

Again, let CD cut AB at right angles ;

25 I say that it also bisects it, that is, that AF is equal to FB.
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For, with the same construction,

since EA is equal to EB,

the angle EAF is also equal to the angle EBF. [i. 5]

But the right angle AFE is equal to the right angle BEE,

30 therefore EAF, EBF are two triangles having two angles

equal to two angles and one side equal to one side, namely

EF, which is common to them, and subtends one of the equal

angles ;

therefore they will also have the remaining sides equal to

35 the remaining sides ; [1. 26]

therefore AFis equal to FB.

Therefore etc.

Q. E. D.

26. with the same construction, tuw airrSiv KaraoKtvaoQivruiv.

This proposition asserts the two partial converses (cf. note on 1. 6) of the

Porism to m. 1. De Morgan would place it next to in. 1.

Proposition 4.

If in a circle two straight lines cut one another which are

not through the centre, they do not bisect one another.

Let ABCD be a circle, and in it let the two straight lines

AC, BD, which are not through the

centre, cut one another at E ;

I say that they do not bisect one

another.

For, if possible, let them bisect one

another, so that AE is equal to EC,

and BE to ED ;

let the centre of the circle ABCD be

taken [m. 1], and let it be F; let FE be

joined.

Then, since a straight line FE through the centre bisects

a straight line AC not through the centre,

it also cuts it at right angles ; [m. 3]

therefore the angle FEA is right.

Again, since a straight line FE bisects a straight line BD,

it also cuts it at right angles ; [hi. 3]

therefore the angle FEB is right.
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But the angle FEA was also proved right ;

therefore the angle FEA is equal to the angle FEB,

the less to the greater : which is impossible.

Therefore AC, BD do not bisect one another.

Therefore etc.

o. E. D.

Proposition 5.

If two circles cut one another, they will not have the same

centre.

For let the circles ABC, CDG cut one another at the

points B, C ;

I say that they will not have the same

centre.

For, if possible, let it be E; let EC

be joined, and let EFG be drawn

through at random.

Then, since the point E is the

centre of the circle ABC,

EC is equal to EF. [1. Def. 15]

Again, since the point E is the centre of the circle CDG,

EC is equal to EG.

But EC was proved equal to EF also ;

therefore EF is also equal to EG, the less to the

greater : which is impossible.

Therefore the point E is not the centre of the circles

ABC, CDG.

Therefore etc.

Q. E. D.

The propositions 11I. 5, 6 could be combined in one. It makes no

difference whether the circles cut, or meet without cutting, so long as they do

not coincide altogether ; in either case they cannot have the same centre.

The two cases are covered by the enunciation : If the circumferences of two

circles meet at a point they cannot have the same centre. On the other hand, If

two circles have the same centre and one point in their circumferences common,

they must coincide altogether.
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Proposition 6.

If two circles touch one another, they will not have the

same centre.

For let the two circles ABC, CDE touch one another

at the point C ;

I say that they will not have the

same centre.

For, if possible, let it be F; let

FC be joined, and let FEB be drawn

through at random.

Then, since the point F is the

centre of the circle ABC,

FC is equal to FB.

Again, since the point F is the

centre of the circle CDE,

FC is equal to FE.

But FC was proved equal to FB ;

therefore FE is also equal to FB, the less to the greater:

which is impossible.

Therefore F is not the centre of the circles ABC, CDE.

Therefore etc.

Q. E. D.

 

The English editions enunciate this proposition of circles touching

internally, but the word («iro's) is a mere interpolation, which was no doubt

made because Euclid's figure showed only the case of internal contact. The

fact is that, in his usual manner, he chose for demonstration the more difficult

case, and left the other case (that of external contact) to the intelligence of

the reader. It is indeed sufficiently self-evident that circles touching externally

cannot have the same centre ; but Euclid's proof can really be used for this

case too.

Camerer remarks that the proof of in. 6 seems to assume tacitly that the

points E and B cannot coincide, or that circles which touch internally at C

cannot meet in any other point, whereas this fact is not proved by Euclid till

in. 13. But no such general assumption is necessary here; it is only

necessary that one line drawn from the assumed common centre should meet

the circles in different points; and the very notion of internal contact requires

that, before one circle meets the other on its inner side, it must have passed

through points within the latter circle.
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Proposition 7.

If on the diameter of a circle a point be taken which is not

the centre of the circle, and from the point straight lines fall

upon the circle, that will be greatest on which the centre is, the

remainder of the same diameter will be least, and of the rest

5 the nearer to the straight line through the centre is always

greater than the more remote, and only two equal straight

lines will fall from the point on the circle, one on each side

of the least straight line.

Let ABCD be a circle, and let AD be a diameter of it ;

10 on AD let a point F be taken which is not the centre of the

circle, let E be the centre of the circle,

and from F let straight lines FB, FC, FG fall upon the circle

ABCD ;

I say that FA is greatest, FD is least, and of the rest FB is

15 greater than FC, and FC than FG.

For let BE, CE, GE be joined.

Then, since in any triangle two

sides are greater than the remaining

one, [1. 20]

20 EB, EF are greater than BE.

But AE is equal to BE ;

therefore AF is greater than BE.

Again, since BE is equal to CE,

and FE is common,

25 the two sides BE, EF are equal to the two sides CE, EF.

But the angle BEF is also greater than the angle CEF;

therefore the base BE is greater than the base CF. [1. 24]

For the same reason

CF is also greater than FG.

30 Again, since GF, FE are greater than EG,

and EG is equal to ED,

GF, FE are greater than ED.

Let EF be subtracted from each ;

therefore the remainder GF is greater than the remainder

35 FD.

Therefore FA is greatest, FD is least, and FB is greater

than FC, and FC than FG.
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I say also that from the point F only two equal straight

lines will fall on the circle ABCD, one on each side of the

4° least FD.

For on the straight line EF, and at the point E on it, let

the angle FEHbe constructed equal to the angle GEF\y. 23],

and let FH be joined.

Then, since GE is equal to EH,

45 and .£7'' is common,

the two sides GE, EF are equal to the two sides HE, EF ;

and the angle GEF is equal to the angle HEF ;

therefore the base FG is equal to the base FH. [1. 4]

I say again that another straight line equal to FG will not

5° fall on the circle from the point F.

For, if possible, let FK so fall.

Then, since FK is equal to FG, and FH to FG,

FK is also equal to FH,

the nearer to the straight line through the centre being

55 thus equal to the more remote : which is impossible.

Therefore another straight line equal to GF will not fall

from the point F upon the circle ;

therefore only one straight line will so fall.

Therefore etc.

Q. E. D.

4. of the same diameter. I have inserted these words for clearness' sake. The text

has simply i\Bxfan) Si ^ X«ir^, " and the remaining (straight line) least."

7, 39. one on each side. The word '• one " is not in the Greek, but is necessary to

give the force of i<t> iKaTtpa tijs i\axl"Trjs, literally "on both sides," or "on each of the two

sides, of the least."

De Morgan points out that there is an unproved assumption in this

demonstration. We draw straight lines from F, as FB, FC, such that the

angle DFB is greater than the angle DFC and then assume, with respect to

the straight lines drawn from the centre E to B, C, that

the angle DEB is greater than the angle DEC. This

is most easily proved, I think, by means of the converse

of part of the theorem about the lengths of different

straight lines drawn to a given straight line from an

external point which was mentioned above in the note

on 111. 2. This converse would be to the effect that, If

two unequal straight lines be drawn from a point to a

given straight line which are not perpendicular to the

straight line, tht greater of the two is thefurtherfrom the perpendicularfrom the

point to the given straight line. This can either be proved from its converse by

reductio ad absurdum, or established directly by means of 1. 47. Thus, in the

accompanying figure, FB must cut EC in some point M, since the angle BFE

is less than the angle CFE.

Therefore EM is less than EC, and therefore than EB.
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Hence the point B in which FB meets the circle is further from the foot

of the perpendicular from E on FB than M is ;

therefore the angle BEF is greater than the angle CEF.

Another way of enunciating the first part of the proposition is that of

Mr H. M. Taylor, viz. " Of all straight lines drawn to a circle from an internal

point not the centre, the one which passes through the centre is the greatest,

and the one which when produced passes through the centre is the least; and

of any two others the one which subtends the greater angle at the centre is the

greater." The substitution of the angle subtended at the centre as the criterion

no doubt has the effect of avoiding the necessity of dealing with the unproved

assumption in Euclid's proof referred to above, and the similar substitution in

the enunciation of the first part of 11I. 8 has the effect of avoiding the necessity

for dealing with like unproved assumptions in Euclid's proof, as well as the

complication caused by the distinction in Euclid's enunciation between lines

falling from an external point on the convex circumference and on the concave

circumference of a circle respectively, terms which are not defined but taken as

understood.

Mr Nixon (Euclid Revised) similarly substitutes as the criterion the angle

subtended at the centre, but gives as his reason that the words " nearer " and

" more remote " in Euclid's enunciation are scarcely clear enough without

some definition of the sense in which they are used, Smith and Bryant make

the substitution in hi. 8, but follow Euclid in m. 7.

On the whole, I think that Euclid's plan of taking straight lines drawn from

the point which is not the centre direct to the circumference and making

greater or less angles at that point with the straight line containing it and the

centre is the more instructive and useful of the two, since it is such lines

drawn in any manner to the circle from the point which are immediately useful

in the proofs of later propositions or in resolving difficulties connected with

those proofs.

Heron again (an-NairizI, ed. Curtze, pp. 114-—5) has a note on this

proposition which is curious. He first of all says that Euclid proves that lines

nearer the centre are greater than those more remote from it. This is a

different view of the question from that taken in Euclid's proposition as we

have it, in which the lines are not nearer to and more remote from the centre

but from the line through the centre. Euclid takes lines inclined to the latter

line at a greater or less angle ; Heron introduces distance from the centre in

the sense of Deff. 4, 5, i.e. in the sense of the length of the perpendicular drawn

to the line from the centre, which Euclid does not use till in. 14, 15. Heron

then observes that in Euclid's proposition the lines compared are all drawn on

one side of the line through the centre, and sets himself to prove the same

truth of lines on opposite sides which are more or less distant from the centre.

The new point of view necessitates a quite different line of proof, anticipating

the methods of later propositions.

The first case taken by Heron is that of two straight lines such that the

perpendiculars from the centre on them fall on the lines themselves and not

in either case on the line produced.

Let A be the given point, D the centre, and let

AE be nearer the centre than AF, so that the

perpendicular DG on AE is less than the perpen

dicular DH on AF.

Then sqs. on DG, GE = sqs. on DH, HF,

and sqs. on DG, GA = sqs. on DH, HA.

But sq. on DG < sq. on DH.
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Therefore sq. on GE > sq. on HF,

and sq. on GA > sq. on HA,

whence GE > HF,

GA > HA.

Therefore, by addition, AE > AF.

The other case taken by Heron is that where

one perpendicular falls on the line produced, as in

the annexed figure. In this case we prove in like

manner that GE > HF,

and GA > AH.

Thus AE is greater than the sum of HF, AH,

whence, a fortiori, AE is greater than the difference

of HF, AH, i.e. than AF.

Heron does not give the third possible case, that, namely, where both

perpendiculars fall on the lines produced, The fact

is that, in this case, the foregoing method breaks

down. Though AE be nearer to the centre than

AF'm the sense that DG is less than DH,

AE is not greater but less than AF.

Moreover this cannot be proved by the same

method as before.

For, while we can prove that

GE> HF,

GA > AH,

we cannot make any inference as to the comparative length of AE, AF.

To judge by Heron's corresponding note to i11. 8, he would, to prove this

case, practically prove in. 35 first, i.e. prove that, if EA be produced to K

and FA to Z,

rect. FA, AL = rect. EA, AK,

from which he would infer that, since AK> AL by the first case,

AE <AF.

An excellent moral can, I think, be drawn from the note of Heron.

Having the appearance of supplementing, or giving an alternative for, Euclid's

proposition, it cannot be said to do more than confuse the subject. Nor was

it necessary to find a new proof for the case where the two lines which are

compared are on opposite sides of the diameter, since Euclid shows that for each

line from the point to the circumference on one side of the diameter there is

another of the same length equally inclined to it on the other side.

Proposition 8.

If a point be taken outside a circle and from the point

straight lines be drawn through to the circle, one of which

is through the centre and the others are drawn at random,

then, of the straight lines which fall on the concave circum

ference, that through the centre is greatest, while of the rest

H. E. 11. 2
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the nearer to that through the centre is always greater than

the more remote, but, of the straight linesfailing on the convex

circumference, that between the point and the diameter is least,

while of the rest the nearer to the least is always less than the

more remote, and only two equal straight lines will fall on the

circle from the point, one on each side of the least.

Let ABC be a circle, and let a point D be taken outside

ABC; let there be drawn through

from it straight lines DA, DE, DF,

DC, and let DA be through the centre;

I say that, of the straight lines falling

on the concave circumference AEFC,

the straight line DA through the centre

is greatest,

while DE is greater than DF and DF

than DC;

but, of the straight lines falling on the

convex circumference HLKG, the

straight line DG between the point

and the diameter AG is least; and

the nearer to the least DG is always

less than the more remote, namely DK

than DL, and DL than DH.

For let the centre of the circle ABC be taken [in. i], and

let it be M; let ME, MF, MC, MK, ML, MH be joined.

Then, since AM is equal to EM,

let MD be added to each ;

therefore AD is equal to EM, MD.

But EM, MD are greater than ED ; [i. 20]

therefore AD is also greater than ED.

Again, since ME is equal to MF,

and MD is common,

therefore EM, MD are equal to FM, MD ;

and the angle EMD is greater than the angle FMD ;

therefore the base ED is greater than the base FD.

[1.24]

Similarly we can prove that FD is greater than CD ;

therefore DA is greatest, while DE is greater than DF,

and DF than DC.
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Next, since MK, KD are greater than MD, [1. 20]

and MG is equal to MK,

therefore the remainder KD is greater than the remainder

GD,

so that GD is less than KD.

And, since on MD, one of the sides of the triangle MLD,

two straight lines MK, KD were constructed meeting within

the triangle,

therefore MK, KD are less than ML, LD ; [1. 21]

and MK is equal to ML ;

therefore the remainder DK is less than the remainder

DL.

Similarly we can prove that DL is also less than DH ;

therefore DG is least, while DK is less than DL, and

DL than DH.

I say also that only two equal straight lines will fall from

the point D on the circle, one on each side of the least DG.

On the straight line MD, and at the point M on it,

let the angle DMB be constructed equal to the angle KMD,

and let DB be joined.

Then, since MK is equal to MB,

and MD is common,

the two sides KM, MD are equal to the two sides BM,

MD respectively ;

and the angle KMD is equal to the angle BMD ;

therefore the base DK is equal to the base DB. [1. 4]

I say that no other straight line equal to the straight line

DK will fall on the circle from the point D.

For, if possible, let a straight line so fall, and let it be DN.

Then, since DK is equal to DN,

while DK is equal to DB,

DB is also equal to DN,

that is, the nearer to the least DG equal to the more remote:

which was proved impossible.

Therefore no more than two equal straight lines will fall

on the circle ABC from the point D, one on each side ot

DG the least.

Therefore etc. Q. E. d.
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As De Morgan points out, there are here two assumptions similar to

that tacitly made in the proof of in. 7, namely that

K falls within the triangle DLM and E outside

the triangle DFM. These facts can be proved

in the same way as the assumption in in. 7. Let

DE meet FM in Y and LM in Z. Then, as

before, MZ is less than ML and therefore than

MK. Therefore K lies further than Z from

the foot of the perpendicular from M on DE.

Similarly E lies further than Y from the foot of the

same perpendicular.

Heron deals with lines on opposite sides of the

diameter through the external point in a manner similar to that adopted in

his previous note. Aa

For the case where E, F are the second points in

which AE, AF meet the circle the method answers

well enough.

If AE is nearer the centre D than AF is,

sqs. on DG, GE = sqs. on DH, HF

and sqs. on DG, GA = sqs. on DH, HA,

 

whence, since

it follows that

and

so that, by addition,

 

DG < DH,

GE>HF,

AG>AH,

AE>AF.

But, if K, L be the points in which AE, AFfirst

meet the circle, the method fails, and Heron is reduced to proving, in the first

instance, the property usually deduced from 11I. 36. He argues thus :

AKD being an obtuse angle,

sq. on AD = sum of sqs. on AK, KD and twice rect. AK, KG. [11. 12]

ALD is also an obtuse angle, and it follows that

sum of sqs. on AK, KD and twice rect. AK, KG is equal to

sum of sqs. on AL, LD and twice rect. AL, LH.

Therefore, the squares on KD, LD being equal,

sq. on AK and twice rect. AK, KG = sq. on AL and twice rect. AL, LH,

or sq. on AK and rect. AK, KE = sq. on AL and rect. AL, LF,

i.e. rect. AK, AE = rect. AL, AF.

But, by the first part, AE > AF.

Therefore AK < AL.

in. 7, 8 deal with the lengths of the several lines drawn to the circum

ference of a circle (1) from a point within it, (2) from a point outside it; but a

similar proposition is true of straight lines drawn from a point on the

circumference itself : If any point be taken on the circumference of a circle,

then, of all the straight lines which can be drawnfrom it to the circumference, the

greatest is that in which the centre is ; of any others that which is nearer to the

straight line which passes through the centre is greater than one more remote ;

and from the same point there can be drawn to the circumference two straight

lines, and only tiao, which are equal to one another, one on each side of the

greatest line.
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The converses of i11. 7, 8 and of the proposition just given are also true

and can easily be proved by reductio ad absurdum. They could be employed

to throw light on such questions as that of internal contact, and the relative

position of the centres of circles so touching. This is clear when part of the

converses is stated : thus (1) if from any point in the plane of a circle a

number of straight lines be drawn to the circumference of the circle, and one

of these is greater than any other, the centre of the circle must lie on that one,

(2) if one of them is less than any other, then, (a) if the point is within the

circle, the centre is on the minimum straight line produced beyond the point,

(b) if the point is outside the circle, the centre is on the minimum straight line

produced beyond the point in which it meets the circle.

Proposition 9.

If a point be taken within a circle, and more than two

equal straight lines fallfrom the point on the circle, the point

taken is the centre of the circle.

Let ABC be a circle and D a point within it, and from

D let more than two equal straight

lines, namely DA, DB, DC, fall on

the circle ABC ;

I say that the point D is the centre

of the circle ABC.

For let AB, BC be joined and

bisected at the points E, F, and let

ED, FD be joined and drawn through

to the points G, K, H, L.

Then, since AE is equal to EB,

and ED is common,

the two sides AE, ED are equal to the two sides BE, ED ;

and the base DA is equal to the base DB ;

therefore the angle AED is equal to the angle BED.

[1. 8]

Therefore each of the angles AED, BED is right ;

[1. Def. 10]

therefore GK cuts AB into two equal parts and at right

angles.

And since, if in a circle a straight line cut a straight line

into two equal parts and at right angles, the centre of the

circle is on the cutting straight line, [m. 1, Por.]

the centre of the circle is on GK.
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For the same reason

the centre of the circle ABC is also on HL.

And the straight lines GK, HL have no other point

common but the point D ;

therefore the point D is the centre of the circle ABC.

Therefore etc. Q. E. d.

The result of this proposition is quoted by Aristotle, Metcorologica in. 3,

373 a r3—16 (cf. note on 1. 8).

in. 9 is, as De Morgan remarks, a logical equivalent of part of m. 7,

where it is proved that every «i?«-central point is not a point from which three

equal straight lines can be drawn to the circle. Thus 111. 7 says that every

not-A is not-B, and in. 9 states the equivalent fact that every B is A.

Mr H. M. Taylor does in effect make a logical inference of the theorem that,

If from a point three equal straight lines can be drawn to a circle, that point is

the centre, by making it a corollary to his proposition which includes the part of

in. 7 referred to. Euclid does not allow himself these logical inferences, as we

shall have occasion to observe elsewhere also.

Of the two proofs of this proposition given in earlier texts of Euclid,

August and Heiberg regard that translated above as genuine, relegating the

other, which Simson gave alone, to a place in an Appendix. Camerer remarks

that the genuine proof should also have contemplated the case in which one

or other of the straight lines AB, BC passes through D. This would however

have been a departure from Euclid's manner of taking the most obscure case

for proof and leaving others to the reader.

The other proof, that selected by Simson, is as follows :

" For let a point D be taken within the circle ABC, and from D let more

than two equal straight lines, namely AD, DB, DC,

fall on the circle ABC ;

I say that the point D so taken is the centre of the

circle ABC.

For suppose it is not; but, if possible, let it be

E, and let DE be joined and carried through to the

points F, G.

Therefore FG is a diameter of the circle ABC.

Since, then, on the diameter FG of the circle

ABC a point has been taken which is not the centre

of the circle, namely D,

DG is greatest, and DC is greater than DB, and DB than DA.

But the latter are also equal : which is impossible.

Therefore E is not the centre of the circle.

Similarly we can prove that neither is any other point except D ;

therefore the point D is the centre of the circle ABC.

Q. E. D."

On this Todhunter correctly points out that the point E might be

supposed to fall within the angle ADC. It cannot then be shown that DC

is greater than DB and DB than DA, but only that either DC or DA is less

than DB ; this however is sufficient for establishing the proposition.
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Proposition 10.

A circle does not cut a circle at more points than two.

For, if possible, let the circle ABC cut the circle DEF

at more points than two, namely

B, G, F, H;

let BH, BG be joined and

bisected at the points K, L,

and from K, L let KC, LM be

drawn at right angles to BH,

BG and carried through to the

points A, E.

Then, since in the circle

ABC a straight line AC cuts a

straight line BH into two equal

parts and at right angles,

the centre of the circle ABC is on AC. [in. 1, Por.]

Again, since in the same circle ABC a straight line NO

cuts a straight line BG into two equal parts and at right

angles,

the centre of the circle ABC is on NO.

But it was also proved to be on AC, and the straight

lines AC, NO meet at no point except at P ;

therefore the point P is the centre of the circle ABC.

Similarly we can prove that P is also the centre of the

circle DEF;

therefore the two circles ABC, DEF which cut one

another have the same centre P : which is impossible. [hi. 5]

Therefore etc. Q. E. d.

1 . The word circle (kiSkXos) is here employed in the unusual sense of the circumference

(irtpHpepaa) of a circle. Cf. note on 1. Def. 15.

There is nothing in the demonstration of this proposition which assumes

that the circles cut one another; it proves that two circles cannot meet at more

than two points, whether they cut or meet without cutting, i.e. touch one

another.

Here again, of two demonstrations given in the earlier texts, Simson chose

the second, which August and Heiberg relegate to an Appendix, and which is

as follows :

" For again let the circle ABC cut the circle DEF at more points than

two, namely B, G, H, F;

let the centre K of the circle ABC be taken, and let KB, KG, KF be

joined.
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Since then a point K has been taken within the circle DEF,

and from K more than two straight lines, namely

KB, KF, KG, have fallen on the circle DEF,

the point A" is the centre of the circle DEF. [m. 9]

But K is also the centre of the circle ABC.

Therefore two circles cutting one another have

the same centre K: which is impossible. [in. 5]

Therefore a circle does not cut a circle at more

points than two.

Q. E. D."

This demonstration is claimed by Heron (see an-NairizI, ed. Curtze,

pp. 120— 1). It is incomplete because it assumes that the point K which is

taken as the centre of the circle ABC is within the circle DEF. It can

however be completed by means of in. 8 and the corresponding proposition

with reference to a point on the circumference of a circle which was enunciated

in the note on m. 8. For (1) if the point K is on the circumference of the

circle DEF, we obtain a contradiction of the latter proposition which asserts

that only two equal straight lines can be drawn from K to the circumference

of the circle DEF; (2) if the point K is outside the circle DEF, we obtain a

contradiction of the corresponding part of 111. 8.

Euclid's proof contains an unproved assumption, namely that the lines

bisecting BG, BH at right angles will meet in a point P. For a discussion

of this assumption see note on iv. 5.

Proposition ii.

If two circles touch one another internally, and their centres

be taken, the straight line joining their centres, if it be also

produced, willfall on the point of contact of the circles.

For let the two circles ABC, ADE touch one another

internally at the point A, and let

the centre F of the circle ABC, and

the centre G of ADE, be taken ;

I say that the straight line joined

from G to F and produced will fall

on A.

For suppose it does not, but,

if possible, let it fall as FGH, and

let AF, AG be joined.

Then, since AG, GFare greater

than FA, that is, than FH,

let FG be subtracted from each ;

therefore the remainder AG is greater than the remainder

GH.
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But AG is equal to GD ;

therefore GD is also greater than GH,

the less than the greater : which is impossible.

Therefore the straight line joined from F to G will not

fall outside ;

therefore it will fall at A on the point of contact.

Therefore etc.

Q. E. D.

2. the straight line joining their centres, literally "the straight line joined to their

centres " (i) evl to Kivrpa avruv eiriffvyMfUvi) tvBtla).

3. point of contact is here awaipii, and in the enunciation of the next proposition

Again August and Heiberg give in an Appendix the additional or

alternative proof, which however shows little or no variation from the genuine

proof and can therefore well be dispensed with.

The genuine proof is beset with difficulties in consequence of what it

tacitly assumes in the figure, on the ground, probably, of its being obvious to

the eye. Camerer has set out these difficulties in a most careful note, the

heads of which may be given as follows :

He observes, first, that the straight line joining the centres, when produced,

must necessarily (though this is not stated by Euclid) be produced in the

direction of the centre of the circle which touches the other internally. (For

brevity, I shall call this circle the " inner circle," though I shall imply nothing

by that term except that it is the circle which touches the other on the inner

side of the latter, and therefore that, in accordance with the definition of

touching, points on it in the immediate neighbourhood of the point of contact

are necessarily within the circle which it touches.) Camerer then proceeds by

the following steps.

1. The two circles, touching at the given point, cannot intersect at any

point. For, since points on the " inner " in the immediate neighbourhood of

the point of contact are within the "outer" circle, the inner circle, if it

intersects the other anywhere, must pass outside it and then return. This is

only possible (a) if it passes out at one point and returns at another point, or

(6) if it passes out and returns through one and the same point, (a) is impossible

because it would require two circles to have three common points ; (6) would

require that the inner circle should have a node at the point where it passes

outside the other, and this is proved to be impossible by drawing any radius

cutting both loops.

2. Since the circles cannot intersect, one must be entirely within the

other.

3. Therefore the outer circle must be greater than the inner, and the

radius of the outer greater than that of the inner.

4. Now, if F be the centre of the greater and G of the inner circle, and

if FG produced beyond G does not pass through A, the given point of

contact, then there are three possible hypotheses.

(a) A may lie on GF produced beyond F.
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(b) A may lie outside the line FG altogether, in which case FG produced

beyond G must, in consequence of result 2 above, either

(i) meet the circles in a point common to both, or

(ii) meet the circles in two points, of which that which is on the inner

circle is nearer to G than the other is.

(a) is then proved to be impossible by means of the fact that the radius of the

inner circle is less than the radius of the outer.

(&) (ii) is Euclid's case ; and his proof holds equally of (6) (i), the hypothesis,

namely, that D and H in the figure coincide.

Thus all alternative hypotheses are successively shown to be impossible,

and the proposition is completely established.

I think, however, that this procedure may be somewhat shortened in the

following manner.

In order to make Euclid's proof absolutely conclusive we have only (1) to

take care to produce FG beyond G, the centre of the " inner " circle, and then

(2) to prove that the point in which FG so produced meets the "inner" circle

is not further from G than is the point in which it meets the other circle.

Euclid's proof is equally valid whether the first point is nearer to G than the

second or the first point and the second coincide.

If FG produced beyond G does not pass through A, there are two

  

conceivable hypotheses : (a) A may lie on GF produced beyond F, or (b) A

may be outside FG produced either way. In either case, if FG produced

meets the "inner" circle in D and the other in H, and if GD is greater than

GH, then the " inner " circle must cut the " outer " circle at some point

between A and D, say X.

But, if two circles have a common point X lying on one side of the line of

centres, they must have another corresponding point on the other side of the

line of centres. This is clear from in. 7, 8 ; for the point is determined by

drawing from F and G, on the opposite side to that where X is, straight

lines FY, GY making with FD angles equal to the angles DFX, DGX

respectively.

Hence the two circles will have at least three points common : which is

impossible.

Therefore GD cannot be greater than GH; accordingly GD must be

either equal to, or less than, GH, and Euclid's proof is valid.

The particular hypothesis in which FG is supposed to be in the same

straight line with A but G is on the side of F away from A is easily disposed

of, and would in any case have been left to the reader by Euclid.

For GD is either equal to or less than GH.

Therefore GD is less than FH, and therefore less than FA.

But GD is equal to GA, and therefore greater than FA : which is

impossible.
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Subject to the same preliminary investigation as that required by Euclid's

proof, the proposition can also be proved directly from m. 7.

For, by i11. 7, GHIs the shortest straight line that can be drawn from G

to the circle with centre F;

therefore GH is less than GA,

and therefore less than GD : which is absurd.

This proposition is the crucial one as regards circles which touch internally ;

and, when it is once established, the relative position of the circles can be

completely elucidated by means of it and the propositions which have preceded

it. Thus, in the annexed figure, if F be the centre

of the outer circle and G the centre of the inner,

and if any radius FQ of the outer circle meet the

two circles in Q, P respectively, it follows, from

in. 7, in. 8, or the corresponding theorem with

reference to a point on the circumference, that FA

is the maximum straight line from F to the circum

ference of the inner circle, FP is less than FA,

and FP diminishes in length as FQ moves round

from FA until FP reaches its minimum length

FB. Hence the circles do not meet at any other

point than A, and the distance PQ cut off between them on any radius FQ

of the outer circle becomes greater and greater as FQ moves round from FA

to FC and is a maximum when FQ coincides with FC, after which it

diminishes again on the other side of FC.

The same consideration gives the partial converse of in. n which forms

the 6th lemma of Pappus to the first book of the Tactiones of Apollonius

(Pappus, V11. p. 826). This is to the effect that, if AB, AC are in one straight

line, and on one side of A, the circles described on AB, AC as diameters touch

(internally at the point A). Pappus concludes this from the fact that the

circles have a common tangent at A ; but the truth of it is clear from the fact

that FP diminishes as FQ moves away from FA on either side ; whence the

circles meet at A but do not cut one another.

Pappus' 5th lemma (vii. p. 824) is another partial converse, namely that,

given two circles touching internally at A, and a line ABC drawn from A cutting

doth, then, if the centre of the outer circle lies on ABC, so does the centre of the

inner. Pappus himself proves this, by means of the common tangent to the

circles at A, in two ways. (1) The tangent is at right angles to AC and

therefore to AB : therefore the centre of the inner circle lies on AB. (2) By

n1. 32, the angles in the alternate segments of both circles are right angles, so

that ABC is a diameter of both.

[Proposition 12.

If two circles touch one another externally, the straight

line joining their centres will pass through the point of

contact.

For let the two circles ABC, ADE touch one another

5 externally at the point A, and let the centre F of ABC, and

the centre G of ADE, be taken ;
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I say that the straight line joined from F to G will pass

through the point of contact at A.

For suppose it does not,

10 but, if possible, let it pass as

FCDG, and let AF, AG be

joined.

Then, since the point F is

the centre of the circle ABC,

is FA is equal to FC.

Again, since the point G is

the centre of the circle ADE,

GA is equal to GD.

But FA was also proved equal to FC ;

2° therefore FA, AG are equal to FC, GD,

so that the whole FG is greater than FA, AG ;

but it is also less [1. 20] : which is impossible.

Therefore the straight line joined from F to G will not

fail to pass through the point of contact at A ;

2S therefore it will pass through it.

Therefore etc. Q. E. D.J

23. will not fail to pass. The Greek has the double negative, oi5* &pa ri...tidua...

ovK iXtfoerai, literally " the straight line. ..will not «o/-pass.. .."

Heron says on i11. iI:" Euclid in proposition 1 1 has supposed the two

circles to touch internally, made his proposition deal with this case and proved

what was sought in it. But I will show how it is to be proved if the contact is

external." He then gives substantially the proof and figure of in. 12. It

seems clear that neither Heron nor an-Nairizi had in. 12 in this place.

Campanus and the Arabic edition of Naslraddin at-TusI have nothing more

of in. 12 than the following addition to in. 11. "In the case of external

contact the two lines ae and eb will be greater than ab, whence ad and cb will

be greater than the whole ab, which is false." (The points a, b, c, d, e cor

respond respectively to G, F, C, D, A in the above figure.) It is most

probable that Theon or some other editor added Heron's proof in his edition

and made Prop. 12 out of it (an-Nairizi, ed. Curtze, pp. 121—2). An-Nairizi

and Campanus, conformably with what has been said, number Prop. 13 of

Heiberg's text Prop. 12, and so on through the Book.

What was said in the note on the last proposition applies, mutatis mutandis,

to this. Camerer proceeds in the same manner as before ; and we may use

the same alternative argument in this case also.

Euclid's proof is valid provided only that, if FG, joining the assumed

centres, meets the circle with centre F in C and the other circle in D, C is

not within the circle ADE and D is not within the circle ABC. (The proof

is equally valid whether C, D coincide or the successive points are, as drawn

in the figure, in the order F, C, D, G.) Now, if C is within the circle ADE
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and D within the circle ABC, the circles must have cut between A and C

and between A and D. Hence, as before, they must also have another

corresponding point common on the other side of CD. That is, the circles

must have three common points : which is impossible.

Hence Euclid's proof is valid if F, A, G form a triangle, and the only

hypothesis which has still to be disproved is the

hypothesis which he would in any case have left to

the reader, namely that A does not lie on FG but

on FGproduced in either direction. In this case, as

before, either C, D must coincide or C is nearer

^"than D is. Then the radius FC must be equal

to FA : which is impossible, since FC cannot be

greater than FD, and must therefore be less than

FA.

Given the same preliminaries, i11. 12 can be proved by means of in. 8.

Again, when the proposition i11. 12 is once proved, i11. 8 helps us to prove

at once that the circles lie entirely outside each other and have no other

common point than the point of contact.

Among Pappus' lemmas to Apollonius' Tactiones are the two partial

converses of this proposition corresponding to those given in the last note.

Lemma 4 (vn. p. 824) is to the effect that, // AB, AC be in one straight line, B

and C being on opposite sides of A, the circles drawn on AB, AC as diameters

touch externally at A. Lemma 3 (vn. p. 822) states that, if two circles touch

externally at A and BAC is drawn through A cutting both circles and containing

the centre of one, BAC will also contain the centre of the other. The proofs, as

before, use the common tangent at A.

Mr H. M. Taylor gets over the difficulties involved by m. 11, 12 in a

manner which is most ingenious but not Euclidean. He first proves that, if two

circles meet at a point not in the same straight line with their centres, the circles

intersect at that point; this is very easily established by means of in. 7, 8 and

the third similar theorem. Then he gives as a corollary the statement that, if

two circles touch, the point of contact is in the same straight line with their

centres. It is not explained how this is inferred from the substantive

proposition ; it seems, however, to be a logical inference simply. By the

proposition, every A (circles meeting at a point not in the same straight line

with the centre) is B (circles which intersect); therefore every not-Z? is noX-A,

i.e. circles which do not intersect do not meet at a point not in the same

straight line with the centres. Now non-intersecting circles may either meet

(i.e. touch) or not meet. In the former case they must meet on the line of

centres : for, if they met at a point not in that line, they would intersect. But

such a purely logical inference is foreign to Euclid's manner. As De Morgan

says, " Euclid may have been ignorant of the identity of ' Every X is Y' and

' Every not- Y is not-A',' for anything that appears in his writings ; he makes

the one follow from the other by a new proof each time " (quoted in Keynes'

Formal Logic, p. 81).

There is no difficulty in proving, by means of 1. 20, Mr Taylor's next

proposition that, if two circles meet at a point which lies in the same straight

line as their centres and is between the centres, the circles touch at that point, and

each circle lies without the other. But the similar proof, by means of i. 20, of

the corresponding theorem for internal contact seems to be open to the same

objection as Euclid's proof of m. 1 1 in that it assumes without proof that the

circle which has its centre nearest to the point of meeting is the "inner"

circle. Lastly, in order to prove that, if two circles have a point of contact, they
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do not meet at any other point, Mr Taylor uses the questionable corollary.

Therefore in any case his alternative procedure does not seem preferable to

Euclid's.

The alternative to Eucl. 11I. u— 13 which finds most favour in modern

continental text-books (e.g. Legendre, Baltzer, Henrici and Treutlein,

Veronese, Ingrami, Enriques and Amaldi) connects the number, position and

nature of the coincidences between points on two circles with the relation in

which the distance between their centres stands to the length of their radii.

Enriques and Amaldi, whose treatment of the different cases is typical, give

the following propositions (Veronese gives them in the converse form).

1 . If the distance between the centres of two circles is greater than the sum

of the radii, the two circles have no point common and are external to one

another.

Let O, O be the centres of the circles (which we will call " the circles

O, O "), r, r' their radii respectively.

Since then OO >r+r, a fortiori OO > r, and O is therefore exterior to

the circle O.

Next, the circumference of the circle O intersects OO in a point A, and

since OO' > r+ r, AO>r', and A is

external to the circle O'.

But OA is less than any straight

line, as OB, drawn to the circum

ference of the circle O [11I. 8] ; hence

all points, as B, on the circumference

of the circle O are external to the circle

a.

Lastly, if C be any point internal

to the circle O, the sum of OC, OC is

greater than OO, and a fortiori greater than r + r.

But OC is less than r: therefore OC is greater than /, or C is external

to O.

Similarly we prove that any point on or within the circumference of the

circle O is external to the circle O.

2. If the distance between the centres of two unequal circles is less than the

difference of the radii, the two circumferences have no common point and the lesser

circle is entirely within the greater.

Let O, O be the centres of the two circles, r, r their radii respectively

(r<T>).

Since OO <r' — r, a fortiori OO < r , so that O is

internal to the circle O.

If A, A' be the points in which the straight line

OO intersects respectively the circumferences of the

circles O, O,

OO is less than OA'-OA,

so that OO + OA, or OA, is less than OA',

and therefore A is internal to the circle O.

But, of all the straight lines from O to the circumference of the circle O,

OA passing through the centre O is the greatest [in. 7] ;

whence all the points of the circumference of O are internal to the circle O.

A similar argument to the preceding will show that all points within the

circle O are internal to the circle O.
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3. If the distance between the centres of two circles is equal to the sum of the

radii, the two circumferences have one point common and one only, and that point

is on the line of centres. Each circle is external to the other.

Let O, O be the centres, r, r the radii of the circles, so that OO is equal

to r + r.

Thus OO is greater than r, so that O

is external to the circle O, and the circum

ference of the circle O cuts OO in a

point A.

And, since OO is equal to r+ r, and

OA to r, it follows that OA is equal to /,

so that A belongs also to the circumference

of the circle O.

The proof that all other points on, and

all points within, the circumference of the circle O are external to the circle O

follows the similar proof of prop. 1 above. And similarly all points (except A)

on, and all points within, the circumference of the circle O are external to the

circle O.

The two circles, having one common point only, touch at that point, which

lies, as shown, on the line of centres. And, since the circles are external to

one another, they touch externally.

4. If the distance between the centres of two unequal circles is equal to the

difference between the radii, the two circumferences have one point and one only in

common, and that point lies on the line of centres. The lesser circle is within the

other.

The proof is that of prop. 2 above, mutatis mutandis.

The circles here touch internally at the point on the line of centres.

5. If the distance between the centres of two circles is less than the sum, and

greater than the difference, of the radii, the two circumferences have two common

points symmetrically situated with respect to the line of centres but not lying on

that line.

Let O, O be the centres of the two circles, r, r their radii, r" being the

greater, so that

r' — r < OO <r + r/.

It follows that in any case OO + r> r, so that, if OM be taken on OO

produced equal to r (so that M is on the circumference of the circle O), M is

external to the circle O.

We have to use the same Postulate as in Eucl. 1. 1 that

An arc of a circle which has one extremity within and the other without a

given circle has one point common with the

latter and only one ; from which it follows,

if we consider two such arcs making a

complete circumference, that, if a circum

ference of a circle passes through one point

internal to, and one point external to a

given circle, it cuts the latter circle in two

points.

We have then to prove that the circle O,

besides having one point M of its circum

ference external to the circle O, has one other point of its circumference (Z)

internal to the latter circle.
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Three cases have to be distinguished according as Off is greater than, equal

to, or less than, the radius r of the lesser circle.

(1) Off > r. (See the preceding figure.)

Measure OL along Off equal to r, so that

L lies on the circumference of the circle O.

Then, since Off <r + r, OL will be less

than r, so that L is within the circle ff.

(2) Off = r.

In this case the circumference of the circle

O passes through ff, or L coincides with ff.

(3) Off<r.

If we measure OL along Off equal to r, the point L will lie on the

circumference of the circle O.

Then ffL = r- Off,

so that OL < r, and a fortiori ffL < r, so that L

lies within the circle ff.

Thus, in all three cases, since the circumference

of O passes through one point (M) external to, and

one point (L) internal to, the circle ff, the two

circumferences intersect in two points A, B [Post.]

And A, B cannot lie on the line of centres Off,

since this straight line intersects the circle O in

L, M only, and of these points one is inside, the other outside, the circle ff.

Since AB is a common chord of both circles, the straight line bisecting it

at right angles passes through both centres, i.e. is identical with Off.

And again by means of in. 7, 8 we prove that all points except A, B on

the arc ALB lie within the circle ff, and all points except A, B on the arc

AMB outside that circle : and so on.

 

Proposition 13.

A circle does not touch a circle at more points than one,

whether it touch it internally or externally.

For, if possible, let the circle ABDC touch the circle

EBFD, first internally, at more

5 points than one, namely D, B.

Let the centre G of the circle

ABDC, and the centre H of

EBFD, be taken.

Therefore the straight line

10 joined from G to H will fall on

B, D. [in. n]

Let it so fall, as BGHD.

Then, since the point G is

the centre of the circle ABCD,

•5 BG is equal to GD ;
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therefore BG is greater than HD ;

therefore BH is much greater than HD.

Again, since the point H is the centre of the circle

EBFD,

20 BH is equal to HD ;

but it was also proved much greater than it : which is

impossible.

Therefore a circle does not touch a circle internally at

more points than one.

»5 I say further that neither does it so touch it externally.

For, if possible, let the circle ACK touch the circle

ABDC at more points than one, namely A, C,

and let AC be joined.

Then, since on the circumference of each of the circles

30 ABDC, ACK two points A, C have been taken at random,

the straight line joining the points will fall within each

circle ; [in. 2]

but it fell within the circle ABCD and outside ACK

[in. Def. 3] : which is absurd.

35 Therefore a circle does not touch a circle externally at

more points than one.

And it was proved that neither does it so touch it

internally.

Therefore etc. Q. E. d.

3, 7, 14, 27, 30, 33. ABDC. Euclid writes ABCD (here and in the next proposition),

notwithstanding the order in which the points are placed in the figure.

25, 37. does it so touch it. It is necessary to supply these words which the Greek

(St« oiSi iicris and In oiSi ivrds) leaves to be understood.

The difficulties which have been felt in regard to the proofs of this

proposition need not trouble us now, because they have already been disposed

of in the discussion of the more crucial propositions in. n, 12.

Euclid's proof of the first part of the proposition differs from Simson's ;

and we will deal with Euclid's first. On this Camerer remarks that it is

assumed that the supposed second point of contact lies on the line of centres

produced beyond the centre of the "outer" circle, whereas all that is proved in

in. 11 is that the line of centres produced beyond the centre ofthe " inner" circle

passes through a point of contact. But, by the same argument as that given

on m. 1 1, we show that the circles cannot have a point of contact, or even

any common point, outside the line of centres, because, if there were such a

point, there would be a corresponding common point on the other side of the

line, and the circles would have three common points. Hence the only

hypothesis left is that the second point of contact may be on the line of

centres but in the direction of the centre of the "outer" circle; and Euclid's

proof disposes of this hypothesis.

H. e. 11. x
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Heron (in an-Nairizi, ed. Curtze, pp. 122—4), curiously enough, does not

question Euclid's assumption that the line of centres passes through both

points of contact (if double contact is possible) ; but he devotes some space to

proving that the centre of the "outer" circle must lie within the "inner" circle, a

fact which he represents Euclid as asserting (" sicut dixit Euclides ''), though

there is no such assertion in our text. The proof of the fact is of course easy.

If the line of centres passes through both points of contact, and the centre of

the "outer" circle lies either on or outside the "inner" circle, the line of

centres must cut the "inner" circle in three points in all: which is impossible,

as Heron shows by the lemma, which he places here (and proves by 1. 16),

that a straight line cannot ait the circumference of a circle in more points

than two.

Simson's proof is as follows (there is no real need for giving two figures as

he does).

" If it be possible, let the circle EBF touch the circle ABC in more

points than one, and first on the inside, in the

points B, D ; join BD, and draw GH bisecting

BD at right angles.

Therefore, because the points B, D are in the

circumference of each of the circles, the straight

line BD falls within each of them : And their

centres are in the straight line GH which bisects

BD at right angles :

Therefore GH passes through the point of

contact [in. n]; but it does not pass through it,

because the points B, D are without the straight line GH: which is absurd.

Therefore one circle cannot touch another on the inside in more points

than one."

On this Camerer remarks that, unless 111. 1 1 be more completely elucidated

than it is by Euclid's demonstration, which Simson has, it is not sufficiently

clear that, besides the point of contact in which GH meets the circles, they

cannot have another point of contact either (1) on GH or (2) outside it.

Here again the latter supposition (2) is rendered impossible because in that

case there would be a third common point on the opposite side of GH ; and

the former supposition ( 1 ) is that which Euclid's proof destroys.

Simson retains Euclid's proof of the second part of the proposition, though

his own proof of the first part would apply to the second part also if a

reference to in. 12 were substituted for the reference to in. 11. Euclid might

also have proved the second part by the same method as that which he

employs for the first part.

Proposition 14.

In a circle equal straight lines are equally distant from

the centre, and those which are equally distant from the centre

are equal to one another.

Let ABDC be a circle, and let AB, CD be equal straight

lines in it ;

I say that AB, CD are equally distant from the centre.

For let the centre of the circle ABDC be taken [in. i],
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and let it be E ; from E let EF, EG be drawn perpendicular

to AB, CD, and let AE, EC be joined.

Then, since a straight line EF through

the centre cuts a straight lineA£ not through

the centre at right angles, it also bisects it.

[hi. 3]

Therefore AFis equal to FB ;

therefore AB is double of AF.

For the same reason

CD is also double of CG ;

and AB is equal to CD ;

therefore AF is also equal to CG.

And, since AE is equal to EC,

the square on AE is also equal to the square on EC.

But the squares on AF, EF are equal to the square on AE,

for the angle at F is right ;

and the squares on EG, GC are equal to the square on EC,

for the angle at G is right ; [1. 47]

therefore the squares on AF, FE are equal to the

squares on CG, GE,

of which the square on AF is equal to the square on CG,

for AFis equal to CG ;

therefore the square on FE which remains is equal to

the square on EG,

therefore EF is equal to EG.

But in a circle straight lines are said to be equally distant

from the centre when the perpendiculars drawn to them from

the centre are equal ; [in. Def. 4]

therefore AB, CD are equally distant from the centre.

Next, let the straight lines AB, CD be equally distant

from the centre; that is, let EFbe equal to EG.

I say that AB is also equal to CD.

For, with the same construction, we can prove, similarly,

that AB is double of AF, and CD of CG.

And, since AE is equal to CE,

the square on AE is equal to the square on CE.

But the squares on EF, FA are equal to the square on AE,

and the squares on EG, GC equal to the square on CE. [1. 47]

3—2
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Therefore the squares on EF, FA are equal to the

squares on EG, GC,

of which the square on EF is equal to the square on EG,

for EF is equal to EG ;

therefore the square on AF which remains is equal to the

square on CG ;

therefore AF is equal to CG.

And AB is double of AF, and CD double of CG ;

therefore AB is equal to CD.

Therefore etc.

Q. E. D.

Heron (an-Nairizi, pp. 1 25—7) has an elaborate addition to this proposition

in which he proves, first by reductio ad absurdum, and then directly, that the

centre of the circle falls between the two chords.

Proposition 15.

Of straight lines in a circle the diameter is greatest,

and of the rest the nearer to the centre is always greater than

the more remote.

Let ABCD be a circle, let AD be its diameter and E

the centre ; and let BC be nearer to the

diameter AD, and FG more remote ;

I say that AD is greatest and BC

greater than FG.

For from the centre E let EH, EK

be drawn perpendicular to BC, FG.

Then, since BC is nearer to the

centre and FG more remote, EK is

greater than EH. [m. Def. 5]

Let EL be made equal to EH,

through L let LM be drawn at right

angles to EK and carried through to N, and let ME, EM,

FE, EG be joined.

Then, since EH is equal to EL,

BC is also equal to MN. [1n. 14]

Again, since AE is equal to EM, and ED to EN,

AD is equal to ME, EN.

 



in. 15, 16] PROPOSITIONS 14—16 37

But ME, EN are greater than MN, [u 20]

and MN is equal to BC ;

therefore AD is greater than BC.

And, since the two sides ME, EN are equal to the two

sides EE, EG,

and the angle MEN greater than the angle FEG,

therefore the base MN is greater than the base FG. [1. 24]

But MN was proved equal to BC.

Therefore the diameter AD is greatest and BC greater

than FG.

Therefore etc.

Q. E. D.

1. Of straight lines. The Greek leaves these words to be understood.

It will be observed that Euclid's proof differs from that given in our text

books (which is Simson's) in that Euclid introduces another line MN, which

is drawn so as to be equal to BC but at right angles to EK and therefore

parallel to FG. Simson dispenses with MNand bases his proof on a similar

proof by Theodosius (Sphaerica 1. 6). He proves that the sum of the squares

on EH, HB is equal to the sum of the squares on EK, KF: whence he

infers that, since the square on EH is less than the square on EK, the square

on BH is greater than the square on FK. It may be that Euclid would have

regarded this as too complicated an inference to make without explanation or

without an increase in the number of his axioms. But, on the other hand,

Euclid himself assumes that the angle subtended at the centre by MN is

greater than the angle subtended by FG, or, in other words, that M, N both

fall outside the triangle FEG. This is a similar assumption to that made in

i11. 7, 8, as already noticed; and its truth is obvious because EM, EN, being

radii of the circle, are greater than the distances from E to the points in which

MNcuts EF, EG, and therefore the latter points are nearer than M, Naie to

L, the foot of the perpendicular from E to MN.

Simson adds the converse of the proposition, proving it in the same way

as he proves the proposition itself.

Proposition 16.

The straight line drawn at right angles to the diameter

of a circle from its extremity will fall outside the circle, and

into the space between the straight line and the circumference

another straight line cannot be interposed ; further the angle

of the semicircle is greater, and the remaining angle less, than

any acute rectilineal angle.

Let ABC be a circle about D as centre and AB as

diameter ;
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I say that the straight line drawn from A at right angles

to AB from its extremity will fall

outside the circle.

For suppose it does not, but,

if possible, let it fall within as CA,

and let DC be joined.

Since DA is equal to DC,

the angle DAC is also equal to

the angle A CD. [1. 5]

But the angle DAC is right ;

therefore the angle ACD is also right:

thus, in the triangle A CD, the two angles DAC, ACD are

equal to two right angles : which is impossible. [1. 17]

Therefore the straight line drawn from the point A at

right angles to BA will not fall within the circle.

Similarly we can prove that neither will it fall on the

circumference ;

therefore it will fall outside.

Let it fall as AE ;

I say next that into the space between the straight line AE

and the circumference CHA another straight line cannot be

interposed.

For, if possible, let another straight line be so interposed,

as FA, and let DG be drawn from the point D perpendicular

to FA.

Then, since the angle AGD is right,

and the angle DAG is less than a right angle,

AD is greater than DG. [1. 19]

But DA is equal to DH ;

therefore DH is greater than DG, the less than the

greater : which is impossible.

Therefore another straight line cannot be interposed into

the space between the straight line and the circumference.

I say further that the angle of the semicircle contained by

the straight line BA and the circumference CHA is greater

than any acute rectilineal angle,

and the remaining angle contained by the circumference CHA

and the straight line AE is less than any acute rectilineal angle.

For, if there is any rectilineal angle greater than the

angle contained by the straight line BA and the circumference
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CHA, and any rectilineal angle less than the angle contained

by the circumference CHA and the straight line AE, then

into the space between the circumference and the straight line

AE a straight line will be interposed such as will make an

angle contained by straight lines which is greater than the

angle contained by the straight line BA and the circumference

CHA, and another angle contained by straight lines which

is less than the angle contained by the circumference CHA

and the straight line AE.

But such a straight line cannot be interposed ;

therefore there will not be any acute angle contained by

straight lines which is greater than the angle -contained by

the straight line BA and the circumference CHA, nor yet

any acute angle contained by straight lines which is less than

the angle contained by the circumference CHA and the

straight line AE.—

Porism. From this it is manifest that the straight line

drawn at right angles to the diameter of a circle from its

extremity touches the circle.
' Q. E. D.

4. cannot be interposed, literally " will not fall in between " (oi iraixnveaetrai).

This proposition is historically interesting because of the controversies to

which the last part of it gave rise from the 13th to the 17th centuries.

History was here repeating itself, for it is certain that, in ancient Greece, both

before and after Euclid's time, there had been a great deal of the same sort

of contention about the nature of the " angle of a semicircle " and the

" remaining angle " between the circumference of the semicircle and the

tangent at its extremity. As we have seen (note on 1. Def. 8), the latter angle

had a recognised name, Ktparo«S^s yuma, horn-like or cornicular angle ;

though this term does not appear in Euclid, it is often used by Proclus,

evidently as a term well understood. While it is from Proclus that we get the

best idea of the ancient controversies on this subject, we may, I think, infer

their prevalence in Euclid's time from this solitary appearance of the two

"angles" in the Elements. Along with the definition of the angle of a

segment, it seems to show that, although these angles are only mentioned to

be dropped again immediately, and are of no use in elementary geometry, or

even at all, Euclid thought that an allusion to them would be expected of

him ; it is as if he merely meant to guard himself against appearing to ignore

a subject which the geometers of his time regarded with interest. If this

conjecture is right, the mention of these angles would correspond to the

insertion of definitions of which he makes no use, e.g. those of a rhombus and

a rhomboid.

Proclus has no hesitation in speaking of the "angle of a semicircle" and

the "horn-like angle" as true angles. Thus he says that "angles are contained

by a straight line and a circumference in two ways ; for they are either

contained by a straight line and a convex circumference, like that of the semi
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circle, or by a straight line and a concave circumference, like the ictparouSrjs "

(p. 127, 11—14). "There are mixed lines, as spirals, and angles, as the angle

of a semicircle and the Ktparo«8rjs " (p. 104, 16— 18). The difficulty which

the ancients felt arose from the very fact which Euclid embodies in this

proposition. Since an angle can be divided by a line, it would seem to be a

magnitude; "but if it is a magnitude, and all homogeneous magnitudes which

are finite have a ratio to one another, then all homogeneous angles, or rather

all those on surfaces, will have a ratio to one another, so that the cornicular

will also have a ratio to the rectilineal. But things which have a ratio to one

another can, if multiplied, exceed one another. Therefore the cornicular

angle will also sometime exceed the rectilineal ; which is impossible, for it is

proved that the former is less than any rectilineal angle" (Proclus, p. 121,

24—122, 6). The nature of contact between straight lines and circles was

also involved in the question, and that this was the subject of controversy

before Euclid's time is clear from the title of a work attributed to Democritus

(fl. 420—400 B.C.) irtpi Sicupopijs yviofiovos tj irtpl if/awio? KvKXov Ko.1 crtpaiprp;.

On a difference in a gnomon or on contact of a circle and a sphere. There is,

however, another reading of the first words of this title as given by Diogenes

Laertius (ix. 47), namely irtpl Sia^npyjs yvwfirj<;, On a difference of opinion, etc.

May it not be that neither reading is correct, but that the words should be

irtpl Sioupoprjs ywvirjs rj irtpl if/avaux; KvK\ov Koi acf>aiprji, On a difference in an

angle or on contact with a circle and a sphere! There would, of course,

hardly be any " angle " in connexion with the sphere ; but I do not think that

this constitutes any difficulty, because the sphere might easily be tacked on as

a kindred subject to the circle. A curiously similar collocation of words

appears in a passage of Proclus, though this may be an accident. He says

(p. 50, 4) iri3s Si yoiviujv Siacj>opa <; Xtyo/xtv kcu av£ijo"tis avroJv ... and then, in

the next line but one, irc3s Si tos acf>as rwv KvK\u)v 4j rmv thOtimv, " In what

sense do we speak of differences of angles and of increases of them . . . and in

what sense of the contacts (or meetings) of circles or of straight lines ? "

I cannot help thinking that this subject of cornicular angles would have had

a fascination for Democritus as being akin to the question of infinitesimals,

and very much of the same character as the other question which Plutarch

(On Common Notions, xxxix. 3) says that he raised, namely that of the

relation between the base of a cone and a section of it by a plane parallel to

the base and apparently, to judge by the context, infinitely near to it : " if

a cone were cut by a plane parallel to its base, what must we think of the

surfaces of the sections, that they are equal or unequal? For, if they are

unequal, they will make the cone irregular, as having many indentations like

steps, and unevennesses ; but, if they are equal, the sections will be equal,

and the cone will appear to have the property of the cylinder, as being made

up of equal and not unequal circles, which is the height of absurdity."

The contributions by Democritus to such investigations are further attested

by a passage in a new fragment of Archimedes (see Heiberg, Eine neue

Archinudes-Handschrift in Hermes xln. 1907, pp. 235-—303), which says

(loc. cit., pp. 245, 246) that, though Eudoxus was the first to discover the

scientific proof of the propositions (attributed to him) that the cone and the

pyramid are one-third of the cylinder and prism respectively which have

the same base and height, they were first stated, without proof, by Democritus.

A full history of the later controversies about the cornicular "angle"

cannot be given here ; more on the subject will be found in Camerer's

Euclid (Excursus iv. on in. 16) or in Cantor's Geschichte der Mathematik,

Vol. 11. (see Contingenzwinkel in the index). But the following short note
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about the attitude of certain well-known mathematicians to the question will

perhaps not be out of place. Johannes Campanus, who edited Euclid in

the 13th century, inferred from in. 16 that there was a flaw in the principle

that the transition from the less to the greater, or vice versd, takes place through

all intermediate quantities and therefore through the equal. If a diameter of a

circle, he says, be moved about its extremity until it takes the position of the

tangent to that circle, then, as long as it cuts the circle, it makes an acute

angle less than the "angle of a semicircle"; but the moment it ceases to cut,

it makes a right angle greater than the same "angle of a semicircle." The

rectilineal angle is never, during the transition, equal to the "angle of a semi

circle." There is therefore an apparent inconsistency with x. 1, and Campanus

could only observe (as he does on that proposition), in explanation of the

paradox, that "these are not angles in the same sense (univoce), for the

curved and the straight are not things of the same kind without qualification

(simpliciter)." The argument assumes, of course, that the right angle is

greater than the "angle of a semicircle."

Very similar is the statement of the paradox by Cardano (1501—1576)

who observed that a quantity may continually increase without limit, and

another diminish without limit . andyet thefirst, however increased, may be less

than the second, hoivever diminished. The first quantity is of course the angle

of contact, as he calls it, which may be " increased " indefinitely by drawing

smaller and smaller circles touching the same straight line at the same point,

but will always be less than any acute rectilineal angle however small.

We next come to the French geometer, Peletier (Peletarius), who edited the

Elements m 1557, and whose views on this subject seem to mark a great advance.

Peletier's opinions and arguments are most easily accessible in the account of

them given by Clavius (Christoph Schliissel, 1537—1612) in the 1607 edition

of his Euclid. The violence of the controversy between the two will be

understood from the fact that the arguments and counter-arguments (which

sometimes run into other matters than the particular question at issue) cover,

in that book, 26 pages of small print. Peletier held that the "angle of

contact" was not an angle at all, that the "contact of two circles," i.e. the

"angle" between the circumferences of two circles touching one another

internally or externally, is not a quantity, and that the " contact of a straight

line with a circle" is not a quantity either; that angles contained by a

diameter and a circumference whether inside or outside the circle are right

angles and equal to rectilineal right angles, and that angles contained by a

diameter and the circumference in all circles are equal. The proof which

Peletier gave of the latter proposition in a letter to Cardano is sufficiently

ingenious. If a greater and a less semicircle be placed with their diameters

terminating at a common point and lying in a straight line, then (1) the angle

of the larger obviously cannot be less than the angle of the smaller. Neither

(2) can the former be greater than the latter; for, if it were, we could obtain

another angle of a semicircle greater still by drawing a still larger semicircle,

and so on, until we should ultimately have an angle ofa semicircle greater than

a right angle : which is impossible. Hence the angles of semicircles must all

be equal, and the differences between them nothing. Having satisfied himself

that all angles of contact are «tf/-angles, //i?/-quantities, and therefore nothings,

Peletier holds the difficulty about x. 1 to be at an end. He adds the

interesting remark that the essence of an angle is in cutting, not contact, and

that a tangent is not inclined to the circle at the point of contact but is, as it

were, immersed in it at that point, just as much as if the circle did not diverge

from it on either side.
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The reply of Clavius need not detain us. He argues, evidently appealing

to the eye, that the angle of contact can be divided by the arc of a circle

greater than the given one, that the angles of two semicircles of different sizes

cannot be equal, since they do not coincide if they are applied to one another,

that there is nothing to prevent angles of contact from being quantities, it being

only necessary, in view of x. 1, to admit that they are not of the same kind as

rectilineal angles ; lastly that, if the angle of contact had been a nothing,

Euclid would not have given himself so much trouble to prove that it is less

than any acute angle. (The word is desudasset, which is certainly an

exaggeration as applied to what is little more than an obiter dictum in i11. 16.)

Vieta (1540— 1603) ranged himself on the side of Peletier, maintaining

that the angle of contact is no angle ; only he uses a new method of proof.

The circle, he says, may be regarded as a plane figure with an infinite number

of sides and angles ; but a straight line touching a straight line, hmvever short

it may be, will coincide with that straight line and will not make an angle.

Never before, says Cantor (11,, p. 540), had it been so plainly declared what

exactly was to be understood by contact.

Galileo Galilei (1564—1642) seems to have held the same view as Vieta

and to have supported it by a very similar argument derived from the com

parison of the circle and an inscribed polygon with an infinite number of

sides.

The last writer on the question who must be mentioned is John Wallis

(1616—1703). He published in 1656 a paper entitled De angulo contactus et

semicirculi tractatus in which he also maintained that the so-called angle was

not a true angle, and was not a quantity. Vincent Leotaud (1595—1672)

took up the cudgels for Clavius in his Cyclomathia which appeared in 1663.

This brought a reply from Wallis in a letter to Leotaud dated 1 7 February,

1667, but not apparently published till it appeared in A defense of the treatise

of the angle of contact which, with a separate title-page, and date 1684, was

included in the English edition of his Algebra dated 1685. The essence of

Wallis' position may be put as follows. According to Euclid's definition, a

plane angle is an inclination of two lines; therefore two lines forming an angle

must incline to one another, and, if two lines meet without being inclined to

one another at the point of meeting (which is the case when a circumference

is touched by a straight line), the lines do not form an angle. The " angle of

contact " is therefore no angle, because at the point of contact the straight line

is not inclined to the circle but lies on it dKXivcos, or is coincident with it.

Again, as a point is not a line but a beginning of a line, and a line is not a

surface but a beginning of a surface, so an angle is not the distance between

two lines, but their initial tendency towards separation : Angulus (seu gradus

divaricationis) Distantia non est sed Inceptivus distantiae. How far lines, which

at their point of meeting do not form an angle, separate from one another as

they pass on depends on the degree of curvature (gradus curvitatis), and it is

the latter which has to be compared in the case of two lines so meeting. The

arc of a smaller circle is more curved as having as much curvature in a lesser

length, and is therefore curved in a greater degree. Thus what Clavius called

angulus contactus becomes with Wallis gradus curvitatis, the use of which

expression shows that curvature and curvature can be compared according to

one and the same standard. A straight line has the least possible curvature ;

but of the "angle" made by it with a curve which it touches we cannot say that

it is greater or less than the "angle " which a second curve touching the same

straight line at the same point makes with the first curve ; for in both cases

there is no true angle at all (cf. Cantor in,, p. 24).
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The words usually given as a part of the corollary "and that a straight line

touches a circle at one point only, since in fact the straight line meeting it in

two points was proved to fall within it " are omitted by Heiberg as being an

undoubted addition of Theon's. It was Simson who added the further remark

that " it is evident that there can be but one straight line which touches the

circle at the same point."

Proposition 17.

From a given point to draw a straight line touching a

given circle.

Let A be the given point, and BCD the given circle ;

thus it is required to draw from the point A a straight line

touching the circle BCD.

For let the centre E of the circle

be taken ; [in. 1]

let AE be joined, and with centre E

and distance EA let the circle AEG

be described ;

from D let DF be drawn at right

angles to EA,

and let EE, AB be joined ;

I say that AB has been drawn from

the point A touching the circle BCD.

For, since E is the centre of the circles BCD, AEG,

EA is equal to EE, andMD to EB ;

therefore the two sides AE, EB are equal to the two sides

EE, ED ;

and they contain a common angle, the angle at E ;

therefore the base DF is equal to the base AB,

and the triangle DEE is equal to the triangle BEA,

and the remaining angles to the remaining angles ; [1. 4]

therefore the angle EDF is equal to the angle EBA.

But the angle EDF is right ;

therefore the angle EBA is also right.

Now EB is a radius ;

and the straight line drawn at right angles to the diameter

of a circle, from its extremity, touches the circle ; [in. 16, Por.]

therefore AB touches the circle BCD.

Therefore from the given point A the straight line AB

has been drawn touching the circle BCD. q. E. f.
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The construction shows, of course, that two straight lines can be drawn

from a given external point to touch a given circle ; and it is equally obvious

that these two straight lines are equal in length and equally inclined to the

straight line joining the external point to the centre of the given circle.

These facts are given by Heron (an-NairlzI, p. 130).

It is true that Euclid leaves out the case where the given point lies on the

circumference of the circle, doubtless because the construction is so directly

indicated by i11. 16, Por. as to be scarcely worth a separate statement.

An easier solution is of course possible as soon as we know (m. 31) that

the angle in a semicircle is a right angle ; for we have only to describe a

circle on AE as diameter, and this circle cuts the given circle in the two points

of contact.

Proposition 18.

If a straight line touch a circle, and a straight line be

joinedfrom the centre to the point of contact, the straight line

so joined will be perpendicular to the tangent.

For let a straight line DE touch the circle ABC at the

point C, let the centre F of the

circle ABC be taken, and let FC

be joined from F to C;

I say that FC is perpendicular to

DE.

For, if not, let FG be drawn

from F perpendicular to DE.

Then, since the angle FGC is

right,

the angle FCG is acute ;[i. 17]

and the greater angle is subtended

by the greater side ; [1. 19]

therefore FC is greater than FG.

But FC is equal to FB ;

therefore FB is also greater than FG,

the less than the greater : which is impossible.

Therefore FG is not perpendicular to DE.

Similarly we can prove that neither is any other straight

line except FC;

therefore FC is perpendicular to DE.

Therefore etc.

Q. E. D.

 



in. 18, 19] PROPOSITIONS 17—19 45

3. the tangent, ij iipairronirq.

Just as i11. 3 contains two partial converses of the Porism to 11I. 1, so

the present proposition and the next give two partial converses of the

corollary to in. 16. We may show their relation thus : suppose three things,

(1) a tangent at a point of a circle, (2) a straight line drawn from the centre to

the point of contact, (3) right angles made at the point of contact [with (1) or

(2) as the case may be]. Then the corollary to hi. 16 asserts that (2) and (3)

together give (1), in. 18 that (1) and (2) give (3), and in. 19 that (1) and (3)

give (2), i.e. that the straight line drawn from the point of contact at right

angles to the tangent passes through the centre.

Proposition 19.

If a straight line touch a circle, and from the point of

contact a straight line be drawn at right angles to the tangent,

the centre of the circle will be on the straight line so drawn.

For let a straight line DE touch the circle ABC at the

point C, and from C let CA be

drawn at right angles to DE ;

I say that the centre of the circle

is on AC.

For suppose it is not, but, if

possible, let F be the centre,

and let CF be joined.

Since a straight line DE touches

the circle ABC,

and FC has been joined from the

centre to the point of contact,

FC is perpendicular to DE ; [in. 18]

therefore the angle FCE is right.

But the angle ACE is also right ;

therefore the angle FCE is equal to the angle ACE,

the less to the greater : which is impossible.

Therefore F is not the centre of the circle ABC.

Similarly we can prove that neither is any other point

except a point on AC.

Therefore etc.

Q. E. D.

We may also regard in. 19 as a partial converse of in. 18. Thus suppose

(1) a straight line through the centre, (2) a straight line through the point of

contact, and suppose (3) to mean perpendicular to the tangent; then in. 18

asserts that (1) and (2) combined produce (3), and in. 19 that (2) and (3)
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produce (1); while again we may enunciate a second partial converse of hi. 18,

corresponding to the statement that (1) and (3) produce (2), to the effect that

a straight line drawn through the centre perpendicular to the tangent passes

through the point of contact.

We may add at this point, or even after the Porism to in. 16, the theorem

that two circles ic>hich touch one another internally or externally have a common

tangent at their point of contact. For the line joining their centres, produced

if necessary, passes through their point of contact, and a straight line drawn

through that point at right angles to the line of centres is a tangent to both

circles.

Proposition 20.

In a circle the angle at the centre is double of the angle

at the circumference, when the angles have the same circum

ference as base.

Let ABC be a circle, let the angle BEC be an angle

sat its centre, and the angle BAC an

angle at the circumference, and let

them have the same circumference BC

as base ;

I say that the angle BEC is double of

10 the angle BAC.

For let AE be joined and drawn

through to F.

Then, since EA is equal to EB,

the angle EAB is also equal to the

15 angle EBA ; [1. SJ

therefore the angles EAB, EBA are double of the angle

EAB.

But the angle BEE is equal to the angles EAB, EBA ;

therefore the angle BEE is also double of the angle

20 EAB.

For the same reason

the angle EEC is also double of the angle EAC.

Therefore the whole angle BEC is double of the whole

angle BAC.

25 Again let another straight line be inflected, and let there

be another angle BDC; let DE be joined and produced

to G.
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Similarly then we can prove that the angle GEC is

double of the angle EDC,

30 of which the angle GEB is double of the angle EDB ;

therefore the angle EEC which remains is double of the

angle EDC.

Therefore etc. Q. E. d.

25. let another straight line be inflected, «/cXda0w Sr) irdXic (without eideia). The

vert) KXdu (to break off) was the regular technical term for drawing from a point a (broken)

straight line which first meets another straight line or curve and is then bent back from it

to another point, or (in other words) for drawing straight lines from two points meeting at a

point on a curve or another straight line. KeKXdadai is one of the geometrical terms the

definition of which must according to Aristotle be assumed (Anal. Post. i. 10, 76 b 9).

The early editors, Tartaglia, Commandinus, Peletarius, Clavius and others,

gave the extension of this proposition to the case where the segment is less

than a semicircle, and where accordingly the " angle " corresponding to

Euclid's "angle at the centre" is greater than two right angles. The

convenience of the extension is obvious, and the proof of it is the same as the

first part of Euclid's proof. By means of the extension 11I. 21 is demonstrated

without making two cases ; in. 22 will follow immediately from the fact that

the sum of the " angles at the centre " for two segments making up a whole

circle is equal to four right angles; also in. 31 follows immediately from the

extended proposition.

But all the editors referred to were forestalled in this matter by Heron, as

we now learn from the commentary of an-Nairizi (ed. Curtze, p. 131 sqq.).

Heron gives the extension of Euclid's proposition which, he says, it had been

left for him to make, but which is necessary in order that the caviller may not

be able to say that the next proposition (about the equality of the angles

in any segment) is not established generally, i.e. in the case of a segment less

than a semicircle as well as in the case of a segment greater than a semicircle,

inasmuch as in. 20, as given by Euclid, only enables us to prove it in the

latter case. Heron's enunciation is important as showing how he describes

what we should now call an "angle" greater than two right angles. (The

language of Gherard's translation is, in other respects, a little obscure ; but

the meaning is made clear by what follows.)

" The angle," Heron says, " which is at the centre of any circle is double

of the angle which is at the circumference of it when one arc is the base of both

angles ; and the remaining angles which are at the centre, and fill up the four

right angles, are double of the angle at the circumference of the arc which is

subtended by the [original] angle which is at the centre."

Thus the "angle greater than two right angles" is for Heron the sum of

certain "angles" in the Euclidean sense of angles less than two right angles.

The particular method of splitting up which Heron adopts will be seen from

his proof, which is in substance as follows.

Let CDB be an angle at the centre, CAB that at the circumference.

Produce BD, CD to F, G;

take any point E on BC, and join BE, EC, ED.

Then any angle in the segment BAC is half of the angle BDC; and

the sum of the angles BDG, GDF, FDC is double of any angle in the

segment BEC.
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Proof. Since CD is equal to ED,

the angles DCE, DEC are equal.

Therefore the exterior angle GDE is equal to

twice the angle DEC.

Similarly the exterior angle FDE is equal to

twice the angle DEB.

By addition, the angles GDE, FDE are double

of the angle BEC.

But

the angle BDC is equal to the angle FDG,

therefore the sum of the angles BDG, GDF, FDC

is double of the angle BEC.

And Euclid has proved the first part of the

proposition, namely that the angle BDC is double

of the angle BA C.

Now, says Heron, BAC is any angle in the segment BAC, and therefore

any angle in the segment BAC is half of the angle BDC.

Therefore all the angles in the segment BAC are equal.

Again, BEC is any angle in the segment BEC and is equal to half the

sum of the angles BDG, GDF, FDC.

Therefore all the angles in the segment BEC are equal.

Hence in. 21 is proved generally.

Lastly, says Heron,

since the sum of the angles BDG, GDF, FDC is double of the angle BEC,

and the angle BDC is double of the angle BAC,

therefore, by addition, the sum offour right angles is double of the sum of

the angles BAC, BEC.

Hence the angles BA C, BEC are together equal to two right angles, and

in. 22 is proved.

The above notes of Heron show conclusively, if proof were wanted, that

Euclid had no idea of in. 20 applying in terms (either as a matter of

enunciation or proof) to the case where the angle at the circumference, or the

angle in the segment, is obtuse. He would not have recognised the " angle "

greater than two right angles or the so-called "straight angle" as being an

angle at all. This is indeed clear from his definition of an angle as the

inclination K.t.L, and from the language used by other later Greek mathe

maticians where there would be an opportunity for introducing the extension.

Thus Proclus' notion of a " four-sided triangle " (cf. the note above on the

definition of a triangle) shows that he did not count a re-entrant angle as an

angle, and Zenodorus' application to the same figure of the word "hollow-

angled " shows that in that case it was the exterior angle only which he would

have called an angle. Further it would have been inconvenient to have

introduced at the beginning of the Elements an "angle" equal to or greater

than two right angles, because other definitions, e.g. that of a right angle,

would have needed a qualification. If an "angle" might be equal to two

right angles, one straight line in a straight line with another would have

satisfied Euclid's definition of a right angle. This is noticed by Dodgson

(p. 160), but it is practically brought out by Proclus on 1. 13. "For he did

not merely say that ' any straight line standing on a straight line either makes

two right angles or angles equal to two right angles ' but ' if it make angles.'
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If it stand on the straight line at its extremity and make one angle, is it

possible for this to be equal to two right angles ? It is of course impossible ;

for every rectilineal angle is less than two right angles, as every solid angle is

less than four right angles (p. 292, 13—20)." [It is true that it has been

generally held that the meaning of " angle " is tacitly extended in vi. 33, but

there is no real ground for this view. See the note on the proposition.]

It will be observed that, following his usual habit, Euclid omits the

demonstration of the case which some editors, e.g. Clavius, have thought it

necessary to give separately, the case namely where one of the lines forming

the angle in the segment passes through the centre. Euclid's proof gives so

obviously the means of proving this that it is properly left out.

Todhunter observes, what Clavius had also remarked, that there are two

assumptions in the proof of hi. 20, namely that, if A is double of B and C

double of D, then the sum, or difference, of A and C is equal to double the

sum, or difference, of B and D respectively, the assumptions being particular

cases of v. 1 and v. 5. But of course it is easy to satisfy ourselves of the

correctness of the assumption without any recourse to Book v.

Proposition 21.

In a circle the angles in the same segment are equal to one

another.

Let ABCD be a circle, and let the angles BAD, BED

be angles in the same segment BAED ;

I say that the angles BAD, BED are

equal to one another.

For let the centre of the circle

ABCD be taken, and let it be F; let

BE, ED be joined.

Now, since the angle BED is at

the centre,

and the angle BAD at the circum

ference,

and they have the same circumference BCD as base,

therefore the angle BED is double of the angle BAD. [m. 20]

For the same reason

the angle BED is also double of the angle BED ;

therefore the angle BAD is equal to the angle BED.

Therefore etc.

Q. E. D.

Under the restriction that the "angle at the centre" used in i11. 20 must

be less than two right angles, Euclid's proof of this proposition only applies

to the case of a segment greater than a semicircle, and the case of a segment

equal to or less than a semicircle has to be considered separately. The

simplest proof, of many, seems to be that of Simson.

h. e. 11. 4
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"But, if the segment BAED be not greater than a semicircle, let BAD,

BED be angles in it: these also are equal to one

another.

Draw AFto the centre, and produce it to C, and

join CE.

Therefore the segment BADC is greater than a

semicircle, and the angles in it BA C, BEC are equal,

by the first case.

For the same reason, because CBED is greater

than a semicircle,

the angles CAD, CED are equal.

Therefore the whole angle BAD is equal to the whole angle BED."

We can prove, by means of reductio ad absurdum, the important converse

of this proposition, namely that, if there be any two triangles on the same base

and on the same side of it, and with equal vertical angles, the circle passing

through the extremities of the base and the vertex of one triangle will pass

through the vertex of the other triangle also. That a circle can be thus

described about a triangle is clear from Euclid's construction in m. 9, which

shows how to draw a circle passing through any three points, though it is

in iv. 5 only that we have the problem stated. Now,

suppose a circle BAC drawn through the angular

points of a triangle BAC, and let BDC be another

triangle with the same base BC and on the same side

of it, and having its vertical angle D equal to the

angle A. Then shall the circle pass through D.

For, if it does not, it must pass through some point

E on BD or on BD produced. If then EC be

joined, the angle BEC is equal to the angle BAC,

by in. 21, and therefore equal to the angle BDC.

Therefore an exterior angle of a triangle is equal to

the interior and opposite angle: which is impossible, by 1. 16.

Therefore D lies on the circle BAC.

Similarly for any other triangle on the base BC and with vertical angle

equal to A. Thus, if any number of triangles be constructed on the same base

and on the same side of it, with equal vertical angles, the vertices will all lie on

the circumference of a segmail of a circle.

A useful theorem derivable from in. 21 is given by Serenus (De sectione

coni, Props. 52, 53).

If ADB be any segment of a circle, and C be such a point on the

circumference that AC is equal to CB, and if

there be described with C as centre and radius

CA or CB the circle AHB, then, ADB being

any other angle in the segment A CB, and BD

being produced to meet the outer segment in

E, the sum of AD, DB is equal to BE.

If BC be produced to meet the outer

segment in F, and FA be joined,

CA, CB, CFare by hypothesis equal.

Therefore the angle FA C is equal to the

angle AFC.

Also, by 111. 21, the angles ACB, ADB are equal ;
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therefore their supplements, the angles ACF, ADE, are equal.

Further, by in. 21, the angles AEB, AFB are equal.

Hence in the triangles ACF, ADE two angles are respectively equal ;

therefore the third angles EAD, FA C are equal.

But the angle FAC is equal to the angle AFC, and therefore equal to the

angle AED.

Therefore the angles AED, EAD are equal, or the triangle DEA is

isosceles,

and AD is equal to DE.

Adding BD to both, we see that

BE is equal to the sum of AD and DB.

Now, BF being a diameter of the circle of which the outer segment is

a part,

BF is greater than BE ;

therefore A C, CB are together greater than AD, DB.

And, generally, of all triangles on the same base and on the same side of it

which have equal vertical angles, the isosceles triangle is that which has the

greatest perimeter, and of the others that has the lesser perimeter which is

further from being isosceles.

The theorem of Serenus gives us the means of solving the following

problem given in Todhunter's Euclid, p. 324.

Tofind a point in the circumference of a given segment of a circle such that

the straight lines which join the point to the extremities of the straight line on

which the segment stands may be together equal to a given straight line (the

length of which is of course subject to limits).

Let A CB in the above figure be the given segment. Find, by bisecting

AB at right angles, a point C on it such that AC is equal to CB.

Then with centre C and radius CA or CB describe the segment of a

circle AHB on the same side of AB.

Lastly, with A or B as centre and radius equal to the given straight line

describe a circle. This circle will, if the given straight line be greater than

AB and less than twice A C, meet the outer segment in two points, and if we

join those points to the centre of the circle last drawn (whether A or B), the

joining straight lines will cut the inner segment in points satisfying the given

condition. If the given straight line be equal to twice AC, C is of course

the required point. If the given straight line be greater than twice A C, there

is no possible solution.

Proposition 22.

The opposite angles of quadrilaterals in circles are equal

to two right angles.

Let ABCD be a circle, and let ABCD be a quadrilateral

in it ;

I say that the opposite angles are equal to two right angles.

Let AC, BD be joined.

Then, since in any triangle the three angles are equal to

two right angles, [1. 32]

4—2
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the three angles CAB, ABC, BCA of the triangle ABC

are equal to two right angles.

But the angle CAB is equal to the

angle BDC, for they are in the same

segment BADC; [hi. 21]

and the angle ACB is equal to the angle

ADB, for they are in the same segment

ADCB; .

therefore the whole angle ADC is equal

to the angles BAC, ACB.

Let the angle ABC be added to each ;

therefore the angles ABC, BAC, ACB are equal to the

angles ABC, ADC.

But the angles ABC, BAC, ACB are equal to two right

angles ;

therefore the angles ABC, ADC are also equal to two right

angles.

Similarly we can prove that the angles BAD, DCB are

also equal to two right angles.

Therefore etc.

Q. E. D.

As Todhunter remarks, the converse of this proposition is true and very

important : if two opposite angles of a quadrilateral be together equal to two

right angles, a circle may be circumscribed about the quadrilateral. We can, by

the method of in. 9, or by iv. 5, circumscribe a circle about the triangle

ABC; and we can then prove, by reductio ad absurdum, that the circle

passes through the fourth angular point D.

Proposition 23.

On the same straight line there cannot be constructed two

similar and unequal segments of circles on the same side.

For, if possible, on the same straight line AB let two

similar and unequal segments of circles

ACB, ADB be constructed on the same

side ;

let ACD be drawn through, and let CB,

DB be joined.

Then, since the segment ACB is

similar to the segment ADB,
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and similar segments of circles are those which admit equal

angles, [in. Def. 11]

the angle ACB is equal to the angle ADB, the exterior

to the interior : which is impossible. [1. 16]

Therefore etc.

Q. E. D.

1. cannot be constructed, oi ovaraBfotrai, the same phrase as in i. 7.

Clavius and the other early editors point out that, while the words "on

the same side " in the enunciation are necessary for Euclid's proof, it is

equally true that neither can there be two similar and unequal segments on

opposite sides of the same straight line ; this is at once made clear by causing

one of the segments to revolve round the base till it is on the same side with

the other.

Simson observes with reason that, while Euclid in the following proposition,

in. 24, thinks it necessary to dispose of the hypothesis that, if two similar

segments on equal bases are applied to one another with the bases coincident,

the segments cannot cut in any other point than the extremities of the base

(since otherwise two circles would cut one another in more points than two),

this remark is an equally necessary preliminary to in. 23, in order that we

may be justified in drawing the segments as being one inside the other.

Simson accordingly begins his proof of i11. 23 thus :

"Then, because the circle ACB cuts the circle ADB in the two points

A, B, they cannot cut one another in any other point :

One of the segments must therefore fall within the other.

Let ACB fall within ADB and draw the straight line ACD, etc."

Simson has also substituted "not coinciding with one another" for

"unequal" in Euclid's enunciation.

Then in m. 24 Simson leaves out the words referring to the hypothesis

that the segment AEB when applied to the other CFD may be " otherwise

placed as CGD" ; in fact, after stating that AB must coincide with CD, he

merely adds words quoting the result of in. 23 : " Therefore, the straight line

AB coinciding with CD, the segment AEB must coincide with the segment

CFD, and is therefore equal to it."

Proposition 24.

Similar segments of circles on equal straight lines are equal

to one another.

For let AEB, CFD be similar segments of circles on

equal straight lines AB, CD ;

5 I say that the segment AEB is equal to the segment CFD.

For, if the segment AEB be applied to CFD, and if the

point A be placed on C and the straight line AB on CD,
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the point B will also coincide with the point D, because

AB is equal to CD ;

> and, AB coinciding with CD,

the segment AEB will also coincide with CFD.

 

For, if the straight line AB coincide with CD but the

segment AEB do not coincide with CFD,

it will either fall within it, or outside it ;

15 or it will fall awry, as CGD, and a circle cuts a circle at more

points than two : which is impossible. [m- 10]

Therefore, if the straight line AB be applied to CD, the

segment AEB will not fail to coincide with CFD also ;

therefore it will coincide with it and will be equal to it.

20 Therefore etc.

Q. E. D.

15. fall awry, irapaWd(ei, the same word as used in the like case in i. 8. The word

implies that the applied figure will partly fall short of, and partly overlap, the figure to

which it is applied.

Compare the note on the last proposition. I have put a semicolon instead

of the comma which the Greek text has after "outside it," in order the better

to indicate that the inference " and a circle cuts a circle in more points than

two " only refers to the third hypothesis that the applied segment is "otherwise

placed (irapaWdiu) as CGD." The first two hypotheses are disposed of by

a tacit reference to the preceding proposition in. 23.

Proposition 25.

Given a segment of a circle, to describe the complete circle

of which it is a segment.

Let ABC be the given segment of a circle ;

thus it is required to describe the complete circle belonging

to the segment ABC, that is, of which it is a segment.

For let AC be. bisected at D, let DB be drawn from the

point D at right angles to AC, and let AB be joined ;
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the angle ABD is then greater than, equal to, or less

than the angle BAD.

First let it be greater ;

and on the straight line BA, and at the point A on it, let

the angle BAE be constructed equal to

the angle ABD; let DB be drawn through

to E, and let EC be joined.

Then, since the angle ABE is equal to

the angle BA E,

the straight line EB is also equal to

EA. [1. 6]

And, since AD is equal to DC,

and DE is common,

the two sides AD, DE are equal to the two sides CD, DE

respectively ;

and the angle ADE is equal to the angle CDE, for each is

right ;

therefore the base AE is equal to the base CE.

But AE was proved equal to BE ;

therefore BE is also equal to CE ;

therefore the three straight lines AE, EB, EC are equal to

one another.

Therefore the circle drawn with centre E and distance

one of the straight lines AE, EB, EC will also pass through

the remaining points and will have been completed. [in. 9]

Therefore, given a segment of a circle, the complete circle

has been described.

And it is manifest that the segment ABC is less than a

semicircle, because the centre E happens to be outside it.

Similarly, even if the angle ABD be equal to the angle

BAD,

AD being equal to each of the two BD, DC,

the three straight lines DA, DB, DC will

be equal to one another,

D will be the centre of the completed circle,

and ABC will clearly be a semicircle.
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But, if the angle ABD be less than the angle BAD,

and if we construct, on the straight line BA

and at the point A on it, an angle equal to

the angle ABD, the centre will fall on DB

within the segment ABC, and the segment

ABC will clearly be greater than a semi

circle.

Therefore, given a segment of a circle,

the complete circle has been described.

Q. E. f.

1. to describe the complete circle, irpooavaypilif/ai tov KikXov, literally "to describe

the circle on to it. '

It will be remembered that Simson takes first the case in which the angles

ABD, BAD are equal to one another, and then takes the other two cases

together, telling us to "produce BD, if necessary." This is a little shorter

than Euclid's procedure, though Euclid does not repeat the proof of the first

case in giving the third, but only refers to it as equally applicable.

Campanus, Peletarius and others give the solution of this problem in

which we take two chords not parallel and bisect each at right angles by

straight lines, which must meet in the centre, since each contains the centre

and they only intersect in one point. Clavius, Billingsley, Barrow and others

give the rather simpler solution in which the two chords have one extremity

common (cf. Euclid's proofs of m. 9, 10). This method De Morgan favours,

and (as noted on m. 1 above) would make in. 1, this proposition, and

iv. 5 all corollaries of the theorem that " the line which bisects a chord

perpendicularly must contain the centre." Mr H. M. Taylor practically

adopts this order and method, though he finds the centre of a circle by

means of any two non-parallel chords ; but he finds the centre of the circle of

which a given arc is a part (his proposition corresponding to 11I. 25) by

bisecting at right angles first the base and then the chord joining one extremity

of the base to the point in which the line bisecting the base at right angles

meets the circumference of the segment. Under De Morgan's alternative the

relation between Euclid in. 1 and the Porism to it would be reversed, and

Euclid's notion of a Porism or corollary would have to be considerably

extended.

If the problem is solved after the manner of iv. 5, it is still desirable to

state, as Euclid does, after proving AE, EB, EC to be all equal, that " the

circle drawn with centre E and distance one of the straight lines AE, EB,

EC will also pass through the remaining points of the segment" [m. 9], in

order to show that part of the circle described actually coincides with the

given segment. This is not so clear if the centre is determined as the

intersection of the straight lines bisecting at right angles chords which join

pairs of four different points.

Proposition 26.

In equal circles equal angles stand on equal circumferences,

whether they stand at the centres or at the circumferences.
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Let ABC, DEF be equal circles, and in them let there

be equal angles, namely at the centres the angles BGC,

EHF, and at the circumferences the angles BAC, EDF;

I say that the circumference BKC is equal to the circum

ference ELF.

  

For let BC, EF be joined.

Now, since the circles ABC, DEF are equal,

the radii are equal.

Thus the two straight lines BG, GC are equal to the

two straight lines EH, HF;

and the angle at G is equal to the angle at H ;

therefore the base BC is equal to the base EF. [1. 4]

And, since the angle at A is equal to the angle at D,

the segment BAC is similar to the segment EDF;

[in. Def. 11]

and they are upon equal straight lines.

But similar segments of circles on equal straight lines are

equal to one another ; [hi. 24]

therefore the segment BAC is equal to EDF.

But the whole circle ABC is also equal to the whole circle

DEF;

therefore the circumference BKC which remains is equal to

the circumference ELF.

Therefore etc. Q. E. d.

As in in. 21, if Euclid's proof is to cover all cases, it requires us to take

cognisance of " angles at the centre " which are equal to or greater than two

right angles. Otherwise we must deal separately with the cases where the

angle at the circumference is equal to or greater than a right angle. The

case of an obtuse angle at the circumference can of course be reduced by

means of in. 22 to the case of an acute angle at the circumference; and, in

case the angle at the circumference is right, it is readily proved, by drawing

the radii to the vertex of the angle and to the other extremities of the lines

containing it, that the latter two radii are in a straight line, whence they make

equal bases in the two circles as in Euclid's proof.
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Lardner has another way of dealing with the right angle or obtuse angle

at the circumference. In either case, he says, " bisect them, and the halves

of them are equal, and it can be proved, as above, that the arcs upon which

these halves stand are equal, whence it follows that the arcs on which the

given angles stand are equal."

Proposition 27.

In equal circles angles standing on equal circumferences

are equal to one another, whether they stand at the centres or

at the circumferences.

For in equal circles ABC, DEF, on equal circumferences

BC, EF, let the angles BGC, EHF stand at the centres G,

H, and the angles BAC, EDF at the circumferences ;

I say that the angle BGC is equal to the angle EHF,

and the angle BAC is equal to the angle EDF.

 

For, if the angle BGC is unequal to the angle EHF,

one of them is greater.

Let the angle BGC be greater ; and on the straight line BG,

and at the point G on it, let the angle BGK be constructed

equal to the angle EHF. [1. 23]

Now equal angles stand on equal circumferences, when

they are at the centres ; [m. 26]

therefore the circumference BK is equal to the circum

ference EF.

But EF is equal to BC ;

therefore BK is also equal to BC, the less to the

greater : which is impossible.

Therefore the angle BGC is not unequal to the angle

EHF;

therefore it is equal to it.
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And the angle at A is half of the angle BGC,

and the angle at D half of the angle EHF; [in. 20]

therefore the angle at A is also equal to the angle at D.

Therefore etc.

Q. E. D.

This proposition is the converse of the preceding one, and the remarks

about the method of treating the different cases apply here also.

Proposition 28.

In equal circles equal straight lines cut off equal circum

ferences, the greater equal to the greater and the less to the

less.

Let ABC, DEF be equal circles, and in the circles let

AB, DE be equal straight lines cutting off ACB, DFE as

greater circumferences and AGB, DHE as lesser ;

I say that the greater circumference ACB is equal to the

greater circumference DFE, and the less circumference AGB

to DHE.

  

For let the centres K, L of the circles be taken, and let

AK, KB, DL, LE be joined.

Now, since the circles are equal,

the radii are also equal ;

therefore the two sides AK, KB are equal to the two

sides DL, LE ;

and the base AB is equal to the base DE ;

therefore the angle AKB is equal to the angle DLE.

[1.8]

But equal angles stand on equal circumferences, when

they are at the centres ; [m. 26]

therefore the circumference AGB is equal to DHE.
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And the whole circle ABC is also equal to the whole

circle DEF;

therefore the circumference ACB which remains is also equal

to the circumference DFE which remains.

Therefore etc.

Q. E. D.

Euclid's proof does not in terms cover the particular case in which the

chord in one circle passes through its centre ; but indeed this was scarcely

worth giving, as the proof can easily be supplied. Since the chord in one

circle passes through its centre, the chord in the second circle must also be a

diameter of that circle, for equal circles are those which have equal diameters,

and all other chords in any circle are less than its diameter [m. 15]; hence

the segments cut off in each circle are semicircles, and these must be equal

because the circles are equal.

Proposition 29.

In equal circles equal circumferences are subtended by equal

straight lines.

Let ABC, DEF be equal circles, and in them let equal

circumferences BGC, EHF be cut off; and let the straight

lines BC, EF be joined ;

I say that BC is equal to EF.

  

For let the centres of the circles be taken, and let them

beK,L; let BK, KC, EL, LF be joined.

Now, since the circumference BGC is equal to the

circumference EHF,

the angle BKC is also equal to the angle ELF. [m. 27]

And, since the circles ABC, DEF are equal,

the radii are also equal ;

therefore the two sides BK, KC are equal to the two sides

EL, LF; and they contain equal angles ;

therefore the base BC is equal to the base EF. [1. 4]

Therefore etc.

Q. E. D.
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The particular case of this converse of in. 28 in which the given arcs are

arcs of semicircles is even easier than the corresponding case of in. 28 itself.

The propositions m. 26—29 are of course equally true if the same circle

is taken instead of two equal circles.

Proposition 30.

To bisect a given circumference.

Let ADB be the given circumference ;

thus it is required to bisect the circumference ADB.

Let AB be joined and bisected at

C ; from the point C let CD be drawn p

at right angles to the straight line AB,

and let AD, DB be joined.

Then, since AC is equal to CB,

and CD is common,

the two sides A C, CD are equal to the two sides BC, CD ;

and the angle ACD is equal to the angle BCD, for each is

right ;

therefore the base AD is equal to the base DB. [1. 4]

But equal straight lines cut off equal circumferences, the

greater equal to the greater, and the less to the less ; [in. 28]

and each of the circumferences AD, DB is less than a

semicircle ;

therefore the circumference AD is equal to the circum

ference DB.

Therefore the given circumference has been bisected at

the point D.

Q. E. f.

Proposition 31.

In a circle the angle in the semicircle is right, that in a

greater segment less than a right angle, and that in a less

segment greater than a right angle ; andfurther the angle of

the greater segment is greater than a right angle, and the angle

of the less segment less than a right angle.
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Let ABCD be a circle, let BC be its diameter, and E its

centre, and let BA, AC, AD, DC

be joined ;

I say that the angle BAC in the

semicircle BAC is right,

the angle ABC in the segment ABC

greater than the semicircle is less

than a right angle,

and the angle ADC in the segment

ADC less than the semicircle is

greater than a right angle.

Let AE be joined, and let BA

be carried through to F.

Then, since BE is equal to EA,

the angle ABE is also equal to the angle BAE. [1. 5]

Again, since CE is equal to EA,

the angle ACE is also equal to the angle CAE. [1. 5]

Therefore the whole angle BAC is equal to the two angles

ABC, ACB.

But the angle FAC exterior to the triangle ABC is also

equal to the two angles ABC, ACB ; [1. 32]

therefore the angle BAC is also equal to the angle FAC;

therefore each is right ; [1. Def. 10]

therefore the angle BAC in the semicircle BAC is right.

Next, since in the triangle ABC the two angles ABC,

BAC are less than two right angles, [1. 17]

and the angle BAC is a right angle,

the angle ABC is less than a right angle ;

and it is the angle in the segment ABC greater than the

semicircle.

Next, since ABCD is a quadrilateral in a circle,

and the opposite angles of quadrilaterals in circles are equal

to two right angles, [m. 22]

while the angle ABC is less than a right angle,

therefore the angle ADC which remains is greater than a

right angle ;

and it is the angle in the segment ADC less than the semi

circle.
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I say further that the angle of the greater segment, namely

that contained by the circumference ABC and the straight

line AC, is greater than a right angle ;

and the angle of the less segment, namely that contained by

the circumference ADC and the straight line AC, is less than

a right angle.

This is at once manifest.

For, since the angle contained by the straight lines BA, AC

is right,

the angle contained by the circumference ABC and the

straight line AC is greater than a right angle.

Again, since the angle contained by the straight lines

AC, AF is right,

the angle contained by the straight line CA and the

circumference ADC is less than a right angle.

Therefore etc. q. E. d.

As already stated, this proposition is immediately deducible from i11. 20 if

that theorem is extended so as to include the case where the segment is equal

to or less than a semicircle, and where consequently the ,: angle at the centre"

is equal to two right angles or greater than two right angles respectively.

There are indications in Aristotle that the proof of the first part of the

theorem in use before Euclid's time proceeded on different lines. Two

passages of Aristotle refer to the proposition that the angle in a semicircle

is a right angle. The first passage is Anal. Post. 11. n, 94 a 28: "Why is

the angle in a semicircle a right angle? Or what makes it a right angle?

(nVos ovroi opOr) ;) Suppose A to be a right angle, B half of two right

angles, C the angle in a semicircle. Then B is the cause of A, the right

angle, being an attribute of C, the angle in the semicircle. For B is equal to

A, and C to B ; for C is half of two right angles. Therefore it is in virtue of

B being half of two right angles that A is an attribute of C ; and the latter

means the fact that the angle in a semicircle is right." Now this passage

by itself would be consistent with a proof like Euclid's or the alternative

interpolated proof next to be mentioned. But the second passage throws a

different light on the subject. This is Metaph. 1051 a 26 : "Why is the angle

in a semicircle a right angle invariably (KaOoXov) ? Because, if there be three

straight lines, twoforming the base, and the third set up at right angles at its

middle point, the fact is obvious by simple inspection to any one who knows

the property referred to" (IktZvo is the property that the angles of a triangle

are together equal to two right angles, mentioned two

lines before). That is to say, the angle at the middle

point of the circumference of the semicircle was taken

and proved, by means of the two isosceles right-angled

triangles, to be the sum of two angles each equal to

one-fourth of the sum of the angles of the large triangle

in the figure, or of two right angles ; and the proof

must have been completed by means of the theorem of ill. 21 (that angles
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in the same segment are equal), which Euclid's more general proof does

not need.

In the Greek texts before that of August there is an alternative proof

that the angle BAC (in a semicircle) is right. August and Heiberg relegate

it to an Appendix.

" Since the angle AEC is double of the angle BAE (for it is equal to the

two interior and opposite angles), while the angle AEB is also double of the

angle EAC,

the angles AEB, AEC are double of the angle BAC.

But the angles AEB, AEC are equal to two right angles ;

therefore the angle BAC is right."

Lardner gives a slightly different proof of the second part of the theorem.

If ABC be a segment greater than a semicircle,

draw the diameter AD, and join CD, CA.

Then, in the triangle A CD, the angle ACD is right

(being the angle in a semicircle) ;

therefore the angle ADC is acute.

But the angle ADC is equal to the angle ABC in

the same segment ;

therefore the angle ABC is acute.

Euclid's references in this proposition to the angle of a segment greater

or less than a semicircle respectively seem, like the part of in. 16 relating to

the angle of a semicircle, to be a survival of ancient controversies and not to

be put in deliberately as being an essential part of elementary geometry. Cf.

the notes on in. Def. 7 and in. 16.

The corollary ordinarily attached to this proposition is omitted by Heiberg

as an interpolation of date later than Theon. It is to this effect : " From

this it is manifest that, if one angle of a triangle be equal to the other two,

the first angle is right because the exterior angle to it is also equal to the

same angles, and if the adjacent angles be equal, they are right." No doubt

the corollary is rightly suspected, because there is no necessity for it here, and

the words oirtp t8« 8«£<u come before it, not after it, as is usual with Euclid.

But, on the other hand, as the fact stated does appear in the proof of in. 31,

the Porism would be a Porism after the usual type, and I do not quite follow

Heiberg's argument that, "if Euclid had wished to add it, he ought to have

placed it after 1. 32."

It has already been mentioned above (p. 44) that this proposition supplies

us with an alternative construction for the problem in in. 1 7 of drawing the

two tangents to a circle from an external point.

Two theorems of some historical interest which follow directly from in. 31

may be mentioned.

The first is a lemma of Pappus on " the

24th problem " of the second Book of Apol-

lonius' lost treatise on vtv'o-tis (Pappus vn.

p. 812) and is to this effect. If a circle, as

DEE, pass through D, the centre of a circle

ABC, and if through F, the other point in

which the line of centres meets the circle

DEF, any straight line be drawn (and produced

if necessary) meeting the circle DEF in E and the circle ABC in B, G,
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then E is the middle point of BG, For, if DE be joined, the angle DEF

(in a semicircle) is a right angle [in, 31]; and DE, being at right angles to

the chord BG of the circle ABC, also bisects it [in. 3].

The second is a proposition in the Liber Assumptorum, attributed (no

doubt erroneously as regards much of it) to Archimedes, which has reached

us through the Arabic (Archimedes, ed. Heiberg, n. pp. 439—440),

If two chords AB, CD in a circle intersect at right angles in a point O,

then the sum of the squares on AO, BO, CO, DO is equal to the square on the

diameter.

For draw the diameter CE, and join AC, CB, AD, BE.

 

Then the angle CAO is equal to the angle CEB. (This follows, in the

first figure, from in. 21 and, in the second, from 1. 13 and in. 22.) Also the

angle COA, being right, is equal to the angle CBE which, being the angle in a

semicircle, is also right [in. 31].

Therefore the triangles AOC, EBC have two angles equal respectively ;

whence the third angles A CO, ECB are equal. (In the second figure the

angle ACO is, by 1. 13 and in. 22, equal to the angle ABD, and therefore

the angles ABD, ECB are equal.)

Therefore, in both figures, the arcs AD, BE, and consequently the chords

AD, BE subtended by them, are equal. [in. 26, 29]

Now the squares on AO, DO are equal to the square on AD [1. 47], that

is, to the square on BE.

And the squares on CO, BO are equal to the square on BC.

Therefore, by addition, the squares on AO, BO, CO, DO are equal to the

squares on EB, BC, i.e. to the square on CE. [1. 47]

Proposition 32.

If a straight line touch a circle, and from the point of

contact there be drawn across, in the circle, a straight line

cutting the circle, the angles which it makes with the tangent

will be equal to the angles in the alternate segments of the

circle.

For let a straight line EF touch the circle ABCD at

the point B, and from the point B let there be drawn across,

in the circle ABCD, a straight line BD cutting it ;

I say that the angles which BD makes with the tangent EF

will be equal to the angles in the alternate segments of the

H. E. 11. 5
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circle, that is, that the angle FBD is equal to the angle

constructed in the segment BAD, and the angle EBD is

equal to the angle constructed in the

segment DCB.

For let BA be drawn from B at

right angles to EF,

let a point C be taken at random on

the circumference BD,

and let AD, DC, CB be joined.

Then, since a straight line EF

touches the circle ABCD at B,

and BA has been drawn from the point

of contact at right angles to the tangent,

the centre of the circle ABCD is on BA. [in. 19]

Therefore BA is a diameter of the circle ABCD ;

therefore the angle ADB, being an angle in a semicircle,

is right. [hi. 31]

Therefore the remaining angles BAD, ABD are equal to

one right angle. [1. 32]

But the angle ABE is also right ;

therefore the angle ABE is equal to the angles BAD, ABD.

Let the angle ABD be subtracted from each ;

therefore the angle DBF which remains is equal to the angle

BAD in the alternate segment of the circle.

Next, since ABCD is a quadrilateral in a circle,

its opposite angles are equal to two right angles. [m. 22]

But the angles DBF, DBE are also equal to two right

angles ;

therefore the angles DBF, DBE are equal to the angles

BAD, BCD,

of which the angle BAD was proved equal to the angle

DBF;

therefore the angle DBE which remains is equal to the

angle DCB in the alternate segment DCB of the circle.

Therefore etc. q. E. d.

The converse of this theorem is true, namely that, If a straight line

drawn through one extremity of a chord of a circle make with that chord

angles equal respectively to the angles in the alternate segments of the circle,

the straight line so drawn touches the circle.
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This can, as Camerer and Todhunter remark, be proved indirectly ; or we

may prove it, with Clavius, directly. Let BD be the given chord, and let EF

be drawn through B so that it makes with BD angles equal to the angles in

the alternate segments of the circle respectively.

Let BA be the diameter through B, and let C be any point on the

circumference of the segment DCB which does not contain A. Join AD,

DC, CB.

Then, since, by hypothesis, the angle FBD is equal to the angle BAD,

let the angle ABD be added to both;

therefore the angle ABF is equal to the angles ABD, BAD.

But the angle BDA, being the angle in a semicircle, is a right angle ;

therefore the remaining angles ABD, BAD in the triangle ABD are

equal to a right angle.

Therefore the angle ABF is right ;

hence, since BA is the diameter through B,

EFtouches the circle at B. [i11. 16, Por.]

Pappus assumes in one place (iv. p. 196) the consequence of this

proposition that, If two circles touch, any straight line drawn through the point

of contact and terminated by both circles cuts off segments in each which are

respectively similar. Pappus also shows how to prove this (vn. p. 826) by

drawing the common tangent at the point of contact and using this proposition,

in. 32.

Proposition 33.

On a given straight line to describe a segment of a circle

admitting an angle equal to a given rectilineal angle.

Let AB be the given straight line, and the angle at C the

given rectilineal angle ;

thus it is required to describe

on the given straight line

AB a segment of a circle ad

mitting an angle equal to the \

angle at C. ^c

The angle at C is then

acute, or right, or obtuse.

First let it be acute,

and, as in the first figure, on

the straight line AB, and at the point A, let the angle BAD

be constructed equal to the angle at C ;

therefore the angle BAD is also acute.

Let AE be drawn at right angles to DA, let AB be
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bisected at F, let FG be drawn from the point F at right

angles to AB, and let GB be joined.

Then, since AF is equal to FB,

and FG is common,

the two sides AF, FG are equal to the two sides BF, FG ;

and the angle AFG is equal to the angle BFG ;

therefore the base AG is equal to the base BG. [l 4]

Therefore the circle described with centre G and distance

GA will pass through B also.

Let it be drawn, and let it be ABE ;

let FB be joined.

Now, since AD is drawn from A, the extremity of the

diameter AF, at right angles to AF,

therefore AD touches the circle ABE. [in. 16, Por.]

Since then a straight line AD touches the circle ABE,

and from the point of contact at A a straight line AB is

drawn across in the circle ABE,

the angle DAB is equal to the angle AEB in the alternate

segment of the circle. [hi. 32]

But the angle DAB is equal to the angle at C ;

therefore the angle at C is also equal to the angle AEB.

Therefore on the given straight line AB the segment

AEB of a circle has been described admitting the angle AEB

equal to the given angle, the angle at C.

Next let the angle at C be right ;

 

and let it be again required to describe on AB a segment

of a circle admitting an angle equal to the right angle at C.

Let the angle BAD be constructed equal to the right

angle at C, as is the case in the second figure ;
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let AB be bisected at F, and with centre F and distance

either FA or FB let the circle AEB be described.

Therefore the straight line AD touches the circle ABE,

because the angle at A is right. [m. 16, Por.]

And the angle BAD is equal to the angle in the segment

AEB, for the latter too is itself a right angle, being an

angle in a semicircle. [m. 31]

But the angle BAD is also equal to the angle at C.

Therefore the angle AEB is also equal to the angle at C.

Therefore again the segment AEB of a circle has been

described on AB admitting an angle equal to the angle at C.

Next, let the angle at C be obtuse ;
 

and on the straight line AB, and at the point A, let the

angle BAD be constructed equal to it, as is the case in the

third figure ;

let AE be drawn at right angles to AD, let AB be again

bisected at F, let FG be drawn at right angles to AB, and

let GB be joined.

Then, since AF is again equal to FB,

and FG is common,

the two sides AF, FG are equal to the two sides BE, FG ;

and the angle AFG is equal to the angle BEG ;

therefore the base AG is equal to the base BG. [1. 4]

Therefore the circle described with centre G and distance

GA will pass through B also ; let it so pass, as AEB.

Now, since AD is drawn at right angles to the diameter

AE from its extremity,

AD touches the circle AEB. [in. 16, Por.]

And AB has been drawn across from the point of contact

at A;

therefore the angle BAD is equal to the angle constructed

in the alternate segment AHB of the circle. [in. 32]
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But the angle BAD is equal to the angle at C.

Therefore the angle in the segment AHB is also equal to

the angle at C.

Therefore on the given straight line AB the segment

AHB of a circle has been described admitting an angle equal

to the angle at C.

Q. E. F.

Simson remarks truly that the first and third cases, those namely in which

the given angle is acute and obtuse respectively, have exactly the same

construction and demonstration, so that there is no advantage in repeating

them. Accordingly he deals with the cases as one, merely drawing two.

different figures. It is also true, as Simson says, that the demonstration of

the second case in which the given angle is a right angle " is done in a round

about way," whereas, as Clavius showed, the problem can be more easily

solved by merely bisecting AB and describing a semicircle on it. A glance

at Euclid's figure and proof will however show a more curious fact, namely

that he does not, in the proof of the second case, use the angle in the

alternate segment, as he does in the other two cases. He might have done so

after proving that AD touches the circle ; this would only have required his

point E to be placed on the side of AB opposite to D. Instead of this, he

uses in. 31, and proves that the angle AEB is equal to the angle C, because

the former is an angle in a semicircle, and is therefore a right angle as C is.

The difference of procedure is no doubt owing to the fact that he has not,

in in. 32, distinguished the case in which the cutting and touching straight

lines are at right angles, i.e. in which the two alternate segments are semicircles.

To prove this case would also have required in. 31, so that nothing would

have been gained by stating it separately in in. 32 and then quoting the

result as part of in. 32, instead of referring directly to in. 31.

It is assumed in Euclid's proof of the first and third cases that AE and

FG will meet; but of course there is no difficulty in satisfying ourselves

of this.

Proposition 34.

From a given circle to cut off a segment admitting an angle

equal to a given rectilineal angle.

Let ABC be the given circle, and the angle at D the

given rectilineal angle ;

thus it is required to cut off from the circle ABC a segment

admitting an angle equal to the given rectilineal angle, the

angle at D.

Let EF be drawn touching ABC at the point B, and on

the straight line FB, and at the point B on it, let the angle

FBC be constructed equal to the angle at D. [1. 23]

Then, since a straight line EF touches the circle ABC,
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and BC has been drawn across from the point of contact

at B,

the angle FBC is equal to the angle constructed in the alternate

segment BAC. [hi. 32]

c 

 

But the angle FBC is equal to the angle at D ;

therefore the angle in the segment BAC is equal to the

angle at D.

Therefore from the given circle ABC the segment BAC

has been cut off admitting an angle equal to the given recti

lineal angle, the angle at D.

Q. E. f.

An alternative construction here would be to make an "angle at the

centre " (in the extended sense, if necessary) double of the given angle ; and,

if the given angle is right, it is only necessary to draw a diameter of the circle.

Proposition 35.

If in a circle two straight lines cut one another, the

rectangle contained by the segments of the one is equal to the

rectangle contained by the segments ofthe other.

For in the circle ABCD let the two straight lines AC,

BD cut one another at the point E ;

I say that the rectangle contained by AE,

EC is equal to the rectangle contained by

DE, EB.

If now A C, BD are through the centre,

so that E is the centre of the circle ABCD,

it is manifest that, AE, EC, DE, EB

being equal,

the rectangle contained by AE, EC is also equal to the

rectangle contained by DE, EB.
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Next let AC, DB not be through the centre ;

let the centre of ABCD be taken, and

let it be F;

from F let FG, FH be drawn perpen

dicular to the straight lines AC, DB,

and let FB, FC, FE be joined.

Then, since a straight line GF

through the centre cuts a straight line

AC not through the centre at right

angles,

it also bisects it ; [m. 3]

therefore AG is equal to GC.

Since, then, the straight line AC has been cut into equal

parts at G and into unequal parts at E,

the rectangle contained by AE, EC together with the square

on EG is equal to the square on GC ; [11. 5]

Let the square on GF be added ;

therefore the rectangle AE, EC together with the squares

on GE, GF is equal to the squares on CG, GF.

But the square on FE is equal to the squares on EG, GF,

and the square on FC is equal to the squares on CG, GF;

[l 47]

therefore the rectangle AE, EC together with the square

on FE is equal to the square on FC.

And FC is equal to FB ;

therefore the rectangle AE, EC together with the square on

EF is equal to the square on FB.

For the same reason, also,

the rectangle DE, EB together with the square on FE is

equal to the square on FB.

But the rectangle AE, EC together with the square on

FE was also proved equal to the square on FB ;

therefore the rectangle AE, EC together with the square on

FE is equal to the rectangle DE, EB together with the

square on FE.

Let the square on FE be subtracted from each ;

therefore the rectangle contained by AE, EC which remains

is equal to the rectangle contained by DE, EB.

Therefore etc.

Q. E. D.
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In addition to the two cases in Euclid's text, Simson (following Campanus)

gives two intermediate cases, namely (1) that in which one chord passes through

the centre and bisects the other which does not pass through the centre at right

angles, and (2) that in which one passes through the centre and cuts the other

which does not pass through the centre but not at right angles. Simson then

reduces Euclid's second case, the most general one, to the second of the two

intermediate cases by drawing the diameter through E. His note is as

follows: "As the 25th and 33rd propositions are divided into more cases,

so this 35th is divided into fewer cases than are necessary. Nor can it be

supposed that Euclid omitted them because they are easy ; as he has given

the case which by far is the easiest of them all, viz. that in which both the

straight lines pass through the centre : And in the following proposition he

separately demonstrates the case in which the straight line passes through the

centre, and that in which it does not pass through the centre: So that it

seems Theon, or some other, has thought them too long to insert : But cases

that require different demonstrations should not be left out in the Elements,

as was before taken notice of: These cases are in the translation from the

Arabic and are now put into the text." Notwithstanding the ingenuity of the

argument based on the separate mention by Euclid of the simplest case of

all, I think the conclusion that Euclid himself gave four cases is unsafe ; in

fact, in giving the simplest and most difficult cases only, he seems to be

following quite consistently his habit of avoiding too great multiplicity of cases,

while not ignoring their existence.

The deduction from the next proposition (in. 36) which Simson, following

Clavius and others, gives as a corollary to it, namely that, Jffrom any point

without a circle there be drawn two straight lines cutting it, the rectangles

contained by the whole lines and the parts of them without the circle are equal to

one another, can of course be combined with in. 35 in one enunciation.

As remarked by Todhunter, a large portion of the proofs of 111. 35, 36

amounts to proving the proposition, If any point be taken on the base, or the

base produced, of an isosceles triangle, the rectangle contained by the segments of

the base (i.e. the respective distances of the ends of the base from the point) is

equal to the difference between the square on the straight line joining the point to

the vertex and the square on one of the equal sides of the triangle. This is of

course an immediate consequence of 1. 47 combined with 11. 5 or 11. 6.

The converse of in. 35 and Simson's corollary to in. 36 may be stated

thus. If two straight lines AB, CD, produced if necessary, intersect at O, and if

the rectangle AO, OB be equal to the rectangle CO, OD, the circumference of a

circle will pass through the four points A, B, C, D. The proof is indirect.

We describe a circle through three of the points, as A, B, C (by the method

used in Euclid's proofs of in. 9, 10), and then we prove, by the aid of in. 35

and the corollary to 111. 36, that the circle cannot but pass through D also.

Proposition 36.

If a point be taken outside a circle and from it there fall

on the circle two straight lines, and if one of them cut the

circle and the other touch it, the rectangle contained by the

whole of the straight line which cuts the circle and the straight



74 [i11. 36BOOK III

 

line intercepted on it outside between the point and the convex

circumference will be equal to the square on the tangent.

For let a point D be taken outside the circle ABC,

and from D let the two straight lines DCA,

DB fall on the circle ABC; let DCA cut

the circle ABC and let BD touch it ;

I say that the rectangle contained by AD,

DC is equal to the square on DB.

Then DCA is either through the centre

or not through the centre.

First let it be through the centre, and

let F be the centre of the circle ABC ;

let FB be joined ;

therefore the angle FBD is right. [m. 18]

And, since AC has been bisected at F, and CD is added

to it,

the rectangle AD, DC together with the square on FC is

equal to the square on FD. [11. 6]

But FC is equal to FB ;

therefore the rectangle AD, DC together with the square on

FB is equal to the square on FD.

And the squares on FB, BD are equal to the square on

FD ; [1. 47]

therefore the rectangle AD, DC together with the square on

FB is equal to the squares on FB, BD.

Let the square on FB be subtracted from each ;

therefore the rectangle AD, DC which remains is equal to

the square on the tangent DB.

Again, let DCA not be through the centre of the circle

ABC;

let the centre E be taken, and from E

let EF be drawn perpendicular to AC;

let EB, EC, ED be joined.

Then the angle EBD is right.

[in. 18]

And, since a straight line EF

through the centre cuts a straight line

AC not through the centre at right angles,

it also bisects it ;

therefore AF is equal to FC.

 

[hi. 3]
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Now, since the straight line AC has been bisected at the

point F, and CD is added to it, . ., . . ,\

the rectangle contained by AD, DC together with the square

on FC is equal to the square on FD. • • -I1i-6]

Let the square on FE be added to each ;

therefore the rectangle AD, DC together with the squares

on CF, FE is equal to the squares on FD, FE. ..

But the square on EC is equal to the squares on CF, FE,

for the angle EFC is right ; ; - [1. 47]

and the square on ED is equal to the squares on DF, FE ;

therefore the rectangle AD, DC together with the square on

EC is equal to the square on ED.

And EC is equal to EB ;

therefore the rectangle AD, DC together with thq square on

EB is equal to the square on ED. .

, . But the squares on EB, BD are equal to the square on

ED, for the angle'EBD is right ; [1. 47J

therefore the rectangle AD, DC together with the square on

EB is equal to the squares on EB, BD.

Let the square on EB be subtracted from each ;

therefore the rectangle AD, DC which remains is equal to

the square on DB. ...

; Therefore etc. Q. E. d.

Cf. note on the preceding proposition. Observe that, whereas it would

be natural with us to prove first that, if A is an external point, .and two

straight lines AEB, AFC cut the circle in E, B and F, C respectively, the

rectangle BA, AE is equal to the rectangle CA, AF, and thence that, the

tangent from A being a straight line like AEB in its limiting position when

E and B coincide, either rectangle is equal to the square on the tangent

(cf. Mr H. M. Taylor, p. 253), Euclid and the Greek geometers generally did

not allow themselves to infer the truth- of a proposition in a limiting case

directly from the general case including it, but preferred a separate proof of

the limiting case (cf. Apollonius of Perga, p. 40, 139—140). This accounts for

the form of in. 36.

Proposition $7.

If a point be taken outside a circle and from the point

there fall on the circle two straight lines, if one of them cut

the circle, and the other fall on it, and if further the rect

angle contained by the whole of the straight line which cuts
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the circle and the straight line intercepted on it outside

between the point and the convex circumference be equal to

the square on the straight line which falls on the circle, the

straight line which falls on it will touch the circle.

For let a point D be taken outside the circle ABC;

from D let the two straight lines

DCA, DB fall on the circle ACB; ,

let DCA cut the circle and DB

fall on it ; and let the rectangle AD,

DC be equal to the square on DB.

I say that DB touches the circle

ABC.

For let DE be drawn touching

ABC; let the centre of the circle ABC be taken, and let it

be F ; let FE, FB, FD be joined.

Thus the angle FED is right. [hi. 18]

Now, since DE touches the circle ABC, and DCA cuts it,

the rectangle AD, DC is equal to the square on DE. [m. 36]

But the rectangle AD, DC was also equal to the square

on DB ;

therefore the square on DE is equal to the square on DB ;

therefore DE is equal to DB.

And FE is equal to FB ;

therefore the two sides DE, EF are equal to the two sides

DB, BF;

and FD is the common base of the triangles ;

therefore the angle DEF is equal to the angle DBF.

[1. 8]

But the angle DEF is right ;

therefore the angle DBF is also right.

And FB produced is a diameter ;

and the straight line drawn at right angles to the diameter

of a circle, from its extremity, touches the circle ; [in. 16, Por.]

therefore DB touches the circle.

Similarly this can be proved to be the case even if the

centre be on AC.

Therefore etc. q. E. d.

De Morgan observes that there is here the same defect as in 1. 48, i.e. an

apparent avoidance of indirect demonstration by drawing the tangent DE on
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the opposite side of DF from DB. The case is similar to the apparently

direct proof which Campanus gave. He drew the straight line from D

passing through the centre, and then (without drawing a second tangent)

proved by the aid of 11. 6 that the square on DF is equal to the sum of the

squares on DB, BF; whence (by 1. 48) the angle DBF is a right angle.

But this proof uses 1. 48, the very proposition to which De Morgan's original

remark relates.

The undisguised indirect proof is easy. If DB does not touch the circle,

it must cut it if produced, and it follows that the square on DB must be

equal to the rectangle contained by DB and a longer line : which is absurd.



BOOK IV.

DEFINITIONS.

1. A rectilineal figure is said to be inscribed in a

rectilineal figure when the respective angles of the

inscribed figure lie on the respective sides of that in which

it is inscribed.

2. Similarly a figure is said to be circumscribed about

a figure when the respective sides of the circumscribed

figure pass through the respective angles of that about which

it is circumscribed.

3. A rectilineal figure is said to be inscribed in a

circle when each angle of the inscribed figure lies on the

circumference of the circle.

4. A rectilineal figure is said to be circumscribed

about a circle, when each side of the circumscribed figure

touches the circumference of the circle.

5. Similarly a circle is said to be inscribed in a figure

when the circumference of the circle touches each side of the

figure in which it is inscribed.

6. A circle is said to be circumscribed about a figure

when the circumference of the circle passes through each

angle of the figure about which it is circumscribed. "

7. A straight line is said to be fitted into a circle when

its extremities are on the circumference of the circle.

Definitions i—7.

I append, as usual, the Greek text of the definitions.

1. 2x>7/ia tvOvypafxfiov tis cr)(fjfxa tiOvypafifiov lyypdcf>tcrOai Xeytrai, orav

ikdcrri] r&v tov lyypacf>ofitVoV oyrjfi.ato<i yioviiav tKaiTrrfs irXtvpos tov, CIt o

iyypacptrai, amjrtu.
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2. 2^/xO 8t ofioims irtpi offifML irtpiypdcpta6ai XcyCrai, orac CKaonj irXtvpd

tov irtpiypaif>ofiivov iKatmjt yiovias tov, irtpl o irtpiypaiptrai, airnjrat.

3. 5x';^a tv6vypap.fLov th KvKXov iyypdcpta~6ai Xiytrai, orav tKao-rr] ymvia

tov iyypaipofiivov airmfrai rijs tov kvkXov irtpuptptias.

4. 2x'/Ma 8J dOvypafifiov irtpi KvKXov irtpvypdcpto'Bai Xiytrai, oraf tkcio-ti;

irXtvpa tov irtpiypaipop.ivov t<paimjrai rrjs tov KvKXov irtpiiptptiat.

5. KvkXos 8e <is o^/ia o/xoiw? iyypdcpto-6ai Xiytrai, orav rf tov KvKXov

irtpiiftiptia tKao-rJjs irXivpas tov, tis o tyypacptrai, an I '/rai.

6. KvkXos ot irtpi <r)0p\a irtpiypdcpttr6ai Xiytrai, oraf >7 tov kvkXov irtpicpiptia

€Kcutti]i! yiovias tov, irepi o irtpiypd<ptrai, airn/jrai.

7. Ev0tia <is kvkXop ivapp\6£to-6ai Xiytrai, orav to ittpoto avrijs trri tiJs

irtpitptptias j} tov kvkXov.

. In the first two definitions an English translation, if it is to be clear, must

depart slightly from the exact words used in the Greek, where " each side " of

one figure is said to pass through " each angle " of another, or " each angle "

(i.e. angular point) of one lies on "each side" of another (tKdorri irXtvpd,

tKacrrr] yiovia).

It is also necessary, in the five definitions 1, 2, 3, 5 and 6, to translate

the same Greek word dirnirai in three different ways. It was observed on

hi. Def. 2 that the usual meaning of dirrto-Oai in Euclid is to meet, in contra

distinction to iij>dirrto-6ai, which means to touch. Exceptionally, as in Def. 5,

dirrtaOai has the meaning of touch. But two new meanings of the word appear,

the first being to lie on, as in Deff. 1 and 3, the second to pass through, as in

Deff. 2 and 6 ; " each angle " lies on (oirrtroi) a side or on a circle, and

" each side," or a circle, passes through (aimrai) an angle or " each angle."

The first meaning of lying on is exemplified in the phrase of Pappus dif/trai to

cri)fiuov 6io-ti otbop.ivrjs tvfltia?, "will lie on a straight line given in position";

the meaning of passing through seems to be much rarer (I have not seen it in

Archimedes or Pappus), but, as pointed out on in. Def. 2, Aristotle uses the

compound icpdirrto-6ai in this sense.

Simson proposed to read iiftdimjrai in the case (Def. 5) where dirn]ra.i.

means touches. He made the like suggestion as regards the Greek text of in.

11, 12, 13, 18, 19; in the first four of these cases there seems to be ms.

authority for the compound verb, and in the fifth Heiberg adopts Simson's.

correction.
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Proposition i.

 

Into a given circle to fit a straight line equal to a given

straight line which is not greater than the diameter of the

circle.

Let ABC be the given circle, and D the given straight

line not greater than the diameter

of the circle ;

thus it is required to fit into the

circle ABC a straight line equal

to the straight line D.

Let a diameter BC of the

circle ABC be drawn.

Then, if BC is equal to D,

that which was enjoined will have

been done ; for BC has been fitted into the circle ABC equal

to the straight line D.

But, if BC is greater than D,

let CE be made equal to D, and with centre C and distance

CE let the circle EAF be described ;

let CA be joined.

Then, since the point C is the centre of the circle EAF,

CA is equal to CE.

But CE is equal to D ;

therefore D is also equal to CA.

Therefore into the given circle ABC there has been fitted

CA equal to the given straight line D.

Q. E. F.
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Of this problem as it stands there are of course an infinite number of

solutions ; and, if a particular point be chosen as one extremity of the chord

to be "fitted in," there are two solutions. More difficult cases of "fitting

into " a circle a chord of given length are arrived at by adding some further

condition, e.g. (1) that the chord is to be parallel to a given straight line, or

(2) that the chord, produced if necessary, shall pass through a given point.

The former problem is solved by Pappus (m. p. 132) ; instead of drawing the

chord as a tangent to a circle concentric with the given circle and having as

radius a straight line the square on which is equal to the difference between

the squares on the radius of the given circle and on half the given length, he

merely draws the diameter of the circle which is parallel to the given direction,

measures from the centre along it in each direction a length equal to half the

given length, and then draws, on one side of the diameter, perpendiculars to it

through the two points so determined.

The second problem of drawing a chord of given length, being less than

the diameter of the circle, and passing through a given point, is more

important as having been one of the problems discussed by Apollonius in his

work entitled vtvatis, now lost. Pappus states the problem thus (vn. p. 670) :

"A circle being given in position, to fit into it a straight line given in

magnitude and verging (vtvavo-av) towards a given (point)." To do this we

have only to place any chord HK in the given

circle (with centre O) equal to the given length,

take L the middle point of it, with O as centre and

OL as radius describe a circle, and lastly through

the given point C draw a tangent to this circle

meeting the given circle in A, B. AB is then one

of two chords which can be drawn satisfying the

given conditions, if C is outside the inner circle ; if

C is on the inner circle, there is one solution only ;

and, if C is within the inner circle, there is no

solution. Thus, if C is within the outer (given)

circle, besides the condition that the given length must not be greater than the

diameter of the circle, there is another necessary condition of the possibility

of a solution, viz. that the given length must not be less than double of the

straight line the square on which is equal to the difference between the squares

(1) on the radius of the given circle and (2) on the distance between its

centre and the given point.

Proposition 2.

In a given circle to inscribe a triangle equiangular with a

given triangle.

Let ABC be the given circle, and DEF the given

triangle ;

thus it is required to inscribe in the circle ABC a triangle

equiangular with the triangle DEF.

Let GHbe drawn touching the circle ABCat A [in. i6,Por.];

ii. E. 11. 6
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on the straight line AH, and at the point A on it, let the

angle HAC be constructed equal to the angle DEF,

and on the straight line AG, and at the point A on it, let

the angle GAB be constructed equal to the angle DFE ;

[i. 23}

let BC be joined.

 

Then, since a straight line AH touches the circle ABC,

and from the point of contact at A the straight line AC is

drawn across in the circle,

therefore the angle HAC is equal to the angle ABC in the

alternate segment of the circle. [m. 32]

But the angle HAC is equal to the angle DEF ;

therefore the angle ABC is also equal to the angle DEF.

For the same reason

the angle ACB is also equal to the angle DFE ;

therefore the remaining angle BAC is also equal to the

remaining angle EDF. [1. 32]

Therefore in the given circle there has been inscribed a

triangle equiangular with the given triangle. q. E. f.

Here again, since any point on the circle may be taken as an angular

point of the triangle, there are an infinite number of solutions. Even when a

particular point has been chosen to form one angular point, the required

triangle may be constructed in six ways. For any one of the three angles

may be placed at the point ; and, whichever is placed there, the positions of

the two others relatively to it may be interchanged. The sides of the triangle

will, in all the different solutions, be of the same length respectively; only

their relative positions will be different.

This problem can of course be reduced (as it was by Borelli) to in. 34,

namely the problem of cutting off from a given circle a segment containing an

angle equal to a given angle. It can also be solved by the alternative method

applicable to in. 34 of drawing "angles at the centre" equal to double the

angles of the given triangle respectively ; and by this method we can easily

solve this problem, or in. 34, with the further condition that one side of the
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required triangle, or the base of the required segment, respectively, shall be

parallel to a given straight line.

As a particular case, we can, by the method of this proposition, describe

an equilateral triangle in any circle after we have first constructed any

equilateral triangle by the aid of i. 1. The possibility of this is assumed in

iv. 16. It is of course equivalent to dividing the circumference of a circle

into three equal parts. As De Morgan says, the idea of dividing a revolution

into equal parts should be kept prominent in considering Book iv. ; this

aspect of the construction of regular polygons is obvious enough, and the

reason why the division of the circle into three equal parts is not given by

Euclid is that it happens to be as easy to divide the circle into three parts

which are in the ratio of the angles of any triangle as to divide it into three

equal parts.

Proposition 3.

About a given circle to circumscribe a triangle equiangular

with a given triangle.

Let ABC be the given circle, and DEF the given

triangle ;

5 thus it is required to circumscribe about the circle ABC a

triangle equiangular with the triangle DEF.

 

Let EF be produced in both directions to the points

G, H,

let the centre K of the circle ABC be taken [m. 1], and let

10 the straight line KB be drawn across at random ;

on the straight line KB, and at the point K on it, let the

angle BKA be constructed equal to the angle DEG,

and the angle BKC equal to the angle DFH ; [1. 23]

and through the points A, B, C let LAM, MBN, NCL be

i5 drawn touching the circle ABC. [hi. 16, Por.]

Now, since LM, MN, NL touch the circle ABC at the

points A, B, C,

and KA, KB, KC have been joined from the centre K to

the points A, B, C,

6—2
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20 therefore the angles at the points A, B, C are right. [m. 18]

And, since the four angles of the quadrilateral AMBK

are equal to four right angles, inasmuch as AMBK is in fact

divisible into two triangles,

and the angles KAM, KBM are right,

25 therefore the remaining angles AKB, AMB are equal to two

right angles.

But the angles DEG, DEF are also equal to two right

angles ; [1. 13]

therefore the angles AKB, AMB are equal to the angles

30 DEG, DEF,

of which the angle AKB is equal to the angle DEG ;

therefore the angle AMB which remains is equal to the

angle DEF which remains.

Similarly it can be proved that the angle LNB is also

35 equal to the angle DFE ;

therefore the remaining angle MLN is equal to the

angle EDF. [1. 32]

Therefore the triangle LMN is equiangular with the

triangle DEF; and it has been circumscribed about the

40 circle ABC.

Therefore about a given circle there has been circum

scribed a triangle equiangular with the given triangle.

Q. E. F.

10. at random, literally " as it may chance," «s tTtixtv. The same expression is used

in in. 1 and commonly.

2i. is in fact divisible, no! Siaiptirai, literally " is actually divided."

The remarks as to the number of ways in which Prop. 2 can be solved

apply here also.

Euclid leaves us to satisfy ourselves that the three tangents will meet and

form a triangle. This follows easily from the fact that each of the angles

AKB, BKC, CKA is less than two right angles. The first two are so by

construction, being the supplements of two angles of the given triangle re

spectively, and, since all three angles round K are together equal to four

right angles, it follows that the third, the angle AKC, is equal to the sum

of the two angles E, Fol the triangle, i.e. to the supplement of the angle D,

and is therefore less than two right angles.

Peletarius and Borelli gave an alternative solution, first inscribing a triangle

equiangular to the given triangle, by iv. 2, and then drawing tangents to the

circle parallel to the sides of the inscribed triangle respectively. This method

will of course give two solutions, since two tangents can be drawn parallel to

each of the sides of the inscribed triangle.

If the three pairs of parallel tangents be drawn and produced far enough,
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they will form eight triangles, two of which are the triangles circumscribed to

the circle in the manner required in the proposition. The other six triangles

are so related to the circle that the circle touches two of the sides in each

produced, i.e. the circle is an escribed circle to each of the six triangles.

Proposition 4.

In a given triangle to inscribe a circle.

Let ABC be the given triangle ;

thus it is required to inscribe a circle in the triangle ABC.

Let the angles ABC, ACB

5 be bisected by the straight lines

BD, CD [1. 9], and let these meet

one another at the point D ;

from D let DE, DF, DG be

drawn perpendicular tothestraight

10 lines AB, BC, CA.

Now, since the angle ABD

is equal to the angle CBD,

and the right angle BED is also equal to the right angle

BED,

15 EBD, EBD are two triangles having two angles equal to two

angles and one side equal to one side, namely that subtending

one of the equal angles, which is BD common to the

triangles ;

therefore they will also have the remaining sides equal to

20 the remaining sides ; [1. 26]

therefore DE is equal to DE.

For the same reason

DG is also equal to DE.

Therefore the three straight lines DE, DF, DG are equal

25 to one another ;

therefore the circle described with centre D and distance

one of the straight lines DE, DF, DG will pass also

through the remaining points, and will touch the straight

lines AB, BC, CA, because the angles at the points E, F, G

30 are right.

For, if it cuts them, the straight line drawn at right angles

to the diameter of the circle from its extremity will be found

to fall within the circle : which was proved absurd ; [m. 16]
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therefore the circle described with centre D and distance

35 one of the straight lines DE, DF, DG will not cut the

straight lines AB, BC, CA ;

therefore it will touch them, and will be the circle inscribed

in the triangle ABC. [iv. Def. 5]

Let it be inscribed, as FGE.

40 Therefore in the given triangle ABC the circle EFG has

been inscribed.

Q. E. f.

26, 34. and distance one of the (straight lines D)E, (D)F, (D)G. The words

and letters here shown in brackets are put in to fill out the rather careless language of the

Greek. Here and in several other places in Book iv. Euclid says literally "and with distance

one of the (points) E, F, G" (Kal iiaarij/uin M twk E, Z, H) and the like. In one case (iV. 1 3)

he actually has " with distance one of the points G, H, A", L, M" (Sicurriifmri. M tuv H, 6,

K, A, M aiineluv). Heiberg notes" Graecam locutionem satis miram et negligentem," but,

in view of its frequent occurrence in good mss., does not venture to correct it.

Euclid does not think it necessary to prove that BD, CD will meet ; this

is indeed obvious, for the angles DBC, DCB are together half of the angles

ABC, ACB, which themselves are together less than two right angles, and

therefore the two bisectors of the angles B, C must meet, by Post. 5.

It follows from the proof of this proposition that, if the bisectors of two

angles B, C of a triangle meet in D, the line joining D to A also bisects the

third angle A, or the bisectors of the three angles of a triangle meet in

a point

It will be observed that Euclid uses the indirect form of proof when

showing that the circle touches the three sides of the triangle. Simson proves

it directly, and points out that Euclid does the same in in. 17, 33 and 37,

whereas in iv. 8 and 13 as well as here he uses the indirect form. The

difference is unimportant, being one of form and not of substance; the

indirect proof refers back to in. 16, whereas the direct refers back to the

Porism to that proposition.

We may state this problem in the more general form : To describe a circle

touching three given straight lines which do not all meet in one point, and of

which not more than hvo are parallel.

In the case (1) where two of the straight lines are parallel and the third

cuts them, two pairs of interior angles are formed, one on each side of the

third straight line. If we bisect each of the interior angles on one side, the

bisectors will meet in a point, and this point will be the centre of a circle

which can be drawn touching each of the three straight lines, its radius being

the perpendicular from the point on any one of the three. Since the alternate

angles are equal, two equal circles can be drawn in this manner satisfying the

given condition.

In the case (2) where the three straight lines form a triangle, suppose each

straight line produced indefinitely. Then each straight line will make two

pairs of interior angles with the other two, one pair forming two angles of the

triangle, and the other pair being their supplements. By bisecting each angle

of either pair we obtain, in the manner of the proposition, two circles

satisfying the conditions, one of them being the inscribed circle of the triangle

and the other being a circle escribed to it, i.e. touching one side and the other
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two sides produced. Next, taking the pairs of interior angles formed by a

second side with the other two produced indefinitely, we get two circles

satisfying the conditions, one of which is the same inscribed circle that we had

before, while the other is a second escribed circle. Similarly with the third side.

Hence we have the inscribed circle, and three escribed circles (one opposite

each angle of the triangle), i.e. four circles in all, satisfying the conditions of

the problem.

It may perhaps not be inappropriate to give at this point Heron's elegant

proof of the formula for the area of a triangle in terms of the sides, which we

usually write thus :

A = Js (s -a)(s- b) (s - c),

although it requires the theory of proportions and uses some ungeometrical

expressions, e.g. the product of two areas and the "side" of such a product,

where of course the areas are so many square units of length. The proof is

given in the Metrica, 1. 8, and in the Dioptra, 30 (Heron, Vol. i11., Teubner,

1903, pp. 20—24 ar>d pp. 280—4, or Heron, ed. Hultsch, pp. 235—7).

Suppose the sides of the triangle ABC to be given in length.

Inscribe the circle DEE, and let G be its centre.

 

Join AG, BG, CG, DG, EG, EG.

Then BC . EG = 2 . A BGC,

CA. EG=2.AACG,

AB . DG = 2 . A ABG.

Therefore, by addition,

/ . EG = 2 . A ABC,

where/ is the perimeter.

Produce CB to H, so that BH= AD.

Then, since AD = AF, DB = BE, FC= CE,

CH= \p.

Hence CH. EG = A ABC.
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But CH.EG is the "side" of the product CH\EG', that is

JCff2.EG2;

therefore (& ABCf= CH2 . EC.

Draw GL at right angles to CG, and BL at right angles to CB, meeting

at Z. Join CL.

Then, since each of the angles CGL, CBL is right, CGBL is a quadri

lateral in a circle.

Therefore the angles CGB, CLB are equal to two right angles.

Now the angles CGB, AGD are equal to two right angles, since AG, BG,

CG bisect the angles at G, and the angles CGB, AGD are equal to the

angles AGC, DGB, while the sum of all four is equal to four right angles.

Therefore the angles A GD, CLB are equal.

So are the right angles ADG, CBL.

Therefore the triangles AGD, CLB are similar.

Hence

and, alternately,

whence, componendo,

It follows that

Therefore

CH2

BC:BL = AD:DG

= BH: EG,

CB:BH=BL:EG

= BK:KE,

CH : HB = BE : EK.

CH. HB = BE. EC: CE . EK

= BE. EC: EC.

( A ABCf = CH2 . EG2 = CH. HB . CE . EB

= \P (\P - BC) (A/ - AB) (Aj> - AC).

Proposition 5.

About a given triangle to circumscribe a circle.

Let ABC be the given triangle ;

thus it is required to circumscribe a circle about the given

triangle ABC.

 

 

 

Let the straight lines AB, AC be bisected at the points

D, E [1. 10], and from the points D, E let DF, EF be drawn

at right angles to AB, AC;

they will then meet within the triangle ABC, or on the

straight line BC, or outside BC
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First let them meet within at F, and let FB, FC, FA be

joined.

Then, since AD is equal to DB,

and DF is common and at right angles,

therefore the base AF is equal to the base FB. [1. 4]

Similarly we can prove that

CF is also equal to AF;

so that FB is also equal to FC ;

therefore the three straight lines FA, FB, FC are equal

to one another.

Therefore the circle described with centre F and distance

one of the straight lines FA, FB, FC will pass also through

the remaining points, and the circle will have been circum

scribed about the triangle ABC.

Let it be circumscribed, as ABC.

Next, let DF, EF meet on the straight line BC at F,

as is the case in the second figure ; and let AF be joined.

Then, similarly, we shall prove that the point F is the

centre of the circle circumscribed about the triangle ABC.

Again, let DF, EF meet outside the triangle ABC at F,

as is the case in the third figure, and let AF, BF, CF be

joined.

Then again, since AD is equal to DB,

and DF is common and at right angles,

therefore the base AF is equal to the base BF. [1. 4]

Similarly we can prove that

CF is also equal to AF;

so that BF is also equal to FC ;

therefore the circle described with centre F and distance one

of the straight lines FA, FB, FC will pass also through

the remaining points, and will have been circumscribed about

the triangle ABC.

Therefore about the given triangle a circle has been

circumscribed.

Q. K. F.

And it is manifest that, when the centre of the circle falls

within the triangle, the angle BAC, being in a segment

greater than the semicircle, is less than a right angle ;
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when the centre falls on the straight line BC, the angle BAC,

being in a semicircle, is right ;

and when the centre of the circle falls outside the triangle,

the angle BAC, being in a segment less than the semicircle,

is greater than a right angle. [hi. 31]

Simson points out that Euclid does not prove that DF, EF will meet, and

he inserts in the text the following argument to supply the omission.

" DF, EF produced meet one another. For, if they do not meet, they

are parallel, wherefore AB, AC, which are at right angles to them, are

parallel [or, he should have added, in a straight line] : which is absurd."

This assumes, of course, that straight lines which are at right angles to two

parallels are themselves parallel ; but this is an obvious deduction from 1. 28.

On the assumption that DF, EF will meet Todhunter has this note : " It

has been proposed to show this in the following way: join DE ; then the

angles EDFand DEFare together less than the angles ADFund AEF, that

is, they are together less than two right angles ; and therefore DF and EF

will meet, by Axiom 1 2 [Post. 5]. This assumes that ADE and AED are

acute angles ; it may, however, be easily shown that DE is parallel to BC, so

that the triangle ADE is equiangular to the triangle ABC; and we must

therefore select the two sides AB and AC such that ABC and ACB may be

acute angles."

This is, however, unsatisfactory. Euclid makes no such selection in Hi. 9

and in. 10, where the same assumption is tacitly made; and it is unnecessary,

because it is easy to prove that the straight lines DF, EF meet in all cases,

by considering the different possibilities separately and drawing a separate

figure for each case.

Simson thinks that Euclid's demonstration had been spoiled by some

unskilful hand both because of the omission to prove that the perpendicular

bisectors meet, and because "without any reason he divides the proposition

into three cases, whereas one and the same construction and demonstration

serves for them all, as Campanus has observed." However, up to the usual

words oirtp !8« ironjo-oi there seems to be no doubt about the text. Heiberg

suggests that Euclid gave separately the case where F falls on BC because, in

that case, only AF needs to be drawn and not BF, CF&s well.

The addition, though given in Simson and the text-books as a "corollary,"

has no heading iropurp.a in the best mss. ; it is an explanation like that which

is contained in the penultimate paragraph of in. 25.

The Greek text has a further addition, which is rejected by Heiberg as not

genuine, "So that, further, when the given angle happens to be less than a

right angle, DF, EF will fall within the triangle, when it is right, on BC, and,

when it is greater than a right angle, outside BC: (being) what it was required

to do." Simson had already observed that the text here is vitiated "where

mention is made of a given angle, though there neither is, nor can be, any

thing in the proposition relating to a given angle."
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Proposition 6.

In a given circle to inscribe a square.

Let ABCD be the given circle ;

thus it is required to inscribe a square in the circle ABCD.

Let two diameters AC, BD of the

circle ABCD be drawn at right angles

to one another, and let AB, BC, CD,

DA be joined.

Then, since BE is equal to ED, for

E is the centre,

and EA is common and at right angles,

therefore the base AB is equal to the

base AD. [1. 4]

For the same reason

each of the straight lines BC, CD is also equal to each of

the straight lines AB, AD ;

therefore the quadrilateral ABCD is equilateral.

I say next that it is also right-angled.

For, since the straight line BD is a diameter of the circle

ABCD,

therefore BAD is a semicircle ;

therefore the angle BAD is right. [m. 31]

For the same reason

each of the angles ABC, BCD, CDA is also right ;

therefore the quadrilateral ABCD is right-angled.

But it was also proved equilateral ;

therefore it is a square ; [1. Def. 22]

and it has been inscribed in the circle ABCD.

Therefore in the given circle the square ABCD has been

inscribed.

Q. E. F.

Euclid here proceeds to consider problems corresponding to those in

Props. 2—s with reference to figures of four or more sides, but with the

difference that, whereas he dealt with triangles of any form, he confines

himself henceforth to regular figures. It happened to be as easy to divide a

circle into three parts which are in the ratio of the angles, or of the supplements

of the angles, of a triangle as into three equal parts. But, when it is required to

inscribe in a circle a figure equiangular to a given quadrilateral, this can only be
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done provided that the quadrilateral has either pair of opposite angles equal

to two right angles. Moreover, in this case, the problem may be solved in the

same way as that of iv. 2, i.e. by simply inscribing a triangle equiangular to one

of the triangles into which the quadrilateral is divided by either diagonal, and

then drawing on the side corresponding to the diagonal as base another

triangle equiangular to the other triangle contained in the quadrilateral. But

this is not the only solution ; there are an infinite

number of other solutions in which the inscribed

quadrilateral will, unlike that found by this particular

method, not be of the same form as the given quadri

lateral. For suppose ABCD to be the quadrilateral

inscribed in the circle by the method of iv. 2. Take

any point ff on AB, join AB', and then make the

angle DAD (measured towards AC) equal to the

angle BAB'. Join EC, CD". Then ABCD is also

equiangular to the given quadrilateral, but not of the

same form. Hence the problem is indeterminate in the case of the general

quadrilateral. It is equally so if the given quadrilateral is a rectangle ; and it

is determinate only when the given quadrilateral is a square.

 

Proposition 7.

About a given circle to circumscribe a square.

Let ABCD be the given circle ;

thus it is required to circumscribe a square about the circle

ABCD.

Let two diameters AC, BD of the

circle ABCD be drawn at right angles

to one another, and through the points

A, B, C, D let FG, GH, HK, KF be

drawn touching the circle ABCD.

[in. 16, Por.]

Then, since FG touches the circle

ABCD,

and EA has been joined from the centre

E to the point of contact at A,

therefore the angles at A are right.

For the same reason

the angles at the points B, C, D are also right.

Now, since the angle ABB is right,

and the angle EBG is also right,

therefore GH is parallel to AC. [1. 28]

, E

H C; \c

[in. 18]
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For the same reason

AC is also parallel to FK,

so that GH is also parallel to FK. [1. 30J

Similarly we can prove that

each of the straight lines GF, HK is parallel to BED.

Therefore GK, GC, AK, FB, BK are parallelograms ;

therefore GF is equal to HK, and GH to FK. [1. 34]

And, since AC is equal to BD,

and AC is also equal to each of the straight lines GH, FK,

while BD is equal to each of the straight lines GF, HK,

[i-34]

therefore the quadrilateral FGHK is equilateral.

I say next that it is also right-angled.

For, since GBEA is a parallelogram,

and the angle AEB is right,

therefore the angle AGB is also right. [1. 34]

Similarly we can prove that

the angles at H, K, F are also right.

Therefore FGHK is right-angled.

But it was also proved equilateral ;

therefore it is a square ;

and it has been circumscribed about the circle ABCD

Therefore about the given circle a square has been

circumscribed.

Q. E. V.

It is just as easy to describe about a given circle a polygon equiangular to

any given polygon as it is to describe a square about a given circle. We have

only to use the method of iv. 3, i.e. to take any radius of the circle, to

measure round the centre successive angles in one and the same direction

equal to the supplements of the successive angles of the given polygon and,

lastly, to draw tangents to the circle at the extremities of the several radii so

determined ; but again the polygon would in general not be of the same form

as the given one ; it would only be so if the given polygon happened to be

such that a circle could be inscribed in it. To take the case of a quadrilateral

only : it is easy to prove that, if a quadrilateral be described about a circle,

the sum of one pair of opposite sides must be equal to the sum of the other

pair. It may be proved, conversely, that, if a quadrilateral has the sums of the

pairs of opposite sides equal, a circle can be inscribed in it. If then a given

quadrilateral has the sums of the pairs of opposite sides equal, a quadrilateral

can be described about any given circle not only equiangular with it but

having the sameform or, in the words of Book vi., similar to it.
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Proposition 8.

In a given square to inscribe a circle.

Let ABCD be the given square ;

thus it is required to inscribe a circle in the given square

ABCD.

Let the straight lines AD, AB be

bisected at the points E, F respectively

[i. 10],

through E let EH be drawn parallel

to either AB or CD, and through

F let FK be drawn parallel to either

AD or BC; [i. 31]

therefore each of the figures AK, KB,

AH, HD, AG, GC, BG, GD is a parallelogram,

and their opposite sides are evidently equal. [1. 34]

Now, since AD is equal to AB,

and AE is half of AD, and AF half of AB,

therefore AE is equal to AF,

so that the opposite sides are also equal ;

therefore FG is equal to GE.

Similarly we can prove that each of the straight lines GH,

GK is equal to each of the straight lines FG, GE ;

therefore the four straight lines GE, GF, GH, GK are

equal to one another.

Therefore the circle described with centre G and distance

one of the straight lines GE, GF, GH, GK will pass also

through the remaining points.

And it will touch the straight lines AB, BC, CD, DA,

because the angles at E, F, H, K are right.

For, if the circle cuts AB, BC, CD, DA, the straight

line drawn at right angles to the diameter of the circle from

its extremity will fall within the circle : which was proved

absurd ; [hi. 16]

therefore the circle described with centre G and distance

one of the straight lines GE, GF, GH, GK will not cut

the straight lines AB, BC, CD, DA.

Therefore it will touch them, and will have been inscribed

in the square ABCD.

Therefore in the given square a circle has been inscribed.

Q. E. f.
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As was remarked in the last note, a circle can be inscribed in any

quadrilateral which has the sum of one pair of opposite sides equal to the sum

of the other pair. In particular, it follows that a circle can be inscribed in a

square or a rhombus, but not in a rectangle or a rhomboid.

Proposition 9.

About a given square to circumscribe a circle.

Let ABCD be the given square ;

thus it is required to circumscribe a circle about the square

ABCD.

For let AC, BD be joined, and let them

cut one another at E.

Then, since DA is equal to AB,

and AC is common,

therefore the two sides DA, AC are equal

to the two sides BA, AC;

and the base DC is equal to the base BC ;

therefore the angle DAC is equal to

the angle BAC. [1. 8]

Therefore the angle DAB is bisected by AC.

Similarly we can prove that each of the angles ABC,

BCD, CDA is bisected by the straight lines AC, DB.

Now, since the angle DAB is equal to the angle ABC,

and the angle EAB is half the angle DAB,

and the angle EBA half the angle ABC,

therefore the angle EAB is also equal to the angle EBA ;

so that the side EA is also equal to EB. [1. 6]

Similarly we can prove that each of the straight lines

EA, EB is equal to each of the straight lines EC, ED.

Therefore the four straight lines EA, EB, EC, ED are

equal to one another.

Therefore the circle described with centre E and distance

one of the straight lines EA, EB, EC, ED will pass also

through the remaining points ;

and it will have been circumscribed about the square ABCD.

Let it be circumscribed, as ABCD.

Therefore about the given square a circle has been

circumscribed.

Q. E. F.
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Proposition io.

To construct an isosceles triangle having each of the angles

at the base double of the remaining one.

Let any straight line AB be set out, and let it be cut at

the point C so that the rectangle

contained by AB, BC is equal to

the square on CA ; [a n]

with centre A and distance AB let

the circle BDE be described, ' ' ' ^D

and let there be fitted in the circle

BDE the straight line BD equal to

the straight line AC which is not

greater than the diameter of the

circle BDE. [iv. i]

Let AD, DC be joined, and let

the circle ACD be circumscribed about the triangle ACD.

K 5]

Then, since the rectangle AB, BC is equal to the square

on AC,

and AC is equal to BD,

therefore the rectangle AB, BC is equal to the square on BD.

And, since a point B has been taken outside the circle

ACD,

and from B the two straight lines BA, BD have fallen on

the circle ACD, and one of them cuts it, while the other falls

on it,

and the rectangle AB, BC is equal to the square on BD,

therefore BD touches the circle ACD. [in. 37]

Since, then, BD touches it, and DC is drawn across

from the point of contact at D,

therefore the angle BDC is equal to the angle DAC in the

alternate segment of the circle. [in. 32]

Since, then, the angle BDC is equal to the angle DAC,

let the angle CDA be added to each ;

therefore the whole angle BDA is equal to the two angles

CDA, DAC.
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But the exterior angle BCD is equal to the angles CDA,

DAC; [i. 32]

therefore the angle BDA is also equal to the angle BCD.

But the angle BDA is equal to the angle CBD, since the

side AD is also equal to AB ; [1. 5]

so that the angle DBA is also equal to the angle BCD.

Therefore the three angles BDA, DBA, BCD are equal

to one another.

And, since the angle DBC is equal to the angle BCD,

the side BD is also equal to the side DC. [1. 6]

But BD is by hypothesis equal to CA ;

therefore CA is also equal to CD,

so that the angle CDA is also equal to the angle DAC ;

[1. 5]

therefore the angles CDA, DAC are double of the angle DAC.

But the angle BCD is equal to the angles CDA, DAC;

therefore the angle BCD is also double of the angle CAD.

But the angle BCD is equal to each of the angles BDA,

DBA ;

therefore each of the angles BDA, DBA is also double of

the angle DAB.

Therefore the isosceles triangle ABD has been constructed

having each of the angles at the base DB double of the

remaining one.

Q. E. F.

There is every reason to conclude that the connexion of the triangle

constructed in this proposition with the regular pentagon, and the construction

of the triangle itself, were the discovery of the Pythagoreans. In the first

place the Scholium iv. No. 2 (Heiberg, Vol. v. p. 273) says "this Book is the

discovery of the Pythagoreans." Secondly, the summary in Proclus (p. 65, 20)

says that Pythagoras discovered "the construction of the cosmic figures,"

by which must be understood the five regular solids. This is confirmed by

the fragment of Philolaus (Boeclth, p. 160 sqq.) which speaks of the "five

bodies in the sphere," and by the statement of Iamblichus (Vit. Pyth. c. 18,

s. 88) that Hippasus, a Pythagorean, was said to have been drowned for the

impiety of claiming the credit of inscribing in a sphere the figure made of the

twelve pentagons, whereas the whole was HIS discovery (tKtivov tov dvSpos) ;

" for it is thus they speak of Pythagoras, and they do not call him by his

name." Cantor has (is, pp. 176 sqq.) collected notices which help us to form

an idea how the discovery of the Euclidean construction for a regular

pentagon may have been arrived at by the Pythagoreans.

Plato puts into the mouth of Timaeus a description of the formation from

h. e. 11. 7
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right-angled triangles of the figures which are the faces of the first four regular

solids. The face of the cube is the square which is formed from isosceles

right-angled triangles by placing four of these triangles contiguously so that

the four right angles are in contact at the centre. The

equilateral triangle, however, which is the form of the faces of

the tetrahedron, the octahedron and the icosahedron, cannot

be constructed from isosceles right-angled triangles, but is

constructed from a particular scalene right-angled triangle

which Timaeus (54 a, b) regards as the most beautiful of all

scalene right-angled triangles, namely that in which the square on one of the

sides about the right angle is three times the square on the other. This is, of

course, the triangle forming half of an equilateral triangle bisected by the

perpendicular from one angular point on the opposite side. The Platonic

Timaeus does not construct his equilateral triangle from two such triangles

but from six, by placing the latter contiguously round a

point so that the hypotenuses and the smaller of the sides

about the right angles respectively adjoin, and all of them

meet at the common centre, as shown in the figure

(Timaeus, 54 d, e.). The probability that this exposition

was Pythagorean is confirmed by the independent testimony

of Proclus(pp. 304—5), who attributes to the Pythagoreans

the theorem that six equilateral triangles, or three hexagons, or four squares,

placed contiguously with one angular point of each at a common point, will

just fill up the four right angles round that point, and that no other regular

polygons in any numbers have this property.

How then would it be proposed to split up into triangles, or to make up

out of triangles, the face of the remaining solid, the dodecahedron ? It would

easily be seen that the pentagon could not be constructed by means of the

two right-angled triangles which were used for constructing the square and the

equilateral triangle respectively. But attempts would naturally be made to

split up the pentagon into elementary triangles, and traces of such attempts

are actually forthcoming. Plutarch has in two passages spoken of the division

of the faces of the dodecahedron into triangles, remarking in one place

(Quaest. Platon. v. 1) that each of the twelve faces is made up of 30 elemen

 

  

tary scalene triangles, so that, taken together, they give 360 such triangles,

and in another (De defectu oraculorum, c. 33) that the elementary triangle of

the dodecahedron must be different from that of the tetrahedron, octahedron

and icosahedron. Another writer of the 2nd cent., Alcinous, has, in his

introduction to the study of Plato (De doctrina Platonis, c. n), spoken

similarly of the 360 elements which are produced when every one of the

pentagons is divided into 5 isosceles triangles, and each of the latter into

6 scalene triangles. Now, if we proceed to draw lines in a pentagon separating

it into this number of small triangles as shown in the above figure, the figure
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which stands out most prominently in the mass of lines is the " star-pentagon,"

as drawn separately, which then (if the consecutive corners be joined) suggests

the drawing, as part of a pentagon, of a triangle of a definite character. Now

we are expressly told by Lucian and the scholiast to the Clouds of Aristophanes

(see Bretschneider, pp. 85—86) that the triple interwoven triangle, the penta

gram (to rpnr\ovv rpiyiovov, to oi a\Xrj\iov, to irtvraypaii.fiov), was used by the

Pythagoreans as a symbol of recognition between the members of the same

school (o-v/i/3oA.u> irpos tovs 6/xo8d£ovs ixpuivro), and was called by them Health.

There seems to be therefore no room for doubt that the construction of a

pentagon by means of an isosceles triangle having each of its base angles

double of the vertical angle was due to the Pythagoreans.

The construction of this triangle depends upon n. 1 1, or the problem of

dividing a straight line so that the rectangle contained by the whole and one

of the parts is equal to the square on the other part. This problem of course

appears again in Eucl. vi. 30 as the problem of cutting a given straight line in

extreme and mean ratio, i.e. the problem of the golden section, which is no

doubt "the section" referred to in the passage of the summary given by

Proclus (p. 67, 6) which says that Eudoxus "greatly added to the number

of the theorems which Plato originated regarding the section." This idea that

Plato began the study of the "golden section " as a subject in itself is not in

the least inconsistent with the supposition that the problem of Eucl. 11. 1 1 was

solved by the Pythagoreans. The very fact that Euclid places it among other

propositions which are clearly Pythagorean in origin is significant, as is also

the fact that its solution is effected by " applying to a straight line a rectangle

equal to a given square and exceeding by a square," while Proclus says plainly

(p. 419, 15) that, according to Eudemus, "the application of areas, their

exceeding and their falling short, are ancient and discoveries of the Muse of

the Pythagoreans."

We may suppose the construction of iv. 10 to have been arrived at by

analysis somewhat as follows (Todhunter's Euclid, p. 325). .

Suppose the problem solved, i.e. let ABD be an isosceles triangle having

each of its base angles double of the vertical angle.

Bisect the angle ADB by the straight line DC meeting AB in C. [1. 9]

Therefore the angle BDC is equal to the angle BAD ; and the angle

CDA is also equal to the angle BAD,

so that DC is equal to CA.

Again, since, in the triangles BCD, BDA,

the angle BDC is equal to the angle BAD,

and the angle B is common,

the third angle BCD is equal to the third angle BDA, and therefore to

the angle DBC.

Therefore DC is equal to DB.

Now, if a circle be described about the triangle ACD [iv. 5], since the

angle BDC is equal to the angle in the segment CAD,

BD must touch the circle [by the converse of in. 32 easily proved from it

by reductio ad absurdum\

Hence [111. 36] the square on BD and therefore the square on CD, or

AC, is equal to the rectangle AB, BC.

Thus the problem is reduced to that of cutting AB at C so that the

rectangle AB, BC is equal to the square on AC. [n. 11]

7—2
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When this is done, we have only to draw a circle with centre A and radius

AB and place in it a chord BD equal in length to AC. [iv. i]

Since each of the angles ABD, ADB is double of the angle BAD, the

latter is equal to one-fifth of the sum of all three, i.e. is one-fifth of two right

angles, or two-fifths of a right angle, and each of the base angles is four-fifths

of a right angle.

If we bisect the angle BAD, we obtain an angle equal to one-fifth of a

right angle, so that the proposition enables us to divide a right angle into five

equalparts.

It will be observed that BD is the side of a regular decagon inscribed in

the larger circle.

Proclus, as remarked above (Vol. i. p. 130), gives iv. 10 as an instance in

which two of the six formal divisions of a proposition, the setting-out and the

"definition," are left out, and explains that they are unnecessary because

there is no datum in the enunciation. This is however no more than formally

true, because Euclid does begin his proposition by setting out "any straight

line AB," and he constructs an isosceles triangle having AB for one of its

equal sides, i.e. he does practically imply a datum in the enunciation, and a

corresponding setting-out and " definition " in the proposition itself.

Proposition ii.

In a given circle to inscribe an equilateral and equiangular

pentagon.

Let ABODE be the given circle ;

thus it is required to inscribe in the circle ABCDE an equi

lateral and equiangular pentagon.

Let the isosceles triangle FGH

be set out having each of the angles

at G, H double of the angle at F;

[iv. 10]

let there be inscribed in the circle

ABCDE the triangle ACD equi

angular with the triangle FGH, so

that the angle CAD is equal to the angle at F and the angles

at G, /^respectively equal to the angles A CD, CDA ; [iv. 2]

therefore each of the angles A CD, CDA is also double of the

angle CAD.

Now let the angles ACD, CDA be bisected respectively

by the straight lines CE, DB [1. 9], and let AB, BC, DE, EA

be joined.

Then, since each of the angles A CD, CDA is double of

the angle CAD,

and they have been bisected by the straight lines CE, DB,
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therefore the five angles DAC, ACE, ECD, CDS, BDA

are equal to one another.

But equal angles stand on equal circumferences ; [in. 26]

therefore the five circumferences AB, BC, CD, DE, EA are

equal to one another.

But equal circumferences are subtended by equal straight

lines ; [111. 29]

therefore the five straight lines AB, BC, CD, DE, EA are

equal to one another ;

therefore the pentagon ABCDE is equilateral.

I say next that it is also equiangular.

For, since the circumference AB is equal to the circum

ference DE, let BCD be added to each ;

therefore the whole circumference ABCD is equal to the

whole circumference EDCB.

And the angle AED stands on the circumference ABCD,

and the angle BAE on the circumference EDCB ;

therefore the angle BAE is also equal to the angle AED.

[m. 27]

For the same reason

each of the angles ABC, BCD, CDE is also equal to each

of the angles BAE, AED ;

therefore the pentagon ABCDE is equiangular.

But it was also proved equilateral ;

therefore in the given circle an equilateral and equi

angular pentagon has been inscribed.

Q. E. f.

De Morgan remarks that "the method of iv. 11 is not so natural as

making a direct use of the angle obtained in the last." On the other hand,

if we look at the figure and notice that it shows the whole of the pentagram-

star except one line (that connecting B and £), I think we shall conclude

that the method is nearer to that used by the Pythagoreans, and therefore of

much more historical interest.

Another method would of course be to use iv. 10 to describe a decagon in

the circle, and then to join any vertex to the next alternate one, the latter to

the next alternate one, and so on.
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Mr Hs._M". Taylor gives "a complete geometrical construction for in

scribing .a. regular decagon or pentagon in a given circle," as follows.

" Find O the centre.

Draw-'two diameters AOC, BOD at right

angles 'to one another.

..Bisect OD in E.

'.. Draw AE and cut off EF equal to OE.

'.'•, Place round the circle ten chords equal

,bd'AF.

. ' These chords will be the sides of a regular

decagon. Draw the chords joining five alternate

vertices of the decagon ; they will be the sides

of a regular pentagon."

The construction is of course only a com

bination of those in 11. 1 1 and iv. i ; and the

proof would have to follow that in iv. 10.

 

Proposition i 2.

About a given circle to circumscribe an equilateral and

equiangular pentagon.

Let ABCDE be the given circle ;

thus it is required to circumscribe an equilateral and equi

angular pentagon about the circle

ABCDE.

Let A, B, C, D, E be conceived to

be the angular points of the inscribed

pentagon, so that the circumferences

AB, BC, CD, DE, EA are equal ;

[iv. ii]

through A, B, C, D, E let GH, NK,

KL, LM, MG be drawn touching the

circle ; [in. 16, Por.]

let the centre F of the circle ABCDE be taken [in. 1], and

let FB, FK, FC, FL, FD be joined.

Then, since the straight line KL touches the circle ABCDE

at C,

and FC has been joined from the centre F to the point of

contact at C,

therefore FC is perpendicular to KL ; [in. 18]

therefore each of the angles at C is right.

For the same reason

the angles at the points B, D are also right.
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And, since the angle FCK is right,

therefore the square on FK is equal to the squares on FC, CK.

For the same reason [1. 47]

the square on FK is also equal to the squares on FB, BK ;

so that the squares on FC, CK are equal to the squares

on FB, BK,

of which the square on FC is equal to the square on FB ;

therefore the square on CK which remains is equal to the

square on BK.

Therefore BK is equal to CK.

And, since FB is equal to FC,

and FK common,

the two sides BE, FK are equal to the two sides CF, FK ;

and the base BK equal to the base CK ;

therefore the angle BFK is equal to the angle KFC, [1. 8]

and the angle BKF to the angle FKC.

Therefore the angle BFC is double of the angle KFC,

and the angle BKC of the angle FKC.

For the same reason

the angle CFD is also double of the angle CFL,

and the angle DLC of the angle FLC.

Now, since the circumference BC is equal to CD,

the angle BFC is also equal to the angle CFD. [hi. 27]

And the angle BEC is double of the angle KFC, and the

angle DFC of the angle LFC ;

therefore the angle KFC is also equal to the angle LFC.

But the angle FCK is also equal to the angle FCL ;

therefore FKC, FLC are two triangles having two angles

equal to two angles and one side equal to one side, namely

FC which is common to them ;

therefore they will also have the remaining sides equal to the

remaining sides, and the remaining angle to the remaining

angle ; [1. 26]

therefore the straight line KC is equal to CL,

and the angle FKC to the angle FLC.

And, since KC is equal to CL,

therefore KL is double of KC.
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For the same reason it can be proved that

HK is also double of BK.

And BK is equal to KC ;

therefore HK is also equal to KL.

Similarly each of the straight lines HG, GM, ML can

also be proved equal to each of the straight lines HK, KL ;

therefore the pentagon GHKLMls equilateral.

I say next that it is also equiangular.

For, since the angle FKC is equal to the angle FLC,

and the angle HKL was proved double of the angle FKC,

and the angle KLM double of the angle FLC,

therefore the angle HKL is also equal to the angle KLM.

Similarly each of the angles KHG, HGM, GML can also

be proved equal to each of the angles HKL, KLM;

therefore the five angles GHK, HKL, KLM, LMG, MGH

are equal to one another.

Therefore the pentagon GHKLM is equiangular.

And it was also proved equilateral ; and it has been

circumscribed about the circle ABCDE.

Q. E. F.

De Morgan remarks that iv. 12, 13, 14 supply the place of the following :

Havinggiven a regular polygon of any number of sides inscribed in a circle, to

describe the same about the circle ; and, having given the polygon, to inscribe and

circumscribe a circle. For the method can be applied generally, as indeed

Euclid practically says in the Porism to iv. 15 about the regular hexagon and

in the remark appended to iv. 16 about the regular fifteen-angled figure.

The conclusion of this proposition, " therefore about the given circle an

equilateral and equiangular pentagon has been circumscribed," is omitted in

the mss.

Proposition 13.

In a given pentagon, which is equilateral and equiangular,

to inscribe a circle.

Let ABCDE be the given equilateral and equiangular

pentagon ;

thus it is required to inscribe a circle in the pentagon

ABCDE.

For let the angles BCD, CDE be bisected by the

straight lines CF, DF respectively ; and from the point F, at
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which the straight lines CF, DF meet one another, let the

straight lines FB, FA, FE be joined.

Then, since BC is equal to CD,

and CF common,

the two sides BC, CF are equal to the

two sides DC, CF;

and the angle BCF is equal to the

angle DCF;

therefore the base BF is equal

to the base DF,

and the triangle BCF is equal to the

triangle DCF,

and the remaining angles will be equal to the remaining angles,

namely those which the equal sides subtend. [1. 4]

Therefore the angle CBF is equal to the angle CDF.

And, since the angle CDE is double of the angle CDF,

and the angle CDE is equal to the angle ABC,

while the angle CDF is equal to the angle CBF ;

therefore the angle CBA is also double of the angle CBF;

therefore the angle ABF is equal to the angle FBC ;

therefore the angle ABC has been bisected by the straight

line BF.

Similarly it can be proved that

the angles BAE, AED have also been bisected by the straight

lines FA, FE respectively.

Now let FG, FH, FK, FL, FM be drawn from the point

F perpendicular to the straight lines AB, BC, CD, DE, EA.

Then, since the angle HCF is equal to the angle KCF,

and the right angle FHC is also equal to the angle FKC,

FHC, FKC are two triangles having two angles equal to two

angles and one side equal to one side, namely FC which is

common to them and subtends one of the equal angles ;

therefore they will also have the remaining sides equal to the

remaining sides ; [1. 26]

therefore the perpendicular FH is equal to the perpendicular

FK.

Similarly it can be proved that

each of the straight lines FL, FM, FG is also equal to each

of the straight lines FH, FK ;
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therefore the five straight lines FG, FH, FK, FL, FM are

equal to one another.

Therefore the circle described with centre F and distance

one of the straight lines FG, FH, FK, FL, FM will pass

also through the remaining points ;

and it will touch the straight lines AB, BC, CD, DE, EA,

because the angles at the points G, H, K, L, M are right.

For, if it does not touch them, but cuts them,

it will result that the straight line drawn at right angles to

the diameter of the circle from its extremity falls within the

circle : which was proved absurd. [in. 16]

Therefore the circle described with centre F and distance

one of the straight lines FG, FH, FK, FL, FM will not

cut the straight lines AB, BC, CD, DE, EA ;

therefore it will touch them.

Let it be described, as GHKLM.

Therefore in the given pentagon, which is equilateral and

equiangular, a circle has been inscribed.

Q. E. f.

Proposition 14.

About a given pentagon, which is equilateral and equi

angular, to circumscribe a circle.

Let ABCDE be the given pentagon, which is equilateral

and equiangular *

thus it is required to circumscribe a circle

about the pentagon ABCDE.

Let the angles BCD, CDE be bisected

by the straight lines CF, DF respectively,

and from the point F, at which the straight

lines meet, let the straight lines FB, FA,

FE be joined to the points B, A, E.

Then in manner similar to the pre

ceding it can be proved that the angles

CBA, BAE, AED have also been bisected by the straight

lines FB, FA, FE respectively.
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Now, since the angle BCD is equal to the angle CDE,

and the angle FCD is half of the angle BCD,

and the angle CDF half of the angle CDE,

therefore the angle FCD is also equal to the angle CDF,

so that the side FC is also equal to the side FD. [1. 6]

Similarly it can be proved that

each of the straight lines FB, FA, FE is also equal to each

of the straight lines FC, FD ;

therefore the five straight lines FA, FB, FC, FD, FE are

equal to one another.

Therefore the circle described with centre F and distance

one of the straight lines FA, FB, FC, FD, FE will pass

also through the remaining points, and will have been

circumscribed.

Let it be circumscribed, and let it be ABCDE.

Therefore about the given pentagon, which is equilateral

and equiangular, a circle has been circumscribed.

Q. E. F.

Proposition 15.

In a given circle to inscribe an equilateral and equiangular

hexagon.

Let ABCDEF be the given circle ;

thus it is required to inscribe an equilateral and equiangular

hexagon in the circle ABCDEF.

Let the diameter AD of the circle

ABCDEF be drawn ;

let the centre G of the circle be taken, and

with centre D and distance DG let the

circle EGCH be described ;

let EG, CG be joined and carried through

to the points B, F,

and let AB, BC, CD, DE, EF, FA be

joined.

I say that the hexagon ABCDEF is

equilateral and equiangular.

For, since the point G is the centre of the circle ABCDEF,

GE is equal to GD.
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Again, since the point D is the centre of the circle GCH,

DE is equal to DG.

But GE was proved equal to GD ;

therefore GE is also equal to ED ;

therefore the triangle EGD is equilateral ;

and therefore its three angles EGD, GDE, DEG are equal

to one another, inasmuch as, in isosceles triangles, the angles

at the base are equal to one another. [1. 5]

And the three angles of the triangle are equal to two

right angles ; [1. 32]

therefore the angle EGD is one-third of two right angles.

Similarly, the angle DGC can also be proved to be one-

third of two right angles.

And, since the straight line CG standing on EB makes

the adjacent angles EGC, CGB equal to two right angles,

therefore the remaining angle CGB is also one-third of two

right angles.

Therefore the angles EGD, DGC, CGB are equal to one

another ;

so that the angles vertical to them, the angles BGA, AGE,

FGE are equal. [1. 15]

Therefore the six angles EGD, DGC, CGB, BGA, AGE,

FGE are equal to one another.

But equal angles stand on equal circumferences ; [m. 26]

therefore the six circumferences AB, BC, CD, DE, EF, FA

are equal to one another.

And equal circumferences are subtended by equal straight

lines ; [hi. 29]

therefore the six straight lines are equal to one another ;

therefore the hexagon ABCDEF is equilateral.

I say next that it is also equiangular.

For, since the circumference FA is equal to the circum

ference ED,

let the circumference ABCD be added to each ;

therefore the whole FABCD is equal to the whole

EDCBA ;
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and the angle FED stands on the circumference FABCD,

and the angle AFE on the circumference EDCBA ;

therefore the angle AFE is equal to the angle DEF.

[hi. 27]

Similarly it can be proved that the remaining angles of

the hexagon ABCDEF are also severally equal to each of

the angles AFE, FED ;

therefore the hexagon ABCDEF is equiangular.

But it was also proved equilateral ;

and it has been inscribed in the circle ABCDEF.

Therefore in the given circle an equilateral and equiangular

hexagon has been inscribed.

Q. E. f.

Porism. From this it is manifest that the side of the

hexagon is equal to the radius of the circle.

And, in like manner as in the case of the pentagon, if

through the points of division on the circle we draw

tangents to the circle, there will be circumscribed about the

circle an equilateral and equiangular hexagon in conformity

with what was explained in the case of the pentagon.

And further by means similar to those explained in the

case of the pentagon we can both inscribe a circle in a given

hexagon and circumscribe one about it.

Q. E. f.

Heiberg, I think with good reason, considers the Porism to this proposition

to be referred to in the instance which Proclus (p. 304, 2) gives of a porism

following a problem. As the text of Proclus stands, " the (porism) found

in the second Book (to hi iv to> Stvttow /3i/SXiu( KtipMvov) is a porism to a

problem " ; but this is not true of the only porism that we find in the second

Book, namely the porism to 11. 4. Hence Heiberg thinks that for tip

otvrt/xg) fti.P\Lw should be read ti5 h' /3i/3X«i), i.e. the fourth Book. Moreover

Proclus speaks of the porism in the particular Book, from which we gather

that there was only one porism in Book iv. as he knew it, and therefore that

he did not regard as a porism the addition to iv. 5. Cf. note on that

proposition.

It appears that Theon substituted for the first words of the Porism to

iv. 15 "And in like manner as in the case of the pentagon" (o'/xoiw? Si

toU iirl tov irtvraymvov) the simple word "and" or "also" (xi«'), apparently

thinking that the words had the same meaning as the similar words lower

down. This is however not the case, the meaning being that " if, as in the

case of the pentagon, we draw tangents, we can prove, also as was done in

the case of the pentagon, that the figure so formed is a circumscribed regular

hexagon."



no BOOK IV [iv. 16

 

Proposition 16.

In a given circle to inscribe a fifteen-angledfigure which

shall be both equilateral and equiangular.

Let ABCD be the given circle ;

thus it is required to inscribe in the circle ABCD a fifteen-

angled figure which shall be

both equilateral and equi

angular.

In the circle ABCD let

there be inscribed a side AC

of the equilateral triangle

inscribed in it, and a side AB

of an equilateral pentagon ;

therefore, of the equal seg

ments of which there are

fifteen in the circle ABCD,

there will be five in the cir

cumference ABC which is

one-third of the circle, and

there will be three in the cir

cumference AB which is one-fifth of the circle ;

therefore in the remainder BC there will be two of the

equal segments.

Let BC be bisected at E ; [in. 30]

therefore each of the circumferences BE, EC is a fifteenth

of the circle ABCD.

If therefore we join BE, EC and fit into the circle ABCD

straight lines equal to them and in contiguity, a fifteen-angled

figure which is both equilateral and equiangular will have been

inscribed in it.

Q. E. f.

And, in like manner as in the case of the pentagon, if

through the points of division on the circle we draw

tangents to the circle, there will be circumscribed about the

circle a fifteen-angled figure which is equilateral and equi

angular.

And further, by proofs similar to those in the case of the

pentagon, we can both inscribe a circle in the given fifteen-

angled figure and circumscribe one about it.

Q. E. f.
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Here, as in 11I. 10, we have the term "circle" used by Euclid in its

exceptional sense of the circumference of a circle, instead of the "plane figure

contained by one line" of i. Def. 15. Cf. the note on that definition (Vol. 1.

pp. 184—5).

Proclus (p. 269) refers to this proposition in illustration of his statement

that Euclid gave proofs of a number of propositions with an eye to their use

in astronomy. " With regard to the last proposition in the fourth Book in

which he inscribes the side of the fifteen-angled figure in a circle, for what

object does anyone assert that he propounds it except for the reference of this

problem to astronomy ? For, when we have inscribed the fifteen-angled figure

in the circle through the poles, we have the distance from the poles both of

the equator and the zodiac, since they are distant from one another by the

side of the fifteen-angled figure." This agrees with what we know from other

sources, namely that up to the time of Eratosthenes (circa 275—194 B.C.) 24°

was generally accepted as the correct measurement of the obliquity of the

ecliptic. This measurement, and the construction of the fifteen-angled figure,

were probably due to the Pythagoreans, though it would appear that the

former was not known to Oenopides of Chios (fl. circa 460 B.C.), as we learn

from Theon of Smyrna (pp. 198—9, ed. Hiller), who gives Dercyllides as his

authority, that Eudemus (fl. circa 320 b.c.) stated in his ao-rpoXoyiai that,

while Oenopides discovered certain things, and Thales, Anaximander and

Anaximenes others, it was the rest (ol Xomtoi) who added other discoveries

to these and, among them, that " the axes of the fixed stars and of the planets

respectively are distant from one another by the side of a fifteen-angled figure."

Eratosthenes evaluated the angle to Jgrds of 1800, i.e. about 23° 51' 20",

which measurement was apparently not improved upon in antiquity (cf. Ptolemy,

Syntaxis, ed. Heiberg, p. 68).

Euclid has now shown how to describe regular polygons with 3, 4, 5, 6

and 15 sides. Now, when any regular polygon is given, we can construct a

regular polygon with twice the number of sides by first describing a circle

about the given polygon and then bisecting all the smaller arcs subtended by

the sides. Applying this process any number of times, we see that we can by

Euclid's methods construct regular polygons with 3.2", 4.2", 5.2" 15.2" sides,

where n is zero or any positive integer.



BOOK V.

INTRODUCTORY NOTE.

The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg,

Vol. v. p. 280), who is perhaps Proclus, tells us that "some say" this Book,

containing the general theory of proportion which is equally applicable to

geometry, arithmetic, music, and all mathematical science, "is the discovery

of Eudoxus, the teacher of Plato." Not that there had been no theory of

proportion developed before his time ; on the contrary, it is certain that the

Pythagoreans had worked out such a theory with regard to numbers, by which

must be understood commensurable and even whole numbers (a number

being a "multitude made up of units," as defined in Eucl. vn). Thus we

are told that the Pythagoreans distinguished three sorts of means, the

arithmetic, the geometric and the harmonic mean, the geometric mean

being called proportion (araXo-yia) par excellence; and further Iamblichus

speaks of the "most perfect proportion consisting of four terms and specially

called harmonic" in other words, the proportion

a + b tab ,

a : = : b,

2 a + b

which was said to be a discovery of the Babylonians and to have been first

introduced into Greece by Pythagoras (Iamblichus, Comm. on Nicomachus,

p. 118). Now the principle of similitude is one which is presupposed by all

the arts of design from their very beginnings ; it was certainly known to the

Egyptians, and it must certainly have been thoroughly familiar to Pythagoras

and his school. This consideration, together with the evidence of the

employment by him of the geometric proportion, makes it indubitable that the

Pythagoreans used the theory of proportion, in the form in which it was

known to them, i.e. as applicable to commensurables only, in their geometry.

But the discovery, also due to Pythagoras, of the incommensurable would

of course be seen to render the proofs which depended on the theory of

proportion as then understood inconclusive ; as Tannery observes (La

Geomitrie grecque, p. 98), " the discovery of incommensurability must have

caused a veritable logical scandal in geometry and, in order to avoid it, they

were obliged to restrict as far as possible the use of the principle of similitude,

pending the discovery of a means of establishing it on the basis of a theory of

proportion independent of commensurability." The glory of the latter dis

covery belongs then most probably to Eudoxus. Certain it is that the complete

theory was already familiar to Aristotle, as we shall see later.
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It seems probable, as indicated by Tannery (lac. cit), that the theory

of proportions and the principle of similitude took, in the earliest Greek

geometry, an earlier place than they do in Euclid, but that, in consequence

of the discovery of the incommensurable, the treatment of the subject was

fundamentally remodelled in the period between Pythagoras and Eudoxus.

An indication of this is afforded by the clever device used in Euclid 1. 44

for applying to a given straight line a parallelogram equal to a given triangle ;

the equality of the "complements" in a parallelogram is there used for doing

what is practically finding a fourth proportional to three given straight lines.

Thus Euclid was no doubt following for the subject-matter of Books 1.—iv.

what had become the traditional method, and this is probably one of the

reasons why proportions and similitude are postponed till as late as Books

v., vi.

It is a remarkable fact that the theory of proportions is twice treated in

Euclid, in Book v. with reference to magnitudes in general, and in Book vn.

with reference to the particular case of numbers. The latter exposition

referring only to commensurables may be taken to represent fairly the theory

of proportions at the stage which it had reached before the great extension of

it made by Eudoxus. The differences between the definitions etc. in Books v.

and v11. will appear as we go on ; but the question naturally arises, why did

Euclid not save himself so much repetition and treat numbers merely as a

particular case of magnitude, referring back to the corresponding more

general propositions of Book v. instead of proving the same propositions

over again for numbers? It could not have escaped him that numbers

fall under the conception of magnitude. Aristotle had plainly indicated

that magnitudes may be numbers when he observed (Anal. post. 1. 7,

75 b 4) that you cannot adapt the arithmetical method of proof to the

properties of magnitudes if the magnitudes are not numbers. Further

Aristotle had remarked (Anal. post. 1. 5, 74 a 17) that the proposition that

the terms of a proportion can be taken alternately was at one time proved

separately for numbers, lines, solids and times, though it was possible to prove

it for all by one demonstration; but, because there was no. common name

comprehending them all, namely numbers, lengths, times and solids, and their

character was different, they were taken separately. Now however, he adds,

the proposition is proved generally. Yet Euclid says nothing to connect

the two theories of proportion even when he comes in x. 5 to a proportion

two terms of which are magnitudes and two are numbers (" Commensurable

magnitudes have to one another the ratio which a number has to a number").

The probable explanation of the phenomenon is that Euclid simply followed

tradition and gave the two theories as he found them. This would square

with the remark in Pappus (vn. p. 678) as to Euclid's fairness to others and

his readiness to give them credit for their work.

DEFINITIONS.

1. A magnitude is a part of a magnitude, the less of

the greater, when it measures the greater.

2. The greater is a multiple of the less when it is

measured by the less.

H. E. 11. 8
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3. A ratio is a sort of relation in respect of size between

two magnitudes of the same kind.

4. Magnitudes are said to have a ratio to one another

which are capable, when multiplied, of exceeding one another.

5. Magnitudes are said to be in the same ratio, the

first to the second and the third to the fourth, when, if any

equimultiples whatever be taken of the first and third, and

any equimultiples whatever of the second and fourth, the

former equimultiples alike exceed, are alike equal to, or alike

fall short of, the latter equimultiples respectively taken in

corresponding order.

6. Let magnitudes which have the same ratio be called

proportional.

7. When, of the equimultiples, the multiple of the first

magnitude exceeds the multiple of the second, but the multiple

of the third does not exceed the multiple of the fourth, then

the first is said to have a greater ratio to the second than

the third has to the fourth.

8. A proportion in three terms is the least possible.

9. When three magnitudes are proportional, the first is

said to have to the third the duplicate ratio of that which

it has to the second.

10. When four magnitudes are < continuously > propor

tional, the first is said to have to the fourth the triplicate

ratio of that which it has to the second, and so on con

tinually, whatever be the proportion.

n. The term corresponding magnitudes is used of

antecedents in relation to antecedents, and of consequents in

relation to consequents.

12. Alternate ratio means taking the antecedent in

relation to the antecedent and the consequent in relation to

the consequent.

13. Inverse ratio means taking the consequent as

antecedent in relation to the antecedent as consequent.
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14. Composition of a ratio means taking the ante

cedent together with the consequent as one in relation to

the consequent by itself.

15. Separation of a ratio means taking the excess

by which the antecedent exceeds the consequent in relation

to the consequent by itself.

16. Conversion of a ratio means taking the ante

cedent in relation to the excess by which the antecedent

exceeds the consequent

17. A ratio ex aequali arises when, there being several

magnitudes and another set equal to them in multitude which

taken two and two are in the same proportion, as the first is

to the last among the first magnitudes, so is the first to the

last among the second magnitudes ;

Or, in other words, it means taking the extreme terms

by virtue of the removal of the intermediate terms.

18. A perturbed proportion arises when, there being

three magnitudes and another set equal to them in multitude,

as antecedent is to consequent among the first magnitudes,

so is antecedent to consequent among the second magnitudes,

while, as the consequent is to a third among the first

magnitudes, so is a third to the antecedent among the second

magnitudes.

Definition i.

Mepos tori fitytOos fitytOow: to tXocro-ov toC /m£ovos, orav Karafitrpy to

fitl£ov.

The word part (p-tpo<;) is here used in the restricted sense of a submultiple

or an aliquotpart as distinct from the more general sense in which it is used

in the Common Notion (5) which says that " the whole is greater than the

part." It is used in the same restricted sense in vn. Def. 3, which is the same

definition as this with "number" (dpifyios) substituted for "magnitude."

vn. Def. 4, keeping up the restriction, says that, when a number does not

measure another number, it is parts (in the plural), not a part of it. Thus,

1, 2, or 3, is a part of 6, but 4 is not a part of 6 but parts. The same

distinction between the restricted and the more general sense of the word

part appears in Aristotle, Metaph. 1023 b 12: "In one sense a part is

that into which quantity (to itoo-6V) can anyhow be divided ; for that which is

taken away from quantity, qua quantity, is always called a 'part' of it, as

e.g. two is said to be in a sense a part of three. But in another sense a

'part' is only what measures (to Karap-trpovvra) such quantities. Thus two

is in one sense said to be a part of three, in the other not."

8—2
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Definition 2.

IloXXairXao-ioi' St to /iei^ov rov tXaTiwos, orav Kara/MTprjrai vtto tov

tXaTTOVOS.

Definition 3.

Aoyos «rrl 8i!o ntytOwv op.oytvwv 1/ Kara myXiKonjTa iroia cr^to-is.

The best explanation of the definitions of ratio and proportion that I have

seen is that of De Morgan, which will be found in the articles under those

titles in the Penny Cyclopaedia, Vol. xix. (1841); and in the following notes

I shall draw largely from these articles. Very valuable also are the notes on

the definitions of Book v. given by Hankel (fragment on Euclid published as

an appendix to his work Zur Geschichte der Mathematik in Alterthum und

Mittelalter, 1874).

There has been controversy as to what is the proper translation of the

word injXiKonjs in the definition. o-x*o-is koto mjXiKor^Ta has generally been

translated "relation in respect of quantity" Upon this De Morgan remarks

that it makes nonsense of the definition; "for magnitude has hardly a

different meaning from quantity, and a relation of magnitudes with respect to

quantity may give a clear idea to those who want a word to convey a notion

of architecture with respect to building or of battles with respect to fighting,

and to no others." The true interpretation De Morgan, following Wallis and

Gregory, takes to be quantuplicity, referring to the number of times one

magnitude is contained in the other. For, he says, we cannot describe

magnitude in language without quantuplicitative reference to other magni

tude ; hence he supposes that the definition simply conveys the fact that the

mode of expressing quantity in terms of quantity is entirely based upon the

notion of quantuplicity or that relation of which we take cognizance when we

find how many times one is contained in the other. While all the rest of

De Morgan's observations on the definition are admirable, it seems to me

that on this question of the proper translation of ttt/Xikottjs he is in error. He

supports his view mainly by reference (1) to the definition of a compounded

ratio usually given as the 5th definition of Book vi., which speaks of the

in/Xocon/res of two ratios being multiplied together, and (2) to the comments

of Eutocius and a scholiast on this definition. Eutocius says namely

(Archimedes, ed. Heiberg, in. p. 140) that "the term mjXiKonjs is evidently

used of the number from which the given ratio is called, as (among others)

Nicomachus says in his first book on music and Heron in his commentary

on the Introduction to Arithmetic." But it now appears certain that this

definition is an interpolation ; it is never used, it is not found in Campanus,

and Peyrard's MS. only has it in the margin. At the same time it is clear

that, if the definition is admitted at all, any commentator would be obliged to

explain it in the way that Eutocius does, whether the explanation was consistent

with the proper meaning of .mjXiKorr]'; or not. Hence we must look elsewhere

for the meaning of ut/Xiko<; and irnXiKorr^. If we do this, I think we shall find

no case in which the words have the sense attributed to them by De Morgan.

The real meaning of irrjXiKos is how great. It is so used by Aristotle, e.g. in

Eth. Nic. v. 10, 1 1 34 b n, where he speaks of a man's child being as it were

a part of him so long as he is of a certain age («ds av j} mjXiKov). Again

Nicomachus, to whom Eutocius appeals, himself (1. 2, 5, p. 5, ed. Hoche)

distinguishes itijXikos as referring to magnitude, while ttoo-o's refers to multitude.

So does Iamblichus in his commentary on Nicomachus (p. 8, 3—5); besides

which Iamblichus distinguishes irrjXiKov as the subject of geometry, being con



v. def. 3] NOTE ON DEFINITION 3 117

tinuous, and woo-ov as the subject of arithmetic, being discrete, and speaks of a

point being the origin of wqXiKov as a unit is of noaov, and so on. Similarly,

Ptolemy (Syntaxis, ed. Heiberg, p. 31) speaks of the size (mjXiKotijs) of the

chords in a circle (vtpi rrjs mjXiKonpros riov lv ti5 kvkXw tvOtuov). Consequently

I think we can only translate mjXocdnjs in the definition as size. This

corresponds to Hankel's translation of it as "Grosse," though he uses this

same word for a concrete " magnitude " as well ; size seems to me to give

the proper distinction between irijXncori7s and p.iyt6os, as size is the attribute,

and a magnitude (in its ordinary mathematical sense) is the thing which

possesses the attribute of size.

The view that " relation in respect of size " is meant by the words in the

text is also confirmed, I think, by a later remark of De Morgan himself,

namely that a synonym for the word ratio may be found in the more in

telligible term relative magnitude. In fact crxti"« in the definition corresponds

to relative and in7Xocdnjs to magnitude. (By magnitude De Morgan here

means the attribute and not the thing possessing it.)

Of the definition as a whole Simson and Hankel express the opinion that

it is an interpolation. Hankel points to the fact that it is unnecessary and

moreover so vague as to be of no practical use, while the very use of the

expression Kara mjXiKonp-a seems to him suspicious, since the only other

place in which the word in;XiKot»js occurs in Euclid is the 5th definition of

Book vi., which is admittedly not genuine. Yet the definition of ratio appears

in all the mss., the only variation being that some add the words irpov dXXijXa,

"to one another," which are rejected by Heiberg as an interpolation of

Theon ; and on the whole there seems to be no sufficient ground for regarding

it as other than genuine. The true explanation of its presence would appear

to be substantially that given by Barrow (Lectiones Cantabrig., London, 1684,

Lect. in. of 1666), namely that Euclid inserted it for completeness' sake, more

for ornament than for use, intending to give the learner a general notion of

ratio by means of a metaphysical, rather than a mathematical definition ; " for

metaphysical it is and not, properly speaking, mathematical, since nothing

depends on it or is deduced from it by mathematicians, nor, as I think, can

anything be deduced." This is confirmed by the fact that there is no

definition of Xdyos in Book vn., and it could equally have been dispensed

with here. Similarly De Morgan observes that Euclid never attempts this

vague sort of definition except when, dealing with a well-known term of

common life, he wishes to bring it into geometry with something like an

expressed meaning which may aid the conception of the thing, though it does

not furnish a perfect criterion. Thus we may compare the definition with

that of a straight line, where Euclid merely calls the reader's attention to the

well-known term tvOtla ypa/i/uj, tries how far he can present the conception

which accompanies it in other words, and trusts for the correct use of the

term to the axioms (or postulates) which the universal conception of a straight

line makes self-evident.

We have now to trace as clearly as possible the development of the

conception of Xoyos, ratio, or relative magnitude. In its primitive sense

Xdyos was only used of a ratio between commensurables, i.e. a ratio which

could be expressed, and the manner of expressing it is indicated in the

proposition, Eucl. x. 5, which proves that commensurable magnitudes have to

one another the ratio which a number has to a number. That this was the

primitive meaning of Xoyos is proved by the use of the term dXoyos for the

incommensurable, which means irrational in the sense of not having a ratio

to something taken as rational (pi/ros).
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Euclid himself shows us how we are to set about finding the ratio, or

relative magnitude, of two commensurable magnitudes. He gives, in x. 3,

practically our ordinary method of finding the greatest common measure.

If A, B be two magnitudes of which B is the less, we cut off from A a part

equal to B, from the remainder a part equal to B, and so on, until we leave a

remainder less than B, say R,. We measure off JP, from B in the same way

until a remainder R., is left which is less than Rx. We repeat the process

with Rli R„ and so on, until we find a remainder which is contained in the

preceding remainder a certain number of times exactly. If account is taken

of the number of times each magnitude is contained (with something over,

except at the last) in that upon which it is measured, we can calculate how

many times the last remainder is contained in A and how many times the

last remainder is contained in B ; and we can thus express the ratio of A to

B as the ratio of one number to another.

But it may happen that the two magnitudes have no common measure,

i.e. are incommensurable, in which case the process described would never

come to an end and the means of expression would fail ; the magnitudes

would then have no ratio in the primitive sense. But the word Xo'yos, ratio,

acquires in Euclid, Book v., a wider sense covering the relative magnitude of

incommensurables as well as commensurables ; as stated in Euclid's 4th

definition, " magnitudes are said to have a ratio to one another which can,

when multiplied, exceed one another," and finite incommensurables have this

property as much as commensurables. I)e Morgan explains the manner of

transition from the narrower to the wider signification of ratio as follows.

"Since the relative magnitude of two quantities is always shown by the

quantuplicitative mode of expression, when that is possible, and since pro

portional quantities (pairs which have the same relative magnitude) are pairs

which have the same mode (if possible) of expression by means of each other ;

in all such cases sameness of relative magnitude leads to sameness of mode of

expression ; or proportion is sameness of ratios (in the primitive sense). But

sameness of relative magnitude may exist where quantuplicitative expression

is impossible ; thus the diagonal of a larger square is the same compared with

its side as the diagonal of a smaller square compared with its side. It is an

easy transition to speak of sameness of ratio even in this case ; that is, to use

the term ratio in the sense of relative magnitude, that word having originally

only a reference to the mode of expressing relative magnitude, in cases which

allow of a particular mode of expression. The word irrational (aXoyos) does

not make any corresponding change but continues to have its primitive

meaning, namely, incapable of quantuplicitative expression."

It remains to consider how we are to describe the relative magnitude of

two incommensurables of the same kind. That they have a definite relation

is certain. Suppose, for precision, that .S is the side of a square, D its

diagonal ; then, if S is given, any alteration in D or any error in D would

make the figure cease to be a square. At the same time, a person altogether

ignorant of the relative magnitude of D and 5 might say that drawing two

straight lines of length 5 so as to form a right angle and joining the ends by

a straight line, the length of which would accordingly be D, does not help

him to realise the relative magnitude, but that he would like to know how

many diagonals make an exact number of sides. We should have to reply

that no number of diagonals whatever makes an exact number of sides ; but

that he may mention any fraction of the side, a hundredth, a thousandth or

a millionth, and that we will then express the diagonal with an error not so

great as that fraction. We then tell him that 1,000,000 diagonals exceed
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1,414,213 sides but fall short of 1,414,214 sides; consequently the diagonal

lies between i'4142i3 and i"4142i4 times the side, and these differ only by

one-millionth of the side, so that the error in the diagonal is less still. To

enable him to continue the process further, we show him how to perform the

arithmetical operation of approximating to the value of ^2. This gives the

means of carrying the approximation to any degree of accuracy that may be

desired. In the power, then, of carrying approximations of this kind as far as

we please lies that of expressing the ratio, so far as expression is possible, and

of comparing the ratio with others as accurately as if expression had been

possible.

Euclid was of course aware of this, as were probably others before him ;

though the actual approximations to the values of ratios of incommensurables

of which we find record in the works of the great Greek geometers are very

few. The history of such approximations up to Archimedes is, so far as

material was available, sketched in TTie Works of Archimedes (pp. lxxvii and

following) ; and it is sufficient here to note the facts (1) that Plato, and even

the Pythagoreans, were familiar with £ as an approximation to J2, (2) that

the method of finding any number of successive approximations by the system

of side- and diagonal-numbers described by Theon of Smyrna was also

Pythagorean (cf. the note above on Euclid, 11. 9, 10), (3) that Archimedes,

without a word of preliminary explanation, gives out that.1)' CAjnauauun, gi

1351^ /, „ t 6 i

gives approximate values for the square roots of several large numbers, and

proves that the ratio of the circumference of a circle to its diameter is less

than 3y but greater than 3Jy, (4) that the first approach to the rapidity with

which the decimal system enables us to approximate to the value of surds

was furnished by the method of sexagesimal fractions, which was almost as

convenient to work with as the method of decimals, and which appears fully

developed in Ptolemy's crvn-a&s. A number consisting of a whole number

and any fraction was under this system represented as so many units, so

many of the fractions which we should denote by T\j , so many of those which

we should write (TV)2, (inj)2, and so on- Theon of Alexandria shows us how

to extract the square root of 4500 in this sexagesimal system, and, to show

how effective it was, it is only necessary to mention that Ptolemy gives

-—± + -^ + 7-^ as an approximation to ^3, which approximation is equivalent

to 17320509 in the ordinary decimal notation and is therefore correct to

6 places.

Between Def. 3 and Def. 4 two manuscripts and Campanus insert " Pro

portion is the sameness of ratios" (dvaXoyia 8i rj twv Xoyiov rauTori/s), and even

the best ms. has it in the margin. It would be altogether out of place, since

it is not till Def. 5 that it is explained what sameness of ratios is. The words

are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, lxxxix),

and are no doubt taken from arithmetical works (cf. Nicomachus and Theon

of Smyrna). It is true that Aristotle says similarly, " Proportion is equality

of ratios" (Eth. Nic. v. 6, 1131 a 31), and he appears to be quoting from

the Pythagoreans; but the reference is to numbers.

Similarly two mss. (inferior) insert after Def. 7 " Proportion is the similarity

(o/xoionjs) of ratios." Here too we have a mere interpolation.



120 BOOK V [v. deff. 4, 5

Definition 4.

Ao'yov ?X<iv irpos aXXrjXa p.tyiOrj Xeyerai, a Swarai iroXXairXa<7ia£o/z«,a

aXXiyXaii' virtpe)(tw.

This definition supplements the last one. De Morgan says that it amounts

to saying that the magnitudes are of the same species. But this can hardly

be all ; the definition seems rather to be meant, on the one hand, to exclude

the relation of a finite magnitude to a magnitude of the same kind which is

either infinitely great or infinitely small, and, even more, to emphasise the

fact that the term ratio, as defined in the preceding definition, and about to

be used throughout the book, includes the relation between any two incom

mensurable as well as between any two commensurable finite magnitudes of

the same kind. Hence, while De Morgan seems to regard the extension of

the meaning of ratio to include the relative magnitude of incommensurables

as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition

appears to show that it is ratio in its extended sense that is being defined in

Def. 3.

Definition 5.

'Ev T<ji avTiS X6yia ptyiOrt Xiytrai tivai irpwrov irpos Stvrtpov Kai rplrov irpbs

riraprov, orav rd toS 7rpiarov Kal rpirov iVu'kis iroXXairXacria rdv rov oairipov

Kal rtrdprov Ictokis ?roXXairXacria,v ka.O' ottoiovovv iroXXairXaomiao'p.bv tKartpov

IKardpov rj ap.a iwtpt)(g jj ap.a "<ra rj ap.a iWeiwr] Xr)<pOivra KardWrjXa.

In my translation of this definition I have compromised between an

attempted literal translation and the more expanded version of Simson. The

difficulty in the way of an exactly literal translation is due to the fact that the

words (/ia0" biroiovovv n-oXXairXatriacr/iov) signifying that the equimultiples in

each case are any equimultiples whatever occur only once in the Greek, though

they apply both to ra...ladKis iroXXairXacria in the nominative and r<Sv...lo-dxK

iroXXairXao-iW in the genitive. I have preferred "alike" to "simultaneously"

as a translation of apa because " simultaneously " might suggest that time was

of the essence of the matter, whereas what is meant is that any particular

comparison made between the equimultiples must be made between the same

equimultiples of the two pairs respectively, not that they need to be compared

at the same time.

Aristotle has an allusion to a definition of "the same ratio" in Topics

vin. 3, 158 b 29 : " In mathematics too some things appear to be not easy to

prove (ypd<pto-$ai) for want of a definition, e.g. that the parallel to the side

which cuts a plane [a parallelogram] divides the straight line [the other side]

and the area similarly. But, when the definition is expressed, the said property

is immediately manifest ; for the areas and the straight lines have the same

avravaipto-is, and this is the definition of 'the same ratio.'" Upon this

passage Alexander says similarly, "This is the definition of proportionals

which the ancients used : magnitudes are proportional to one another which

have (or show) the same dvOv<paipto-K, and Aristotle has called the latter

dvravaipto-is." Heiberg (Mathematisches zu Aristoteles, p. 22) thinks that

Aristotle is alluding to the fact that the proposition referred to could not be

rigorously proved so long as the Pythagorean definition applicable to com

mensurable magnitudes only was adhered to, and is quoting the definition

belonging to the complete theory of Eudoxus ; whence, in view of the positive

statement of Aristotle that the definition quoted is the definition of "the same

ratio," it would appear that the Euclidean definition (which Heiberg describes

as a careful and exact paraphrase of dvravaipto-ii) is Euclid's own. I do not
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feel able to subscribe to this view, which seems to me to involve very grave

difficulties. The Euclidean definition is regularly appealed to in Book v. as

the criterion of magnitudes being in proportion, and the use of it would appear

to constitute the whole essence of the new general theory of proportion; if then

this theory is due to Eudoxus, it seems impossible to believe that the definition

was not also due to him. Certainly the definition given by Aristotle would

be no substitute for it ; di>0vit>aipecns and an-avcupto-is are words almost as

vague and " metaphysical " (as Barrow would say) as the words used to define

ratio, and it is difficult to see how any mathematical facts could be deduced

from such a definition. Consider for a moment the etymology of the words.

vij>m'p(crfi or avalptam means "removal," "taking away" or "destruction" of

a thing; and the prefix aWi indicates that the "taking away" from one

magnitude answers to, corresponds with, alternates with, the " taking away "

from the other. So far therefore as the etymology goes, the word seems

rather to suggest the " taking away " of corresponding fractions, and therefore

to suit the old imperfect theory of proportion rather than the new one. Thus

Waitz (ad loc.) paraphrases the definition as meaning that "as many parts as

are taken from one magnitude, so many are at the same time taken from the

other as well." A possible explanation would seem to be that, though

Eudoxus had formulated the new definition, the old one was still current in

the text-books of Aristotle's time, and was taken by him as being a good

enough illustration of what he wished to bring out in the passage of the

Topics referred to.

From the revival of learning in Europe onwards the Euclidean definition

of proportion was the subject of much criticism. Campanus had failed to

understand it, had in fact misinterpreted it altogether, and he may have

misled others such as Ramus (1515—72), always a violently hostile critic of

Euclid. Among the objectors to it was no less a person than Galileo. For

particulars of the controversies on the subject down to Thomas Simpson

(Elem. of Geometry, Lond. 1800) the reader is referred to the Excursus at the

end of the second volume of Camerer's Euclid (1825). For us it is interesting

to note that the unsoundness of the usual criticisms of the definition was

never better exposed than by Barrow. Some of the objections, he pointed out

(Led. Cantabr. vn.of 1666), are due to misconception on the part of their authors

as to the nature of a definition. Thus Euclid is required by these objectors

(e.g. Tacquet) to do the impossible and to show that what is predicated in the

definition is true of the thing defined, as if any one should be required to

show that the name " circle " was applicable to those figures alone which

have their radii all equal ! As we are entitled to assign to such figures and

such figures only the name of "circle," so Euclid is entitled ("quamvis non

temere nee imprudenter at certis de causis iustis illis et idoneis ") to describe

a certain property which four magnitudes may have, and to call magnitudes

possessing that property magnitudes "in the same ratio." Others had argued

from the occurrence of the other definition of proportion in vn. Def. 20 that

Euclid was dissatisfied with the present one ; Barrow pointed out that, on the

contrary, it was the fact that vn. Def. 20 was not adequate to cover the case

of incommensurables which made Euclid adopt the present definition here.

Lastly, he maintains, against those who descant on the "obscurity" of v.

Def. 5, that the supposed obscurity is due, partly no doubt to the inherent

difficulty of the subject of incommensurables, but also to faulty translators,

and most of all to lack of effort in the learner to grasp thoroughly the meaning

of words which, in themselves, are as clearly expressed as they could be.

To come now to the merits of the case, the best defence and explanation
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of the definition that I have seen is that given by De Morgan. He first

translates it, observes that it applies equally to commensurable or incom

mensurable quantities because no attempt is made to measure one by an

aliquot part of another, and then proceeds thus.

"The two questions which must be asked, and satisfactorily answered,

previously to its [the definition's] reception, are as follows :

i. What right had Euclid, or any one else, to expect that the preceding

most prolix and unwieldy statement should be received by the beginner as

the definition of a relation the perception of which is one of the most common

acts of his mind, since it is performed on every occasion where similarity or

dissimilarity of figure is looked for or presents itself?

2. If the preceding question should be clearly answered, how can the

definition of proportion ever be used ; or how is it possible to compare every

one of the infinite number of multiples of A with every one of the multiples

To the first question we reply that not only is the test proposed by

Euclid tolerably simple, when more closely examined, but that it is, or might

be made to appear, an easy and natural consequence of those fundamental

perceptions with which it may at first seem difficult to compare it."

To elucidate this De Morgan gives the following illustration.

Suppose there is a straight colonnade composed of equidistant columns

(which we will understand to mean the vertical lines forming the axes of the

columns respectively), the first of which is at a distance from a bounding wall

equal to the distance between consecutive columns. In front of the colonnade

let there be a straight row of equidistant railings (regarded as meaning their

axes), the first being at a distance from the bounding wall equal to the

distance between consecutive railings. Let the columns be numbered from

the wall, and also the railings. We suppose of course that the column distance

(say, C) and the railing distance (say, R) are different and that they may bear

to each other any ratio, commensurable or incommensurable ; i.e. that there

need not go any exact number of railings to any exact number of columns.

a 10 ii 12 13 14 15 16 17 18

If the construction be supposed carried on to any extent, a spectator can,

by mere inspection, and without measurement, compare C with R to any

degree of accuracy. For example, since the ioth railing falls between the 4th

and 5th columns, 10R is greater than 4.C and less than 5C, and therefore R

lies between T45ths of C and /o-ths of C. To get a more accurate notion, the

ten-thousandth railing may be taken ; suppose it falls between the 4674th and

4675th columns. Therefore 10,000^ lies between 4674C and 4675 C, or R lies

between T\nnnr an^ lVtroo- °f C". There is no limit to the degree of accuracy

thus obtainable ; and the ratio of R to C is determined when the order of

distribution of the railings among the columns is assigned ad infinitum ; or, in

other words, when the position of any given railing can be found, as to the

numbers of the columns between which it lies. Any alteration, however

small, in the place of the first railing must at last affect the order of

distribution. Suppose e.g. that the first railing is moved from the wall by one

part in a thousand of the distance between the columns; then the second

railing is pushed forward by l0200C, the third by xinnj^i and so on, so that
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the railings after the thousandth are pushed forward by more than C; i.e. the

order with respect to the columns is disarranged.

Now let it be proposed to make a model of the preceding construction in

which c shall be the column distance and r the railing distance. It needs no

definition of proportion, nor anything more than the conception which we

have of that term prior to definition (and with which we must show the agree

ment of any definition that we may adopt), to assure us that C must be to R

in the same proportion as c to r if the model be truly formed. Nor is it

drawing too largely on that conception of proportion to assert that the

distribution of the railings among the columns in the model must be every

where the same as in the original ; for example, that the model would be out

of proportion if its 37th railing fell between the 18th and 19th columns, while

the 37th railing of the original fell between the 17th and 18th columns. Thus

the dependence of Euclid's definition upon common notions is settled; for the

obvious relation between the construction and its model which has just been

described contains the collection of conditions, the fulfilment of which,

according to Euclid, constitutes proportion. According to Euclid, whenever

mC exceeds, equals, or falls short of nR, then mc must exceed, equal, or fall

short of nr; and, by the most obvious property of the constructions, according

as the »»th column comes after, opposite to, or before the «th railing in the

original, the »/th column must come after, opposite to, or before the //th

railing in the correct model.

Thus the test proposed by Euclid is necessary. It is also sufficient. For

admitting that, to a given original with a given column-distance in the model,

there is one correct model railing distance (which must therefore be that

which distributes the railings among the columns as in the original), we have

seen that any other railing distance, however slightly different, would at last

give a different distribution ; that is, the correct distance, and the correct

distance only, satisfies all the conditions required by Euclid's definition.

The use of the word distribution having been well learnt, says De Morgan,

the following way of stating the definition will be found easier than that of

Euclid. " Four magnitudes, A and B of one kind, and C and D of the same

or another kind, are proportional when all the multiples of A can be

distributed among the multiples of B in the same intervals as the correspond

ing multiples of C among those of D." Or, whatever numbers m, n may be,

if mA lies between nB and (« + i)B, mC lies between nD and (« + 1)D.

It is important to note that, if the test be always satisfied from and after

any given multiples of A and C, it must be satisfied before those multiples. For

instance, let the test be always satisfied from and after ioo^4 and 100C; and

let 5A and 5C be instances for examination. Take any multiple of 5 which

will exceed 100, say 50 times five ; and let it be found on examination that

250^4 lies between 678.5 and 6jgB ; then 250C lies between 678Z? and

679/?. Divide by 50, and it follows that 5A lies between i3§£# and 13'i^B,

and a fortiori between 13.5 and i\B. Similarly, 5 C lies between i3f£Z?and

i3y$Z?, and therefore between 13ZJ and 14/?. Or 5A lies in the same

interval among the multiples of B in which 5 C lies among the multiples of D.

And so for any multiple of A, C less than iqoA, 100C.

There remains the second question relating to the infinite character of the

definition; four magnitudes A, B, C, D are not to be called proportional

until it is shown that every multiple of A falls in the same intervals among

the multiples of B in which the same multiple of C is found among the

multiples of D. Suppose that the distribution of the railings among the



124 [V. DEf. SBOOK V

columns should be found to agree in the model and the original as far as

the millionth railing. This proves only that the railing distance of the model

does not err by the millionth part of the corresponding column distance. We

can thus fix limits to the disproportion, if any, and we may make those limits

as small as we please, by carrying on the method of observation; but we

cannot observe an infinite number of cases and so enable ourselves to affirm

proportion absolutely. Mathematical methods however enable us to avoid

the difficulty. We can take any multiples whatever and work with them as if

they were particular multiples. De Morgan gives, as an instance to show that

the definition of proportion can in practice be used, notwithstanding its

infinite character, the following proof of a proposition to the same effect as

Eucl. vi. 2.

 

"Let OAB be a triangle to one side AB of which ab is drawn parallel, and

on OA produced set off AA2, A2A2 etc. equal to OA, and aa2, a^a, etc. equal

to Oa.

Through every one of the points so obtained draw parallels to AB,

meeting OB produced in b2, B2 etc.

Then it is easily proved that bbt, bj>% etc. are severally equal to Ob, and

BB2, B2B2 etc. to OB.

Consequently a distribution of the multiples of OA among the multiples

of Oa is made on one line, and of OB among those of Ob on the other.

The examination of this distribution in all its extent (which is impossible,

and hence the apparent difficulty of using the definition) is rendered

unnecessary by the known property of parallel lines. For, since At lies

between a2 and at, B2 must lie between b2 and bi ; for, if not, the line A2B,

would cut either «2£2 or aibi.

Hence, without inquiring where Am does fall, we know that, if it fall

between an and ffn+„ Bm must fall between bn and £n+, ; or, if m . OA fall in

magnitude between n.Oa and (n + i)Oa, then m.OB must fall between

n. Ob and (n+i)Ob."

Max Simon remarks (Euclid und die seehs planimetrischen Bucher, p. no),

after Zeuthen, that Euclid's definition of equal ratios is word for word the

same as Weierstrass' definition of equal numbers. So far from agreeing in

the usual view that the Greeks saw in the irrational no number, Simon thinks

it is clear from Eucl. v. that they possessed a notion of number in all its

generality as clearly defined as, nay almost identical with, Weierstrass' con

ception of it.

Certain it is that there is an exact correspondence, almost coincidence,

between Euclid's definition of equal ratios and the modern theory of irrationals

due to Dedekind. Premising the ordinal arrangement of natural numbers in

ascending order, then enlarging the sphere of numbers by including

(i) negative numbers as well as positive, (2) fractions, as ajb, where a, b may
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be any natural numbers, provided that b is not zero, and arranging the

fractions ordinally among the other numbers according to the definition :

let -, be < = > - according as ad is < = > bc,

Dedekind arrives at the following definition of an irrational number.

An irrational number a is defined whenever a law is stated which will

assign every given rational number to one and only one of two classes A and

B such that (1) every number in A precedes every number in B, and (2) there

is no last number in A and no first number in B ; the definition of a being

that it is the one number which lies between all numbers in A and all

numbers in B.

Now let x/y and x'jy be equal ratios in Euclid's sense.

X

Then - will divide all rational numbers into two groups A and B ;

x'
—. » » >, A' and B.

Let -. be any rational number in A, so that

a x

b y

This means that ay < bx.

But Euclid's definition asserts that in that case ay'< bx' also.

Hence also 7 < —. ;
b y

therefore every member of group A is also a member of group A'.

Similarly every member of group B is a member of group B'.

For, if - belong to B,

ax

ry
which means that ay > bx.

But in that case, by Euclid's definition, ay' > bx' ;

therefore also t> —,-

y
Thus, in other words, A and B are coextensive with A' and Bi

respectively ;

X X

therefore - = —, according to Dedekind, as well as according to Euclid.

y y

If xjy, x'jy' happen to be rational,

then one of the groups, say A, includes xjy,

and one of the groups, say A', includes x'jy'.

Ct X

In this case T might coincide with - ;
b ° y

a x
that is 7 = - ,

b y

which means that ay = bx.
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Therefore, by Euclid's definition, ay' = bx' ;

so that %=-,.

b y

Thus the groups are again coextensive.

In a word, Euclid's definition divides all rational numbers into two

coextensive classes, and therefore defines equal ratios in a manner exactly

corresponding to Dedekind's theory.

Alternatives for Eucl. V. Def. 5.

Saccheri records in his Euclides ob omni naevo vindicatus that a distinguished

geometer of his acquaintance proposed to substitute for Euclid's the following

definition :

" A first magnitude has to a second the same ratio that a third has to a

fourth when the first contains the aliquot parts of the second, according to any

number [i.e. with any denominator] whatever, the same number of times as

the number of times the third contains the same aliquot parts of the fourth " ;

on which Saccheri remarks that he sees no advantage in this definition, which

presupposes the notion of division, over that of Euclid which uses multiplication

and the notions of greater, equal, and less.

This definition was, however, practically adopted by Faifofer (Elementi di

geometria, 3 ed., 1882) in the following form :

"Four magnitudes taken in a certain order form a proportion when, by

measuring the first and the third respectively by any equi-submultiples

whatever of the second and of the fourth, equal quotients are obtained."

Ingrami (Elementi di geometria, 1904) takes multiples of the first and third

instead of submultiples of the second and fourth :

" Given four magnitudes in predetermined order, the first two homogeneous

with one another, and likewise also the last two, the magnitudes are said to

form a proportion (or to be in proportion) when any multiple of the first

contains the second the same number of times that the equimultiple of the

third contains the fourth."

Veronese's definition (Elementi di geometria, Pt. 11., 1905) is like that of

Faifofer ; Enriques and Amaldi (Elementi di geometria, 1905) adhere to

Euclid's.

Proportionals of VII. Def. 20 a particular case.

It has already been observed that Euclid has nowhere proved (though the

fact cannot have escaped him) that the proportion of numbers is included in

the proportion of magnitudes as a special case. This is proved by Simson as

being necessary to the 5th and 6th propositions of Book x. Simson's proof is

contained in his propositions C and D inserted in the text of Book v. and in

the notes thereon. Proposition C and the note on it prove that, if four

magnitudes are proportionals according to vn. Def 20, they are also proportionals

according to v. Def 5. Prop. D and the note prove the partial converse,

namely that, if four magnitudes are proportionals according to the 5th definition

of Book v., and if the first be any multiple, or any part, or parts, of the second,

the third is the same multiple, part, or parts, of the fourth. The proofs use

certain results obtained in Book v.

Prop. C is as follows :

If the first be the same multiple ofthe second, or the same part of it, that the

third is of the fourth, thefirst is to the second as the third to the fourth.
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Let the first A be the same multiple of B the second that C the third is of

the fourth D ;

A is to B as C is to D.

A E

B Q

C F

D H

Take of A, C any equimultiples whatever E, F; and of B, D any

equimultiples whatever G, H.

Then, because A is the same multiple of B that C is of D,

and E is the same multiple of A that Fis of C,

E is the same multiple of B that Fis of D. [v. 3]

Therefore E, Fare the same multiples of B, D.

But G, /Tare equimultiples of B, D;

therefore, if E be a greater multiple of B than G is, F is a greater multiple of

Z?than His of D;

that is, if E be greater than G, Fis greater than H.

In like manner,

if E be equal to G, or less, F is equal to H, or less than it.

But E, Fare equimultiples, any whatever, of A, C;

and G, H any equimultiples whatever of B, D.

Therefore A is to B as C is to D. [v. Def. 5]

Next, let the first A be the same part of the second B that the third C is

of the fourth D :

A is to B as C is to Z>. A

For i? is the same multiple of A that D is of C ; B

wherefore, by the preceding case, c

B is to A as D is to C ; q

and, inversely, A is to 5 as C is to Z?.

[For this last inference Simson refers to his Proposition B. That

proposition is very simply proved by taking any equimultiples E, F of B, D

and any equimultiples G, H of A, C and then arguing as follows :

Since A is to B as C is to D,

G, H are simultaneously greater than, equal to, or less than E, F

respectively ; so that

E, F are simultaneously less than, equal to, or greater than G, H

respectively,

and therefore [Def. 5] B is to A as D is to C]

We have now only to add to Prop. C the case where AB contains the

same parts of CD that .ff^does of GH:

in this case likewise AB is to CD as EF to GH.

Let CK be a part of CD, and GL the same part of GH; let AB be the

same multiple of CK that EF is of GL.



128 BOOK V [v. def. s

Therefore, by Prop. C,

AB is to CXas EFtq GL.

E-

G-

And CD, GH are equimultiples of CK, GL, the second and fourth.

Therefore AB is to CD as EF to GH [Simson's Cor. to v. 4, which

however is the particular case of v. 4 in which the " equimultiples " of one

pair are the pair itself, i.e. the pair multiplied by unity].

To prove the partial converse we begin with Prop. D.

Jf the first be to the second as the third to the fourth, and if the first be a

multiple or part of the second, the third is the same multiple or the same part of

the fourth.

Let A be to B as C is to D ;

and, first, let A be a multiple of B ;

C is the same multiple of D.

Take E equal to A, and whatever multiple A or E is of B, make F the

same multiple of D.

Then, because A is to B as C is to D,

and of B the second and D the fourth equimultiples have been taken E

and F,

A is to E as C is to F. [v. 4, Cor.]

But A is equal to E ;

therefore C is equal to F.

[In support of this inference Simson cites his Prop. A, which however we

can directly deduce from v. Def. 5 by taking any, but the same, equimultiples

of all four magnitudes.]

A c

B D

E— F

Now F is the same multiple of D that A is of B ;

therefore C is the same multiple of D that A is of B.

Next, let the first A be a part of the second B ;

C the third is the same part of the fourth D.

Because A is to B as C is to D,

inversely, B is to A as D is to C. [Prop. B]

But A is a part of B ; therefore B is a multiple of A ;

and, by the preceding case, D is the same multiple of C,

that is, C is the same part of D that A is of B.

We have, again, only to add to Prop. D the case where AB contains any

parts of CD, and AB is to CD as EFx.0 GH;

then shall EF contain the same parts of GH that AB does of CD.
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For let CK be a part of CD, and GL the same part of GH; and let AB

be a multiple of CK.

EF shall be the same multiple of GL.

Take M the same multiple of GL that AB is of CK ;

therefore AB is to CK as vl/ is to GL. [Prop. C]

A B E " F

C
G \ H M-

And CD, GHare equimultiples of CK, GL ;

therefore AB is to CD as M is to GH.

But, by hypothesis, AB is to CD as EF is to GH;

therefore M is equal to EF, [v. 9]

and consequently EF is the same multiple of GL that AB is of CK.

Definition 6.

To. 8t rov axrrbv i\ovra Xoyov fityeOrj dvd\oyov KoXticrOw.

'AvdXoyov, though usually written in one word, is equivalent to dva Xoyov, in

proportion. It comes however in Greek mathematics to be used practically as

an indeclinable adjective, as here ; cf. at rtWapes evOucu dvdXoyov loovrai,

" the four straight lines will be proportional," rpiymva ras ir\cvpa<; dvdkoyov

i^oyra, "triangles having their sides proportional." Sometimes it is used

adverbially: dvd\oyov dpa io-riv u!s ij BA irpos rr]v AT, ovtios >; HA irpos ttjv AZ,

"proportionally therefore, as BA is to AC, so is GD to DF"; so too, ap

parently, in the expression >7 fiio-rj dvdXxryov (tvOtla), " the mean proportional."

I do not follow the objection of Max Simon (Euclid, p. 1 10) to "proportional"

as a translation of dvdXoyov. "We ask," he says, "in vain, what is proportional

to what? We say e.g. that weight is proportional to price because double, treble

etc. weight corresponds to double, treble etc. price. But here the meaning must

be 'standing in a relation of proportion.'" Yet he admits that the Latin word

proportionalis is an adequate expression. He translates by " in proportion "

in the text of this definition. But I do not see that " in proportion " is better

than "proportional." The fact is that both expressions are elliptical when

used of four magnitudes " in proportion " ; but there is surely no harm in

using either when the meaning is so well understood.

The use of the word Ko\tLo-6m, "let magnitudes having the same ratio be

called proportional," seems to indicate that this definition is Euclid's own.

Definition 7.

"Orav &i t«Sf irruKis iroXXairXacriW to fiiv rov irporrov iro\XairXao'iov virtpt\jj

tov toC Stvrtpov iroXXoirXairiov, to hi rov rpirov iroWairXdo'iov fit] vvtpiyji rov

rov Tttdprov iroWairXaaiov, tott to irpwrrov irpos to Stvttpov fU\Cma \6yov i\tlv

Xiytrai, ffirtp to rpirov irpos to riraprov.

As De Morgan observes, the practical test of disproportion is simpler than

that of proportion. For, whereas no examination of individual cases, however

h. £. 11. 9
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extensive, will enable an observer of the construction and its model (the

illustration by means of columns and railings described above) to affirm

proportion or deny disproportion, and all it enables us to do is to fix limits

(as small as we please) to the disproportion (if any), a single instance may

enable us to deny proportion or affirm disproportion, and also to state which

way the disproportion lies. Let the 19th railing in the original fall beyond

the nth column, while the 19th railing of the (so-called) model does not

come up to the nth column. It follows from this one instance that the

railing distance of the model is too small relatively to the column distance, or

that the column distance is too great relatively to the railing distance. That

is, the ratio of r to c is less than that of R to C, or the ratio of c to r is greater

than that of C to R.

Saccheri (pp. cit.) remarks (as Commandinus had done) that the ratio of

the first magnitude to the second will also be greater than that of the third to

the fourth if, while the multiple of the first is equal to the multiple of the

second, the multiple of the third is less than that of the fourth : a case not

mentioned in Euclid's definition. Saccheri speaks of this case being included

in Clavius' interpretation of the definition. I have, however, failed to find a

reference to the case in Clavius, though he adds, as a sort of corollary, in his

note on the definition, that if, on the other hand, the multiple of the first is

less than the multiple of the second, while the multiple of the third is not less

than that of the fourth, the ratio of the first to the second is less than that of

the third to the fourth.

Euclid presumably left out the second possible criterion for a greater ratio,

and the definition of a less ratio, because he was anxious to reduce the

definitions to the minimum necessary for his purpose, and to leave the rest to

be inferred as soon as the development of the propositions of Book v. enabled

this to be done without difficulty.

Saccheri tried to reduce the second possible criterion for a greater ratio to

that given by Euclid in his definition without recourse to anything coming

later in the Book, but, in order to do this, he has to use "multiples" produced

by multipliers which are not integral numbers, but integral numbers plus proper

fractions, so that Euclid's Def. 7 becomes inapplicable.

De Morgan notes that "proof should be given that the same pair of

magnitudes can never offer both tests [i.e. the test in the definition for a

greater ratio and the corresponding test for a less ratio, with "less" substituted

for "greater" in the definition] to another pair; that is, the test of greater

ratio from one set of multiples, and that of less ratio from another." In other

words, if m, ft, p, g are integers and A, B, C, D four magnitudes, none of the

pairs of equations

(1) mA > nB, mC'= or <nD,

(2) mA = nB, mC<nD

can be satisfied simultaneously with any one of the pairs of equations

(3) pA = qB, pC>qD,

(4) pA < qB, pC> or = qD.

There is no difficulty in proving this with the help of two simple

assumptions which are indeed obvious.

We need only take in illustration one of the numerous cases. Suppose, if

possible, that the following pairs of equations are simultaneously true :

( 1 ) mA > nB, mC < nD

and (2) pA<qB, pC>q£>.
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Multiply (1) by q and (2) by n.

(We need here to assume that, where rX, r Y are any equimultiples of any

magnitudes X, Y,

according as X > = < Y, rX > = < rY.

This is contained in Simson's Axioms 1 and 3.)

We have then the pairs of equations

mqA > nqB, mqC < nqD,

npA < nqB, npC> nqD.

From the second equations in each pair it follows that

mqC < npC.

(We now need to assume that, if rX, sX are any multiples of X, and

rY, sY the same multiples of Y, then,

according as rX > = < sX, rY> = < sY.

Simson uses this same assumption in his proof of v. 18.)

Therefore mqA < npA.

But it follows from the first equations in each pair that

mqA > npA :

which is impossible.

Nor can Euclid's criterion for a greater ratio coexist with that for equal

ratios.

Definition 8.

'AvaXoyi'a 8« iv rpiaiv opois iXa\umf iirriv.

This is the reading of Heiberg and Camerer (who follow Peyrard's ms.)

and is that translated above. The other reading has eXax«rrois, which can

only be translated "consists in three terms at least." Hankel regards the defi

nition as a later interpolation, because it is superfluous, and because the word

5poi for a term in a proportion is nowhere else used by Euclid, though it is

common in later writers such as Nicomachus and Theon of Smyrna. The

genuineness of the definition is however supported by the fact that Aristotle

not only uses opos in this sense (Eth. Nic. v. 6, 7, 1 131 b 5, 9), but has a similar

remark (ibid. 1131 a 31) that a "proportion is in four terms at least." The

difference from Euclid is only formal ; for Aristotle proceeds : " The discrete

(Sir1prmevrj) (proportion) is clearly in four (terms), but so also is the continuous

(rrvvtxfc). For it uses one as two and mentions it twice, e.g. (in stating) that,

as o is to /J, so also is /3 to y ; thus /J is mentioned twice, so that, if /3 be twice

put down, the proportionals are four." The distinction between discrete and

continuous seems to have been Pythagorean (cf. Nicomachus, 11. 21, 5; 23,

2, 3 ; where however o-vvrjnjiivrj is used instead of o'vvcx,}<;) ; Euclid does not

use the words Siriprjjitm] and avvtxqs in this connexion.

So far as they go, the first words of the next definition (9), "When three

magnitudes are proportionals," which seemingly refer to Def. 8, also support

the view that the latter is, at least in substance, genuine.

9—2
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Definitions 9, 10.

9. 'Oral' 0t rpia ptyiOrj dvd\oyov $, to irpwrov irpos to rpirov our\atriova

Xdyov e^tiv Xcycrai ljirtp irpos to Stvrtpov.

10. 'Otciv Si riacrapa fityiOt] dvd\oyov -g, to irpuirov irpos to rtraprov

rpnrXatriova Xoyof ?Xtl>' Xtytrai VirtP "'p0t tO Stvttpof, kcu ati ef^s op-ouos, ids

a? ij avaXoyia v/rapxn-

Here, and in connexion with the definitions of duplicate, triplicate, etc.

ratios, would be the place to expect a definition of "compound ratio." None

such is however forthcoming, and the only " definition " of it that we find is

that forming vi. Def. 5, which is an interpolation made, perhaps, even before

Theon's time. According to the interpolated definition, "A ratio is said to

be compounded of ratios when the sizes (mjXifcdnjrts) of the ratios multiplied

together make some (? ratio)." But the multiplication of the sizes (or

magnitudes) of two ratios of incommensurable, and even of commensurable,

magnitudes is an operation unknown to the classical Greek geometers.

Eutocius (Archimedes, ed. Heiberg, m. p. 140) is driven to explain the

definition by making ittjXiKoYijs mean the number from which the given ratio

is called, or, in other words, the number which multiplied into the consequent

of the ratio gives the antecedent. But he is only able to work out his idea with

reference to ratios between numbers, or between commensurable magnitudes ;

and indeed the definition is quite out of place in Euclid's theory of

proportion.

There is then only one statement in Euclid's text as we have it indicating

what is meant by compound ratio ; this is in vi. 23, where he says abruptly

"But the ratio of K to M is compounded of the ratio of K to L and that of

L to M." Simson accordingly gives a definition (A of Book v.) of compound

ratio directly suggested by the statement in vi. 23 just quoted.

" When there are any number of magnitudes of the same kind, the first

is said to have to the last of them the ratio compounded of the ratio which

the first has to the second, and of the ratio which the second has to the third,

and of the ratio which the third has to the fourth, and so on unto the last

magnitude.

For example, if A, B, C, D be four magnitudes of the same kind, the

first A is said to have to the last D the ratio compounded of the ratio of

A to B, and of the ratio of B to C, and of the ratio of C to D ; or the ratio

of A to D is said to be compounded of the ratios of A to B, B to C, and

C to D.

And if A has to B the same ratio which E has to F; and B to C the

same ratio that G has to H; and C to D the same that K has to L ; then,

by this definition, A is said to have to D the ratio compounded of ratios

which are the same with the ratios of E to F, G to H, and Kto L: and the

same thing is to be understood when it is more briefly expressed, by saying,

A has to D the ratio compounded of the ratios of E to F, G to Ff, and

K to Z.

In like manner, the same things being supposed, if M has to N the

same ratio which A has to D ; then, for shortness' sake, M is said to have to

A'' the ratio compounded of the ratios of E to F, G to H, and ^Tto L."

De Morgan has some admirable remarks on compound ratio, which

not only give a very clear view of what is meant by it but at the same time
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supply a plausible explanation of the origin of the term. "Treat ratio," says

De Morgan, "as an engine of operation. Let that of A to B suggest the

power of altering any magnitude in that ratio." (It is true that it is not yet

proved that, B being any magnitude, and P and Q two magnitudes of the

same kind, there does exist a magnitude A which is to B in the same ratio

as P to Q. It is not till vi. 12 that this is proved, by construction, in the

particular case where the three magnitudes are straight lines. The proof in the

Greek text of v. 18 which assumes the truth of the more general proposition

is, by reason of that assumption, open to objection ; see the note on that

proposition.) Now "every alteration of a magnitude is alteration in some

ratio, two or more successive alterations are jointly equivalent to but one, and

the ratio of the initial magnitude to the terminal one is as properly said to be

the compound ratio of alteration as 1 3 to be the compound addend in lieu of

8 and 5, or 28 the compound multiple for 7 and 4. Composition is used

here, as elsewhere, for the process of detecting one single alteration which

produces the joint effect of two or more. The composition of the ratios of

P to R, R to S, Tto U, is performed by assuming A, altering it in the first

ratio into B, altering B in the second ratio into C, and C in the third ratio

into D. The joint effect turns A into D, and the ratio of A to D is the

compounded ratio."

Another word for compounded ratio is o-vnj/u./ievos (crvvdirru>) which is

common in Archimedes and later writers.

It is clear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9

and 10 are merely particular cases of compound ratio, being in fact the

ratios compounded of two, three etc. equal ratios. The use which the Greek

geometers made of compounded, duplicate, triplicate ratios etc. is well

illustrated by the discovery of Hippocrates that the problem of the duplication

of the cube (or, more generally, the construction of a cube which shall be to

a given cube in any given ratio) reduces to that of finding "two mean

proportionals in continued proportion." This amounted to seeing that, if

x, y are two mean proportionals in continued proportion between any two

lines a, b, in other words, if a is to x as x to y, and x is to y as y to b, then a

cujbe with side a is to a cube with side x as a is to b ; and this is equivalent

to saying that a has to b the triplicate ratio of a to x.

Euclid is careful to use the forms oWXao-tm v, rpnrXamiov, etc. to express what

we translate as duplicate, triplicate etc. ratios ; the Greek mathematicians,

however, commonly used &iir\o.ctlo<; Xdyo?, " double ratio," rpnrXao-io« Xoyo?,

"triple ratio" etc. in the sense of the ratios of 2 to 1, 3 to 1 etc. The effort,

if such it was, to keep the one form for the one signification and the other for

the other was only partially successful, as there are several instances of the

contrary use, e.g. in Archimedes, Nicomachus and Pappus.

The expression for having the ratio which is " duplicate (triplicate) of that

which it has to the second " is curious—oWXao-iora (rpur\acrlova) \6yov i\ti»

rjtrtp irpos to Sevrepov—ijirtp being used as if SnrXaaiova or rpurXaaiova were a

sort of comparative, in the same way as it is used after fitl£ova or i\dcrcrova.

Another way of expressing the same thing is to say Xoyos SurXao-iwv (rpMrXao-iW)

tov, of €?x«... the ratio "duplicate of that (ratio) which..." The explanation

of both constructions would seem to be that oWXao-ios or oWXao-iW is, as

Hultsch translates it in his edition of Pappus (cf. p. 59, 17), duplo maior,

where the ablative duplo implies not a difference but a proportion.

The four magnitudes in Def. 10 must of course be in continued proportion

(Kara to crvvtxi<:)- The Greek text as it stands does not state this.
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Definition ii.

"O/xoXoya litytOr] Xiytrai to luv ijyow/itva tois rjyovp.ivois ra Si iirop.tva. tois

iwop.ivoK.

It is difficult to express the meaning of the Greek in as few words. A

translation more literal, but conveying less, would be, " Antecedents are called

corresponding magnitudes to antecedents, and consequents to consequents."

I have preferred to translate bp.6Xoyo<; by " corresponding " rather than by

" homologous." I do not agree with Max Simon when he says (Euclid, p. 1 1 1)

that the technical term "homologous" is not the adjective 6/xo'Xoyos, and does

not mean "corresponding," "agreeing," but "like in respect of the proportion"

("ahnlich in Bezug auf das Verhaltniss"). The definition seems to me to be

for the purpose of appropriating to a technical use precisely the ordinary

adjective ojuo'Xoyos, "agreeing" or "corresponding."

Antecedents, rjyovtuva, are literally "leading (terms)," and consequents,

iirop-tva, "following (terms)."

Definition 12.

'EvaXXaf Xoyos tori Xtf{J/i% tow -qyovp.ivov iroos to rjyovlJLtvov Kal tow iiroutvov

iiy,o« to iirop.tvov.

We now come to a number of expressions for the transformation of ratios

or proportions. The first is ivaXXdi, alternately, which would be better

described with reference to a proportion of four terms than with reference to

a ratio. But probably Euclid defined all the terms in Deff. 12— 16 with

reference to ratios because to define them with reference to proportions would

look like assuming what ought to be proved, namely the legitimacy of the

various transformations of proportions (cf. v. 16, 7 Por., 18, 17, 19 Por.). The

word ivaWdi is of course a common term which has no exclusive reference to

mathematics. But this same use of it with reference to proportions already

occurs in Aristotle: Anal. post. i. 5, 74 a 18, koX to avdXoyov on tvaXXd^,

"and that a proportion (is true) alternately, or alternando." Used with Xo'yos,

as here, the adverb lvaXXd£ has the sense of an adjective, "alternate"; we

have already had it similarly used of " alternate angles " (01 ivaXXa( ycoWai) in

the theory of parallels."

Definition 13.

Ai'dnaXiv Xoyos tari Xrjtf/is tow iirOLilvov cos rjyovp.ivov irpbs to rjyovfntvov o!s

iirofitvov.

'AvdiroXiv, "inversely," " the other way about," is also a general term with

no exclusive reference to mathematics. For this use of it with reference to

proportion cf. Aristotle, De Caelo i. 6, 273 b 32 rrjv avaXoyiav fjv to fiap-q lx*h

o! xpoVoi dvd.waXiv i$ovo-iv, " the proportion which the weights have, the times

will have inversely." As here used with Xo'yos, dvdwaXiv is, exceptionally,

adjectival.

Definition 14.

2wv0to-i« Xoyow tarl Xrjif/is tow rjyovp.ivov Litrd tow iirop.ivov <o« ivoi irpos awro

to iiroLitvov.

The composition of a ratio is to be distinguished from the compounding of

ratios and compounded ratio (o-vyKtip.tvos Xo'yos) as explained above in the note
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on Deff. 9, 10. The fact is that awrlOrjiu and what serves for the passive of

it (crvyKti/iiu) are used for adding as well as compounding in the sense of

compounding ratios. In order to distinguish the two senses, I have always

used the word componendo where the sense is that of this definition, though

this requires a slight departure from the literal rendering of some passages.

Thus the enunciation of v. 17 says, literally, "if magnitudes compounded be

in proportion they will also be in proportion separated" (idv a-oyKtlp.tva

fitytOr] avd\oyov jj, KOt SiuiptOivra dvaXoyov toral). This practically means

that, if A + B is to B as C + D is to D, then A is to B as C is to D.

I have accordingly translated as follows : " if magnitudes be proportional

componendo, they will also be proportional separando." (It will be observed

that separando, a term explained in the next note, is here used, not relatively

to the proportion A is to B as C is to D, but relatively to the proportion

componendo, viz. A + B is to B as C + D is to D.) The corresponding

term for componendo in the Greek mathematicians is awOivn, literally "to one

who has compounded," i.e. " if we compound." (For this absolute use of the

dative of the participle cf. Nicomachus 1. 8, 9 diro /ii>i-uiW...kutu rbv Svn-Xdo-ioj'

\oyov irpo\mpovvr 1 /tt^pis dirtipov, oo"oi kcu av ,ytvonrai, ovroi toWts dpruucis

dprioi tlcriv. A very good instance from Aristotle is Eth. Nic. 1. 5, 1097 b 12

i ir tKn ivovt 1 yap itrl tow yovtis KoI tovs diroyoVovs Koi tcov tpi\tov tovs ipiXovs

tis oir«pov irpoturiv.) A variation for o-wOivrt. found in Archimedes is Kara

crvv6to-iv. Perhaps the more exclusive use of the form o-vvOam by geometers

later than Euclid to denote the composition of a ratio, as compared with

Euclid's more general use of ovvOtois; and other parts of the verb o-vvriOrjfu

or trvyKufuu, may point to a desire to get rid of ambiguity of terms and to

make the terminology of geometry more exact.

Definition 15.

Aicujp«7i$ \oyov tori Xrj\j/K rtji virtpo^s, jj virept^ti to rjyov)uyov rov

lirofiivov, irpos avro to oro/xtvov.

As composition of a ratio means the transformation, e.g., of the ratio of

A to B into the ratio of A + B to B, so the separation of a ratio indicates

the transformation of it into the ratio of A — B to B. Thus, as the new

antecedent is in one case got by adding the original antecedent to the original

consequent, so the antecedent in the other case is obtained by subtracting the

original consequent from the original antecedent (it being assumed that the

latter is greater than the former). Hence the literal translations of o'iaipto-is

Xd-yov, "division of a ratio," and of SitXdn-i (the corresponding term to

o-wOivri) as dividendo, scarcely give a sufficiently obvious explanation of the

meaning. Heiberg accordingly translates by "subtractio rationis," which

again may be thought to depart too far from the Greek. Perhaps "separation"

and separando may serve as a compromise.

Definition 16.

'Avao-rpoipiJ Xdyov tcti X-^i/as tov ijyov/xtVov irpos rrjv wrtpo^v, jj virtpt^d

to r]yovfitvov tov iirofiivov.

Conversion of a ratio means taking, e.g., instead of the ratio of A to B,

the ratio o( A to A — B (A being again supposed greater than B). As

dvao-rpoipij is used for conversion, so dvao-rptyavri is used for convertendo

(corresponding to the terms o-vvOivri. and SieXdiri).
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Definition 17.

Ai' lo-ov Xoyos eo-ri ir\tiovwv ovtiov /xey<0i3v Kal aXXiov avrol<: "utidv to irXrjOos

avvSvo XafxPavofxiviov KoI iv ti3 avrw Xoyo>, orav y (Js iv rois irpii>tois /«yt0eo-i to

ttocotov irpos to to-xarov, ovtuw eV tois SevMpois /teyt'oWi to irpiJi>tov irpos to to-^arov "

rj aXXuw Afj\j/i<; tuSv akpiov Ka0' virt$aipto-iv twv fiiawv.

5V lo-ov, ex aequali, must apparently mean ex aequali distantia, at an equal

distance or interval, i.e. after an equal number of intervening terms. The

wording of the definition suggests that it is rather a proportion ex aequali

than a ratio ex aequali which is being defined (cf. Def. 12). The meaning is

clear enough. If a, b, c, d... be one set of magnitudes, and A, B, C, D...

another set of magnitudes, such that

a is to b as A is to B,

b is to c as B is to C,

and so on, the last proportion being, e.g.,

k is to /, as K is to Z,

then the inference ex aequali is that

a is to / as A is to L.

The fact that this is so, or the truth of the inference from the hypothesis,

is not proved until v. 22. The definition is therefore merely, verbal; it gives

a convenient name to a certain inference which is of constant application in

mathematics. But ex aequali could not be intelligibly defined except with

reference to two sets of ratios respectively equal.

Definition 18.

Ttrapayfiivr] Si avaXoyia eoriV, oraf tpiwv ovtiov fitytOwv Ko.1 aXXwf avrois

latov to irX^flos yivnrjro.1 o!s fliv iv tois irpwrois fitytOtaiv rfyovfitvov irpos hrofitvov,

ovtids tf tois Stvrtpois fitytBto'iv r]yovfji.tVov irpos iirofitvov, ws Si iv tok irpojrois

ILtytOto'iv iiTofitvov tcpos aWo tl, ovtuK iv roi's StVrtpoi<! uAAo ti irpos >]yoVfltVoV.

Though the words 81* "o-ov, ex aequali, are not in this definition, it gives a

description of a case in which the inference ex aequali is still true, as will be

hereafter proved in v. 23. A perturbed proportion is an expression for the

case when, there being three magnitudes a, b, c and three others A, B, C,

a is to b as B is to C,

and b is to c as A is to B.

Another description of this case is found in Archimedes, "the ratios being

dissimilarly ordered " (avo/xoi'ws rtrayfiivwv tcov Xdycov). The full description of

the inference in this case (as proved in v. 23), namely that

a is to c as A is to C,

is ex aequali in perturbed proportion (&' To-ov Iv tcrapay/ievj; avaXoyia).

Archimedes sometimes omits the 6V 1a-ov, first giving the two proportions and

proceeding thus: "therefore, the proportions being dissimilarly ordered, a has

to c the same ratio as A has to C."

The fact that Def. 18 describes a particular case in which the inference

SC io-ov will be proved true seems to have suggested to some one after

Theon's time the interpolation of another definition between 17 and 18 to
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describe the ordinary case where the argument ex aequali holds good. The

interpolated definition runs thus: "an ordered proportion (rtroy/ien; dvaXoyia)

arises when, as antecedent is to consequent, so is antecedent to consequent,

and, as consequent is to something else, so is consequent to something else."

This case needed no description after Def. 17 itself; and the supposed

definition is never used.

After the definitions of Book v. Simson supplies the following axioms.

1. Equimultiples of the same or of equal magnitudes are equal to one

another.

2. Those magnitudes of which the same or equal magnitudes are

equimultiples are equal to one another.

3. A multiple of a greater magnitude is greater than the same multiple

of a less.

4. That magnitude of which a multiple is greater than the same multiple

of another is greater than that other magnitude.



BOOK V. PROPOSITIONS.

Proposition i.

If there be any number of magnitudes whatever which are,

respectively, equimultiples ofany magnitudes equal in multitude,

then, whatever multiple one of the magnitudes is of one, that

multiple also zvill all be of all.

Let any number of magnitudes whatever AB, CD be

respectively equimultiples of any magnitudes E, F equal in

multitude ;

I say that, whatever multiple AB is of E, that multiple will

AB, CD also be of E, F.

For, since AB is the same multiple of E that CD is of F,

as many magnitudes as there are in AB equal to E, so many

also are there in CD equal to F.

Let AB be divided into the magnitudes AG, GB equal

to E,

and CD into CH, HD equal to F;

then the multitude of the magnitudes AG, GB will be equal

to the multitude of the magnitudes CH, HD.

Now, since AG is equal to E, and CH to F,

therefore AG is equal to E, and AG, CH to E, F.

For the same reason

GB is equal to E, and GB, HD to E, F ;

therefore, as many magnitudes as there are in AB equal to E,

SO many also are there in AB, CD equal to E, F;
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therefore, whatever multiple AB is of E, that multiple will

AB, CD also be of E, F.

Therefore etc.

Q. E. D.

De Morgan remarks of v. 1—6 that they are "simple propositions of

concrete arithmetic, covered in language which makes them unintelligible to

modern ears. The first, for instance, states no more than that ten acres and

ten roods make ten times as much as one acre and one rood." One aim

therefore of notes on these as well as the other propositions of Book v.

should be to make their purport clearer to the learner by setting them side by

side with the same truths expressed in the much shorter and more familiar

modern (algebraical) notation. In doing so, we shall express magnitudes by

the first letters of the alphabet, a, b, c etc., adopting small instead of capital

letters so as to avoid confusion with Euclid's lettering ; and we shall use the

small letters m, n, p etc. to represent integral numbers. Thus ma will always

mean in times a or the mih multiple of a (counting 1 . a as the first, 2 . a as the

second multiple, and so on).

Prop. 1 then asserts that, if ma, mb, mc etc. be any equimultiples of a, b, c

etc., then

ma + mb + mc+ ... =m (a + b + c + . . . ).

Proposition 2.

If a first magnitude be the same multiple of a second

that a third is of a fourth, and afifth also be the same multiple

of the second that a sixth is of the fourth, the sum of the first

andfifth will also be the same multiple of the second that the

- sum of the third and sixth is of the fourth.

Let a first magnitude, AB, be the same multiple of a

second, C, that a third, DE,

is of a fourth, F, and let a A , , 9 , ?

fifth, BG, also be the same

multiple of the second, C, that

a sixth, EH, is of the fourth D ' ' *~ —' *

F; F

I say that the . sum of the

first and fifth, AG, will be the same multiple of the second, C,

that the sum of the third and sixth, DH, is of the fourth, F.

For, since AB is the same multiple of C that DE is of F,

therefore, as many magnitudes as there are in AB equal to C,

so many also are there in DE equal to F.

For the same reason also,

as many as there are in BG equal to C, so many are there

also in EH equal to F;

c-
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therefore, as many as there are in the whole AG equal to C,

so many also are there in the whole DH equal to F.

Therefore, whatever multiple AG is of C, that multiple

also is DH of F.

Therefore the sum of the first and fifth, AG, is the same

multiple of the second, C, that the sum of the third and sixth,

DH, is of the fourth, F.

Therefore etc.

Q. E. D.

To find the corresponding formula for the result of this proposition, we

may suppose a to be the "second" magnitude and b the "fourth." If now

the " first " magnitude is ma, the " third " is, by hypothesis, mb ; and, if the

" fifth " magnitude is na, the "sixth" is nb. The proposition then asserts that

ma + na is the same multiple of a that mb + nb is of b.

More generally, if pa, qa... and pb, qb... be any further equimultiples of

a, b respectively, ma + na + pa + qa + ... is the same multiple of a that mb +

nb+pb + qb + ... is of b. This extension is stated in Simson's corollary to

v. 2 thus :

" From this it is plain that, if any number of magnitudes AB, BG, GH

be multiples of another C; and as many DE, EK, KL be the same

multiples of F, each of each ; the whole of the first, viz. AH, is the same

multiple of C that the whole of the last, viz. DL, is of F."

The course of the proof, which separates /« into its units and also « into

its units, practically tells us that the multiple of a arrived at by adding the

two multiples is the (m + n)th multiple ; or practically we are shown that

ma + na = (m 4 n) a,

or, more generally, that

ma + na+pa + ... = (/« + « +/ + . . .) a.

Proposition 3.

If a first magnitude be the same multiple of a second

that a third is of a fourth, and if equimultiples be taken

of the first and third, then also ex aequali the magnitudes

taken will be equimultiples respectively, the one of the second

and the other of the fourth.

Let a first magnitude A be the same multiple of a second

B that a third C is of a fourth D, and let equimultiples EF,

GH be taken of A, C ;

I say that EF is the same multiple of B that GH is of D.

For, since EF is the same multiple of A that GH is of C,

therefore, as many magnitudes as there are in EF equal to

A, so many also are there in GH equal to C.
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Let EF be divided into the magnitudes EK, KF equal

to A, and GH into the magnitudes GL, LH equal to C ;

then the multitude of the magnitudes EK, AT^will be equal

to the multitude of the magnitudes GL, LH.

c-

D

o

And, since A is the same multiple of B that C is of D,

while EK is equal to A, and GL to C,

therefore EK is the same multiple of B that GL is of D.

For the same reason

KF is the same multiple of B that LH is of D.

Since, then, a first magnitude EK is the same multiple

of a second B that a third &Z, is of a fourth D,

and a fifth KF is also the same multiple of the second B that

a sixth LH is of the fourth D,

therefore the sum of the first and fifth, EF, is also the same

multiple of the second B that the sum of the third and sixth,

GH, is of the fourth D. [v. 2]

Therefore etc.

Q. E. D.

Heiberg remarks of the use of ex aequali in the enunciation of this propo

sition that, strictly speaking, it has no reference to the definition (17) of a

ratio ex aequali. But the uses of the expression here and in the definition

are, I think, sufficiently parallel, as may be seen thus. The proposition

asserts that, if

na, nb are equimultiples of a, b,

and if in . na, m . nb are equimultiples of na, nb,

then in . na is the same multiple of a that m . nb is of b. Clearly the proposi

tion can be extended by taking further equimultiples of the last equimultiples

and so on ; and we can prove that

p .q...m.na is the same multiple of a that/ .q...m. nb is of b,

where the series of numbers p.q...m.n is exactly the same in both

expressions ;

and ex aequali ($£ "urov) expresses the fact that the equimultiples are at the

same distance from a, b in the series na, m . na... and nb, m.nb... respectively.
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Here again the proof breaks m into its units, and then breaks n into its

units ; and we are practically shown that the multiple of a arrived at, viz.

m . na, is the multiple denoted by the product of the numbers m, n, i.e. the

(mn)th multiple, or in other words that

m. na — mn . a.

Proposition 4.

If a first magnitude have to a second the same ratio as a

third to a fourth, any equimultiples whatever of the first and

third will also have the same ratio to any equimultiples

whatever of the second and fourth respectively, taken in

corresponding order.

For let a first magnitude A have to a second B the same

ratio as a third C to a fourth D ; and let equimultiples E, F

be taken of A, C, and G, H other, chance, equimultiples of

B,D;

I say that, as E is to G, so is F to H.

A

B

E "

Q 1 i

M-

C-

D-

F-

H-

L-

For let equimultiples K, L be taken of E, F, and other,

chance, equimultiples M, N of G, H.

Since E is the same multiple of A that F is of C,

and equimultiples K, L of E, F have been taken,

therefore K is the same multiple of A that L is of C. [v. 3]

For the same reason

M is the same multiple of B that N is of D.
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And, since, as A is to B, so is C to D,

and of A, C equimultiples K, L have been taken,

and of B, D other, chance, equimultiples M, N,

therefore, if K is in excess of M, L also is in excess of N,

if it is equal, equal, and if less, less. Lv- Def- 5]

And K, L are equimultiples of E, F,

and M, N other, chance, equimultiples of G, H ;

therefore, as E is to G, so is Fto H. [v. Def. 5]

Therefore etc.

Q. E. D.

This proposition shows that, if a, b, c, d are proportionals, then

ma is to nb as mc is to nd;

and the proof is as follows :

Take pma, pmc any equimultiples of ma, mc, and qnb, qnd any equimulti

ples of nb, nd.

Since a : b = c : d, it follows [v. Def. 5] that,

according as pma > = < qnb, pmc > = < qnd.

But the /- and ^-equimultiples are any equimultiples ;

therefore [v. Def. 5]

ma : nb = mc : nd.

It will be observed that Euclid's phrase for taking any equimultiples of

A, C and any other equimultiples of B, D is " let there be taken equimulti

ples E, F of A, C, and G, H other, chance, equimultiples of B, D," E, F

being called \xto.Kis iroKKairXaaia simply, and G, H aXka, a }tvxtv, "raxis

iroWair\ao-ia. And similarly, when any equimultiples (AT, L) of E, F

come to be taken, and any other equimultiples (M, N) of G, H. But

later on Euclid uses the same phrases about the neiv equimultiples with

reference to the original magnitudes, reciting that " there have been taken, of

A, C, equimultiples K, L and of B, D, other, chance, equimultiples M, N" ;

whereas M, N are not any equimultiples whatever of B, D, but are any

equimultiples of the particular multiples (G, H) which have been taken of B,

D respectively, though these latter have been taken at random. Simson would,

in the first place, add a Itv-^v in the passages where any equimultiples E, F

are taken of A, C and any equimultiples K, L are taken of E, F, because the

words are " wholly necessary " and, in the second place, would leave them

out where M, iVare called a\Xa, a irv^ev, io-axis iroXXairA.oiria of B, D, because

it is not true that of B, D have been taken "any equimultiples whatever (o

cn>xt)i M, N." Simson adds: "And it is strange that neither Mr Briggs, who

did right to leave out these words in one place of Prop. 1 3 of this book, nor

Dr Gregory, who changed them into the word ' some ' in three places, and

left them out in a fourth of that same Prop. 13, did not also leave them out

in this place of Prop. 4 and in the second of the two places where they occur

in Prop. 17 of this book, in neither of which they can stand consistent with

truth : And in none of all these places, even in those which they corrected in

their Latin translation, have they cancelled the words a Irv^t in the Greek

text, as they ought to have done. The same words a erv\t are found in
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four places of Prop. 1 1 of this book, in the first and last of which they are

necessary, but in the second and third, though they are true, they are quite

superfluous ; as they likewise are in the second of the two places in which

they are found in the 12th prop. and in the like places of Prop. 22, 23 of this

book; but are wanting in the last place of Prop. 23, as also in Prop. 25,

Book xi."

As will be seen, Simson's emendations amount to alterations of the text

so considerable as to suggest doubt whether we should be justified in making

them in the absence of MS. authority. The phrase "equimultiples of A, C

and other, chance, equimultiples of B, D " recurs so constantly as to suggest

that it was for Euclid a quasi-stereotyped phrase, and that it is equally genuine

wherever it occurs. Is it then absolutely necessary to insert a tru^t in places

where it does not occur, and to leave it out in the places where Simson holds

it to be wrong? I think the text can be defended as it stands. In the first

place to say "take equimultiples of A, C" is a fair enough way of saying

take any equimultiples whatever of A, C. The other difficulty is greater, but

may, 1 think, be only due to the adoption of any whatewr as the translation

of o Irvxt. As a matter of fact, the words only mean chance equimultiples,

equimultiples which are the result of random selection. Is it not justifiable

to describe the product of two chance numbers, numbers selected at random,

as being a " chance number," since it is the result of two random selections ?

I think so, and I have translated a Irvxt accordingly as implying, in the case

in question, "other equimultiples whatever they may happen to be."

To this proposition Theon added the following :

" Since then it was proved that, if K is in excess of M, L is also in excess

of N, if it is equal, (the other is) equal, and if less, less,

it is clear also that,

if M is in excess of A', N is also in excess of Z, if it is equal, (the other is)

equal, and if less, less ;

and for this reason,

as G is to E, so also is H to F.

Porism. From this it is manifest that, if four magnitudes be proportional,

they will also be proportional inversely."

Simson rightly pointed out that the demonstration of what Theon intended

to prove, viz. that, if E, G, F, H be proportionals, they are proportional

inversely, i.e. G is to E as H is to F, does not in the least depend upon this

4th proposition or the proof of it ; for, when it is said that, " if K exceeds M,

L also exceeds N etc.," this is not proved from the fact that E, G, F, H are

proportionals (which is the conclusion of Prop. 4), but from the fact that

A, B, C, D are proportionals.

The proposition that, if A, B, C, D are proportionals, they are also

proportionals inversely is not given by Euclid, but Simson supplies the proof

in his Prop. B. The fact is really obvious at once from the 5th definition

of Book v. (cf. p. 127 above), and Euclid probably omitted the proposition

as unnecessary.

Simson added, in place of Theon's corollary, the following :

" Likewise, if the first has the same ratio to the second which the third

has to the fourth, then also any equimultiples whatever of the first and third

have the same ratio to the second and fourth : And, in like manner, the first

and the third have the same ratio to any equimultiples whatever of the second

and fourth."
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The proof, of course, follows exactly the method of Euclid's proposition

itself, with the only difference that, instead of one of the two pairs of equi

multiples, the magnitudes themselves are taken. In other words, the conclu

sion that

ma is to nb as mc is to nd

is equally true when either m or n is equal to unity.

As De Morgan says, Simson's corollary is only necessary to those who will

not admit M into the list M, 2M, $M etc. ; the exclusion is grammatical and

nothing else. The same may be said of Simson's Prop. A to the effect that,

" If the first of four magnitudes has to the second the same ratio which the

third has to the fourth : then, if the first be greater than the second, the third

is also greater than the fourth ; and if equal, equal ; if less, less." This is

needless to those who believe once A to be a proper component of the list of

multiples, in spite of multus signifying many.

Proposition 5.

If a magnitude be the same multiple of a magnitude that

a part subtracted is of a part subtracted, the remainder will

also be the same multiple of the remainder that the whole is of

the whole.

5 For let the magnitude AB be the same multiple of the

magnitude CD that the part AE subtracted is of the part CF

subtracted ;

I say that the remainder EB is also the same multiple of the

remainder FD that the whole AB is of the whole CD.

A E B

1 1 1 1 1 1 1

10 For, whatever multiple AE is of CF, let EB be made

that multiple of CG.

Then, since AE is the same multiple of CF that EB is

of GC,

therefore AE is the same multiple of CF that AB is of GF.

[v. 1]

i5 But, by the assumption, AE is the same multiple of CF

that AB is of CD.

Therefore AB is the same multiple of each of the magni

tudes GF, CD ;

therefore GF is equal to CD.

20 Let CF be subtracted from each ;

therefore the remainder GC is equal to the remainder FD.

H. E. 11. 10
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And, since AE is the same multiple of CF that EB is of

GC,

and GC is equal to DF,

25 therefore AE is the same multiple of CF that EB is of FD.

But, by hypothesis,

AE is the same multiple of CF that AB is of CZ> ;

therefore EB is the same multiple of FD that ;4Z? is of CD.

That is, the remainder EB will be the same multiple of

30 the remainder FD that the whole AB is of the whole CD.

Therefore etc.

Q. E. D.

10. let EB be made that multiple of CG, rcxravrairXio-iov yeyovtru kal to EB rov

TH. from this way of stating the construction one might suppose that CG was given and

EB had to be found equal to a certain multiple of it. But in fact EB is what is given and

CG has to be found, i.e. CG has to be constructed as a certain .^multiple of EB.

This proposition corresponds to v. 1, with subtraction taking the place of

addition. It proves the formula

ma — mb = m(a — b).

Euclid's construction assumes that, if AE is any multiple of CF, and EB

is any other magnitude, a fourth straight line can be found such that EB is

the same multiple of it that AE is of CF, or in other words that, given any

magnitude, we can divide it into any number of equal parts. This is however

not proved, even of straight lines, much less other magnitudes, until vi. 9.

Peletarius had already seen this objection to the construction. The difficulty

is not got over by regarding it merely as a hypothetical construction ; for

hypothetical constructions are not in Euclid's manner. The remedy is to

substitute the alternative construction given by Simson, after Peletarius and

Campanus' translation from the Arabic, which only requires us to add a

magnitude to itself a certain number of times. The demonstration follows

Euclid's line exactly.

"Take AG the same multiple of FD that AE is of CF;

therefore AE is the same multiple of CT^that EG is of CD.

[v.i]

But AE, by hypothesis, is the same multiple of CF that

AB is of CD ; therefore EG is the same multiple of CD that

AB is of CD;

wherefore EG is equal to AB.

Take from them the common magnitude AE ; the remainder

AG is equal to the remainder EB.

Wherefore, since AE is the same multiple of CF that AG is

of FD, and since AG is equal to EB,

therefore AE is the same multiple of CF that EB is of FD.

But AE is the same multiple of CF thaX AB is of CD ;

therefore EB is the same multiple of FD that AB is of CD"

Q. E. D.
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Euclid's proof amounts to this.

Suppose a magnitude x taken such that

ma — mb = mx, say.

Add mb to each side, whence (by v. 1)

ma = m (x + b).

Therefore a = x + b, or * = a - b,

so that ma-mb = m(a- b).

Simson's proof, on the other hand, argues thus.

Take x = m(a-b), the same multiple of (a - b) that mb is of b.

Then, by addition of mb to both sides, we have [v. 1]

x + mb = ma,

or x = ma — mb.

That is, ma - mb = m(a — b).

Proposition 6.

If two magnitudes be equimultiples of two magnitudes, and

any magnitudes subtracted from them be equimultiples of the

same, the remainders also are either equal to the same or equi

multiples of them.

For let two magnitudes AB, CD be equimultiples of two

magnitudes E, F, and let AG, CH

subtracted from them be equi- a g b

multiples of the same two E, F;

I say that the remainders also, GB, -

HD, are either equal to E, F or —i—1—1—1—

equimultiples of them. F—

For, first, let GB be equal to E ;

I say that HD is also equal to F.

For let CK be made equal to F.

Since AG is the same multiple of E that CH is of F,

while GB is equal to E and KC to F,

therefore AB is the same multiple of E that KH is of F,

[v. 2]

But, by hypothesis, AB is the same multiple of E that

CD iso(F;

therefore KH is the same multiple of F that CD is of F.

Since then each of the magnitudes KH, CD is the same

multiple of F,

therefore KH is equal to CD.

10—2
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Let CH be subtracted from each ;

therefore the remainder KC is equal to the remainder HD.

But F is equal to KC ;

therefore HD is also equal to F.

Hence, if GB is equal to F, HD is also equal to F.

Similarly we can prove that, even if GB be a multiple

of E, HD is also the same multiple of F.

Therefore etc.

Q. E. D.

This proposition corresponds to v. 2, with subtraction taking the place of

addition. It asserts namely that, if n is less than m, ma — na is the same

multiple of a that mb — nb is of b. The enunciation distinguishes the cases in

which m — n is equal to 1 and greater than 1 respectively.

Simson observes that, while only the first case (the simpler one) is proved

in the Greek, both are given in the Latin translation from the Arabic ; and

he supplies accordingly the proof of the second case, which Euclid leaves to

the reader. The fact is that it is exactly the same as the other except that, in

the construction, CK is made the same multiple of F that GB is of E, and

at the end, when it has been proved that KC is equal to HD, instead of

concluding that HD is equal to F, we have to say " Because GB is the same

multiple of E that KC is of F, and KC is equal to HD, therefore HD is

the same multiple of Ftha.t GB is of E."

Proposition 7.

Equal magnitudes have to the same the same ratio, as also

has the same to equal magnitudes.

Let A, B be equal magnitudes and C any other, chance,

magnitude ;

I say that each of the magnitudes A, B has the same ratio

to C, and C has the same ratio to each of the magnitudes

A, B.

A D-

B E.

Ci , F« 1 1 1

For let equimultiples D, E of A, B be taken, and of C

another, chance, multiple F.

Then, since D is the same multiple of A that E is of B,

while A is equal to B,

therefore D is equal to E.

But F is another, chance, magnitude.
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If therefore D is in excess of F, E is also in excess of F,

if equal to it, equal ; and, if less, less.

And D, E are equimultiples of A, B,

while F is another, chance, multiple of C ;

therefore, as A is to C, so is B to C. [v. Def. 5]

I say next that C also has the same ratio to each of the

magnitudes A, B.

For, with the same construction, we can prove similarly

that D is equal to E ;

and F is some other magnitude.

If therefore F is in excess of D, it is also in excess of E,

if equal, equal ; and, if less, less.

And F is a multiple of C, while D, E are other, chance,

equimultiples of A, B ;

therefore, as C is to A, so is C to B. [v. Def. 5]

Therefore etc.

Porism. From this it is manifest that, if any magnitudes

are proportional, they will also be proportional inversely.

Q. E. D,

In this proposition there is a similar use of o irv\ty to that which has

been discussed under Prop. 4. Any multiple F of C is taken and then,

four lines lower down, we are told that " F is another, chance, magnitude."

It is of course not any magnitude whatever, and Simson leaves out the

sentence, but this time without calling attention to it.

Of the Porism to this proposition Heiberg says that it is properly put here

in the best ms. ; for, as August had already observed, if it was in its right

place where Theon put it (at the end of v. 4), the second part of the proof of

this proposition would be unnecessary. But the truth is that the Porism is no

more in place here. The most that the proposition proves is that, if A, B

are equal, and Cany other magnitude, then two conclusions are simultaneously

established, (1) that A is to C as B is to C and (2) that C is to A as C is to

B. The second conclusion is not established from the first conclusion (as

it ought to be in order to justify the inference in the Porism), but from a

hypothesis on which the first conclusion itself depends ; and moreover it is

not a proportion in its general form, i.e. between four magnitudes, that is in

question, but only the particular case in which the consequents are equal.

Aristotle tacitly assumes inversion (combined with the solution of the

problem of Eucl. vi. 11) in Meteorologica i11. 5, 376 a 14— 16.

Proposition 8.

Of unequal magnitudes, the greater has to the same a

greater ratio than the less has ; and the same has to the less

a greater ratio than it has to the greater.
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Let AB, C be unequal magnitudes, and let AB be greater ;

let D be another, chance,

magnitude ; E B

I say that AB has to D a

greater ratio than C has to g h

D, and D has to C a greater

ratio than it has to AB. K

For, since AB is greater D

than C, let BE be made equal L

toC; M

then the less of the magni-

tudes AE, EB, if multiplied,

will sometime be greater than D. [v. Def. 4]

\Case 1.]

First, let AE be less than EB ;

let AE be multiplied, and let FG be a multiple of it which is

greater than D ;

then, whatever multiple FG is of AE, let GH be made the

same multiple of EB and K of C ;

and let Z be taken double of D, M triple of it, and successive

multiples increasing by one, until what is taken is a multiple

of D and the first that is greater than K. Let it be taken,

and let it be N which is quadruple of D and the first

multiple of it that is greater than K.

Then, since K is less than N first,

therefore K is not less than M.

And, since FG is the same multiple of AE that GH is of

EB,

therefore FG is the same multiple of AE that FH is of AB.

[v. i]

But FG is the same multiple of AE that K is of C ;

therefore FH is the same multiple of AB that K is of C ;

therefore FH, K are equimultiples of AB, C.

Again, since GH is the same multiple of EB that K is

of C,

and EB is equal to C,

therefore GH is equal to K.
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But A' is not less than M ;

therefore neither is GH less than M.

And FG is greater than D ;

therefore the whole FH is greater than D, M together.

But D, M together are equal to N, inasmuch as M is

triple of D, and M, D together are quadruple of D, while

N is also quadruple of D ; whence M, D together are equal

XaN.

But FH is greater than M, D ;

therefore FH is in excess of N,

while K is not in excess of N.

And FH, K are equimultiples of AB, C, while N is

another, chance, multiple of D ;

therefore AB has to D a greater ratio than C has to D.

[v. Def. 7]

I say next, that D also has to Ca greater ratio than D

has to AB.

For, with the same construction, we can prove similarly

that A^ is in excess of K, while N is not in excess of FH.

And A7" is a multiple of D,

while FH, K are other, chance, equimultiples of AB, C ;

therefore D has to Ca greater ratio than D has to AB.

[v. Def. 7]

[Case 2.]

Again, let AE be greater than EB.

Then the less, EB, if multiplied, will sometime be greater

than D. [v. Def. 4]

Let it be multiplied, and e b

let GHbe a multiple of EB A_

and greater than D ; c

and, whatever multiple GH is

of EB, let FG be made the

same multiple of AE, and K

ofC.

Then we can prove simi

larly that FH, K are equi- » ' » | '

multiples of AB, C;

and, similarly, let N be taken a multiple of D but the first

that is greater than FG,

so that FG is again not less than M.
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But GH is greater than D ;

therefore the whole FH is in excess of D, M, that is, of N.

Now K is not in excess of N, inasmuch as FG also, which

is greater than GH, that is, than K, is not in excess of N.

And in the same manner, by following the above argu

ment, we complete the demonstration.

Therefore etc.

Q. E. D.

The two separate cases found in the Greek text of the demonstration can

practically be compressed into one. Also the expositor of the two cases

makes them differ more than they need. It is necessary in each case to

select the smaller of the two segments AE, EB of AB with a view to taking

a multiple of it which is greater than D ; in the first case therefore AE is

taken, in the second EB. But, while in the first case successive multiples of

D are taken in order to find the first multiple that is greater than GH (or K),

in the second case the multiple is taken which is the first that is greater than

FG. This difference is not necessary ; the first multiple of D that is greater

than GH would equally serve in the second case. Lastly, the use of the

magnitude K might have been dispensed with in both cases ; it is of no

practical use and only lengthens the proofs. For these reasons Simson

considers that Theon, or some other unskilful editor, has vitiated the

proposition. This however seems an unsafe assumption ; for, while it was

not the habit of the great Greek geometers to discuss separately a number of

different cases (e.g. in i. 7 and 1. 35 Euclid proves one case and leaves the

others to the reader), there are many exceptions to prove the rule, e.g. Eucl.

m. 25 and 33 ; and we know that many fundamental propositions, after

wards proved generally, were first discovered in relation to particular cases

and then generalised, so that Book v., presenting a comparatively new

theory, might fairly be expected to exhibit more instances than the earlier

books do of unnecessary subdivision. The use of the K is no more con

clusive against the genuineness of the proofs.

Nevertheless Simson's version of the proof is certainly shorter, and more

over it takes account of the case in which AE is equal to EB, and of the case

in which AE, EB are both greater than D (though these cases are scarcely

worth separate mention).

"If the magnitude which is not the greater of the two AE, EB be (1)

not less than D, take FG, GH the doubles of AE, EB.

But if that which is not the greater of the two AE, EB be (2) less than

D, this magnitude can be multiplied so as to become greater than D whether

it be AE or EB.

Let it be multiplied until it becomes greater than D, and let the other be

multiplied as often ; let FG be the multiple thus taken of AE and GH the

same multiple of EB ;

therefore FG and GHare each of them greater than D.

And, in every one of the cases, take L the double of D, M its triple and

so on, till the multiple of D be that which first becomes greater than GH.

Let N be that multiple of D which is first greater than GH, and M the

multiple of D which is next less than JV,
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Then, because N is the multiple of D which is the first that becomes

greater than GH,

the next preceding multiple is not greater than GH;

that is, GH is not less than M.

And, since FG is the same multiple of AE that GH is of EB,

GH is the same multiple of EB that FH is of AB; [v. 1]

wherefore FH, GH are. equimultiples of AB, EB.

And it was shown that GH was not less than M;

and, by the construction, FG is greater than D ;

therefore the whole FH is greater than M, D together.

But M, D together are equal to A^;

therefore FH is greater than N

But GH is not greater than N;

and FH, GHare equimultiples of AB, BE,

and A7. is a multiple of D;

therefore AB has to D a greater ratio than BE (or C) has to D. [v. Def. 7]

Also D has to BE a greater ratio than it has to AB.

For, having made the same construction, it may be shown, in like manner,

that N is greater than GH but that it is not greater than FH;

and A^ is a multiple of D,

and GH, FHare equimultiples of EB, AB ;

Therefore D has to EB a greater ratio than it has to AB." [v. Def. 7]

The proof may perhaps be more readily grasped in the more symbolical

form thus.

Take the wth equimultiples of C, and of the excess of AB over C (that is,

of AE), such that each is greater than D ;

and, of the multiples of D, let pD be the first that is greater than mC, and nD

the next less multiple of D.

Then, since mC is not less than nD,

and, by the construction, m(AE) is greater than D,

the sum of mC and m(AE) is greater than the sum of nD and D.

That is, m(AB) is greater than/Z>.

And, by the construction, mC is less than/Z?.

Therefore [v. Def. 7] AB has to D a greater ratio than C has to D.

Again, since pD is less than m(AB),

and/Z> is greater than mC,

D has to C a greater ratio than D has to AB.

Proposition 9.

Magnitudes which have the same ratio to the same are

equal to one another ; and magnitudes to which the same has

the same ratio are equal.
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For let each of the magnitudes A, B have the same

ratio to C ;

I say that A is equal to B.

For, otherwise, each of the

magnitudes A, B would not c

have had the same ratio to C; [v. 8]

but it has ;

therefore A is equal to B.

Again, let C have the same ratio to each of the magni

tudes A, B ;

I say that A is equal to B.

For, otherwise, C would not have had the same ratio to

each of the magnitudes A, B ; [v. 8]

but it has ;

therefore A is equal to B.

Therefore etc.

Q. E. D.

If A is to C as B is to C,

or if C is to A as C is to B, then A is equal to B.

Simson gives a more explicit proof of this proposition which has the

advantage of referring back to the fundamental 5th and 7th definitions,

instead of quoting the results of previous propositions, which, as will be seen

from the next note, may be, in the circumstances, unsafe.

" Let A, B have each of them the same ratio to C;

A is equal to B.

For, if they are not equal, one of them is greater than the other ;

let A be the greater.

Then, by what was shown in the preceding proposition, there are some

equimultiples of A and B, and some multiple of C, such that the multiple of

A is greater than the multiple of C, but the multiple of B is not greater than

that of C.

Let such multiples be taken, and let D, E be the equimultiples of A, B,

and F the multiple of C, so that D may be greater than F, and E not greater

than F.

But, because A is to C as B is to C,

and of A, B are taken equimultiples D, E, and of C is taken a multiple F,

and D is greater than F,

E must also be greater than F [v. Def. 5]

But E is not greater than F: which is impossible.

Next, let C have the same ratio to each of the magnitudes A and B ;

A is equal to B.

For, if not, one of them is greater than the other ;

let A be the greater.
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Therefore, as was shown in Prop. 8, there is some multiple F of C, and

some equimultiples E and D of B and A, such that F is greater than E and

not greater than D.

But, because C is to B as C is to .(4,

and ^"the multiple of the first is greater than E the multiple of the second,

Fihe multiple of the third is greater than D the multiple of the fourth.

[v. Def. 5]

But F is not greater than D : which is impossible.

Therefore A is equal to B."

Proposition 10.

Of magnitudes which have a ratio to the same, that

which has a greater ratio is greater ; and that to which the

same has a greater ratio is less.

For let A have to C a greater ratio than B has to C ;

I say that A is greater than B.

For, if not, A is either equal to B or less.

Now A is not equal to B ;

for in that case each of the magnitudes A, B would have

had the same ratio to C ; [v. 7]

but they have not ;

therefore A is not equal to B.

Nor again is A less than B ;

for in that case A would have had to C a less ratio than B

has to C ; [v. 8]

but it has not ;

therefore A is not less than B.

But it was proved not to be equal either ;

therefore A is greater than B.

Again, let C have to B a greater ratio than C has to A ;

I say that B is less than A.

For, if not, it is either equal or greater.

Now B is not equal to A ;

for in that case C would have had the same ratio to each of

the magnitudes A, B ; [v. 7]

but it has not ;

therefore A is not equal to B.
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Nor again is B greater than A ;

for in that case C would have had to B a less ratio than it

has to A ; [v. 8]

but it has not ;

therefore B is not greater than A.

But it was proved that it is not equal either ;

therefore B is less than A.

Therefore etc. q. E. d.

No better example can, I think, be found of the acuteness which Simson

brought to bear in his critical examination of the Elements, and of his great

services to the study of Euclid, than is furnished by the admirable note on

this proposition where he points out a serious flaw in the proof as given in

the text.

For the first time Euclid is arguing about greater and less ratios, and it

will be found by an examination of the steps of the proof that he assumes

more with regard to the meaning of the terms than he is entitled to assume,

having regard to the fact that the definition of greater ratio (Def. 7) is all

that, as yet, he has to go upon. That we cannot argue, at present, about

greater and less as applied to ratios in the same way as about the same terms

in relation to magnitudes is indeed sufficiently indicated by the fact that Euclid

does not assume for ratios what is in Book 1. an axiom, viz. that things which

are equal to the same thing are equal to one another ; on the contrary, he

proves, in Prop. 11, that ratios which are the same with the same ratio are the

same with one another.

Let us now examine the steps of the proof in the text. First we are told

that

" A is greater than B.

For, if not, it is either equal to B or less than it.

Now A is not equal to B ;

for in that case each of the two magnitudes A, B would have had the

same ratio to C: [v. 7]

but they have not :

therefore A is not equal to B."

As Simson remarks, the force of this reasoning is as follows.

If A has to C the same ratio as B has to C,

then—supposing any equimultiples of A, B to be taken and any multiple

of C—

by Def. 5, if the multiple of A be greater than the multiple of C, the multiple

of B is also greater than that of C.

But it follows from the hypothesis (that A has a greater ratio to C than B

has to C) that,

by Def. 7, there must be some equimultiples of A, B and some multiple of

C such that the multiple of A is greater than the multiple of C, but the

multiple of B is not greater than the same multiple of C.

And this directly contradicts the preceding deduction from the supposition

that A has to C the same ratio as B has to C ;

therefore that supposition is impossible.
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The proof now goes on thus :

" Nor again is A less than B ;

for, in that case, A would have had to C a less ratio than B has to C;

but it has not ;

therefore A is not less than B."

It is here that the difficulty arises. As before, we must use Def. 7. "A

would have had to C a less ratio than B has to C," or the equivalent state

ment that B would have had to C a greater ratio than A has to C, means

that there would have been some equimultiples of B, A and some multiple of

C such that

(1) the multiple of B is greater than the multiple of C, but

(2) the multiple of A is not greater than the multiple of C,

and it ought to have been proved that this can never happen if the hypothesis

of the proposition is true, viz. that A has to C a greater ratio than B has to

C : that is, it should have been proved that, in the latter case, the multiple of

A is always greater than the multiple of C whenever the multiple of B is

greater than the multiple of C (for, when this is demonstrated, it will be

evident that B cannot have a greater ratio to C than A has to C). But this

is not proved (cf. the remark of De Morgan quoted in the note on v. Def. 7,

p. 130), and hence it is not proved that the above inference from the supposi

tion that A is less than B is inconsistent with the hypothesis in the enunciation.

The proof therefore fails.

Simson suggests that the proof is not Euclid's, but the work of some one

who apparently "has been deceived in applying what is manifest, when

understood of magnitudes, unto ratios, viz. that a magnitude cannot be both

greater and less than another."

The proof substituted by Simson is satisfactory and simple.

" Let A have to C a greater ratio than B has to C;

A is greater than B.

For, because A has a greater ratio to C than B has to C, there are some

equimultiples of A, B and some multiple of C such that

the multiple of A is greater than the multiple of C, but the multiple of B

is not greater than it. [v. Def. 7]

Let them be taken, and let D, E be equimultiples of A, B, and F a

multiple of C, such that

D is greater than F,

but E is not greater than F.

Therefore D is greater than E.

And, because D and E are equimultiples of A and B, and D is greater

than E,

therefore A is greater than B. [Simson's 4th Ax.]

Next, let C have a greater ratio to B than it has to A ;

B is less than A.

For there is some multiple F of C and some equimultiples E and D of B

and A such that

F'1s greater than E but not greater than D. [v. Def. 7]

Therefore E is less than D ;

and, because E and D are equimultiples of B and A,

therefore B is less than A."
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Proposition i i.

Ratios which are the same with the same ratio are also

the same with one another.

For, as A is to B, so let C be to D,

and, as C is to D, so let E be to F\

I say that, as A is to B, so is E to F.

a c e

B D F

Q H K

L M N •

For of A, C, E let equimultiples G, H, K be taken, and

of B, D, F other, chance, equimultiples L, M, N.

Then since, as A is to B, so is C to D,

and of A, C equimultiples G, H have been taken,

and of B, D other, chance, equimultiples L, M,

therefore, if G is in excess of L, H is also in excess of M,

if equal, equal,

and if less, less.

Again, since, as C is to D, so is E to F,

and of C, E equimultiples H, K have been taken,

and of D, F other, chance, equimultiples M, N,

therefore, if H is in excess of M, K is also in excess of N,

if equal, equal,

and if less, less.

But we saw that, if H was in excess of M, G was also

in excess of L ; if equal, equal ; and if less, less ;

so that, in addition, if G is in excess of L, K is also in excess

of JV,

if equal, equal,

and if less, less.

And G, K are equimultiples of A, E,

while L, N are other, chance, equimultiples of B, F;

therefore, as A is to B, so is E to F.

Therefore etc.

Q. E. D.
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Algebraically, if a : b = c : d,

and c : d — e :/,

then a : b - e : f.

The idiomatic use of the imperfect in quoting a result previously obtained

is noteworthy. Instead of saying " But it was proved that, if H is in excess

of M, G is also in excess of Z," the Greek text has " But if H was in excess

of M, G was also in excess of Z," aXXo ti virtptlxt to ® toS M, virtpd^t xai

to H toC A.

This proposition is tacitly used in combination with v. 16 and v. 24 in the

geometrical passage in Aristotle, Mtteorologica in. 5, 376 a 22—26.

Proposition 12.

If any number of magnitudes be proportional, as one of

the antecedents is to one of the consequents, so will all the

antecedents be to all the consequents.

Let any number of magnitudes A, B, C, D, E, F be

proportional, so that, as A is to B, so is C to D and E

to F;

I say that, as A is to B, so are A, C, E to B, D, F.

A B C

D E F

G

M-

K N-

For of A, C, E let equimultiples G, H, K be taken,

and of B, D, F other, chance, equimultiples L, M, N.

Then since, as A is to B, so is C to D, and E to F,

and of A, C, E equimultiples G, H, K have been taken,

and of B, D, Mother, chance, equimultiples L, M, N,

therefore, if G is in excess of L, H is also in excess of M,

and K of N,

if equal, equal,

and if less, less ;

so that, in addition,

if G is in excess of L, then G, H, K are in excess of L, M, N,

if equal, equal,

and if less, less.
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Now G and G, H, K are equimultiples of A and A, C, E,

since, if any number of magnitudes whatever are respec

tively equimultiples of any magnitudes equal in multitude,

whatever multiple one of the magnitudes is of one, that

multiple also will all be of all. [v. 1]

For the same reason

L and L, M, N are also equimultiples of B and B, D, F;

therefore, as A is to B, so are A, C, E to B, D, F.

[v. Def. 5]

Therefore etc.

Q. E. D.

Algebraically, if a : a =b : b' = c : c etc., each ratio is equal to the ratio

(a + b + c+...) :{a' + l»' + / + ...).

This theorem is quoted by Aristotle, Eth. Nic. v. 7, 1131 b 14, in the

shortened form " the whole is to the whole what each part is to each part

(respectively)."

Proposition 13.

If a first magnitude have to a second the same ratio as a

third to a fourth, and the third have to the fourth a greater

ratio than a fifth has to a sixth, the first will also have to the

secohd a greater ratio than the fifth to the sixth.

For let a first magnitude A have to a second B the

same ratio as a third C has to a fourth D,

and let the third C have to the fourth D a greater ratio than

a fifth E has to a sixth F ;

I say that the first A will also have to the second B a greater

ratio than the fifth E to the sixth F.

a . c M-

B D N

E-

F-

H-

For, since there are some equimultiples of C, E,

and of D, F other, chance, equimultiples, such that the

multiple of C is in excess of the multiple of D,
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while the multiple of E is not in excess of the multiple of F,

[v. Def. 7]

let them be taken,

and let G, H be equimultiples of C, E,

and K, L other, chance, equimultiples of D, F,

so that G is in excess of K, but H is not in excess of L ;

and, whatever multiple G is of C, let M be also that multiple

ofA,

and, whatever multiple K is of D, let N be also that multiple

of B.

Now, since, as A is to B, so is C to D,

and of A, C equimultiples M, G have been taken,

and of B, D other, chance, equimultiples N, K,

therefore, if M is in excess of N, G is also in excess of K,

if equal, equal,

and if less, less. [v. Def. 5]

But G is in excess of A';

therefore M is also in excess of N.

But H is not in excess of L ;

and M, H are equimultiples of A, E,

and N, L other, chance, equimultiples of B, F;

therefore A has to B a greater ratio than E has to F.

[v. Def. 7]

Therefore etc.

Q. E. D.

Algebraically, if a : b = c : d,

and c : d> e :/,

then a : b > e :/.

After the words " for, since " in the first line of the proof, Theon added

" C has to D a greater ratio than E has to F" so that "there are some

equimultiples" began, with him, the principal sentence.

The Greek text has, after " of D, F other, chance, equimultiples," " and

the multiple of C is in excess of the multiple of D...." The meaning being

" such that," I have substituted this for " and," after Simson.

The following will show the method of Euclid's proof.

Since c : d> e :/,

there will be some equimultiples mc, me of r, e, and some equimultiples nd, nf

of d,f, such that

mc > nd, while me^nf.

H. E. 11. 11
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But, since - a : b = c : d,

therefore, according as ma > = < nb, mc> = < nd.

And mo nd;

therefore ma > nb, while (from above) melp-nf.

Therefore a : b> e :/.

Simson adds as a corollary the following :

" If the first have a greater ratio to the second than the third has to the

fourth, but the third the same ratio to the fourth which the fifth has to the

sixth, it may be demonstrated in like manner that the first has a greater ratio

to the second than the fifth has to the sixth."

This however scarcely seems to be worth separate statement, since it only

amounts to changing the order of the two parts of the hypothesis.

Proposition 14.

If a first magnitude have to a second the same ratio as a

third has to a fourth, and the first be greater than the third,

the second will also be greater than thefourth; if equal, equal;

and if less, less.

For let a first magnitude A have the same ratio to a

second B as a third C has to a fourth D ; and let A be

greater than C ;

I say that B is also greater than D.

a c

B D

For, since A is greater than C,

and B is another, chance, magnitude,

therefore A has to B a greater ratio than C has to B. [v. 8]

But, as A is to B, so is C to D ;

therefore C has also to D a greater ratio than C has to B.

[v. 13]

But that to which the same has a greater ratio is less ;

[v. 10]

therefore D is less than B ;

so that B is greater than D.

Similarly we can prove that, if A be equal to C, B will

also be equal to D ;

and, if A be less than C, B will also be less than D.

Therefore etc.

Q. E. I).
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Algebraically, if a : b = c : d,

then, according as a > = < c, b > = < d.

Simson adds the specific proof of the second and third parts of this

proposition, which Euclid dismisses with "Similarly we can prove...."

" Secondly, if A be equal to C, B is equal to D ; for A is to B as C, that

is A, is to D ;

therefore B is equal to D. [v. 9]

Thirdly, if A be less than C, B shall be less than D.

For C is greater than A ;

and, because C is to D as A is to B,

D is greater than B, by the first case.

Wherefore B is less than D."

Aristotle, Meteorol. in. 5, 376 a n—14, quotes the equivalent proposition

that, if a>b, od.

Proposition 15.

Parts have the same ratio as the same multiples of them

taken in corresponding order.

For let AB be the same multiple of C that DE is of F;

I say that, as C is to F, so is AB to DE.

A 1 1 1 iB Ci-

D. 5 V >E f-

For, since AB is the same multiple of C that DE is of F,

as many magnitudes as there are in AB equal to C, so many

are there also in DE equal to F.

Let AB be divided into the magnitudes AG, GH, HB

equal to C,

and DE into the magnitudes DK, KL, LE equal to F;

then the multitude of the magnitudes AG, GH, HB will be

equal to the multitude of the magnitudes DK, KL, LE.

And, since AG, GH, HB are equal to one another,

and DK, KL, LE are also equal to one another,

therefore, as AG is to DK, so is GH to KL, and HB to LE.

tv. 7]

Therefore, as one of the antecedents is to one of the

consequents, so will all the antecedents be to all the

consequents ; [v. 12]

therefore, as AG is to DK, so is AB to DE.
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But AG is equal to C and DK to F ;

therefore, as C is to F, so is AB to /?.£".

Therefore etc. Q. E. d.

Algebraically, a :b = ma: mb.

Proposition 16.

If four magnitudes be proportional, they will also be

proportional alternately.

Let A, B, C, D be four proportional magnitudes,

so that, as A is to B, so is C to D ;

I say that they will also be so alternately, that is, as A is

to C, so is B to D.

A c

B D

E, 1 1 1 Qi 1

Fi 1 1 1 Hi i 1

For of A, B let equimultiples E, Fbe taken,

and of C, D other, chance, equimultiples G, H.

Then, since E is the same multiple of A that F is of B,

and parts have the same ratio as the same multiples of

them, [v. 15]

therefore, as A is to B, so is E to F.

But as A is to B, so is C to D ;

therefore also, as C is to D, so is E to F. [v. n]

Again, since G, H are equimultiples of C, D,

therefore, as C is to D, so is G to H. [v. 15]

But, as C is to D, so is E to F;

therefore also, as E is to F, so is G to H. [v. n]

But, if four magnitudes be proportional, and the first be

greater than the third,

the second will also be greater than the fourth ;

if equal, equal ;

and if less, less. [v. 14]

Therefore, if E is in excess of G, F is also in excess of H,

if equal, equal,

and if less, less.
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Now E, F are equimultiples of A, B,

and G, H other, chance, equimultiples of C, D ;

therefore, as A is to C, so is B to D. [v. Def. 5]

Therefore etc.

Q. E. D.

3. " Let A, B, C, D be four proportional magnitudes, so that, as A is to B, so is

C to D." In a number of expressions like this it is absolutely necessary, when translating

into English, to interpolate words which are not in the Greek. Thus the Greek here is :

"Eotii, riaoapa iuyi0rj dyOuryoy rh. A, B, T, A, lis to A irpos to B, oflrwt rd T irpin to A,

literally " Let A, B, C, D be four proportional magnitudes, as A to B, so C to D." The

same remark applies to the corresponding expressions in the next propositions, v. 17, 18,

and to other forms of expression in v. 20— 23 and later propositions : e.g. in v. 20 we have

a phrase meaning literally " Let there be magnitudes... which taken two and two are in the

same ratio, as A to B, so D to E," etc.: in v. 21 " (magnitudes)... which taken two and

two are in the same ratio, and let the proportion of them be perturbed, as /( lo A', so

E to F" etc. In all such cases (where the Greek is so terse as to be almost ungrammatical)

I shall insert the words necessary in English, without further remark.

Algebraically, if a : b = c : d,

then a : c = b : d.

Taking equimultiples ma, mb of a, b, and equimultiples nc, nd of c, d, we

have, by v. 15,

a : b = ma : mb,

c : d= nc : nd.

And, since a : b = c : d,

we have [v. 1 1] ma : mb = nc : nd.

Therefore [v. 1 4], according as ma > = < nc, mb> = < nd,

so that a : c = b : d.

Aristotle tacitly uses the theorem in Meteorologica 11i. 5, 376 a 22—24.

The four magnitudes in this proposition must all be of the same kind, and

Simson inserts " of the same kind " in the enunciation.

This is the first of the propositions of Eucl. v. which Smith and Bryant

(Euclid's Elements of Geometry, 1901, pp. 298 sqq.) prove by means of vi. 1

so far as the only geometrical magnitudes in question are straight lines or

rectilineal areas; and certainly the proofs are more easy to follow than

Euclid's. The proof of this proposition is as follows.

To prove that, If four magnitudes of the same kind [straight lines or

rectilineal areas] be proportionals, they will be proportionals when taken

alternately.

Let P, Q, Ji, Sbe the four magnitudes of the same kind such that

P:Q = R:S;

then it is required to prove that

P : R = Q : S.

First, let all the magnitudes be areas.

Construct a rectangle abed equal to the area P, and to be apply the

rectangle beef equal to Q.

Also to ab, bf apply rectangles ag, bk equal to R, S respectively.
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Then, since the rectangles ac, be have the same height, they are to one

.bf.

S.

. bf,

-ab

[vi. 1]

*/

[v. ,,]

b

another as their bases.

Hence P : Q = ab

But P:Q=R:

Therefore R:S=ab

i.e. rect. ag : rect. bk -

Hence (by the converse of vi. 1) the rect

angles ag, bk have the same height, so that k

is on the line hg.

Hence the rectangles ac, ag have the same

height, namely ab ; also be, bk have the same

height, namely bf.

Therefore rect. ac : rect. ag=bc : bg,

and rect. be : rect. bk = bc : bg.

Therefore rect. ac : rect. ag = rect. be : rect. bk.

That is, P:R=Q:S.

Secondly, let the magnitudes be straight lines AB, BC, CD, DE.

Construct the rectangles Ab, Bc, Cd, De with the same height.

a i 0 d e

A tI c; 3 E

[Vi. i]

[v. ii]

and

Then At :Bc =-AB :BC,

Cd De = CD :DE.

But AB : BC= CD :DE.

Therefore Ab :Bc- Cd: De.

Hence, by the first case,

Ab : Cd^Bc: De,

and, since these rectangles have the same height,

AB:CD = BC. DE.

[vi. 1]

[v. n]

Proposition 17.

If magnitudes be proportional componendo, they will also

be proportional separando.

Let AB, BE, CD, DF be magnitudes proportional com

ponendo, so that, as AB is to BE, so is CD to DF;

I say that they will also be proportional separando, that is,

as AE is to EB, so is CF to DF.

For of AE, EB, CF, FD let equimultiples GH, HK,

LM, MN be taken,

and of EB, FD other, chance, equimultiples, KO, NP.



v. 1 7] PROPOSITIONS i6, 17 167

Then, since GH is the same multiple of AE that HK is

of EB,

therefore GH is the same multiple of AE that GK is of AB.

[v. ,]

But GH is the same multiple of AE that LM is of CF\

therefore GK is the same multiple of AB that LM is of CF.

F D

K

—t—

M
—i—

Again, since Z^/ is the same multiple of CF that MN

is of FD,

therefore LM is the same multiple of CF that LN is of CZ>.

[v.i]

But LM was the same multiple of CF that G^ is of AB;

therefore GK is the same multiple of AB that LN is of CD.

Therefore GK, LN are equimultiples of AB, CD.

Again, since HK is the same multiple of EB that MN is

of FD,

and AT? is also the same multiple of EB that NP is of FD,

therefore the sum HO is also the same multiple of EB that

MP is of FZ?. [v. 2]

And, since, as AB is to Z?ZT, so is CD to ZV7",

and of AB, CD equimultiples GK, LN have been taken,

and of EB, FD equimultiples HO, MP,

therefore, if GK is in excess of HO, LN is also in excess of

MP,

if equal, equal,

and if less, less.

Let GK be in excess of HO ;

then, if HK be subtracted from each,

GH is also in excess of KO.

But we saw that, if GK was in excess of HO, LN was

also in excess of MP ;

. therefore LN is also in excess of MP,
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and, if MN be subtracted from each,

LM is also in excess of NP ;

so that, if GH is in excess of KO, LM is also in excess of

NP.

Similarly we can prove that,

if GH be equal to KO, LM will also be equal to NP,

and if less, less.

And GH, LM are equimultiples of AE, CF,

while KO, NP are other, chance, equimultiples of EB, FD ;

therefore, as AE is to EB, so is CF to FD.

Therefore etc.

Q. E. D.

Algebraically, if a : b = c : d,

then (a-b):b = (c-d):a\

I have already noted the somewhat strange use of the participles of

truyKticrOai and hiaipiurOcu to convey the sense of the technical irvvBto-is and

Siaipto-t« \oyov, or what we denote by componendo and separando. lav

crvyKtifieva ficytOr] avaXoyov jf, Kal &iaiptBtvra avaXoyov torou is, literally, " if

magnitudes compounded be proportional, they will also be proportional

separated," by which is meant "if one magnitude made up of two parts is to

one of its parts as another magnitude made up of two parts is to one of its

parts, the remainder of the first whole is to the part of it first taken as the

remainder of the second whole is to the part of it first taken." In the

algebraical formula above a, c are the wholes and b, a-b and d, c—d are the

parts and remainders respectively. The formula might also be stated thus :

If a + b : b = c + d : d,

then a : b = c : d,

in which case a + b, c + d are the wholes and a, b and c, d the parts and

remainders respectively. Looking at the last formula, we observe that

"separated," SiaiptOara, is used with reference not to the magnitudes a, b, c, d

but to the compounded magnitudes a + b, b, c + d, d.

As the proof is somewhat long, it will be useful to give a conspectus of it

in the more symbolical form. To avoid minuses, we will take for the

hypothesis the form

a + b is to b as c + d is to d.

Take any equimultiples of the four magnitudes a, b, c, d, viz.

ma, mb, mc, md,

and any other equimultiples of the consequents, viz.

///' and nd.

Then, by v. 1, m (a + b), m (c + d) are equimultiples of a + b, c + d,

and, by v. 2, (m + n) b, (m + n)d are equimultiples of b, d.

Therefore, by Def. 5, since a + b is to b as c + d is to d,

according as m (a + b) > = < (m + n) b, m (c + d) > = < (m + n) d.
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Subtract from m (a + b), (m + n)b the common part mb, and from

m (c + d), (m + n)d the common part md ; and we have,

according as ma > = <nb, mc > = < nd.

But ma, mc are any equimultiples of a, c, and nb, nd any equimultiples of

b,d,

therefore, by v. Def. 5,

a is to b as t is to d.

Smith and Bryant's proof follows, mutatis mutandis, their alternative proof

of the next proposition (see pp. 173—4 below).

Proposition 18.

If magnitudes be proportional separando, they will also be

proportional componendo.

Let AE, EB, CF, ED be magnitudes proportional

separando, so that, as AE is

to EB, so is CF to FD ; E

I say that they will also be * ~~ ~' Q

proportional componendo, that c p~' b

is, as AB is to BE, so is

CD to FD.

For, if CD be not to DF as AB to BE,

then, as AB is to BE, so will CD be either to some

magnitude less than DF or to a greater.

First, let it be in that ratio to a less magnitude DG.

Then, since, as AB is to BE, so is CD to DG,

they are magnitudes proportional componendo ;

so that they will also be proportional separando. [v. 17]

Therefore, as AE is to EB, so is CG to GD.

But also, by hypothesis,

as AE is to EB, so is CF to FD.

Therefore also, as CG is to GD, so is CF to /"/?. [v. n]

But the first CG is greater than the third CF;

therefore the second GD is also greater than the fourth

FD. [v. 14]

But it is also less : which is impossible.

Therefore, as AB is to BE, so is not CD to a less

magnitude than FD.
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Similarly we can prove that neither is it in that ratio to

a greater ;

it is therefore in that ratio to FD itself.

Therefore etc.

Q. E. D.

Algebraically, if a ; b = c : d,

then (a + b) : b = (c + d) : d.

In the enunciation of this proposition there is the same special use of

Sigpr)lUva and avvTtOivTa. as there was of ovyKtili*ya. and SuuptOivra in the

last enunciation. Practically, as the algebraical form shows, Si-gprjntva might

have been left out.

The following is the method of proof employed by Euclid.

Given that a ?b = c : d,

suppose, if possible, that

(a + b) :b = (c + d) :(d±x).

Therefore, separando [v. 17],

a : b = (c + x) : (d±x),

whence, by v. n, (c + x) : (d±x) = c : d.

But (c-x)<c, while (d + x)>d,

and (c + x)>c, while (d—x)<d,

which relations respectively contradict v. 14.

Simson pointed out (as Saccheri before him saw) that Euclid's demonstra

tion is not legitimate, because it assumes without proof that to any three

magnitudes, two of which, at least, are of the same kind, there exists a fourth

proportional. Clavius and, according to him, other editors made this an

axiom. But it is far from axiomatic; it is not till vi. 12 that Euclid shows,

by construction, that it is true even in the particular case where the three

given magnitudes are all straight lines.

In order to remove the defect it is necessary either (1) to prove beforehand

the proposition thus assumed by Euclid or (2) to prove v. 18 independently

of it.

Saccheri ingeniously proposed that the assumed proposition should be

proved, for areas and straight lines, by means of Euclid vi. 1, 2 and 12. As

he says, there was nothing to prevent Euclid from interposing these proposi

tions immediately after v. 17 and then proving v. 18 by means of them.

vi. 12 enables us to construct the fourth proportional when the three given

magnitudes are straight lines; and vi. 12 depends only on vi. 1 and 2.

" Now," says Saccheri, " when we have once found the means of constructing

a straight line which is a fourth proportional to three given straight lines, we

obviously have the solution of the general problem ' To construct a straight

line which shall have to a given straight line the same ratio which two polygons

have (to one another).' " For it is sufficient to transform the polygons into

two triangles of equal height and then to construct a straight line which shall

be a fourth proportional to the bases of the triangles and the given straight

line.

The method of Saccheri is, as will be seen, similar to that adopted by
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Smith and Bryant (Joe. at.) in proving the theorems of Euclid v. 16, 17, 18, 22,

so far as straight lines and rectilineal areas are concerned, by means of vi. 1.

De Morgan gives a sketch of a general proof of the assumed proposition

that, B being any magnitude, and P and Q two magnitudes of the same kind,

there does exist a magnitude A which is to B in the same ratio as P to Q.

" The right to reason upon any aliquot part of any magnitude is assumed ;

though, in truth, aliquot parts obtained by continual bisection would suffice :

and it is taken as previously proved that the tests of greater and of less ratio

are never both presented in any one scale of relation as compared with

another" (see note on v. Def. 7 ad fin.).

" (1) If M be to B in a greater ratio than P to Q, so is every magnitude

greater than M, and so are some less magnitudes; and if M be to B in

a less ratio than P to Q, so is every magnitude less than M, and so are

some greater magnitudes. Part of this is in every system : the rest is proved

thus. If M be to B in a greater ratio than P to Q, say, for instance, we find

that 15JW lies between 222? and 2$B, while 15P lies before 22 Q. Let 15M

exceed 22.Z? by Z; then, if N be less than M by anything less than the 15th

part of Z\ 15N is between 22.5 and 23Z? : or JV, less than M, is in a greater

ratio to B than P to Q. And similarly for the other case.

(2) M can certainly be taken so small as to be in a less ratio to B than

P to Q, and so large as to be in a greater ; and since we can never pass from

the greater ratio back again to the smaller by increasing M, it follows that,

while we pass from the first designated value to the second, we come upon an

intermediate magnitude A such that every smaller is in a less ratio to B than

P to Q, and every greater in a greater ratio. Now A cannot be in a less ratio

to B than P to Q, for then some greater magnitudes would also be in a less

ratio ; nor in a greater ratio, for then some less magnitudes would be in a

greater ratio; therefore A is in the same ratio to B as Pto Q. The previously

proved proposition above mentioned shows the three alternatives to be the

only ones."

Alternative proofs of V. 18.

Simson bases his alternative on v. 5, 6. As the 18th proposition is the

converse of the 17th, and the latter is proved by means of v. 1 and 2, of

which v. 5 and 6 are converses, the proof of v. 18 by v. 5 and 6 would be

natural; and Simson holds that Euclid must have proved v. 18 in this way

because "the 5th and 6th do not enter into the demonstration of any

proposition in this book as we have it, nor can they be of any use in any

proposition of the Elements," and " the 5th and 6th have undoubtedly been

put into the 5th book for the sake of some propositions in it, as all the other

propositions about equimultiples have been."

Simson's proof is however, as it seems to me, intolerably long and difficult

to follow unless it be put in the symbolical form as follows.

Suppose that a is to b as c is tc > J ;

it is required to prove that a + b is to b as c + d is to d.

Take any equimultiples of the last four magnitudes, say

m(a + b), mb, m (c + d), md,

and any equimultiples of b, d, as

nb, nd.
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Clearly, if nb is greater than mb,

nd is greater than md;

if equal, equal ; and if less, less.

I. Suppose nb not greater than mb, so that nd is also not greater than md.

Now m(a + b) is greater than mb :

therefore m (a + b) is greater than nb.

Similarly m(c+d) is greater than nd.

II. Suppose nb greater than mb.

Since m(a + b), mb, m(c + d), md are equimultiples of (a + b), b, (c + d), d,

ma is the same multiple of a that m (a + b) is of (a + b),

and mc is the same multiple of c that m(c + d) is of (c + d),

so that ma, mc are equimultiples of a, c. [v. 5]

Again nb, nd are equimultiples of b, d,

and so are mb, md;

therefore (n-m)b, (n-m)d are equimultiples of b, d and, whether n — m

is equal to unity or to any other integer [v. 6], it follows, by Def. 5, that,

since a, b, c, d are proportionals,

if ma is greater than (« - m) b,

then mc is greater than (n-m)d;

if equal, equal ; and if less, less.

(1) If now m(a + b) is greater than nb, subtracting mb from each, we have

ma is greater than (n — m)b;

therefore mc is greater than (« — m) d,

and, if we add md to each,

m (c + d) is greater than nd.

(2) Similarly it may be proved that,

if m (a + b) is equal to nb,

then m(c + d) is equal to nd,

and (3) that, if m(a + b) is less than nb,

then m(c + d) is less than nd.

But (under I. above) it was proved that, in the case where nb is not

greater than mb,

m (a + b) is always greater than nb,

and m (c + d) is always greater than nd.

Hence, whatever be the values of m and n, m (c + d) is always greater than,

equal to, or less than nd according as m(a + b) is greater than, equal to, or

less than nb.

Therefore, by Def. 5,

a + b is to b as c + d is to d.

Todhunter gives the following short demonstration from Austin (Exami

nation of thefirst six books of Euclid's Elements).

" Let AE be to EB as CFis to FD :

AB shall be to BE as CD is to DF.
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For, because AE is to EB as CF is to FD,

therefore, alternately,

AE is to CEas EB is to FD. [v. 16]

And, as one of the antecedents is to its consequent, so is the sum of the

antecedents to the sum of the consequents : [v. 1 2]

therefore, as EB is to FD, so are AE, EB together to CF,

FD together;

that is, AB is to CD as EB is to ED.

Therefore, alternately,

AB is to BE as CD is to FD."

The objection to this proof is that it is only valid in the case

where the proposition v. 16 used in it is valid, i.e. where all four

magnitudes are of the same kind.

Smith and Bryant's proof avails where all four magnitudes

are straight lines, where all four magnitudes are rectilineal areas,

or where one antecedent and its consequent are straight lines and the other

antecedent and its consequent rectilineal areas.

Suppose that A : B = C : D.

First, let all the magnitudes be areas.

Construct a rectangle abcd equal to A, and to be apply the rectangle bcef

equal to B.

Also to ab, bf apply the rectangles ag, bk

equal to C, D respectively.

Then, since the rectangles ac, be have equal

heights be, they are to one another as their

bases. [vi. 1]

Hence ab :bf' = rect. ac : rect. be

= A:B

= C:D

= rect. ag : rect. bk.

Therefore [vi. 1, converse] the rectangles ag, bk have the same height, so

that k is on the straight line hg.

Hence A + B : B = rect. ae : rect. be

= af:bf

- rect. ak : rect. bk

= C+D:D.

Secondly, let the magnitudes A, B be straight lines and the magnitudes

C, D areas.

Let ab, bf be equal to the straight lines A, B, and to ab, bf apply the

rectangles ag, bk equal to C, D respectively.

Then, as before, the rectangles ag, bk have the same height.

Now A + B:B = af:bf

= rect. ak : rect. bk

= C + D:D.

Thirdly, let all the magnitudes be straight lines.

Apply to the straight lines C, D rectangles P, Q having the same height.

d e !

« 1 /

,1 a *
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[v.. 1]Then P: <2 = C:D.

Hence, by the second case,

A + £ B = P+Q: Q-

Also P *-Q (2 = C+D: D.

Therefore A + B B =-C+D D.

1

Proposition 19

If, as a whole is to a whole, so is a part subtracted to a

part subtracted, the remainder will also be to t/ie remainder

as whole to whole.

For, as the whole AB is to the whole CD, so let the

part AE subtracted be to the part CF

subtracted ;

I say that the remainder EB will also be 1 ?

to the remainder FD as the whole AB to c f D

the whole CD.

For since, as AB is to CD, so is AE

to CF,

alternately also, as BA is to AE, so is DC to CF. [v. 16]

And, since the magnitudes are proportional componendo,

they will also be proportional separando, [v. 17]

that is, as BE is to EA, so is DF to CF,

and, alternately,

as BE is to DF, so is EA to FC. [v. 16]

But, as AE is to CF, so by hypothesis is the whole AB

to the whole CD.

Therefore also the remainder EB will be to the remainder

FD as the whole AB is to the whole CD. [v. n]

Therefore etc.

[Porism. From this it is manifest that, if magnitudes be

proportional componendo, they will also be proportional

convertendoJ]

Q. E. D.

Algebraically, if a:b = c:d (where c < a and d < b), then

(a-c)..(6-J) = a:b.

The " Porism " at the end of this proposition is led up to by a few lines

which Heiberg brackets because it is not Euclid's habit to explain a

Porism, and indeed a Porism, from its very nature, should not need any



v. i9, zo] PROPOSITIONS 18—20 175

explanation, being a sort of by-product appearing without effort or trouble,

dirpayiJAirtvrms (Proclus, p. 303, 6). But Heiberg thinks that Simson does

wrong in finding fault with the argument leading to the "Porism," and that

it does contain the true demonstration of conversion of a ratio. In this it

appears to me that Heiberg is clearly mistaken, the supposed proof on the

basis of Prop. 19 being no more correct than the similar attempt to prove the

inversion of a ratio from Prop. 4. The words are': "And since it was

proved that, as AB is to CD, so is EB to FD,

alternately also, as AB is to BE, so is CD to FD : .

therefore magnitudes when compounded are proportional.

But it was proved that, as BA is to AE, so is DC to CF, and this is

convertendo."

It will be seen that this amounts to proving from the hypothesis a:b = c:d

that the following transformations are simultaneously true, viz. :

a:a-c = b:b — d,

and a : c,— b : d.

The former is not proved from the latter as it ought to be if it were, intended

to prove conversion.

The inevitable conclusion is that both the' "Porism" and the argument

leading up to it are interpolations, though no doubt made, as Heiberg says,

before Theon's time.

The conversion of ratios does not depend upon v. 1 9 at all but, as Simson

shows in his Proposition E (containing a proof" already given by Clavius), on

Props. 17 and 18. Prop. E is as follows.

Iffour magnitudes be proportionals, they are also proportionals by conversion,

that is, the first is to its excess above the second as the third is to

its excess above thefourth.

Let AB be to BE as CD to DF:

then BA is to AE as DC to CF.

Because AB is to BE as CD to DF,

by division [separando], • » , .

AE is to EB as CF to FD, , [v. 17]

and, by inversion,

BE is to EA as DF to FC.

[Simson's Prop. B directly obtained from v. Def. 5]

Wherefore, by composition [componendo],

BA is to AE as DC to CF. [v. 18]

Proposition 20.

If there be three magnitudes, and others equal to them in

multitude, which taken two and two are in the same ratio, and

if ex aequali thefirst be greater than the third, the fourth will

also be greater than the sixth; if equal, equal; and, if less, less.
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Let there be three magnitudes A, B, C, and others

D, E, F equal to them in multitude, which taken two and

two are in the same ratio, so that,

as A is to B, so is D to E,

and as B is to C, so is E to F;

and let A be greater than C ex aequali ;

I say that D will also be greater than F; if A is equal to C,

equal ; and, if less, less.

a d

B E 1

C F

For, since A is greater than C,

and B is some other magnitude,

and the greater has to the same a greater ratio than the less

has, [v. 8]

therefore A has to B a greater ratio than C has to B.

But, as A is to B, so is D to E,

and, as C is to B, inversely, so is F to E ;

therefore D has also to E a greater ratio than F has to E. [v. 13]

But, of magnitudes which have a ratio to the same, that

which has a greater ratio is greater ; [v. 10]

therefore D is greater than F.

Similarly we can prove that, if A be equal to C, D will

also be equal to F; and if less, less.

Therefore etc.

Q. E. D.

Though, as already remarked, Euclid has not yet given us any definition

of compounded ratios, Props. 20—23 contain an important part of the theory

of such ratios. The term "compounded ratio" is not used, but the propositions

connect themselves with the definitions of ex aequali in its two forms, the

ordinary form defined in Def. 1 7 and that called perturbed proportion in

Def. 18. The compounded ratios dealt with in these propositions are those

compounded of successive ratios in which the consequent of one is the

antecedent of the next, or the antecedent of one is the consequent of

the next.

Prop. 22 states the fundamental proposition about the ratio ex aequali in

its ordinary form, to the effect that,

if a is to b as d is to e,

and b is to c as e is to/,

then a is to c as d is to/
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with the extension to any number of such ratios ; Prop. 23 gives the

corresponding theorem for the case of perturbedproportion, namely that,

if a is to b as e is to/

and b is to c as d is to e,

then a is to c as d is to/

Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and

Prop. 23 on Prop. 21. The course of the proof will be made most clear by

using the algebraic notation.

The preliminary Prop. 20 asserts that,

if a :b = d :e,

and b:c = e:f,

then, according asu> = <f, d> = </.

For, according as a is greater than, equal to, or less than c,

the ratio a : b is greater than, equal to, or less than the ratio c : b, [v. 8 or v. 7]

or (since d:e = a:b,

and c:b=f:e)

the ratio d: e is greater than, equal to, or less than the ratio/: e,

[by aid of v. 13 and v. 1 1 ]

and therefore d is greater than, equal to, or less than/ [v. 10 or v. 9]

It is next proved in Prop. 22 that, by v. 4, the given proportions can be

transformed into

ma : nb = md : ne,

and nb : pc = ne : pf,

whence, by v. 20,

according as ma is greater than, equal to, or less than pc,

md is greater than, equal to, or less than pf,

so that, by Def. 5,

a:c = d:f

Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prop. 20,

but the transformation of the ratios in Prop. 23 is to the following :

(1) ma : mb = ne : nf

(by a double application of v. 15 and by v. 11),

(2) mb : nc = md : ne

(by v. 4, or equivalent steps),

and Prop. 21 is then used.

Simson makes the proof of Prop. 20 slightly more explicit, but the main

difference from the text is in the addition of the two other cases which Euclid

dismisses with " Similarly we can prove." These cases are :

" Secondly, let A be equal to C ; then shall D be equal to F.

Because A and C are equal to one another,

A is to B as C is to B. [v. 7]

But A is to B as D is to E,

and C is to B as F is to E,

wherefore D is to E as Fto E ; [v. n]

and therefore D is equal to F. [v. 9]

h. £. 11. 12
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Next, let A be less than C; then shall D be less than F.

For C is greater than A,

and, as was shown in the first case,

Cisto BasFtoE,

and, in like manner,

B is to A as E to D ;

therefore F is greater than D, by the first case ; and therefore D is less

than F."

Proposition 21.

If there be three magnitudes, and others equal to them in

multitude, which taken two and two together are in the same

ratio, and the proportion of them be perturbed, then, if ex

aequali the first magnitude is greater than the third, the

fourth will also be greater than the sixth ; if equal, equal;

and if less, less.

Let there be three magnitudes A,B,C, and others D, E, F

equal to them in multitude, which taken two and two are in

the same ratio, and let the proportion of them be perturbed,

so that,

as A is to B, so is E to F,

and, as B is to C, so is D to E,

and let A be greater than C ex aequali ;

I say that D will also be greater than F; if A is equal to

C, equal ; and if less, less.

A D-

B • E-

C F-

For, since A is greater than C,

and B is some other magnitude,

therefore A has to B a greater ratio than C has to B. [v. 8]

But, as A is to B, so is E to F,

and, as C is to B, inversely, so is E to D.

Therefore also E has to F a greater ratio than E has to D.

[v- 13]

But that to which the same has a greater ratio is less ;

[v. 10]

therefore F is less than D ;

therefore D is greater than F.
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Similarly we can prove that,

if A be equal to C, D will also be equal to F;

and if less, less.

Therefore etc. Q. E. d.

Algebraically, if a:b = e:f,

and b :c = d:e,

then, according as a > = < f, </> = </.

Simson's alterations correspond to those which he makes in Prop. 20. After

the first case he proceeds thus.

"Secondly, let A be equal to C; then shall D be equal to F.

Because A and C are equal,

A is to B as C is to B. [v. 7]

But A is to B as E is to F,

and C is to B as E is to D :

wherefore E is to Fz& E to D, [v. 11]

and therefore D is equal to F. [v. 9]

Next, let A be less than C; then shall D be less than F.

For C is greater than A,

and, as was shown,

Cisto B asEto £>,

and, in like manner,

B is to A as F to E;

therefore Fis greater than D, by the first case,

and therefore D is less than F"

The proof may be shown thus.

According as a>-<c, a:b>-<c:b.

But a :b = e :/, and, by inversion, c:b = e:d.

Therefore, according as a> = <c, e:/> = <e:d,

and therefore d > = </.

Proposition 22.

If there be any number of magnitudes whatever, and others

equal to them in multitude, which taken two and two together

are in the same ratio, they will also be in the same ratio ex

aequali.

Let there be any number of magnitudes A, B, C, and

others D, E, F equal to them in multitude, which taken two

and two together are in the same ratio, so that,

as A is to B, so is D to E,

and, as B is to C, so is E to F;

I say that they will also be in the same ratio ex aequali,

< that is, as A is to C, so is D to F> .
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For of A, D let equimultiples G, H be taken,

and of B, E other, chance, equimultiples K, L ;

and, further, of C, F other, chance, equimultiples M, N.

A b c-

D e F-

M

Then, since, as A is to B, so is D to E,

and of A, D equimultiples G, H have been taken,

and of B, E other, chance, equimultiples K, L,

therefore, as G is to K, so is H to L. [v. 4]

For the same reason also,

as K is to M, so is L to N.

Since, then, there are three magnitudes G, K, M, and

others H, L, N equal to them in multitude, which taken two

and two together are in the same ratio,

therefore, ex aequali, if G is in excess of M, H is also in excess

ofN;

if equal, equal ; and if less, less. [v. 20]

And G, H are equimultiples of A, D,

and M, N other, chance, equimultiples of C, F.

Therefore, as A is to C, so is D to F. [v. Def. 5]

Therefore etc.

Q. E. D.

Euclid enunciates this proposition as true of any number of magnitudes

whatever forming two sets connected in the manner described, but his proof is

confined to the case where each set consists of three magnitudes only. The

extension to any number of magnitudes is, however, easy, as shown by

Simson.

"Next let there be four magnitudes A, B, C, D, and other four E, F, G, H,

which two and two have the same ratio, viz. :

as A is to B, so is E to F,

A B C D

E F Q H

and as B is to C, so is F to G,

and as C is to D, so is G to H ;

A shall be to D as E to H.

Because A, B, C are three magnitudes, and E, F, G other three, which

taken two and two have the same ratio,

by the foregoing case,

A is to C as E to G.
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But C is to D as G is to H;

wherefore again, by the first case,

A is to D as E to H.

And so on, whatever be the number of magnitudes."

Proposition 23.

If there be three magnitudes, and others equal to them in

multitude, which taken two and two together are in the same

ratio, and the proportion of them be perturbed, they will also

be in the same ratio ex aequali.

Let there be three magnitudes A, B, C, and others equal

to them in multitude, which, taken two and two together, are

in the same proportion, namely D, E, F; and let the propor

tion of them be perturbed, so that,

as A is to B, so is E to F,

and, as B is to C, so is D to E ;

I say that, as A is to C, so is D to F.

A B— c

0 e F-

Q 1 1 H 1 1 L 1

K ' 1 M

Of A, B, D let equimultiples G, H, A' be taken,

and of C, E, F other, chance, equimultiples L, M, N.

Then, since G, Hare equimultiples of A, B,

and parts have the same ratio as the same multiples of

them, [v. 15]

therefore, as A is to B, so is G to H.

For the same reason also,

as E is to F, so is M to .A/.

And, as A is to B, so is E to F;

therefore also, as G is to H, so is M"to ;V. [v. n]

Next, since, as B is to C, so is D to E,

alternately, also, as B is to D, so is C to E. [v. 16]

And, since H, K are equimultiples of B, D,

and parts have the same ratio as their equimultiples,

therefore, as B is to D, so is H to K. [v. 15]



182 BOOK V [v. 23

[V-
«]

[V- 15]

[V- •i]

[v. 16]

But, as B is to D, so is C to E ;

therefore also, as H is to K, so is C to E.

Again, since L, M are equimultiples of C, E,

therefore, as C is to E, so is L to M.

But, as C is to E, so is H to K;

therefore also, as H is to K, so is L to J/,

and, alternately, as H is to L, so is A' to M.

But it was also proved that,

as G is to H, so is M to TV.

Since, then, there are three magnitudes G, H, L, and

others equal to them in multitude K, M, N, which taken two

and two together are in the same ratio,

and the proportion of them is perturbed,

therefore, ex aequali, if G is in excess of L, K is also in excess

of TV;

if equal, equal ; and if less, less. [v. 21]

And G, K are equimultiples of A, D,

and L, N of C, F.

Therefore, as A is to C, so is D to F.

Therefore etc.

Q. E. D.

There is an important difference between the version given by Simson of

one part of the proof of this proposition and that found in the Greek text of

Heiberg. Peyrard's ms. has the version given by Heiberg, but Simson's

version has the authority of other mss. The Basel editio princeps gives both

versions (Simson's being the first). After it has been proved by means of

v. 15 and v. n that,

as G is to H, so is M to N,

or, with the notation used in the note on Prop. 20,

ma : mb = ne :nf,

it has to be proved further that,

as H is to Z, so is K to M,

or mb : nc = md : fie,

and it is clear that the latter result may be directly inferred from v. 4. The

reading translated by Simson makes this inference :

" And because, as B is to C, so is D to E,

and H, K are equimultiples of B, D,

and Z, M of C, E,

therefore, as H is to Z, so is K to M." [v. 4]

The version in Heiberg's text is not only much longer (it adopts the

roundabout method of using each of three Propositions v, 11, 15, 16 twice
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over), but it is open to the objection that it uses v. 16 which is only applicable

if the four magnitudes are of the same kind; whereas v. 23, the proposition

now in question, is not subject to this restriction.

Simson rightly observes that in the last step of the proof it should be

stated that " G, K are any equimultiples whatever of A, D, and L, N any

whatever of C, F."

He also gives the extension of the proposition to any number of magnitudes,

enunciating it thus :

"If there be any number of magnitudes, and as many others, which, taken

two and two, in a cross order, have the same ratio ; the first shall have to the

last of the first magnitudes the same ratio which the first of the others has to

the last " ;

and adding to the proof as follows :

"Next, let there be four magnitudes A, B, C, D, and other four E, F, G, H,

which, taken two and two in a cross order, have the same ratio, viz. :

A to B as G to H,

B to C as F to G, A B c D

and C to D as E to F; | E F G H

then A is to D as E to H.

Because A, B, C are three magnitudes, and F, G, H other three which,

taken two and two in a cross order, have the same ratio,

by the first case, A is to C as Fto If.

But C is to D as E is to F ;

wherefore again, by the first case,

A is to D as E to H.

And so on, whatever be the number of magnitudes."

Proposition 24.

If a first magnitude have to a second the same ratio as a

third has to a fourth, and also a fifth have to the second the

same ratio as a sixth to the fourth, the first andfifth added

together will have to the second the same ratio as the third and

sixth have to thefourth.

Let a first magnitude AB have to a second C the same

ratio as a third DE has to a

fourth F; A g Q

and let also a fifth BG have to o

the second C the same ratio as d *. h

a sixth EH has to the fourth f

F;

I say that the first and fifth added together, AG, will have

to the second C the same ratio as the third and sixth, DH,

has to the fourth F.
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For since, as BG is to C, so is EH to F,

inversely, as C is to BG, so is F to EH.

Since, then, as AB is to C, so is DE to F,

and, as C is to BG, so is F to EH,

therefore, ex aequali, as AB is to 2?£, so is DE to Z?//. [v. 22]

And, since the magnitudes are proportional separando, they

will also be proportional componendo ; [v. 18]

therefore, as AG is to GB, so is DH to //TT.

But also, as BG is to C, so is ZT// to F;

therefore, ex aequali, as A G is to C, so is Z?// to /^ [v. 22]

Therefore etc. Q. e. d.

Algebraically, if a:c = d:f,

and b:c=e:f,

then (a + b):c=(d+e):f.

This proposition is of the same character as those which precede the

propositions relating to compounded ratios ; but it could not be placed earlier

than it is because v. 22 is used in the proof of it.

Inverting the second proportion to

c : b =/ : e,

it follows, by v. 22, that a :b — d:e,

whence, by v. 18, (a + b) : b = (d + e) : e,

and from this and the second of the two given proportions we obtain, by a

fresh application of v. 22,

(a + b):c=(d+e):f.

The first use of v. 22 is important as showing that the opposite process to

compounding ratios, or what we should now call division of one ratio by

another, does not require any new and separate propositions.

Aristotle tacitly uses v. 24 in combination with v. 1 1 and v. 16, Meteorologica

m- S> 376 a 22—26.

Simson adds two corollaries, one of which (Cor. 2) notes the extension to

any number of magnitudes.

"The proposition holds true of two ranks of magnitudes whatever be their

number, of which each of the first rank has to the second magnitude the same

ratio that the corresponding one of the second rank has to a fourth magnitude ;

as is manifest."

Simson's Cor. 1 states the corresponding proposition to the above with

separando taking the place of componendo, viz., that corresponding to the

algebraical form

(a-b):c = (d-e):f.

"Cor. i. If the same hypothesis be made as in the proposition, the

excess of the first and fifth shall be to the second as the excess of the third

and sixth to the fourth. The demonstration of this is the same with that of

the proposition if division be used instead of composition." That is, we use

v. 17 instead of v. 18, and conclude that

(a-b):b = {d-e):e.
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Proposition 25.

Iffour magnitudes be proportional, the greatest and the

least are greater than the remaining two.

Let the four magnitudes AB, CD, E, F be proportional

so that, as AB is to CD, so is E to

F, and let AB be the greatest of them

and F the least ; A +—B

I say that AB, F are greater than E

CD, E. h d
c •

For let AG be. made equal to E, -_j ,

and CH equal to F.

Since, as AB is to CD, so is E

to F,

and E is equal to AG, and F to CH,

therefore, as AB is to CD, so is AG to CH.

And since, as the whole AB is to the whole CD, so is

the part AG subtracted to the part CH subtracted,

the .remainder GB will also be to the remainder HD as

the whole AB is to the whole CD. [v. 19]

But AB is greater than CD ;

therefore GB is also greater than HD.

And, since AG is equal to E, and CH to F,

therefore AG, F are equal to CH, E.

And if, GB, HD being unequal, and GB greater, AG, F

be added to GB and CH, E be added to HD,

it follows that AB, Fare greater than CD, E.

Therefore etc.

Q. E. D.

Algebraically, if a : b = c : d,

and a is the greatest of the four magnitudes and d the least,

a + d > b + c.

Simson is right in inserting a word in the setting-out, "let AB be the

greatest of them and < consequently > F the least." This follows from the

particular case, really included in Def. 5, which Simson makes the subject of

his proposition A, the case namely where the equimultiples taken are once the

several magnitudes.

The proof is as follows.

Since a :b = c:d,

a — c : b — d = a : b. [v. 1 9]
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But a> b ; therefore (a - c) > (b — d). [v. 16 and 14]

Add to each (c + d) ;

therefore (a + d)> (b + c).

There is an important particular case of this proposition, which is,

however, not mentioned here, viz. the case where b = c. The result shows, in

this case, that the arithmetic mean between two magnitudes is greater than

their geometric mean. The truth of this is proved for straight lines in vi. 27

by "geometrical algebra," and the theorem forms the Stopioyids for equations

of the second degree.

Simson adds at the end of Book v. four propositions, F, G, H, K, which,

however, do not seem to be of sufficient practical use to justify their inclusion

here. But he adds at the end of his notes to the Book the following

paragraph which deserves quotation word for word.

"The 5th book being thus corrected, I most readily agree to what the

learned Dr Barrow says, 'that there is nothing in the whole body of the

elements of a more subtile invention, nothing more solidly established, and

more accurately handled than the doctrine of proportionals.' And there is

some ground to hope that geometers will think that this could not have been

said with as good reason, since Theon's time till the present."

Simson's claim herein will readily be admitted by all readers who are

competent to form a judgment upon his criticisms and elucidations of Book v.



BOOK VI,

INTRODUCTORY NOTE.

The theory of proportions has been established in Book v. in a perfectly

general form applicable to all kinds of magnitudes (although the representation

of magnitudes by straight lines gives it a geometrical appearance) ; it is now

necessary to apply the theory to the particular case of geometrical investigation.

The only thing still required in order that this may be done is a proof of the

existence of such a magnitude as bears to any given finite magnitude any

given finite ratio ; and this proof is supplied, so far as regards the subject

matter of geometry, by vi. 12 which shows how to construct a fourth pro

portional to three given straight lines.

A few remarks on the enormous usefulness of the theory of proportions

to geometry will not be out of place. We have already in Books 1. and 11.

made acquaintance with one important part of what has been well called

geometrical algebra, the method, namely, of application of areas. We have

seen that this method, working by the representation of products of two

quantities as rectangles, enables us to solve some particular quadratic equations.

But the limitations of such a method are obvious. So long as general

quantities are represented by straight lines only, we cannot, if our geometry

is plane, deal with products of more than two such quantities ; and, even

by the use of three dimensions, we cannot work with products of more

than three quantities, since no geometrical meaning could be attached to

such a product. This limitation disappears so soon as we can represent any

general quantity, corresponding to what we denote by a letter in algebra, by

a ratio; and this we can do because, on the general theory of proportion

established in Book v., a ratio may be a ratio of two incommensurable

quantities as well as of commensurables. Ratios can be compounded ad

infinitum, and the division of one ratio by another is equally easy, since it is

the same thing as compounding the first ratio with the inverse of the second.

Thus e.g. it is seen at once that the coefficients in a quadratic of the most

general form can be represented by ratios between straight lines, and the

solution by means of Books 1. and 11. of problems corresponding to quadratic

equations with particular coefficients can now be extended to cover any

quadratic with real roots. As indicated, we can perform, by composition of

ratios, the operation corresponding to multiplying algebraical quantities, and

this to any extent. We can divide quantities by compounding a ratio with

the inverse of the ratio representing the divisor. For the addition and

subtraction of quantities we have only to use the geometrical equivalent of

bringing to a common denominator, which is effected by means of the fourth

proportional.
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DEFINITIONS.

i. Similar rectilineal figures are such as have their

angles severally equal and the sides about the equal angles

proportional.

[2. Reciprocally related figures. See note.']

3. A straight line is said to have been cut in extreme

and mean ratio when, as the whole line is to the greater

segment, so is the greater to the less.

4. The height of any figure is the perpendicular drawn

from the vertex to the base.

Definition i.

Ofioia o'xqfiara tvOvypafifid iorw, oira rcis rt ytovuK urns t\u Kara /uiac kai

tas irtpi. tas "eras ywvlai irXevpas avaXoyov.

This definition is quoted by Aristotle, Anal. post. 11. 17, 99 a 13, where

he says that similarity (to ufioiov) in the case of figures "consists, let us say

(unos), in their having their sides proportional and their angles equal." The

use of the word ktojs may suggest that, in Aristotle's time, this definition had

not quite established itself in the text-books (Heiberg, Mathematisches zu

Aristoteles, p. 9).

It was pointed out in Van Swinden's Elements of Geometry (Jacobi's

edition, 1834, pp. 114—5) that Euclid omits to state an essential part of the

definition, namely that "the corresponding sides must be opposite to equal

angles," which is necessary in order that the corresponding sides may follow

in the same order in both figures.

At the same time the definition states more than is absolutely necessary,

for it is true to say that two polygons are similar when, if the sides and angles

are taken in the same order, the angles are equal and the sides about the equal

angles are proportional, omitting

( 1 ) three consecutive angles,

or (2) two consecutive angles and the side common to them,

or (3) two consecutive sides and the angle included by them,

and making no assumption with regard to the omitted sides and angles.

Austin objected to this definition on the ground that it is not obvious that

the properties (1) of having their angles respectively equal and (2) of having

the sides about the equal angles proportional can co-exist in two figures ; but,

a definition not being concerned to prove the existence of the thing defined,

the objection falls to the ground. We are properly left to satisfy ourselves as

to the existence of similar figures in the course of the exposition in Book vi.,

where we learn how to construct on any given straight line a rectilineal figure

similar to a given one (vi. 18;.
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Definition 2.

The Greek text gives here a definition of reciprocally related figures

(amirtiro^ora ay^para). " [Two] figures are reciprocally related when there

are in each of the two figures antecedent and consequent ratios" ('Avrcireirovflora

Si ir^'ifiard itrriv, orav iv thuttfmo tu>v tryyfpjaraw rfyuvfitvoi rt Ko.\ lirofitvoi Xoyoi

imtiv). No intelligible meaning can be attached to "antecedent and con

sequent ratios " here ; the sense would require rather " an antecedent and a

consequent of (two equal) ratios in each figure." Hence Candalla and

Peyrard read \6ymv opoi ("terms of ratios") instead of Xd-yoi. Camerer reads

Xoycov without Spoi. But the objection to the definition lies deeper. It is

never used; when we come, in vi. 14, 15, xi. 34 etc. to parallelograms,

triangles etc. having the property indicated, they are not called " reciprocal "

parallelograms etc., but parallelograms etc. "the sides of which are reciprocally

proportional," S>v avrnrtirovOaaiv ai irXtvpat. Hence Simson appears to be

right in condemning the definition ; it may have been interpolated from Heron,

who has it.

Simson proposes in his note to substitute the following definition. "Two

magnitudes are said to be reciprocally proportional to two others when one

of the first is to one of the other magnitudes as the remaining one of the last

two is to the remaining one of the first." This definition requires that the

magnitudes shall be all of the same kind.

Definition 3.

AKpov Kai f/Ltcrov Xoyov ti6t?a rtrfirjo'Oai Xtyerai, orav rj «!$ i) oXi7 irpos to

fititflV rprjfia, ovtws to ^i«£ov irpos to IXottov.

Definition 4.

'Yi/'os to"ri iravros o^/tarOs >7 diro rtji Kopviprji iirl tt]v fidaiv xdoVros

ayofiivrj.

The definition of " height " is not found in Campanus and is perhaps

rightly suspected, since it does not apply in terms to parallelograms, parallele

pipeds, cylinders and prisms, though it is used in the Elements with reference

to these latter figures. Aristotle does not appear to know altitude (ityos) in

the mathematical sense; he uses KiiOtros of triangles (Meteorologica in. 3,

373 a 11). The term is however readily understood, and scarcely requires

definition.

[Definition 5.

Aoyos tK Xoyu>v trvyKticr6ai Xt'yetai, orav ai rd>v Xdyo>v injXiKonrr« icf>' tat/rat

troXXairXaa'iao~6>turai rruiwiri tiki.

"A ratio is said to be compounded of ratios when the sizes (iitjXikotijtt?) of

the ratios multiplied together make some (? ratio, or size)."J

As already remarked (pp. 116, 132), it is beyond doubt that this definition

of ratio is interpolated. It has little MS. authority. The best MS. (P) only has

it in the margin; it is omitted altogether in Campanus' translation from the
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Arabic ; and the other mss. which contain it do not agree in the position

which they give to it. There is no reference to the definition in the place

where compound ratio is mentioned for the first time (vi. 23), nor anywhere

else in Euclid ; neither is it ever referred to by the other great geometers,

Archimedes, Apollonius and the rest. It appears to be only twice mentioned

at all, (1) in the passage of Eutocius referred to above (p. 116) and (2) by

Theon in his commentary on Ptolemy's owto&s. Moreover the content of

the definition is in itself suspicious. It speaks of the "sizes of ratios being

multiplied together (literally, into themselves)," an operation unknown to

geometry. There is no wonder that Eutocius, and apparently Theon also, in

their efforts to explain it, had to give the word mjXiKoTijs a meaning which has

no application except in the case of such ratios as can be expressed by

numbers (Eutocius e.g. making it the "number by which the ratio is called").

Nor is it surprising that Wallis should have found it necessary to substitute

for the "quantitas" of Commandinus a different translation, " quantuplicity,"

which he said was represented by the "exponent of the ratio'" (rationis

exponens), what Peletarius had described as "denominatio ipsae proportionis"

and Clavius as "denominator." The fact is that the definition is ungeometrical

and useless, as was already seen by Savile, in whose view it was one of the

two blemishes in the body of geometry (the other being of course Postulate 5).
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Proposition i.

Triangles and parallelograms which are under the same

height are to one another as their bases.

Let ABC, ACD be triangles and EC, CF parallelograms

under the same height ;

s I say that, as the base BC is to the base CD, so is the

triangle ABC to the triangle ACD, and the parallelogram

EC to the parallelogram CF.

 

For let BD be produced in both directions to the points

H, L and let [any number of straight lines] BG, GH be

10 made equal to the base BC, and any number of straight lines

DK, KL equal to the base CD ;

let AG, AH, AK, AL be joined.

Then, since CB, BG, GH are equal to one another,

the triangles ABC, AGB, AHG are also equal to one

is another. [i. 38]

Therefore, whatever multiple the base HC is of the base

BC, that multiple also is the triangle AHC of the triangle

ABC.

For the same reason,

20 whatever multiple the base LC is of the base CD, that

multiple also is the triangle ALC of the triangle ACD ;

and, if the base HC is equal to the base CL, the triangle

AHC is also equal to the triangle ACL, [1. 38]
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if the base HC is in excess of the base CL, the triangle AHC

25 is also in excess of the triangle ACL,

and, if less, less.

Thus, there being four magnitudes, two bases BC, CD

and two triangles ABC, ACD,

equimultiples have been taken of the base BC and the

3° triangle ABC, namely the base HC and the triangle AHC,

and of the base CD and the triangle ADC other, chance, equi

multiples, namely the base LC and the triangle ALC ;

and it has been proved that,

if the base HC is in excess of the base CL, the triangle AHC

35 is also in excess of the triangle ALC ;

if equal, equal ; and, if less, less.

Therefore, as the base BC is to the base CD, so is the

triangle ABC to the triangle ACD. [v. Def. 5]

Next, since the parallelogram EC is double of the triangle

40 ABC, [1. 41]

and the parallelogram FC is double of the triangle ACD,

while parts have the same ratio as the same multiples of

them, [v. 15]

therefore, as the triangle ABC is to the triangle A CD, so is

45 the parallelogram EC to the parallelogram FC.

Since, then, it was proved that, as the base BC is to CD,

so is the triangle ABC to the triangle ACD,

and, as the triangle ABC is to the triangle ACD, so is the

parallelogram EC to the parallelogram CF,

50 therefore also, as the base BC is to the base CD, so is the

parallelogram EC to the parallelogram FC. [v. 11]

Therefore etc.

Q. E. D.

4. Under the same height. The Greek text has "under the same height AC," with

a figure in which the side AC common to the two triangles is perpendicular to the base and

is therefore itself the "height." But, even if the two triangles are placed contiguously so as

to have a common side AC, it is quite gratuitous to require it to be perpendicular to the base.

Theon, on this occasion making an improvement, altered to " which are (okto) under the

same height, (namely) the perpendicular drawn from A to BD." I have ventured to alter so

far as to omit "AC" and to draw the figure in the usual way.

14. ABC, AGB.AHG. Euclid, indifferent to exact order, writes "AHG,AGB, ABC"

46. Since then it was proved that, as the base BC is to CD, so is the triangle

ABC to the triangle ACD. Here again words have to be supplied in translating the

extremely terse Greek ivtl otv iSt1xBi), us ni" ij fldais Br irpos ti\v TA, ovtus ri ABP

rplyuvov irpbs tA ArA rplyuvov, literally " since was proved, as the base BC to CD, so the

triangle ABC to the triangle ACD" Cf. note on v. 16, p. 165.
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The proof assumes—what is however an obvious deduction from 1. 38—

that, of triangles or parallelograms on unequal bases and between the same

parallels, the greater is that which has the greater base.

It is of course not necessary that the two given triangles should have a

common side, as in the figure ; the proof is just as easy if they have not.

The proposition being equally true of triangles and parallelograms of equal

heights, Simson states this fact in a corollary thus:

" From this it is plain that triangles and parallelograms that have equal

altitudes are to one another as their bases.

Let the figures be so placed as to have their bases in the same straight

line ; and, if we draw perpendiculars from the vertices of the triangles to the

bases, the straight line which joins the vertices is parallel to that in which

their bases are, because the perpendiculars are both equal and parallel to one

another [1. 33]. Then, if the same construction be made as in the proposition,

the demonstration will be the same."

The object of placing the bases in one straight line is to get the triangles

and parallelograms within the same parallels. Cf. Proclus' remark on 1. 38

(p. 405, 17) that having the same height is the same thing as being in the

same parallels.

Rectangles, or right-angled triangles, which have one of the sides about

the right angle of the same length can be placed so that the equal sides

coincide and the others are in a straight line. If then we call the common

side the base, the rectangles or the right-angled triangles are to one another

as their heights, by vi. 1. Now, instead of each right-angled triangle or

rectangle, we can take any other triangle or parallelogram respectively with an

equal base and between the same parallels. Thus

Triangles and parallelograms having equal bases are to one another as their

heights.

Legendre and those authors of modern text-books who follow him in

basing their treatment of proportion on the algebraical definition are obliged

to divide their proofs of propositions like this into two parts, the first of

which proves the particular theorem in the case where the magnitudes are

commensurable, and the second extends it to the case where they are

incommensurable.

Legendre (Elements de Geometrie, i11. 3) uses for this extension a rigorous

method by reductio ad absurdum similar to that

used by Archimedes in his treatise On the D FK c

equilibrium of planes, i. 7. The following is

Legendre's proof of the extension of vi. 1 to in

commensurable parallelograms and bases.

The proposition having been proved for

commensurable bases, let there be two rectangles

ABCD, AEFD as in the figure, on bases AB,

AEwhich are incommensurable with one another.

To prove that rect. ABCD : rect. AEFD=AB: AE.

For, if not, let rect. ABCD :rect. AEFD = AB : AO (1)

where AO is (for instance) greater than AE.

Divide AB into equal parts each of which is less than EO, and mark off

on AO lengths equal to one of the parts; then there will be at least one point

of division between E and O.

Let it be /, and draw IK parallel to EF.

h. e. 11. 13

A E 6 B
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Then the rectangles ABCD, AIKD are in the ratio of the bases AB, AI,

since the latter are commensurable.

Therefore, inverting the proportion,

rect. AIKD :rect. ABCD = AI: AB (2).

From this and (1), ex aequali,

rect. AIKD : rect. AEFD = AI:AO.

But AO > AI; therefore rect. AEFD > rect. AIKD.

But this is impossible, for the rectangle AEFD is less than the rectangle

AIKD.

Similarly an impossibility can be proved if AO < AE.

Therefore rect. ABCD : rect. AEFD = AB : AE.

Some modern American and German text-books adopt the less rigorous

method of appealing to the theory of limits.

Proposition 2.

If a straight line be drawn parallel to one of the sides of a

triangle, it will cut the sides of the triangle proportionally ;

and, if the sides of the triangle be cut proportionally, the line

joining the points of section will be parallel to the remaining

side of the triangle.

For let DE be drawn parallel to BC, one of the sides of

the triangle ABC ;

I say that, as BD is to DA, so is CE to

EA.

For let BE, CD be joined.

Therefore the triangle BDE is equal to

the triangle CDE ;

for they are on the same base DE and in

the same parallels DE, BC. [1. 38]

And the triangle ADE is another area.

But equals have the same ratio to the same ; [v. 7]

therefore, as the triangle BDE is to the triangle ADE, so

is the triangle CDE to the triangle ADE.

But, as the triangle BDE is to ADE, so is BD to DA ;

for, being under the same height, the perpendicular drawn

from E to AB, they are to one another as their bases. [vi. 1]

For the same reason also,

as the triangle CDE is to ADE, so is CE to EA.

Therefore also, as BD is to DA, so is CE to EA. [v. n]
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Again, let the sides AB, AC of the triangle ABC be cut

proportionally, so that, as BD is to DA, so is CE to EA ;

and let DE be joined.

I say that DE is parallel to BC

For, with the same construction,

since, as BD is to DA, so is CE to EA,

but, as BD is to DA, so is the triangle BDE to the triangle

ADE,

and, as CE is to EA» so is the triangle CDE to the triangle

^Zlfi", [vi. 1]

therefore also,

as the triangle BDE is to the triangle ADE, so is the

triangle CDE to the triangle ADE. [v. n]

Therefore each of the triangles BDE, CDE has the same

ratio to ADE.

Therefore the triangle BDE is equal to the triangle CDE;

[v-9]

and they are on the same base DE.

But equal triangles which are on the same base are also

in the same parallels. [1. 39]

Therefore DE is parallel to BC.

Therefore etc.

Q. E. D.

Euclid evidently did not think it worth while to distinguish in the

enunciation, or in the figure, the cases in which the parallel to the base cuts

the other two sides produced (a) beyond the point in which they intersect,

(b) in the other direction. Simson gives the three figures and inserts words

in the enunciation, reading "it shall cut the other sides, or those sides produced,

proportionally" and "if the sides, or the sides produced, be cut proportionally."

Todhunter observes that the second part of the enunciation ought to

make it clear which segments in the proportion correspond to which. Thus

e.g., if AD were double of DB, and CE double of EA, the sides would be

cut proportionally, but DE would not be parallel to BC. The omission

could be supplied by saying "and if the sides of the triangle be cut

proportionally so that the segments adjacent to the third side are corresponding

terms in the proportion."

Proposition 3.

If an angle of a triangle be bisected and the straight line

cutting the angle cut the base also, the segments of the base

will have the same ratio as the remaining sides of the triangle ;

and, if the segments of the base have the same ratio as the

13—2
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remaining sides of the triangle, the straight line joined from

the vertex to the point of section will bisect the angle of the

triangle.

Let ABC be a triangle, and let the angle BAC be bisected

by the straight line AD ;

I say that, as BD is to CD, so

is BA to AC.

For let CE be drawn through

C parallel to DA, and let BA

be carried through and meet it

at E.

Then, since the straight line

AC falls upon the parallels AD,

EC,

the angle ACE is equal to the angle CAD. [i. 29]

But the angle CAD is by hypothesis equal to the angle

BAD;

therefore the angle BAD is also equal to the angle ACE.

Again, since the straight line BAE falls upon the parallels

AD, EC,

the exterior angle BAD is equal to the interior angle

AEC. [1. 29]

But the angle ACE was also proved equal to the angle

BAD;

therefore the angle A CE is also equal to the angle AEC,

so that the side AE is also equal to the side AC. [1. 6]

And, since AD has been drawn parallel to EC, one of

the sides of the triangle BCE,

therefore, proportionally, as BD is to DC, so is BA to AE.

But AE is equal to AC; [Vi- 2^

therefore, as BD is to DC, so is BA to AC.

Again, let BA be to AC as BD to DC, and let AD be

joined ;

I say that the angle BAC has been bisected by the straight

line AD.

For, with the same construction,

since, as BD is to DC, so is BA to AC,
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and also, as BD is to DC, so is BA to AE: for AD has

been drawn parallel to EC, one of the sides of the triangle

BCE : [vi. 2]

therefore also, as BA is to AC, so is BA to AE. [v. n]

Therefore AC is equal to AE, [v. 9]

so that the angle AEC is also equal to the angle ACE. [1. 5]

But the angle AEC is equal to the exterior angle BAD,

[1. 29]

and the angle ACE is equal to the alternate angle CAD; [id.]

therefore the angle BAD is also equal to the angle CAD.

Therefore the angle BAC has been bisected by the straight

line AD.

Therefore etc.

Q. E. D.

The demonstration assumes that CE will meet BA produced in some

point E. This is proved in the same way as it is proved in vi. 4 that BA, ED

will meet if produced. The angles ABD, BDA in the figure of vi. 3 are

together less than two right angles, and the angle BDA is equal to the angle

BCE, since DA, CE are parallel. Therefore the angles ABC, BCE are

together less than two right angles ; and BA, CE must meet, by 1. Post. 5.

The corresponding proposition about the segments into which BC is

divided externally by the bisector of the external angle at A when that

bisector meets BC produced (i.e. when the sides AB, AC are not equal) is

important. Simson gives it as a separate proposition, A, noting the fact that

Pappus assumes the result without proof (Pappus, vn. p. 730, 24).

The best plan is however, as De Morgan says, to combine Props. 3 and A

in one proposition, which may be enunciated thus : If an angle of a triangle

be bisected internally or externally by a straight line which cuts the opposite side

or the opposite side produced, the segments of that side will have the same ratio

as the other sides of the triangle; and, if a side of a triangle be divided internally

or externally so that its segments have the same ratio as the other sides of the

triangle, the straight line draiim from the point of section to the angular point

which is opposite to thefirst mentioned side will bisect the interior or exterior angle

at that angular point.

 
 

Let AC be the smaller of the two sides AB, AC, so that the bisector AD

of the exterior angle at A may meet BC produced beyond C. Draw CE

through C parallel to DA, meeting BA in E.

Then, if FAC is the exterior angle bisected by AD in the case of external

bisection, and if a point Fis taken on AB in the figure of vi. 3, the proof of
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vi. 3 can be used almost word for word for the other case. We have only to

speak of the angle " FAC" for the angle " BAC," and of the angle "FAD"

for the angle " BAD " wherever they occur, to say "let BA, or BA produced,

meet CE in E," and to substitute " BA or BA produced" for "BAE"

lower down.

 

If AD, AE be the internal and external bisectors of the angle A in a

triangle of which the sides AB, AC are unequal, AC being the smaller, and

if AD, AE meet BC and BC produced in D, E respectively,

the ratios of BD to DC and of BE to EC are alike equal to the ratio of

BA to AC.

Therefore BE is to EC as BD to DC,

that is, BE is to EC as the difference between BE and ED is to the

difference between ED and EC,

whence BE, ED, EC are in harmonic progression, or DE is a harmonic mean

between BE and EC, or again B, D, C, E is a harmonic range.

Since the angle DAC is half of the angle BAC,

and the angle CAE half of the angle CAF,

while the angles BAC, CAF are equal to two right angles,

the angle DAE is a right angle.

Hence the circle described on DE as diameter passes through A.

Now, if the ratio of BA to AC is given, and if BC is given, the points

D, E on BC and BC produced are given, and therefore so is the circle on

D, E as diameter. Hence the locus of a point such that its distancesfrom two

given points are in a given ratio (not being a ratio of equality) is a circle.

This locus was discussed by Apollonius in his Plane Loci, Book u., as we

know from Pappus (vn. p. 666), who says that the book contained the

theorem that, if from two given points straight lines inflected to another

point are in a given ratio, the point in which they meet will lie on either a

straight line or a circumference of a circle. The straight line is of course the

locus when the ratio is one of equality. The other case is quoted in the

following form by Eutocius (Apollonius, ed. Heiberg, u. pp. 180—4).

Given two points in a plane and a proportion between unequal straight lines,

it is possible to describe a circle in the plane so that the straight lines inflected

from the given points to the circumference of the circle shall have a ratio the

same as the given one.

Apollonius' construction, as given by Eutocius, is remarkable because he

makes no use of either of the points D, E. He finds O, the centre of the

required circle, and the length of its radius directly from the data Z?Cand the

given ratio which we will call h : k. But the construction was not discovered

by Apollonius ; it belongs to a much earlier date, since it appears in exactly
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the same form in Aristotle, Meteorologica in. 5, 376 a 3 sqq. The

analysis leading up to the construction is, as usual, not given either by

Aristotle or Eutocius. We are told to take three straight lines x, CO (a

length measured along BC produced beyond C, where B, C are the points at

which the greater and smaller of the inflected lines respectively terminate),

and r, such that, if h : k be the given ratio and h > k,

This determines the position of O, and the length of r, the radius of the

required circle. The circle is then drawn, any point P is taken on it and

joined to B, C respectively, and it is proved that

PB:PC=n:k.

We may conjecture that the analysis proceeded somewhat as follows.

It would be seen that B, C are "conjugate points" with reference to the

circle on DE as diameter. (Cf. Apollonius, Conies, 1. 36, where it is proved,

in terms, for a circle as well as for an ellipse and a hyperbola, that, if the

polar of B meets the diameter DE in C, then EC:CD = EB : BD.)

If O be the middle point of DE, and therefore the centre of the circle,

D, E may be eliminated, as in the Conies, 1. 37, thus.

Since EC : CD = EB : BD,

it follows that EC+ CD: EC- CD = EB + BD : EB ~ BD,

or 2OD;2OC=2OB;2OD,

that is, BO.OC= OD' = r1, say.

If therefore P be any point on the circle with centre O and radius r,

BO: OP=OP: OC,

so that BOP, POC are similar triangles.

In addition, h:k= BD:DC= BE : EC

= BD + BE : DE = BO : r.

Hence we require that

BO:r=r:OC=BP:PC=h:k (S)

Therefore, alternately,

k:CO = h:r,

which is the second relation in (/J) above.

Now assume a length x such that each of the last ratios is equal to x : BC,

as in (/}).
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Then x:BC=k:CO = h:r.

Therefore x + k: BO = h:r,

and, alternately, x + k : h = BO : r

= h : k, from (8) above ;

and this is the relation (o) which remained to be found.

Apollonius' proof of the construction is given by Eutocius, who begins by

saying that it is manifest that r is a mean proportional between BO and OC.

This is seen as follows :

From (/?) we derive

x:BC=k: CO = h:r = (k+x):BO,

whence BO :r=(k + x):h

= h:k, by (a),

= r:CO, by (/J),

and therefore r2 = BO . CO.

But the triangles BOP, POC have the angle at O common, and, since

BO : OP'= OP: OC, the triangles are similar and the angles OPC, OBP

are equal.

[Up to this point Aristotle's proof is exactly the same ; from this point it

diverges slightly.]

If now CL be drawn parallel to BP meeting OP in Z, the angles BPC

LCP are equal also.

Therefore the triangles BPC, PCL are similar, and

BP:PC=PC: CL,

whence BP2 : PC2= BP:CL

= BO : OC, by parallels,

= BO2:OP2 (since BO : OP = OP: OC).

Therefore BP:PC=BO: OP

= h:k (for OP=r).

[Aristotle infers this more directly from the similar triangles POB, COP.

Since these triangles are similar,

OP: CP=OB:BP,

whence BP : PC= BO: OP

= h:k.]

Apollonius proves lastly, by reductio ad absurdum, that the last equation

cannot be true with reference to any point P which is not on the circle so

described.

Proposition 4.

In equiangular triangles the sides about the equal angles

are proportional, and those are corresponding sides which

subtend the equal angles.
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Let ABC, DCE be equiangular triangles having the

angle ABC equal to the angle

DCE, the angle BAC to the

angle CDE, and further the angle

ACB to the angle CED ;

I say that in the triangles ABC,

DCE the sides about the equal

angles are proportional, and those

are corresponding sides which

subtend the equal angles.

For let BC be placed in a

straight line with CE.

Then, since the angles ABC, ACB are less than two right

angles, [1. 17]

and the angle ACB is equal to the angle DEC,

therefore the angles ABC, DEC are less than two right

angles ;

therefore BA, ED, when produced, will meet. [1. Post. 5]

Let them be produced and meet at F.

Now, since the angle DCE is equal to the angle ABC,

BF is parallel to CD. [1. 28]

Again, since the angle ACB is equal to the angle DEC,

AC is parallel to FE. [1. 28]

Therefore FACD is a parallelogram ;

therefore FA is equal to DC, and AC to FD. [1. 34]

And, since AC has been drawn parallel to FE, one side

• of the triangle FBE,

therefore, as BA is to AF, so is BC to CE. [vi. 2]

But AF is equal to CD ;

therefore, as BA is to CD, so is BC to CE,

and alternately, as AB is to BC, so is DC to CE. [v. 16]

Again, since CD is parallel to BF,

therefore, as BC is to CE, so is FD to DE. [vi. 2]

But FD is equal to AC ;

therefore, as BC is to CE, so is AC to DE,

and alternately, as BC is to C4, so is CE to -£"/?. [v. 16]
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Since then it was proved that,

as AB is to BC, so is DC to CE,

and, as BC is to CA, so is CE to ED ;

therefore, ex aequali, as BA is to AC, so is CD to DE. [v. 22]

Therefore etc.

Q. E. D.

Todhunter remarks that " the manner in which the two triangles are to be

placed is very imperfectly described; their bases are to be in the same straight

line and contiguous, their vertices are to be on the same side of the base, and

each of the two angles which have a common vertex is to be equal to the

remote angle of the other triangle." But surely Euclid's description is

sufficient, except for not saying that B and D must be on the same side

of BCE.

vi. 4 can be immediately deduced from vi. 2 if we superpose one triangle

on the other three times in succession, so that each angle successively

coincides with its equal, the triangles being similarly situated, e.g. if (A, B, C

and D, E, F being the equal angles respectively) we apply the angle DBFto

the angle ABC so that D lies on AB (produced if necessary) and ^on BC

(produced if necessary). De Morgan prefers this method. " Abandon," he

says, " the peculiar mode of construction by which Euclid proves two cases at

once; make an angle coincide with its equal, and suppose this process repeated

three times, one for each angle."

Proposition 5.

If two triangles have their sides proportional, the triangles

will be equiangular and will have those angles equal which the

corresponding sides subtend.

Let ABC, DEE be two triangles having their sides

proportional, so that,

as AB is to BC, so is DE to EF,

as BC is to CA, so is EF to FD,

and further, as BA is to AC, so is ED to DF;

I say that the triangle ABC is equiangular with the triangle

DEE, and they will have those angles equal which the corre

sponding sides subtend, namely the angle ABC to the angle

DEF, the angle BCA to the angle EED, and further the

angle BAC to the angle EDF.

For on the straight line EF, and at the points E, F on

it, let there be constructed the angle FEG equal to the angle

ABC, and the angle EFG equal to the angle ACB ; [1. 23]
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therefore the remaining angle at A is equal to the remaining

angle at G. [1. 32]

Therefore the triangle ABC is equiangular with the

triangle GEF.

a D  

Therefore in the triangles ABC, GEF the sides about

the equal angles are proportional, and those are corresponding

sides which subtend the equal angles ; [vi. 4]

therefore, as AB is to BC, so is GE to EF.

But, as AB is to BC, so by hypothesis is DE to EF;

therefore, as DE is to EF, so is GE to EF. [v. u]

Therefore each of the straight lines DE, GE has the

same ratio to EF;

therefore DE is equal to GE. [v. 9]

For the same reason

DF is also equal to GF.

Since then DE is equal to EG,

and EF is common,

the two sides DE, EF are equal to the two sides GE, EF;

and the base DF is equal to the base FG ;

therefore the angle DEF is equal to the angle GEF, [1. 8]

and the triangle DEF is equal to the triangle GEF,

and the remaining angles are equal to the remaining angles,

namely those which the equal sides subtend. [1. 4]

Therefore the angle DFE is also equal to the angle GFE,

and the angle EDF to the angle EGF.

And, since the angle FED is equal to the angle GEF,

while the angle GEF'is equal to the angle ABC,

therefore the angle ABC is also equal to the angle DEF.
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For the same reason

the angle ACB is also equal to the angle DFE,

and further, the angle at A to the angle at D ;

therefore the triangle ABC is equiangular with the triangle

DEF.

Therefore etc.

Q. E. D.

This proposition is the complete converse, vi. 6 a partial converse, of vi. 4.

Todhunter, after Walker, remarks that the enunciation should make it

clear that the sides of the triangles taken in order are proportional. It is quite

possible that there should be two triangles ABC, DEF such that

AB is to BCas DE to EF,

and BC is to CA as DFis to ED (instead of EFX.Q FD),

so that AB is to AC as DF to EF

(ex acquali in perturbed proportion);

in this case the sides of the triangles are proportional, but not in the same

order, and the triangles are not necessarily equiangular to one another. For a

numerical illustration we may suppose the sides of one triangle to be 3, 4 and

5 feet respectively, and those of another to be 12, 15 and 20 feet respectively.

In vi. 5 there is the same apparent avoidance of indirect demonstration

which has been noticed on 1. 48.

Proposition 6.

If two triangles have one angle equal to one angle and the

sides about the equal angles proportional, the triangles will be

equiangular and will have those angles equal which the corre

sponding sides subtend.

Let ABC, DEF be two triangles having one angle BAC

equal to one angle EDF and the sides about the equal angles

proportional, so that,

as BA is to AC, so is ED to DF;

I say that the triangle ABC is equiangular with the triangle

DEF, and will have the angle ABC equal to the angle DEF,

and the angle ACB to the angle DFE.

For on the straight line DF, and at the points D, F on it,

let there be constructed the angle FDG equal to either of the

angles BAC, EDF, and the angle DFG equal to the angle

ACB; [1.23]

therefore the remaining angle atB is equal to the remaining

angle at G. [1. 32]
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Therefore the triangle ABC is equiangular with the

triangle DGF.

Therefore, proportionally, as BA is to AC, so is GD to

DF. [vi. 4]

But, by hypothesis, as BA is to AC, so also is ED to DF;

therefore also, as ED is to DF, so is GD to DF. [v. 1 1]

 

 

Therefore ED is equal to DG ; [v. 9]

and DF is common ;

therefore the two sides ED, DFare equal to the two sides

GD, DF; and the angle EDF is equal to the angle GDF;

therefore the base EF is equal to the base GF,

and the triangle DEF is equal to the triangle DGF,

and the remaining angles will be equal to the remaining angles,

namely those which the equal sides subtend. [1. 4]

Therefore the angle DFG is equal to the angle DFE,

and the angle DGF to the angle DEF.

But the angle DFG is equal to the angle ACB ;

therefore the angle ACB is also equal to the angle DFE.

And, by hypothesis, the angle BAC is also equal to the

angle EDF;

therefore the remaining angle at B is also equal to the

remaining angle at E ; [1. 32]

therefore the triangle ABC is equiangular with the triangle

DEF.

Therefore etc.

Q. E. D.



206 BOOK VI [vi. 7

 

Proposition 7.

If two triangles have one angle equal to one angle, the

sides about other angles proportional, and the remaining angles

either both less or both not less than a right angle, the triangles

will be equiangular and will have those angles equal, the sides

about which are proportional.

Let ABC, DEF be two triangles having one angle equal

to one angle, the angle BAC to

the angle EDF, the sides about

other angles ABC, DEF propor

tional, so that, as AB is to BC,

so is DE to EF, and, first, each

of the remaining angles at C, F

less than a right angle ;

I say that the triangle ABC is

equiangular with the triangle

DEF, the angle ABC will be

equal to the angle DEF, and the remaining angle, namely

the angle at C, equal to the remaining angle, the angle

at F.

For, if the angle ABC is unequal to the angle DEF, one

of them is greater.

Let the angle ABC be greater ;

and on the straight line AB, and at the point B on it, let the

angle ABG be constructed equal to the angle DEF. [1. 23]

Then, since the angle A is equal to D,

and the angle ABG to the angle DEF,

therefore the remaining angle AGB is equal to the remaining

angle DFE. [1. 32]

Therefore the triangle ABG is equiangular with the

triangle DEF.

Therefore, as AB is to BG, so is DE to EF. [vi. 4]

But, as DE is to EF, so by hypothesis is AB to BC ;

therefore AB has the same ratio to each of the straight

lines BC, BG ; [v. u]

therefore BC is equal to BG, [v. 9]

so that the angle at C is also equal to the angle BGC. [1. 5]
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But, by hypothesis, the angle at C is less than a right

angle ;

therefore the angle BGC is also less than a right angle ;

so that the angle AGB adjacent to it is greater than a right

angle. [1. 13]

And it was proved equal to the angle at F;

therefore the angle at F is also greater than a right angle.

But it is by hypothesis less than a right angle : which is

absurd.

Therefore the angle ABC is not unequal to the angle

DEF;

therefore it is equal to it.

But the angle at A is also equal to the angle at D ;

therefore the remaining angle at C is equal to the remaining

angle at F. [1. 32]

Therefore the triangle ABC is equiangularwith the triangle

DEF.

But, again, let each of the angles at C, F be supposed not

less than a right angle ;

I say again that, in this case too, the

triangle ABC is equiangular with the

triangle DEF.

For, with the same construction,

we can prove similarly that

BC is equal to BG ;

so that the angle at C is also equal to

the angle BGC. [1. 5]

But the angle at C is not less than a right angle ;

therefore neither is the angle BGC less than a right angle.

Thus in the triangle BGC the two angles are not less

than two right angles : which is impossible. [1. 17]

Therefore, once more, the angle ABC is not unequal to

the angle DEF;

therefore it is equal to it.

But the angle at A is also equal to the angle at D ;

therefore the remaining angle at C is equal to the remaining

angle at F. [1. 32]
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Therefore the triangle ABC is equiangular with the triangle

DEF.

Therefore etc.

Q. E. D.

Todhunter points out, after Walker, that some more words are necessary

to make the enunciation precise : "If two triangles have one angle equal to one

angle, the sides about other angles proportional <so that the sides subtending

the equal angles are homologous>. ..."

This proposition is the extension to similar triangles of the ambiguous case

already mentioned as omitted by Euclid in relation to equality of triangles in

all respects (cf. note following i. 26, Vol. 1. p. 306). The enunciation of vi. 7

has suggested the ordinary method of enunciating the ambiguous case where

equality and not similarity is in question. Cf. Todhunter's note on 1. 26.

Another possible way of presenting this proposition is given by Todhunter.

The essential theorem to prove is :

If two triangles have two sides of the one proportional to two sides of the

other, and the angles opposite to one pair of corresponding sides equal, the angles

which are opposite to the otherpair of corresponding sides shall either be equal or

be together equal to two right angles.

For the angles included by the proportional sides must be either equal or

unequal.

If they are equal, then, since the triangles have two angles of the one

equal to two angles of the other, respectively, they are equiangular to one

another.

We have therefore only to consider the case in which the angles included

by the proportional sides are unequal.

The proof is, except at the end, like that of vi. 7.

Let the triangles ABC, DEF have the angle at A equal to the angle at D ;

let AB be to BC as DE to EF,

but let the angle ABC be not equal to the angle DEF.

 

 

The angles ACB, DFE shall be together equal to two right angles.

For one of the angles ABC, DEF must be the greater.

Let ABC be the greater ; and make the angle ABG equal to the angle

DEF.

Then we prove, as in vi. 7, that the triangles ABG, DEFa.re equiangular,

whence

AB is to BG as DE is to EF.

But AB is to BC as DE is to EF, by hypothesis.

Therefore BG is equal to BC,

and the angle BGC is equal to the angle BCA.
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Now, since the triangles ABG, DEFare equiangular,

the angle BGA is equal to the angle EFD.

Add to them respectively the equal angles BGC, BCA ; therefore the

angles BCA, EFD are together equal to the angles BGA, BGC, i.e. to two

right angles.

It follows therefore that the angles BCA, EFD must be either equal or

supplementary.

But (1), if each of them is less than a right angle, they cannot be

supplementary, and they must therefore be equal ;

(2) if each of them is greater than a right angle, they cannot be

supplementary and must therefore be equal;

(3) if one of them is a right angle, they are supplementary and also equal.

Simson distinguishes the last case (3) in his enunciation: "then, if each of

the remaining angles be either less or not less than a right angle, or if one of

them be a right angle...."

The change is right, on the principle of restricting the conditions to the

minimum necessary to enable the conclusion to be inferred. Simson adds a

separate proof of the case in which one of the remaining angles is a right

angle.

" Lastly, let one of the angles at C, F, viz. the angle at C, be a right angle ;

in this case likewise the triangle ABC

is equiangular to the triangle DEF.

For, if they be not equiangular,

make, at the point B of the straight

line AB, the angle ABG equal to the

angle DEF; then it may be proved,

as in the first case, that BG is equal

to BC.

But the angle BCG is a right

angle;

therefore the angle BGC is also a

right angle;

whence two of the angles of the tri

angle BGC are together not less than

two right angles : which is impossible.

Therefore the triangle ABC is equiangular to the triangle DEF."

 

Proposition 8.

If in a right-angled triangle a perpendicular be drawn

from the right angle to the base, the triangles adjoining the

perpendicular are similar both to the whole and to one another.

Let ABC be a right-angled triangle having the angle

BAC right, and let AD be drawn from A perpendicular

to BC;

I say that each of the triangles ABD, ADC is similar to

the whole ABC and, further, they are similar to one another.

H. K. li. 14
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For, since the angle BAC is equal to the angle ADB,

for each is right,

and the angle at B is common to the

two triangles ABC and ABD,

therefore the remaining angle ACS

is equal to the remaining angle

BAD ; [i. 32]

therefore the triangle ABC is equi

angular with the triangle ABD.

Therefore, as BC which subtends the right angle in the

triangle ABC is to BA which subtends the right angle in

the triangle ABD, so is AB itself which subtends the angle

at C in the triangle ABC to BD which subtends the equal

angle BAD in the triangle ABD, and so also is AC to AD

which subtends the angle at B common to the two triangles.

[Vi. 4]

Therefore the triangle ABC is both equiangular to the

triangle ABD and has the sides about the equal angles

proportional.

Therefore the triangle ABC is similar to the triangle

ABD. [vi. Def. 1]

Similarly we can prove that

the triangle ABC is also similar to the triangle ADC ;

therefore each of the triangles ABD, ADC is similar to the

whole ABC.

I say next that the triangles ABD, ADC are also similar

to one another.

For, since the right angle BDA is equal to the right angle

ADC,

and moreover the angle BAD was also proved equal to the

angle at C,

therefore the remaining angle at B is also equal to the

remaining angle DAC; [1. 32]

therefore the triangle ABD is equiangular with the triangle

ADC.

Therefore, as BD which subtends the angle BAD in the

triangle ABD is to DA which subtends the angle at C in the

triangle ADC equal to the angle BAD, so is AD itself

which subtends the angle at B in the triangle ABD to DC

which subtends the angle DAC in the triangle ADC equal
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to the angle at B, and so also is BA to AC, these sides

subtending the right angles ; [vi. 4]

therefore the triangle ABD is similar to the triangle ADC.

[vi. Def. 1]

Therefore etc.

Porism. From this it is clear that, if in a right-angled

triangle a perpendicular be drawn from the right angle to the

base, the straight line so drawn is a mean proportional

between the segments of the base. q. E. d.

Simson remarks on this proposition : " It seems plain that some editor

has changed the demonstration that Euclid gave of this proposition : For,

after he has demonstrated that the triangles are equiangular to one another,

he particularly shows that their sides about the equal angles are proportionals,

as if this had not been done in the demonstration of prop. 4 of this book :

this superfluous part is not found in the translation from the Arabic, and is

now left out."

This seems a little hypercritical, for the "particular showing" that the

sides about the equal angles are proportionals is really nothing more than

a somewhat full citation of vi. 4. Moreover to shorten his proof still

more, Simson says, after proving that each of the triangles ABD, ADC is

similar to the whole triangle ABC, " And the triangles ABD, ADC being

both equiangular and similar to ABC are equiangular and similar to one

another," thus assuming a particular case of vi. 21, which might well be

proved here, as Euclid proves it, with somewhat more detail.

We observe that, here as generally, Euclid seems to disdain to give the

reader such small help as might be afforded by arranging the letters used to

denote the triangles so as to show the corresponding angular points in the

same order for each pair of triangles ; A is the first letter throughout, and the

other two for each triangle are in the order of the figure from left to right. It

may be in compensation for this that he states at such length which side

corresponds to which when he comes to the proportions.

In the Greek texts there is an addition to the Porism inserted after

"(Being) what it was required to prove," viz. "and further that between the

base and any one of the segments the side adjacent to the segment is a mean

proportional." Heiberg concludes that these words are an interpolation

( 1 ) because they come after the words owtp tS« S<i£iu which as a rule follow the

Porism, (2) they are absent from the best Theonine mss., though P and

Campanus have them without the oirtp !8« 8tl$ai. Heiberg's view seems to

be confirmed by the fact noted by Austin, that, whereas the first part of the

Porism is quoted later in vi. 13, in the lemma before x. 33 and in the lemma

after xin. 13, the second part is proved in the former lemma, and elsewhere,

as also in Pappus (in. p. 72, 9—23).

Proposition 9.

From a given straight line to cut off a prescribedpart.

Let AB be the given straight line ;

thus it is required to cut off from AB a prescribed part.

14—2
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Let the third part be that prescribed.

5 Let a straight line AC be drawn through from A con

taining with AB any angle ;

let a point D be taken at random on

AC, and let DE, EC be made equal

to AD. [i. 3]

io Let BC be joined, and through D

let DF be drawn parallel to it. [i. 31]

Then, since FD has been drawn

parallel to BC, one of the sides of the triangle ABC,

therefore, proportionally, as CD is to DA, so is BF to FA.

[vi- *]

i5 But CD is double of DA ;

therefore BF is also double of FA ;

therefore BA is triple of AF.

Therefore from the given straight line AB the prescribed

third part AF has been cut off.

Q. E. F.

6. any angle. The expression here and in the two following propositions is Tvxovca

ywla, corresponding exactly to rvxpy ar)ntXav which I have translated as "a point (taken)

at random"; but "an angle (taken) at random" would not be so appropriate where it is a

question, not of taking any angle at all, but of drawing a straight line casually so as to make

any angle with another straight line.

Simson observes that "this is demonstrated in a particular case, viz. that

in which the third part of a straight line is required to be cut off; which is

not at all like Euclid's manner. Besides, the author of that demonstration,

from four magnitudes being proportionals, concludes that the third of them is

the same multiple of the fourth which the first is of the second ; now this is

nowhere demonstrated in the 5th book, as we now have it ; but the editor

assumes it from the confused notion which the vulgar have of proportionals."

The truth of the assumption referred to is proved by Simson in his

proposition D given above (p. 128); hence he is

able to supply a general and legitimate proof

of the present proposition. A

"Let AB be the given straight line; it is

required to cut off any part from it.

From the point A draw a straight line AC

making any angle with AB; in AC take any

point D, and take A C the same multiple of AD

that AB is of the part which is to be cut off

from it;

join BC, and draw DE parallel to it :

then AE is the part required to be cut off.
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Because ED is parallel to one of the sides of the triangle ABC, viz. to BC,

as CD is to DA, so is BE to EA, [vi. 2]

and, componendo,

CA is to AD, as BA to ^^. [v. 18]

But CA is a multiple of AD ;

therefore BA is the same multiple of AE. [Prop. D]

Whatever part therefore AD is of AC, AE is the same part of AB ;

wherefore from the straight line AB the part required is cut off."

The use of Simson's Prop. D can be avoided, as noted by Camerer after

Baermann, in the following way. We first prove, as above, that

CA is to AD as BA is to AE.

Then we infer that, alternately,

CA is to BA as AD to AE. [v. 16]

But AD is to AE as n . AD to n . AE

(where n is the number of times that AD is contained in AC) ; [v. 15]

whence AC is to AB as n . AD is to ii . AE. [v. 1 1]

In this proportion the first term is equal to the third; therefore [v. 14]

the second is equal to the fourth,

so that AB is equal to « times AE.

Prop. 9 is of course only a particular case of Prop. 10.

Proposition 10.

To cut a given uncut straight line similarly to a given cut

straight line.

Let AB be the given uncut straight line, and AC the

straight line cut at the points D,

E ; and let them be so placed as

to contain any angle ;

let CB be joined, and through D,

E let DF, EG be drawn parallel

to BC, and through D let DHK

be drawn parallel to AB. [1. 31]

Therefore each of the figures

FH, HB is a parallelogram ;

therefore DH is equal to FG and HK to GB. [1. 34]

Now, since the straight line HE has been drawn parallel

to KC, one of the sides of the triangle DKC,

therefore, proportionally, as CE is to ED, so is KH to HD.

[vi. 2]
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But KH is equal to BG, and HD to GF;

therefore, as CE is to ED, so is BG to GF.

Again, since FD has been drawn parallel to GE, one of

the sides of the triangle AGE,

therefore, proportionally, as ED is to DA, so is GF to FA.

[vi. 2]

But it was also proved that,

as CE is to ED, so is BG to GF ;

therefore, as CE is to ED, so is BG to GF,

and, as ED is to DA, so is GF to FA.

Therefore the given uncut straight line AB has been cut

similarly to the given cut straight line AC.

Q. E. F.

Proposition i1.

To two given straight lines to find a third proportional.

Let BA, AC be the two given straight lines, and let

them be placed so as to contain any

angle ;

thus it is required to find a third pro

portional to BA, AC.

For let them be produced to the

points D, E, and let BD be made equal

to AC; [1.3]

let BC be joined, and through D let DE

be drawn parallel to it. [1. 31]

Since, then, BC has been drawn

parallel to DE, one of the sides of the triangle ADE,

proportionally, as AB is to BD, so is AC to CE. [vi. 2]

But BD is equal to AC ;

therefore, as AB is to AC, so is AC to CE.

Therefore to two given straight lines AB, AC a. third

proportional to them, CE, has been found.

Q. E. F.

1. to find. The Greek word, here and in the next two propositions, is Tpoaevpeiv,

literally "to find in addition."

This proposition is again a particular case of the succeeding Prop. 1 2.

Given a ratio between straight lines, vi, 11 enables us to find the ratio

which is its duplicate.
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Proposition i 2.

To three given straight lines to find a fourth proportional.

Let A, B, C be the three given straight lines ;

thus it is required to find a fourth proportional to A, B, C.

 

B-

C-

Let two straight lines DE, DF be set out containing any

angle EDF ;

let DG be made equal to A, GE equal to B, and further DH

equal to C ;

let GH be joined, and let EF be drawn through E parallel

to it. [1. 31]

Since, then, GH has been drawn parallel to EF, one of

the sides of the triangle DEF,

therefore, as DG is to GE, so is DH to HF. [vi. 2]

But DG is equal to A, GE to B, and DH to C ;

therefore, as A is to B, so is C to HF.

Therefore to the three given straight lines A,B, Ca fourth

proportional HF has been found.

Q. E. f.

We have here the geometrical equivalent of the " rule of three."

It is of course immaterial whether, as in Euclid's proof, the first and

second straight lines are measured on one of the lines forming the angle and

the third on the other, or the first and third are measured on one and the

second on the other.

If it should be desired that the first and the required fourth be measured

on one of the lines, and the second and third on

the other, we can use the following construction.

Measure DE on one straight line equal to A, and

on any other straight line making an angle with

the first at the point D measure DF equal to B,

and DG equal to C. Join EF, and through G

draw GHanti-parallel to EF, i.e. make the angle

DGH equal to the angle DEF; let GH meet

DE (produced if necessary) in H.
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Dffis then the fourth proportional.

For the triangles EDF, GDH are similar, and the sides about the equal

angles are proportional, so that

BE is to DFas DG to DH,

or A is to B as C to DH.

Proposition 13.

To two given straight lines to find a mean proportional.

Let AB, BC be the two given straight lines ;

thus it is required to find a mean

proportional to AB, BC.

Let them be placed in a straight

line, and let the semicircle ADC be

described on AC;

let BD be drawn from the point B at

right angles to the straight line AC,

and let AD, DC be joined.

Since the angle ADC is an angle in a semicircle, it is

right. [hi. 31]

And, since, in the right-angled triangle ADC, DB has

been drawn from the right angle perpendicular to the base,

therefore DB is a mean proportional between the segments of

the base, AB, BC. [vi. 8, Por.]

Therefore to the two given straight lines AB, BC a mean

proportional DB has been found.

Q. E. F.

This proposition, the Book vi. version of it. 14, is equivalent to the

extraction of the square root. It further enables us, given a ratio between

straight lines, to find the ratio which is its sub-duplicate, or the ratio of which

it is duplicate.

Proposition 14.

In equal and equiangular parallelograms the sides about

the equal angles are reciprocallyproportional; and equiangular

parallelograms in which the sides about the equal angles are

reciprocally proportional are equal.
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Let AB, BC be equal and equiangular parallelograms

having the angles at B equal, and

let DB, BE be placed in a straight

line ;

therefore FB, BG are also in

a straight line. [1. 14]

I say that, in AB, BC, the

sides about the equal angles are

reciprocally proportional, that is to

say, that, as DB is to BE, so is

GB to BE.

For let the parallelogram EE be completed.

Since, then, the parallelogram AB is equal to the parallelo

gram BC,

and EE is another area,

therefore, as AB is to EE, so is BC to EE. [v. 7]

But, as AB is to EE, so is DB to BE, [vi. 1]

and, as BC is to EE, so is GB to BE. [id-]

therefore also, as DB is to BE, so is GB to BE. [v. n]

Therefore in the parallelograms AB, BC the sides about

the equal angles are reciprocally proportional.

Next, let GB be to BE as DB to BE ;

I say that the parallelogram AB is equal to the parallelogram

BC.

For since, as DB is to BE, so is GB to BE,

while, as DB is to BE, so is the parallelogram AB to the

parallelogram EE, [vi. 1]

and, as GB is to BE, so is the parallelogram BC to the

parallelogram EE, [vi. 1]

therefore also, as y4Z? is to EE, so is BC to ^5" ; [v. n]

therefore the parallelogram AB is equal to the parallelogram

BC. [v. 9]

Therefore etc.

Q. E. D.

De Morgan says upon this proposition : " Owing to the disjointed manner

in which Euclid treats compound ratio, this proposition is strangely out of

place. It is a particular case of vi. 23, being that in which the ratio of the

sides, compounded, gives a ratio of equality. The proper definition of four

magnitudes being reciprocally proportional is that the ratio compounded of

their ratios is that of equality."
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It is true that vi. 14 is a particular case of vi. 23, but, if either is out of

place, it is rather the latter that should be placed before vi. 14, since most of

the propositions between vi. 15 and vi. 23 depend upon vi. 14 and 15. But

it is perfectly consistent with Euclid's manner to give a particular case first

and its extension later, and such an arrangement often has great advantages

in that it enables the more difficult parts of a subject to be led up to more

easily and gradually. Now, if Ue Morgan's view were here followed, we

should, as it seems to me, be committing the mistake of explaining what is

relatively easy to understand, viz. two ratios of which one is the inverse of

the other, by a more complicated conception, that of compound ratio. In

other words, it is easier for a learner to realise the relation indicated by the

statement that the sides of equal and equiangular parallelograms are "recipro

cally proportional " than to form a conception of parallelograms such that

" the ratio compounded of the ratio of their sides is one of equality." For

this reason I would adhere to Euclid's arrangement.

The conclusion that, since DB, BE are placed in a straight line, FB, BG

are also in a straight line is referred to 1. 14. The deduction is made clearer

by the following steps.

The angle DBF is equal to the angle GBE ;

add to each the angle FBE ;

therefore the angles DBF, FBE are together equal to the angles GBE, FBE.

[C. N. 2]

But the angles DBF, FBE are together equal to two right angles, [1. 13]

therefore the angles GBE, FBE are together equal to two right angles,

[C.Mi]

and hence FB, BG are in one straight line. [1. 14]

The result is also obvious from the converse of 1. 15 given by Proclus

(see note on 1. 1 5).

The proposition vi. 14 contains a theorem and one partial converse of it ;

so also does vi. 15. To each proposition may be added the other partial

converse, which may be enunciated as follows, the words in square brackets

applying to the case of triangles (vi. 15).

 

 

Equal parallelograms [triangles] which have the sides about one angle in

each reciprocally proportional are equiangular [have the angles included by those

sides either equal or supplementary.]

Let AB, BC be equal parallelograms, or let FBD, EBG be equal
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triangles, such that the sides about the angles at B are reciprocally propor

tional, i.e. such that

DB : BE = GB : BF.

We shall prove that the angles FBD, EBG are either equal or supple

mentary.

Place the figures so that DB, BE are in one straight line.

Then FB, BG are either in a straight line, or not in a straight line.

(1) If FB, BG are in a straight line, the figure of the proposition

(with the diagonals FD, EG drawn) represents the facts, and

the angle FBD is equal to the angle EBG. [1. 15]

(2) If EB, BG are not in a straight line,

produce FB to Hso that BH may be equal to BG.

Join EH, and complete the parallelogram EBHK.

Now, since DB : BE = GB : BF

and GB = HB,

DB : BE = HB : BF,

and therefore, by vi. 14 or 15,

the parallelograms AB, BK are equal, or the triangles FBD, EBH are equal.

But the parallelograms AB, BCare equal, and the triangles FBD, EBG

are equal ;

therefore the parallelograms BC, BK are equal, and the triangles EBH,

EBG are equal.

Therefore these parallelograms or triangles are within the same parallels :

that is, G, C, H, K are in a straight line which is parallel to DE. [1. 39]

Now, since BG, BHare equal,

the angles BGH, BHG are equal.

By parallels, it follows that

the angle EBG is equal to the angle DBH,

whence the angle EBG is supplementary to the angle FBD.

Proposition 15.

In equal triangles which have one angle equal to one angle

the sides about the equal angles are reciprocally proportional;

and those triangles which have one angle equal to one angle,

and in which the sides about the equal angles are reciprocally

proportional, are equal.

Let ABC, ADE be equal triangles having one angle

equal to one angle, namely the angle BAC to the angle

DAE;

I say that in the triangles ABC, ADE the sides about the

equal angles are reciprocally proportional, that is to say, that,

as CA is to AD, so is EA to AB.
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For let them be placed so that CA is in a straight

line with AD;

therefore EA is also in a straight line with

AB. [i. i4]

Let BD be joined.

Since then the triangle ABC is equal to

the triangle ADE, and BAD is another

area,

therefore, as the triangle CAB is to the

triangle BAD, so is the triangle EAD to

the triangle BAD. [v. 7]

But, as CAB is to BAD, so is CA to AD, [vi. 1]

and, as EAD is to BAD, so is EA to AB. [id.]

Therefore also, as CA is to AD, so is EA to AB. [v. n]

Therefore in the triangles ABC, ADE the sides about

the equal angles are reciprocally proportional.

Next, let the sides of the triangles ABC, ADE be reci

procally proportional, that is to say, let EA be to AB as CA

to AD;

I say that the triangle ABC is equal to the triangle ADE.

For, if BD be again joined,

since, as CA is to AD, so is EA to AB,

while, as CA is to AD, so is the triangle ABC to the triangle

BAD,

and, as EA is to AB, so is the triangle EAD to the triangle

BAD, " [vi. 1]

therefore, as the triangle ABC is to the triangle BAD, so is

the triangle EAD to the triangle BAD. [v. n]

Therefore each of the triangles ABC, EAD has the same

ratio to BAD.

Therefore the triangle ABC is equal to the triangle EAD.

[v- 9]

Therefore etc.

Q. E. D.

As indicated in the partial converse given in the last note, this proposition

is equally true if the angle included by the two sides in one triangle is

supplementary, instead of being equal, to the angle included by the two sides

in the other.
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Let ABC, ADE be two triangles such that the angles BA C, DAE are

supplementary, and also

CA :AD = EA : AB.

In this case we can place the triangles so that

CA is in a straight line with AD, and AB lies

along AE (since the angle EAC, being supple

mentary to the angle EAD, is equal to the angle

BAQ.

If we join BD, the proof given by Euclid

applies to this case also.

It is true that vi. 15 can be immediately inferred from vi. 14, since a

triangle is half of a parallelogram with the same base and height. But,

Euclid's object being to give the student a grasp of methods rather than

results, there seems to be no advantage in deducing one proposition from the

other instead of using the same method on each.

 

Proposition 16.

Iffour straight lines be proportional, the rectangle con

tained by the extremes is equal to the rectangle contained by

the means ; and, if the rectangle contained by the extremes be

equal to the rectangle contained by the means, the four straight

lines will be proportional.

Let the four straight lines AB, CD, E, F be proportional,

so that, as AB is to CD, so is E to F;

I say that the rectangle contained by AB, F is equal to the

rectangle contained by CD, E.

Let AG, CH be drawn from the points A, C at right

angles to the straight lines AB, CD, and let AG be made

equal to F, and CH equal to E.

Let the parallelograms BG, DH be completed.

Then since, as AB is to CD, so is E to F,

while E is equal to CH, and F to AG,

therefore, as AB is to CD, so is CH to AG.

Therefore in the parallelograms BG, DH the sides about

the equal angles are reciprocally proportional.
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But those equiangular parallelograms in which the sides

about the equal angles are reciprocally proportional are equal ;

[vi. 14]

therefore the parallelogram BG is equal to the parallelogram

DH.

And BG is the rectangle AB, F, for AG is equal to F\

and DH is the rectangle CD, E, for E is equal to CH ;

therefore the rectangle contained by AB, F is equal to the

rectangle contained by CD, E.

Next, let the rectangle contained by AB, F be equal to

the rectangle contained by CD, E ;

I say that the four straight lines will be proportional, so that,

as AB is to CD, so is E to F.

For, with the same construction,

since the rectangle AB, F is equal to the rectangle CD, E,

and the rectangle AB, F is BG, for AG is equal to F,

and the rectangle CD, E is DH, for CH is equal to E,

therefore BG is equal to DH.

And they are equiangular.

But in equal and equiangular parallelograms the sides about

the equal angles are reciprocally proportional. [vi. 14]

Therefore, as AB is to CD, so is CH to AG.

But CH is equal to E, and AG to F;

therefore, as AB is to CD, so is E to F.

Therefore etc. q. E. d.

This proposition is a particular case of vi. 14, but one which is on all

accounts worth separate statement. It may also be enunciated in the follow

ing form :

Rectangles which have their bases reciprocally proportional to their heights

are equal in area; and equal rectangles have their bases reciprocally proportional

to their heights.

Since any parallelogram is equal to a rectangle of the same height and

on the same base, and any triangle with the same height and on the same

base is equal to half the parallelogram or rectangle, it follows that Equal

parallelograms or triangles have their bases reciprocally proportional to their

heights and vice versa.

The present place is suitable for giving certain important propositions,

including those which Simson adds to Book vi. as Props. B, C and D, which

are proved directly by means of vi. 16.

1. Proposition B is a particular case of the following theorem.

If a circle be circumscribed about a triangle ABC and there be drawn through

A any two straight lines either both within or both without the angle BAC, viz.
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AD meeting BC (produced if necessary) in D and AE meeting the circle again

in E, such that the angles DAB, EAC are equal, then the rectangle AD, AE is

equal to the rectangle BA, AC.

  

O B

Join CE.

The angles BAD, EAC are equal, by hypothesis;

and the angles ABD, AEC are equal. [m. 21, 22]

Therefore the triangles ABD, AEC are equiangular.

Hence BA is to AD as EA is to AC,

and therefore the rectangle BA, AC is equal to the rectangle AD, AE.

[vi. 16]

There are now two particular cases to be considered.

(a) Suppose that AD, AE coincide ;

ADE will then bisect the angle BAC.

(b) Suppose that AD, AE are in one straight line but that D, E are on

opposite sides of A ;

AD will then bisect the external angle at A.

 
 

In the first case (a) we have

the rectangle BA, AC equal to the rectangle EA, AD;

and the rectangle EA, AD is equal to the rectangle ED, DA together with

the square on AD, [11. 3]

i.e. to the rectangle BD, DC together with the square on AD. [in. 35]

Therefore the rectangle BA, AC is equal to the rectangle BD, DC

together with the square on AD. [This is Simson's Prop. B]

In case (6) the rectangle EA, AD is equal to the excess of the rectangle

ED, DA over the square on AD ;

therefore the rectangle BA, AC is equal to the excess of the rectangle BD,

DC over the square on AD.
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The following converse of Simson's Prop. B may be given : If a straight

line AD be drawn from the vertex A of a triangle to meet the base, so that the

square on AD together with the rectangle BD, DC is equal to the rectangle BA,

AC, the line AD will bisect the angle BAC except when the sides AB, AC are

equal, in which case every line drawn to the base will have the property men

tioned.

Let the circumscribed circle be drawn, and let AD produced meet it in

E; join CE.

The rectangle BD, DC is equal to the rectangle ED, DA. [m. 35]

Add to each the square on AD ;

therefore the rectangle BA, A C is equal to the rectangle EA, AD.

[hyp. and n. 3]

Hence AB is to AD as AE to AC. [vi. 16]

But the angle ABD is equal to the angle AEC. [111. 21]

Therefore the angles BDA, ECA are either equal or supplementary.

[vi. 7 and note]

(a) If they are equal, the angles BAD, EAC

are also equal, and AD bisects the angle BAC.

(b) If they are supplementary, the angle ADC

must be equal to the angle ACE.

Therefore the angles BAD, ABD are together

equal to the angles ACB, BCE, i.e. to the angles

A CD, BAD.

Take away the common angle BAD, and

the angles ABD, ACD are equal, or

AB is equal to AC.

Euclid himself assumes, in Prop. 67 of the Data, the result of so much of

this proposition as relates to the case where BA = AC. He assumes namely,

without proof, that, if BA=AC, and if D be any point on BC, the rectangle

BD, DC together with the square on AD is equal to the square on AB.

 

Proposition C.

Iffrom any angle of a triangle a straight line be draivn perpendicular to the

opposite side, the rectangle contained by the other two sides of the triangle is equal

to the rectangle contained by the perpendicular and the diameter of the circle

circumscribed about the triangle.

Let ABC be a. triangle and AD the perpendicular on AB. Draw the

diameter AE of the circle circumscribed about the triangle ABC.

  

Then shall the rectangle BA, A C be equal to the rectangle EA, AD.

Join EC.
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Since the right angle BDA is equal to the right angle ECA in a semi

circle, [in. 31]

and the angles ABD, AEC in the same segment are equal, [in. 21]

the triangles ABD, AEC are equiangular.

Therefore, as BA is to AD, so is EA to AC, [vi. 4]

whence the rectangle BA, AC is equal to the rectangle EA, AD. [vi. 16]

This result corresponds to the trigonometrical formula for R, the radius of

the circumscribed circle,

R^.

Proposition D.

This is the highly important lemma given by Ptolemy (ed. Heiberg, Vol. 1,

pp. 36—7) which is the basis of his calculation of the table of chords in the

section of Book 1. of the fitydXr] avvra$ii entitled " concerning the size of the

straight lines [i.e. chords] in the circle " (irtpi riji htjXikottjtos tw iv ti3 kvkA.w

(vOcl(5v).

The theorem may be enunciated thus.

The rectangle contained by the diagonals of any quadrilateral inscribed in a

circle is equal to the sum ofthe rectangles contained by the pairs of opposite sides.

I shall give the proof in Ptolemy's words, with the addition only, in

brackets, of two words applying to a second figure not given by Ptolemy.

" Let there be a circle with any quadrilateral ABCD inscribed in it, and

let AC, BD be joined.

It is to be proved that the rectangle contained by AC and BD is equal

to the sum of the rectangles AB, DC and AD, BC.

For let the angle ABE be made equal to the angle contained by DB, BC.

  

If then we add [or subtract] the angle EBD,

the angle ABD will also be equal to the angle EBC.

But the angle BDA is also equal to the angle BCE, [11I. 21]

for they subtend the same segment ;

therefore the triangle ABD is equiangular with the triangle EBC.

Hence, proportionally,

as BC is to CE, so is BD to DA. [vi. 4]

Therefore the rectangle BC, AD is equal to the rectangle BD, CE.

[vi. 16]

Again, since the angle ABE is equal to the angle DBC,

and the angle BAE is also equal to the angle BDC, [in. 21]

the triangle ABE is equiangular with the triangle DBC.

H. E. 11. IK
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[vi. 4]

[vi. 16]

Therefore, proportionally,

as BA is to AE, so is BD to DC;

therefore the rectangle BA, DC is equal to the rectangle BD, AE.

But it was also proved that

the rectangle BC, AD is equal to the rectangle BD, CE;

therefore the rectangle AC, BD as a whole is equal to the sum of the

rectangles AB, DC and AD, BC:

(being) what it was required to prove."

Another proof of this proposition, and of its converse, is indicated by

Dr Lachlan (Elements of Euclid, pp. 273—4). It depends on two preliminary

propositions.

(1) If two circles be divided, by a chord in each, into segments which are

similar respectively, the chords are proportional to the corresponding diameters.

The proof is instantaneous if we join the ends of each chord to the centre

of the circle which it divides, when we obtain two similar triangles.

(2) IfVtbe any point on the circle circumscribed about a triangle ABC, and

DX, DY, DZ be perpendicular to the sides BC, CA, AB of the triangle

respectively, then X, Y, Z lie in one straight line ; and, conversely, if the feet of

the perpendiculars from any point D on the sides of a triangle lie in one straight

line, D lies on the circle circumscribed about the triangle.

The proof depending on hi. 21, 22 is well known.

Now suppose that D is any point in the plane of a triangle ABC, and

that DX, D Y, 'DZ are perpendicular to the sides

BC, CA, AB respectively.

Join YZ, DA.

Then, since the angles at Y, Z are right,

A, Y, D, Z lie on a circle of which DA is the

diameter.

And YZ divides this circle into segments which

are similar respectively to the segments into which

BC divides the circle circumscribing ABC, since

the angles ZA Y, BA C coincide, and their supple

ments are equal.

Therefore, if d be the diameter of the circle

circumscribing ABC,

BC is to d as YZ is to DA ;

and therefore the rectangle AD, BC is equal to the rectangle d, YZ.

Similarly the rectangle BD, CA is equal to the rectangle d, ZX, and the

rectangle CD, AB is equal to the rectangle d, XY.

Hence, in a quadrilateral in general, the rectangle

contained by the diagonals is less than the sum of the

rectangles contained by the pairs of opposite sides.

Next, suppose that D lies on the circle circum

scribed about ABC, but so that A, B, C, D follow

each other on the circle in this order, as in the figure

annexed.

Let DX, DY, DZ be perpendicular to BC, CA,

AB respectively, so that X, Y, Zare in a straight line.

Then, since the rectangles AD, BC; BD, CA; CD, AB are equal to the

rectangles d, YZ; d, ZX; d, XY respectively, and XZ is equal to the sum of
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XY, YZ, so that the rectangle d, XZ is equal to the sum of the rectangles

d, XYanA d, YZ, it follows that

the rectangle AC, BD is equal to the sum of the rectangles AD, jffCand

AB, CD.

Conversely, if the latter statement is true, while we are supposed to know

nothing about the position of D, it follows that

XZ must be equal to the sum of XY, YZ,

so that X, Y, Z must be in a straight line.

Hence, from the theorem (2) above, it follows that D must lie on the

circle circumscribed about ABC, i.e. that ABCD is a quadrilateral about

which a circle can be described.

All the above propositions can be proved on the basis of Book i11. and

without using Book vi., since it is possible by the aid of m. 21 and 35 alone

to prove that in equiangular triangles the rectangles contained by the non-

corresponding sides about equal angles are equal to one another (a result arrived

at by combining vi. 4 and vi. 16). This is the method adopted by Casey,

H. M. Taylor, and Lachlan ; but I fail to see any particular advantage in it.

Lastly, the following proposition may be given which Playfair added as

vi. E. It appears in the Data of Euclid, Prop. 93, and may be thus

enunciated.

If the angle BAC of a triangle ABC be bisected by the straight line AD

meeting the circle circumscribed about the triangle in D, and if BD be joined,

then

the sum ofBA, AC is to AD as BC is to BD.

Join CD. Then, since AD bisects the angle BAC, the subtended arcs

BD, DC, and therefore the chords BD, DC, are

equal.

(1) The result can now be easily deduced from

Ptolemy's theorem.

For the rectangle AD, BC is equal to the sum of

the rectangles AB, DC and AC, BD, i.e. (since

BD, CD are equal) to the rectangle contained by

BA + AC and BD.

Therefore the sum of BA, AC is to AD as BC

is to BD. [vi. 16]

(2) Euclid proves it differently in Data, Prop. 93.

Let AD meet BC in E.

Then, since AE bisects the angle BAC,

BA is to AC as BE to EC, [vi. 3]

or, alternately,

AB is to BE as AC to CE. [v. 16]

Therefore also

BA + AC is to BC as AC to CE. [v. 12]

. Again, since the angles BAD, EAC are equal, and the angles ADB, ACE

are also equal, [m. 21]

the triangles ABD, AEC are equiangular.

Therefore AC is to CE as AD to BD. [vi. 4]
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Hence BA + AC is to BC as AD to BD, [v. n]

and, alternately,

BA + AC is to AD as .5C is to BD. [v. 16]

Euclid concludes that, if the circle ABC is given in magnitude, and the

chord j9Ccuts off a segment of it containing a given angle (so that, by Data

Prop. 87, BC and also BD are given in magnitude),

the ratio of BA + AC to AD is given,

and further that (since, by similar triangles, BD is to DE as A C is to CE,

while BA + AC is to BC as AC is to CE),

the rectangle (BA + AC), DE, being equal to the rectangle BC, BD, is

also given.

Proposition 17.

If three straight lines be proportional, the rectangle con

tained by the extremes is equal to the square on the mean ;

and, if the rectangle contained by the extremes be equal to the

square on the mean, the three straight lines will be proportional.

Let the three straight lines A, B, C be proportional, so

that, as A is to B, so is B to C ;

I say that the rectangle contained by A, C is equal to the

square on B.

Let D be made equal to B.

Then, since, as A is to B, so is B to C,

and B is equal to D,

therefore, as A is to B, so is D to C.

But, if four straight lines be proportional, the rectangle

contained by the extremes is equal to the rectangle contained

by the means. [vi. 16]

Therefore the rectangle A, C is equal to the rectangle

B, D.

But the rectangle B, D is the square on B, for B is

equal to D ;

therefore the rectangle contained by A, C is equal to the

square on B.

Next, let the rectangle A, C be equal to the square on B ;

I say that, as A is to B, so is B to C.
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For, with the same construction,

since the rectangle A, C is equal to the square on B,

while the square on B is the rectangle B, D, for B is equal

to D,

therefore the rectangle A, C is equal to the rectangle B, D.

But, if the rectangle contained by the extremes be equal

to that contained by the means, the four straight lines are

proportional. [vi. 16]

Therefore, as A is to B, so is D to C.

But B is equal to D ;

therefore, as A is to B, so is B to C.

Therefore etc. q. E. d.

vi. 17 is, of course, a particular case of vi. 16.

Proposition 18.

On a given straight line to describe a rectilineal figure

similar and similarly situated to a given rectilinealfigure.

Let AB be the given straight line and CE the given

rectilineal figure ;

thus it is required to describe on the straight line AB a

rectilineal figure similar and similarly situated to the recti

lineal figure CE.

 

 

Let DF be joined, and on the straight line AB, and at

the points A, B on it, let the angle GAB be constructed

equal to the angle at C, and the angle ABG equal to the

angle CDF. [1. 23]

Therefore the remaining angle CFD is equal to the angle

AGB; [1.32]

therefore the triangle FCD is equiangular with the triangle

GAB.

Therefore, proportionally, as FD is to GB, so is FC to

GA, and CD to AB.
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Again, on the straight line BG, and at the points B, G on

it, let the angle BGH be constructed equal to the angle DFE,

and the angle GBH equal to the angle FDE. [i. 23]

Therefore the remaining angle at E is equal to the re

maining angle at H ; [1. 321

therefore the triangle FDE is equiangular with the triangle

GBH;

therefore, proportionally, as FD is to GB, so is FE to

GH, and ED to HB. [vi. 4]

But it was also proved that, as FD is to GB, so is FC to

GA, and CD to AB ;

therefore also, as FC is to A G, so is CD to AB, and ^£"

to C//, and further ED to //2?.

And, since the angle CFD is equal to the angle AGB,

and the angle DFE to the angle BGH,

therefore the whole angle CFE is equal to the whole angle

AGH.

For the same reason

the angle CDE is also equal to the angle ABH

And the angle at C is also equal to the angle at A,

and the angle at E to the angle at H

Therefore AH is equiangular with CE ;

and they have the sides about their equal angles proportional ;

therefore the rectilineal figure AH is similar to the

rectilineal figure CE. [vi. Def. 1]

Therefore on the given straight line AB the rectilineal

figure AH has been described similar and similarly situated

to the given rectilineal figure CE.

Q. E. f.

Simson thinks the proof of this proposition has been vitiated, his grounds

for this view being (1) that it is demonstrated only with reference to

quadrilaterals, and does not show how it may be extended to figures of five or

more sides, (2) that Euclid infers, from the fact of two triangles being

equiangular, that a side of the one is to the corresponding side of the other as

another side of the first is to the side corresponding to it in the other, i.e. he

permutes, without mentioning the fact that he does so, the proportions

obtained in vi. 4, whereas the proof of the very next proposition gives, in a

similar case, the intermediate step of permutation. I think this is hyper-

criticism. As regards (2) it should be noted that the permuted form of the

proportion is arrived at first in the proof of vi. 4 ; and the omission of the
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intermediate step of alternando, whether accidental or not, is of no importance.

On the other hand, the use of this form of the proportion certainly simplifies

the proof of the proposition, since it makes unnecessary the subsequent

ex aequali steps of Simson's proof, their place being taken by the inference

[v. 11] that ratios which are the same with a third ratio are the same with one

another.

Nor is the first objection of any importance. We have only to take as the

 

 

given polygon a polygon of five sides at least, as CDEFG, join one extremity

of CD, say D, to each of the angular points other than C and E, and then

use the same mode of construction as Euclid's for any number of successive

triangles as ABL, LBK, etc., that may have to be made. Euclid's con

struction and proof for a quadrilateral are quite sufficient to show how to deal

with the case of a figure of five or any greater number of sides.

Clavius has a construction which, given the power of moving a figure

 

bodily from one position to any other, is easier. CDEFG being the given

polygon, join CE, CF. Place AB on CD so that A falls on C, and let B

fall on D, which may either lie on CD or on CD produced.

Now draw DE parallel to DE, meeting CE, produced if necessary, in E,

EF' parallel to EF, meeting CF, produced if necessary, in F, and so on.

Let the parallel to the last side but one, FG, meet CG, produced if

necessary, in G.

Then CDEFG' is similar and similarly situated to CDEFG, and it is

constructed on CD, a straight line equal to AB.

The proof of this is obvious.

A more general construction is indicated in the subjoined figure. If

CDEFG be the given polygon, suppose its angular points all joined to any

point O and the connecting straight lines produced both ways. Then, if CD,

a straight line equal to AB, be placed so that it is parallel to CD, and C, D

lie respectively on OC, OD (this can of course be done by finding fourth

proportionals), we have only to draw DE, EF, etc., parallel to the

corresponding sides of the original polygon in the manner shown.
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De Morgan would rearrange Props. 18 and 20 in the following manner.

He would combine Prop. 18 and the first part of Prop. 20 into one, with the

enunciation :

 
Gi.--"

O

 

Pairs of similar triangles, similarly put together, give similar figures ; and

every pair of similar figures is composed of pairs of similar triangles similarly

put together.

He would then make the problem of vi. 18 an application of the first part.

In form this would certainly appear to be an improvement; but, provided that

the relation of the propositions is understood, the matter of form is perhaps

not of great importance.

Proposition 19.

Similar triangles are to one another in the duplicate ratio

of the corresponding sides.

Let ABC, DEF be similar triangles having the angle at

B equal to the angle at E, and such that, as AB is to BC, so

5 is DE to EF, so that BC corresponds to EF; [v. Def. n]

I say that the triangle ABC has to the triangle DEF a ratio

duplicate of that which BC has to EF.

 

 

For let a third proportional BG be taken to BC, EF, so

that, as BC is to EF, so is EF to BG ; [vi. n]

10 and let AG be joined.

Since then, as AB is to BC, so is DE to EF,

therefore, alternately, as AB is to DE, so is BC to EF. [v. 16]
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But, as BC is to EF, so is EF to BG ;

therefore also, as AB is to DE, so is EF to BG. [v. n]

is Therefore in the triangles ABG, DEF the sides about

the equal angles are reciprocally proportional.

But those triangles which have one angle equal to one

angle, and in which the sides about the equal angles are

reciprocally proportional, are equal; [vi. 15]

20 therefore the triangle ABG is equal to the triangle DEF.

Now since, as BC is to EF, so is EF to BG,

and, if three straight lines be proportional, the first has to

the third a ratio duplicate of that which it has to the second,

[v. Def. 9]

therefore BC has to BG a ratio duplicate of that which CB

25 has to EF.

But, as CB is to BG, so is the triangle ABC to the

triangle ABG ; [vi. 1]

therefore the triangle ABC also has to the triangle ABG a

ratio duplicate of that which BC has to EF.

30 But the triangle ABG is equal to the triangle DEF]

therefore the triangle ABC also has to the triangle DEF a

ratio duplicate of that which BC has to EF.

Therefore etc.

Porism. From this it is manifest that, if three straight

35 lines be proportional, then, as the first is to the third, so is

the figure described on the first to that which is similar and

similarly described on the second.

Q. E. D.

4. and such that, as AB is to BC, so is DE to EF, literally "(triangles) having

the angle at B equal to the angle at E, and (having), as AB to BC, so DE to EF."

Having combined Prop. 18 and the first part of Prop. 20 as just indicated,

De Morgan would tack on to Prop. 19 the second part of Prop. 20, which

asserts that, if similar polygons be divided into the same number of similar

triangles, the triangles are " homologous to the wholes " (in the sense that the

polygons have the same ratio as the corresponding triangles have), and that

the polygons are to one another in the duplicate ratio of corresponding sides.

This again, though no doubt an improvement of form, would necessitate the

drawing over again of the figure of the altered Proposition 18 and a certain

amount of repetition.

Agreeably to his suggestion that Prop. 23 should come before Prop. 14

which is a particular case of it, De Morgan would prove Prop. 19 for

parallelograms by means of Prop. 23, and thence infer the truth of it for
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triangles or the halves of the parallelograms. He adds : " The method of

Euclid is an elegant application of the operation requisite to compound equal

ratios, by which the conception of the process is lost sight of." For the

general reason given in the note on vi. 14 above, I think that Euclid showed

the sounder discretion in the arrangement which he adopted. Moreover it is

not easy to see how performing the actual operation of compounding two

equal ratios can obscure the process, or the fact that two equal ratios are

being compounded. On the definition of compounded ratios and duplicate

ratio, De Morgan has himself acutely pointed out that "composition " is here

used for the process of detecting the single alteration which produces the

effect of two or more, the duplicate ratio being the result of compounding two

equal ratios. The proof of vi. 19 does in fact exhibit the single alteration

which produces the effect of two. And the operation was of the essence of

the Greek geometry, because it was the manipulation of ratios in this manner,

by simplification and transformation, that gave it so much power, as every one

knows who has read, say, Archimedes or Apollonius. Hence the introduction

of the necessary operation, as well as the theoretical proof, in this proposition

seems to me to have been distinctly worth while, and, as it is somewhat

simpler in this case than in the more general case of vi. 23, it was in

accordance with the plan of enabling the difficulties of Book vi. to be more

easily and gradually surmounted to give the simpler case first.

That Euclid wished to emphasise the importance of the method adopted,

as well as of the result obtained, in vi. 19 seems to me clearly indicated by

the Porism which follows the proposition. It is as if he should say : " I have

shown you that similar triangles are to one another in the duplicate ratio of

corresponding sides; but I have also shown you incidentally how it is possible

to work conveniently with duplicate ratios, viz. by transforming them into

simple ratios between straight lines. I shall have occasion to illustrate the

use of this method in the proof of vi. 22."

The Porism to vi. 19 presents one difficulty. It will be observed that it

speaks of the figure (t78os) described on the first straight line and of that which

is similar and similarly described on the second. If "figure" could be

regarded as loosely used for the figure of the proposition, i.e. for a triangle,

there would be no difficulty. If on the other hand " the figure " means any

rectilineal figure, i.e. any polygon, the Porism is not really established until

the next proposition, vi. 20, has been proved, and therefore it is out of place

here. Yet the correction rplymvov, triangle, for itSos, figure, is due to Theon

alone ; P and Campanus have " figure," and the reading of Philoponus and

Psellus, rtrpdyiovov, square, partly supports tiSos, since it can be reconciled with

elSos but not with rplymvov. Again the second Porism to vi. 20, in which this

Porism is reasserted for any rectilineal figure, and which is omitted by

Campanus and only given by P in the margin, was probably interpolated by

Theon. Heiberg concludes that Euclid wrote "figure" (tT8os), and Theon,

seeing the difficulty, changed the word into " triangle " here and added Por. 2

to vi. 20 in order to make the matter clear. If one may hazard a guess as to

how Euclid made the slip, may it be that he first put it after vi. 20 and then,

observing that the expression of the duplicate ratio by a single ratio between

two straight lines does not come in vi. 20 but in vi. 19, moved the Porism to

the end of vi. 19 in order to make the connexion clearer, without noticing

that, if this were done, tTSos would need correction ?

The following explanation at the end of the Porism is bracketed by

Heiberg, viz. " Since it was proved that, as CB is to BG, so is the triangle
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ABC to the triangle ABG, that is DEF." Such explanations in Porisms are

not in Euclid's manner, and the words are not in Campanus, though they date

from a time earlier than Theon.

Proposition 20.

Similar polygons are divided into similar triangles, and

into triangles equal in multitude and in the same ratio as

the wholes, and the polygon has to the polygon a ratio duplicate

of that which the corresponding side has to the corresponding

5 side.

Let ABCDE, FGHKL be similar polygons, and let AB

correspond to FG ;

I say that the polygons ABCDE, FGHKL are divided into

similar triangles, and into triangles equal in multitude and in

10 the same ratio as the wholes, and the polygon ABCDE has

to the polygon FGHKL a ratio duplicate of that which AB

has to FG.

Let BE, EC, GL, LH be joined.

 

Now, since the polygon ABCDE is similar to the polygon

,5 FGHKL,

the angle BAE is equal to the angle GFL ;

and, as BA is to AE, so is GF to FL. [vi. Def. 1]

Since then ABE, FGL are two triangles having one

angle equal to one angle and the sides about the equal angles

20 proportional,

therefore the triangle ABE is equiangular with the triangle

FGL ; [v.. 6]

so that it is also similar ; [vi. 4 and Def. 1]

therefore the angle ABE is equal to the angle FGL.
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25 But the whole angle ABC is also equal to the whole angle

FGH because of the similarity of the polygons ;

therefore the remaining angle EBC is equal to the angle

LGH.

And, since, because of the similarity of the triangles ABE,

30 FGL,

as EB is to BA, so is LG to GF,

and moreover also, because of the similarity of the polygons,

as AB is to BC, so is FG to GH,

therefore, ex aequali, as EB is to BC, so is LG to GH; [v. 22]

35 that is, the sides about the equal angles EBC, LGH are

proportional ;

therefore the triangle EBC is equiangular with the triangle

LGH, [vi. 6]

so that the triangle EBC is also similar to the triangle

40 LGH. [vi. 4 and Def. 1]

For the same reason

the triangle ECD is also similar to the triangle LHK.

Therefore the similar polygons ABCDE, FGHKL have

been divided into similar triangles, and into triangles equal in

45 multitude.

I say that they are also in the same ratio as the wholes,

that is, in such manner that the triangles are proportional,

and ABE, EBC, ECD are antecedents, while FGL, LGH,

LHK are their consequents, and that the polygon ABCDE

5° has to the polygon FGHKL a ratio duplicate of that which

the corresponding side has to the corresponding side, that is

AB to FG.

For let AC, FH be joined.

Then since, because of the similarity of the polygons,

55 the angle ABC is equal to the angle FGH,

and, as AB is to BC, so is FG to GH,

the triangle ABC is equiangular with the triangle FGH ;

[vi. 6]

therefore the angle BAC is equal to the angle GFH,

and the angle BCA to the angle GHF.

60 And, since the angle BAM is equal to the angle GFN,

and the angle ABM is also equal to the angle FGN,
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therefore the remaining angle AMB is also equal to the

remaining angle FNG ; [1. 32]

therefore the triangle ABM is equiangular with the triangle

tiFGN.

Similarly we can prove that

the triangle BMC is also equiangular with the triangle GNH.

Therefore, proportionally, as AM is to MB, so is FN to

NG,

70 and, as BM is to MC, so is GN to NH ;

so that, in addition, ex aequali,

as AM is to MC, so is FN to NH.

But, as AM is to MC, so is the triangle ABM to MBC,

and AMB to EMC; for they are to one another as their

75 bases. [vi. 1]

Therefore also, as one of the antecedents is to one of the

consequents, so are all the antecedents to all the consequents ;

[v. 12]

therefore, as the triangle AMB is to BMC, so- is ABE to

CBE.

80 But, as AMB is to BMC, so is AM to MC ;

therefore also, as AM is to MC, so is the triangle ABE to

the triangle EBC.

For the same reason also,

as FN is to NH, so is the triangle FGL to the triangle

8S GLH

And, as AMis to MC, so is FN to NH;

therefore also, as the triangle ABE is to the triangle BEC,

so is the triangle FGL to the triangle GLH ;

and, alternately, as the triangle ABE is to the triangle FGL,

90 so is the triangle BEC to the triangle GLH.

Similarly we can prove, if BD, GK be joined, that, as the

triangle BEC is to the triangle LGH, so also is the triangle

ECD to the triangle LHK.

And since, as the triangle ABE is to the triangle FGL,

95 so is EBC to LGH, and further ECD to LHK,

therefore also, as one of the antecedents is to one of the

consequents, so are all the antecedents to all the consequents ;

[v. 12]

therefore, as the triangle ABE is to the triangle FGL,

so is the polygon ABCDE to the polygon FGHKL.
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100 But the triangle ABE has to the triangle FGL a ratio

duplicate of that which the corresponding side AB has to the

corresponding side FG ; for similar triangles are in the

duplicate ratio of the corresponding sides. [vi. 19]

Therefore the polygon ABCDE also has to the polygon

i°5 FGHKL a ratio duplicate of that which the corresponding

side AB has to the corresponding side FG.

Therefore etc.

Porism. Similarly also it can be proved in the case of

quadrilaterals that they are in the duplicate ratio of the

no corresponding sides. And it was also proved in the case of

triangles ; therefore also, generally, similar rectilineal figures

are to one another in the duplicate ratio of the corresponding

sides.

Q. E. D.

1. in the same ratio as the wholes. The same word fyiAXoyos is used which I have

generally translated by "corresponding." But here it is followed by a dative, iy&kaya. rois

iXois " homologous with the wholes," instead of being used absolutely. The mean)ng can

therefore here be nothing else but "in the same ratio with" or "proportional to the

wholes " ; and Euclid seems to recognise that he is making a special use of the word,

because he explains it lower down (1. 46) : "the triangles are homologous to the wholes, that

is, in such manner that the triangles are proportional, and ABE, EBC, ECD are ante

cedents, while FGL, LGH, I.HK are their consequents."

49. iirdiuva airQv, " their consequents," is a little awkward, but may be supposed to

indicate which triangles correspond to which as consequent to antecedent.

An alternative proof of the second part of this proposition given after the

Porisms is relegated by August and Heiberg to an Appendix as an interpolation.

It is shorter than the proof in the text, and is the only one given by many

editors, including Clavitis, Billingsley, Barrow and Simson. It runs as follows:

" We will now also prove that the triangles are homologous in another and

an easier manner.

 

 

Again, let the polygons ABCDE, FGHKL be set out, and let BE, EC,

GL, LH be joined.

I say that, as the triangle ABE is to FGL, so is EBC to LGH and CDE

to HKL.

For, since the triangle ABE is similar to the triangle FGL, the triangle

ABE has to the triangle FGL a ratio duplicate of that which BE has to GL.
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For the same reason also

the triangle BEC has to the triangle GLH a ratio duplicate of that which

BE has to GL.

Therefore, as the triangle ABE is to the triangle FGL, so is BEC

to GLH.

Again, since the triangle EBC is similar to the triangle LGH,

EBChas to LGH a ratio duplicate of that which the straight line CE has

to HL.

For the same reason also

the triangle ECD has to the triangle LHK a ratio duplicate of that which

CE has to HL.

Therefore, as the triangle EBC is to LGH, so is ECD to LHK.

But it was proved that,

as EBC is to LGH, so also is ABE to FGL.

Therefore also, as ABE is to FGL, so is BEC to GLH and ECD to

LHK.

Q. K D."

Now Euclid cannot fail to have noticed that the second part of his

proposition could be proved in this way. It seems therefore that, in giving

the other and longer method, he deliberately wished to avoid using the result

of vi. 19, preferring to prove the first two parts of the theorem, as they can be

proved, independently of any relation between the areas of similar triangles.

The first part of the Porism, stating that the theorem is true of quadrilaterals,

would be superfluous but for the fact that technically, according to Book 1.

Def. 19, the term "polygon" (or figure of many sides, iroXvirXtvpov) used in the

enunciation of the proposition is confined to rectilineal figures of more than

four sides, so that a quadrilateral might seem to be excluded. The mention

of the triangle in addition fills up the tale of " similar rectilineal figures."

The second Porism, Theon's interpolation, given in the text by the editors,

but bracketed by Heiberg, is as follows :

" And, if we take O a third proportional to AB, FG, then BA has to O a

ratio duplicate of that which AB has to FG.

But the polygon has also to the polygon, or the quadrilateral to the

quadrilateral, a ratio duplicate of that which the corresponding side has to

the corresponding side, that is AB to FG;

and this was proved in the case of triangles also ;

so that it is also manifest generally that, if three straight lines be proportional,

as the first is to the third, so will the figure described on the first be to the

similar and similarly described figure on the second."

Proposition 21.

Figures which are similar to the same rectilineal figure

are also similar to one another.

For let each of the rectilineal figures A, B be similar to C;

I say that A is also similar to B.
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For, since A is similar to C,

it is equiangular with it and has the sides about the equal

angles proportional. [vi. Def. i]

 

 

 

Again, since B is similar to C,

it is equiangular with it and has the sides about the equal

angles proportional.

Therefore each of the figures A, B is equiangular with C

and with C has the sides about the equal angles proportional ;

therefore A is similar to B.

Q. E. D.

It will be observed that the text above omits a step which the editions

generally have before the final inference "Therefore A is similar to B." The

words omitted are "so that A is also equiangular with B and [with B] has the

sides about the equal angles proportional." Heiberg follows P in leaving

them out, conjecturing that they may be an addition of Theon's.

Proposition 22.

Iffour straight lines be proportional, the rectilinealfigures

similar and similarly described upon them will also be pro

portional ; and, if the rectilinealfigures similar and similarly

described upon them be proportional, the straight lines will

themselves also be proportional.

Let the four straight lines AB, CD, EF, GH be pro

portional,

so that, as AB is to CD, so is EF to GH,

and let there be described on AB, CD the similar and similarly

situated rectilineal figures KAB, LCD,

and on EF, GH the similar and similarly situated rectilineal

figures MF, NH;

I say that, as KAB is to LCD, so is MF to NH.

For let there be taken a third proportional O to AB, CD,

and a third proportional P to EF, GH. [vi. n]
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Then since, as AB is to CD, so is EF to GH,

and, as CD is to O, so is GH to P,

therefore, ex aequali, as AB is to 0, so is i^F to P. [v. 22]

But, as AB is to 0, so is KAB to ZCZ?,

and, as EF is to P, so is ^/^ to NH ; [vL 19, P°r']

therefore also, as KAB is to LCD, so is MF to NH. [v. 11]

 
 

Mf

Next, let MF be to jV77 as KAB is to LCD;

I say also that, as ^4Z? is to CD, so is EF to £//.

For, if EF is not to G77 as AB to CZ>,

let EFbe to £?/? as ^ to CD, [vi. 12]

and on (27? let the rectilineal figure SB. be described similar

and similarly situated to either of the two MF, NH. [vi. 18]

Since then, as AB is to CD, so is EF to QR,

and there have been described on AB, CD the similar and

similarly situated figures KAB, LCD,

and on EF, QR the similar and similarly situated figures

MF, SR,

therefore, as KAB is to LCD, so is MF to SR.

But also, by hypothesis,

as KAB is to L CD, so is MF to NH ;

therefore also, as MF is to 5/?, so is MF to iV77. [v. n]

Therefore MF has the same ratio to each of the figures

NH, SR ;

therefore NH is equal to SR. [v. 9]

But it is also similar and similarly situated to it ;

therefore GH is equal to QR.

H. E. 11. 16
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And, since, as AB is to CD, so is EF to QR,

while QR is equal to GH,

therefore, as AB is to CD, so is EF to GH.

Therefore etc.

Q. E. D.

The second assumption in the first step of the first part of the proof, viz.

that, as CD is to O, so GH to P, should perhaps be explained. It is a

deduction [by v. n] from the facts that

AB is to CD as CD to O,

EFis to GHa.s GHto P,

and AB is to CD as EF to GH.

The defect in the proof of this proposition is well known, namely the

assumption, without proof, that, because the figures NH, SR are equal,

besides being similar and similarly situated, their corresponding sides GH, QR

are equal. Hence the minimum addition necessary to make the proof

complete is a proof of a lemma to the effect that, if two similarfigures are also

equal, any pair ofcorresponding sides are equal.

To supply this lemma is one alternative ; another is to prove, as a

preliminary proposition, a much more general theorem, viz. that, if the

duplicate ratios of two ratios are equal, the two ratios are themselves equal.

When this is proved, the second part of vi. 22 is an immediate inference from

it, and the effect is, of course, to substitute a new proof instead of

supplementing Euclid's.

I. It is to be noticed that the lemma required as a minimum is very like

what is needed to supplement vi. 28 and 29, in the proofs of which Euclid

assumes that, if two similar parallelograms are unequal, any side in the greater

is greater than the corresponding side in the smaller. Therefore, on the whole, it

seems preferable to adopt the alternative of proving the simpler lemma which

will serve to supplement all three proofs, viz. that, if of two similar rectilineal

figures the first is greater than, equal to, or less than, the second, any side of the

first is greater than, equal to, or less than, the corresponding side of the second

respectively.

The case of equality of the figures is the case required for vi. 22 ; and the

proof of it is given in the Greek text after the proposition. Since to give such

a " lemma " after the proposition in which it is required is contrary to Euclid's

manner, Heiberg concludes that it is an interpolation, though it is earlier than

Theon. The lemma runs thus :

"But that, if rectilineal figures be equal and similar, their corresponding

sides are equal to one another we will prove thus.

Let NH, SR be equal and similar rectilineal figures, and suppose that,

as HG is to GN, so is RQ to QS;

I say that RQ is equal to HG.

For, if they are unequal, one of them is greater ;

let RQ be greater than HG.
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Then, since, as RQ is to QS, so is HG to GN,

alternately also, as RQ is to HG, so is QS to GN;

and QR is greater than ZfG ;

therefore QS is also greater than GN;

so that RS is also greater than HN*.

But it is also equal : which is impossible.

Therefore QR is not unequal to GH;

therefore it is equal to it."

[The step marked * is easy to see if it is remembered that it is only

necessary to prove its truth in the case of triangles (since similar polygons are

divisible into the same number of similar and similarly situated triangles

having the same ratio to each other respectively as the polygons have). If the

triangles be applied to each other so that the two corresponding sides of each,

which are used in the question, and the angles included by them coincide,

the truth of the inference is obvious.]

The lemma might also be arrived at by proving that, if a ratio is greater than

a ratio of equality, the ratio which is its duplicate is also greater than a ratio of

equality; and if the ratio which is duplicate of another ratio is greater than a

ratio of equality, the ratio of which it is the duplicate is also greater than a ratio

of equality. It is not difficult to prove this from the particular case of v. 25 in

which the second magnitude is equal to the third, i.e. from the fact that in

this case the sum of the extreme terms is greater than double the middle term.

II. We now come to the alternative which substitutes a new proof for the

second part of the proposition, making the whole proposition an immediate

inference from one to which it is practically equivalent, viz. that

(1) If two ratios be equal, their duplicate ratios are equal, and (2) con

versely, if the duplicate ratios of two ratios be equal, the ratios are equal.

The proof of part (1) is after the manner of Euclid's own proof of the first

part of vi. 22.

Let A be to B as C to D,

and let X be a third proportional to A, B, and Fa third proportional to C, D,

so that

A is to B as B to X,

and C is to D as D to Y;

whence A is to X in the duplicate ratio of A to B,

and C is to Y in the duplicate ratio of C to D.

Since A is to B as C is to D,

and B is to X as A is to B,

i.e. as C is to D, r .

^ . ,, |v. iII
i.e. as D is to Y, J

therefore, ex aequali, A is to X as C is to Y.

Part (2) is much more difficult and is the crux of the whole thing.

Most of the proofs depend on the assumption that, B being any magnitude

and P and Q two magnitudes of the same kind, there does exist a magnitude

A which is to B in the same ratio as P to Q. It is this same assumption

16—2
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which makes Euclid's proof of v. 18 illegitimate, since it is nowhere proved

in Book v. Hence any proof of the proposition now in question which

involves this assumption even in the case where B, P, Q are all straight lines

should not properly be given as an addition to Book v. ; it should at least be

postponed until we have learnt, by means of vi. 12, giving the actual

construction of a fourth proportional, that such a fourth proportional exists.

Two proofs which are given of the proposition depend upon the following

lemma.

IfA, B, C be three magnitudes of one kind, and D, E, F three magnitudes

of one kind, then, if

the ratio of A to B is greater than that of D to E,

and the ratio of B to C greater than that of E to F,

ex aequali, the ratio of A to C is greater than that of D to F.

One proof of this does not depend upon the assumption referred to, and

therefore, if this proof is used, the theorem can be added to Book v. The

proof is that of Hauber (Camerer's Euclid, p. 358 of Vol. 11.) and is reproduced

by Mr H. M. Taylor. For brevity we will use symbols.

Take equimultiples mA, mD of A, D and nB, nE of B, E such that

mA>nB, but mD^nE.

Also let pB, pE be equimultiples of B, E and qC, qF equimultiples of

C, .Fsuch that

pB>qC, hvXpEl^qF.

Therefore, multiplying the first line by / and the second by n, we have

pmA >pnB, pmD %-pnE,

and npB>nqC, npElf-nqF,

whence pmA >nqC, pmD"}p- nqF.

Now pmA, pmD are equimultiples of mA, mD,

and nqC, nqF equimultiples of qC, qF.

Therefore [v. 3] they are respectively equimultiples of A, D and of C, F.

Hence [v. Def. 7] A:C>D: F.

Another proof given by Clavius, though depending on the assumption

referred to, is neat.

Take G such that

G: C=E:F.

A D

C F

Q

H

Therefore B : C> G: C,

and B> G.

Therefore A :G> A :B.

[v. 13]

[v. 10]

[v. 8]



vi. 22] PROPOSITION 22 245

But

Therefore, a fortiori,

Suppose H taken such that

A :

A :

B>D

G>D

E.

E.

H: G = D :E.

Therefore A>H.

Hence A :; C>H.: C.

But H .: G = D :E,

G : C = E: F.

Therefore, ex aequali, H : C=D : F

Hence A :; C>D : F

[v. 13, io]

[v. 8]

[v. 22]

[v. 13]

Now we can prove that

Ratios of which equal ratios are duplicate are equal.

Suppose that A , B = B : c,

and D :E = E :F,

and further that A :: C=D . F

it is required to prove that

A :B = B :C,

D : E = E , F,

A :B>£> :E,

B : C>E: F

A :B = D:E.

For, if not, one of the ratios must be greater than the other.

Let A : B be the greater.

Then, since

and

while

it follows that B : C>E : F [v. 13]

Hence, by the lemma, ex aequali,

A : C>D :F,

which contradicts the hypothesis.

Thus the ratios A : B and D : E cannot be unequal; that is, they are equal.

Another proof, given by Dr Lachlan, also assumes the existence of a

fourth proportional, but depends upon a simpler lemma to the effect that

// is impossible that two different ratios can have the same duplicate ratio.

For, if possible, let the ratio A : B be duplicate both of A : X and A : Y,

so that

[v. 8]

[v- 11, 13]

[v. 10]

A :X=X .£,

and A : Y= Y :B.

Let X be greater than Y.

Then A : X<A : Y;

that is, X : B<Y: B,

or X<Y.

But X is greater than Y: which is absurd, etc.

Hence X= Y.
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Now suppose that A:B=B: C,

D:E = E:F,

and A : C=D:F

To prove that A:B = D:E.

If this is not so, suppose that

A:B = D:Z.

Since A: C=D:F,

therefore, inversely, C:A = F:D.

Therefore, ex aequali,

C:B = F:Z,

or, inversely, B: C=Z: F.

Therefore A:B=Z:F

But A : B = D : Z, by hypothesis.

Therefore D:Z=Z:F.

Also, by hypothesis, D: E=E :F;

whence, by the lemma, E = Z.

Therefore A:B = D:E.

[v. 22]

[v. n]

[v. ii]

De Morgan remarks that the best way of remedying the defect in Euclid

is to insert the proposition (the lemma to the last proof) that it is impossible

that two different ratios can have the same duplicate ratio, " which," he says,

"immediately proves the second (or defective) case of the theorem." But this

seems to be either too much or too little : too much, if we choose to make

the minimum addition to Euclid (for that addition is a lemma which shall prove

that, if a duplicate ratio is a ratio of equality, the ratio of which it is duplicate

is also one of equality), and too little if the proof is to be altered in the more

fundamental manner explained above.

I think that, if Euclid's attention had been drawn to the defect in his

proof of vi. 22 and he had been asked to remedy it, he would have done so

by supplying what I have called the minimum lemma and not by making the

more fundamental alteration. This I infer from Prop. 24 of the Data, where

he gives a theorem corresponding to the proposition that ratios of which equal

ratios are duplicate are equal. The proposition in the Data is enunciated

thus : If three straight lines be proportional, and the first have to the third a

given ratio, it will also have to the second a given ratio.

A, B, C being the three straight lines, so that

A : B = B : C,

and A : C being a given ratio, it is required to prove that A : B is also a

given ratio.

Euclid takes any straight line D, and first finds another, F, such that

D : F= A : C,

whence D : F must be a given ratio, and, as D is given, F is therefore given.

Then he takes E a mean proportional between D, F, so that

D : E = E : F.



vi. 22, 23] PROPOSITIONS 22, 23 247

It follows [vi. 1 7] that

the rectangle D, F is equal to the square on E.

But D, /"are both given ;

therefore the square on E is given, so that E is also given.

[Observe that De Morgan's lemma is here assumed without proof. It

may be proved (1) as it is by De Morgan, whose proof is that given above,

p. 245, (2) in the manner of the "minimum lemma," pp. 242—3 above, or

(3) as it is by Proclus on 1. 46 (see note on that proposition).]

Hence the ratio D : E is given.

Now, since A : C = D : F,

and A : C = (square on A ) : (rect. A, C),

while D : F= (square on D): (rect. D, F), [vi. 1]

therefore (square on A) : (rect. A, C) = (square on D) : (rect. D, F). [v. 11]

But, since A : B = B : C, (rect. A, C) = (sq. on B) ; [vi. 17]

and (rect. D, F) = (sq. on E), from above ;

therefore (square on A) : (square on B) = (sq. on D) : (sq. on E).

There/ore, says Euclid,

A : B = D : E,

that is, he assumes the truth of vi. 22 for squares.

Thus he deduces his proposition from vi. 22, instead of proving vi. 22 by

means of it (or the corresponding proposition used by Mr Taylor and

Dr Lachlan).

Proposition 23.

Equiangular parallelograms have to one another the ratio

compounded of the ratios of their sides.

Let AC, CF be equiangular parallelograms having the

angle BCD equal to the angle ECG ;

5 I say that the parallelogram AC has to the parallelogram

CF the ratio compounded of the ratios of the sides.

1K BL

L

M

For let them be placed so that BC is in a straight line

with CG ;

therefore DC is also in a straight line with CE.

• Let the parallelogram DG be completed ;

let a straight line K be set out, and let it be contrived that,

as BC is to CG, so is K to L,

and, as DC is to CE, so is L to M. [vi. 12]



248 BOOK VI [vi. 23

Then the ratios of K to L and of L to M are the same

15 as the ratios of the sides, namely of BC to CG and of DC

to CE.

But the ratio of K to M is compounded of the ratio of K

to L and of that of L to M ;

so that K has also to M the ratio compounded of the ratios

20 of the sides.

Now since, as BC is to CG, so is the parallelogram AC

to the parallelogram CH, [vi. 1]

while, as BC is to CG, so is K to L,

therefore also, as K is to L, so is AC to C//. [v. n]

25 Again, since, as DC is to CE, so is the parallelogram CH

to C/s * [vi. 1]

while, as DC is to CE, so is L to J/,

therefore also, as L is to M, so is the parallelogram CH to

the parallelogram CF. [v. u]

30 Since then it was proved that, as K is to L, so is the

parallelogram AC to the parallelogram CH,

and, as L is to J/, so is the parallelogram CH to the

parallelogram CF,

therefore, ex aequali, as K is to M, so is y^C to the parallelo-

35 gram CF.

But K has to J/ the ratio compounded of the ratios of

the sides ;

therefore AC also has to CF the ratio compounded of the

ratios of the sides.

4° Therefore etc.

Q. E. D.

1,6, 19, 36. the ratio compounded of the ratios of the sides, X6yov r&v avyKtifuvw

iK tuiv irXevpun> which, meaning literally " the ratio compounded of the sides " is negligently

written here and commonly for X6yov rbv avyKelfuvov iK t«Sv ran irXtvpuv (sc. X67w»).

11. let it be contrived that, as BC is to CG, so is K to L. The Greek phrase is

of the usual terse kind, untranslatable literally : Koi 7eyoWrw (is niv rj BV irpij ttjk TH,

oOtws i) K irpis ri A, the words meaning "and let (there) be made, as BC to CG, so A" to

/," where L is the straight line which has to be constructed.

The second definition of the Data says that A ratio is said to be given if

we can find (iropio-aaOai) [another ratio that is] the same with it. Accordingly

vi. 23 not only proves that equiangular parallelograms have to one another a

ratio which is compounded of two others, but shows that that ratio is "given"

when its component ratios are given, or that it can be represented as a simple

ratio between straight lines.
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Just as vi. 23 exhibits the operation necessary for compounding two

ratios, a proposition (8) of the Data indicates the operation by which we may

divide one ratio by another. The proposition proves that Things which

have a given ratio to the same thing have also a given ratio to one another.

Euclid's procedure is of course to compound one ratio with the inverse of the

other; but, when this is once done and the result of Prop. 8 obtained, he

uses the result in the later propositions as a substitute for the method of

composition. Thus he uses the division of ratios, instead of composition,

in the propositions of the Data which deal with the same subject-matter as

vi. 23. The effect is to represent the ratio of two equiangular parallelograms

as a ratio between straight lines one of which is one side of one of the

parallelograms. Prop. 56 of the Data shows us that, if we want to express

the ratio of the parallelogram AC to the parallelogram CF in the figure

i==l

of vi. 23 in the form of a ratio in which, for example, the side BC is the

antecedent term, the required ratio of the parallelograms is BC : X, where

DC : CE = CG : X,

or A" is a fourth proportional to DCand the two sides of the parallelogram CF.

Measure CK along CB, produced if necessary, so that

DC : CE = CG : CK

(whence CK is equal to X).

[This may be simply done by joining DG and then drawing EK parallel

to it meeting CB in K]

Complete the parallelogram AK.

Then, since DC : CE = CG : CK,

the parallelograms DK, CFare equal. [vi. 14]

Therefore (AC) : (CF) = (AC) : (DK) [v. 7]

= BC: CK [vi. i]

= BC : X.

Prop. 68 of the Data uses the same construction to prove that, If two

equiangular parallelograms have to one another a given ratio, and one side have

to one side a given ratio, the remaining side will also have to the remaining side

a given ratio.

I do not use the figure of the Data but, for convenience' sake, I adhere

to the figure given above. Suppose that the ratio of the parallelograms is

given, and also that of CD to CE.

Apply to CD the parallelogram DK equal to CF and such that CK, CB

coincide in direction. [1. 45]

Then the ratio of AC to KD is given, being equal to that of AC to CF.

And (AC) : (KD) = CB : CK;

therefore the ratio of CB to CK is given.
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But, since KD = CF,

CD: CE=CG : CK. [vi. 14]

Hence CG : CK is a given ratio.

And CB : CK was proved to be a given ratio.

Therefore the ratio of CB to CG is given. [Data, Prop. 8]

Lastly we may refer to Prop. 70 of the Data, the first part of which proves

what corresponds exactly to vi. 23, namely that, // in two equiangular paral

lelograms the sides containing the equal angles have a given ratio to one another

[i.e. one side in one to one side in the other], the parallelograms themselves will

also have a given ratio to one another. [Here the ratios of BC to CG and of

CD to CE are given.]

The construction is the same as in the last case, and we have KD equal

to CF, so that

CD : CE = CG : CK. [vi. 14]

But the ratio of CD to CE is given ;

therefore the ratio of CG to CK is given.

And, by hypothesis, the ratio of CG to CB is given.

Therefore, by dividing the ratios [Data, Prop. 8], we see that the ratio of

CB to CK, and therefore [vi. 1] the ratio of AC to DK, or of AC to CF,

is given.

Euclid extends these propositions to the case of two parallelograms which

have given but not equal angles.

Pappus (vii. p. 928) exhibits the result of vi. 23 in a different way,

which throws new light on compounded ratios. He proves, namely, that a

parallelogram is to an equiangular parallelogram as the rectangle contained by

the adjacent sides of the first is to the rectangle contained by the adjacent sides

of the second.

A

D

B Q C EH

Let AC, DFbe equiangular parallelograms on the bases BC, EF, and let

the angles at B, E be equal.

Draw perpendiculars AG, DH to BC, EF respectively.

Since the angles at B, G are equal to those at E, H,

the triangles ABG, DEHare equiangular.

Therefore BA:AG=ED: DH. [vi. 4]

But BA : AG = (rect. BA, BC) : (rect. AG, BC),

and ED : DH= (rect. ED, EF) : (rect. DH, EF). [vi. 1]

Therefore [v. 11 and v. 16]

(rect. AB, BC) : (rect. DE, EF) = (rect. AG, BC) : (rect. DH, EF)

= (AC):(DF).

Thus it is proved that the ratio compounded of the ratios AB : DE and

BC : EF is equal to the ratio of the rectangle AB, BC to the rectangle

DE, EF.
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Since each parallelogram in the figure of the proposition can be divided

into pairs of equal triangles, and all the triangles which are the halves of either

parallelogram have two sides respectively equal and the angles included by

them equal or supplementary, it can be at once deduced from Vi. 23 (or it

can be independently proved by the same method) that triangles which have

one angle of the one equal or supplementary to one angle of the other are in the

ratio compounded of the ratios of the sides about the equal or supplementary

angles. Cf. Pappus vn. pp. 894—6.

vi. 23 also shows that rectangles, and therefore parallelograms or triangles,

are to one another in the ratio compounded of the ratios of their bases and

heights.

The converse of vi. 23 is also true, as is easily proved by reductio ad

absurdum. More generally, // two parallelograms or triangles are in the ratio

compounded of the ratios of two adjacent sides, the angles included by those sides

are either equal or supplementary.

Proposition 24.

In anyparallelogram theparallelograms about the diameter

are similar both to the whole and to one another.

Let ABCD be a parallelogram, and AC its diameter,

and let EG, HK be parallelograms

about AC;

I say that each of the parallelograms

EG, HK is similar both to the whole

ABCD and to the other.

For, since EF has been drawn

parallel to BC, one of the sides of the

triangle ABC,

proportionally, as BE is to EA, so is CF to FA. [vi. 2]

Again, since FG has been drawn parallel to CD, one of

the sides of the triangle A CD,

proportionally, as CF is to FA, so is DG to GA. [vi. 2]

But it was proved that,

as CF is to FA, so also is BE to EA ;

therefore also, as BE is to EA, so is DG to GA,

and therefore, componendo,

as BA is to AE, so is DA to AG, [v. 18]

and, alternately,

as BA is to AD, so is EA to AG. [v. 16]

Therefore in the parallelograms ABCD, EG, the sides

about the common angle BAD are proportional.

And, since GF is parallel to DC,
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the angle AFG is equal to the angle DCA ;

and the angle DAC is common to the two triangles ADC,

AGF;

therefore the triangle ADC is equiangular with the triangle

AGF.

For the same reason

the triangle ACB is also equiangular with the triangle

AFE,

and the whole parallelogram ABCD is equiangular with the

parallelogram EG.

Therefore, proportionally,

as AD is to DC, so is AG to GF,

as DC is to CA, so is GF to FA,

as AC is to CB, so is AF to FE;

and further, as CB is to BA, so is FE to EA.

And, since it was proved that,

as DC is to CA, so is GT^ to FA,

and, as ^4C is to CB, so is AF to 7^,

therefore, &r aequali, as Z?C is to C#, so is GF to FE. [v. 22]

Therefore in the parallelograms ABCD, EG the sides

about the equal angles are proportional ;

therefore the parallelogram ABCD is similar to the parallelo

gram EG. [vi. Def. 1]

For the same reason

the parallelogram ABCD is also similar to the parallelogram

KH;

therefore each of the parallelograms EG, HK is similar to

ABCD.

But figures similar to the same rectilineal figure are also

similar to one another ; [vi. 21]

therefore the parallelogram EG is also similar to the parallelo

gram HK.

Therefore etc.

Q. E. D.

Simson was of opinion that this proof was made up by some unskilful

editor out of two others, the first of which proved by parallels (vi. 2) that

the sides about the common angle in the parallelograms are proportional,

while the other used the similarity of triangles (vi. 4). It is of course true
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that, when we have proved by vi. 2 the fact that the sides about the common

angle are proportional, we can infer the proportionality of the other sides

directly from 1. 34 combined with v. 7. But it does not seem to me unnatural

that Euclid should (1) deliberately refrain from making any use of 1. 34 and

(2) determine beforehand that he would prove the sides proportional in a

definite order beginning with the sides EA, AG and BA, AD about the

common angle and then taking the remaining sides in the order indicated

by the order of the letters A, G, F, E. Given that Euclid started the proof

with such a fixed intention in his mind, the course taken presents no difficulty,

nor is the proof unsystematic or unduly drawn out. And its genuineness

seems, to me supported by the fact that the proof, when once the first two

sides about the common angle have been disposed of, follows closely the

order and method of vi. 18. Moreover, it could readily be adapted to the

more general case of two polygons having a common angle and the other

corresponding sides respectively parallel.

The parallelograms in the proposition are of course similarly situated as

well as similar; and those "about the diameter" may be "about" the

diameter produced as well as about the diameter itself.

From the first part of the proof it follows that parallelograms which have

one angle equal to one angle and the sides about those angles proportional

are similar.

Prop. 26 is the converse of Prop. 24, and there seems to be no reason

why they should be separated as they are in the text by the interposition of

vi. 25. Campanus has vi. 24 and 26 as vi. 22 and 23 respectively, vi. 23 as

vi. 24, and vi. 25 as we have it.

Proposition 25.

To construct one and the same figure similar to a given

rectilinealfigure and equal to another given rectilinealfigure.

Let ABC be the given rectilineal figure to which the

figure to be constructed must be similar, and D that to which

it must be equal ;

thus it is required to construct one and the same figure similar

to ABC and equal to D.

  

Let there be applied to BC the parallelogram BE equal

to the triangle ABC [1. 44], and to CE the parallelogram CM

equal to D in the angle FCE which is equal to the angle

CBL. [.. 45]
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Therefore BC is in a straight line with CF, and LE with

EM.

Now let GH be taken a mean proportional to BC, CF

[vi. 13], and on G771et KGH be described similar and similarly

situated to ABC. [vi. 18]

Then, since, as BC is to GH, so is GH to CF,

and, if three straight lines be proportional, as the first is to

the third, so is the figure on the first to the similar and

similarly situated figure described on the second, [vi. 19, Por.]

therefore, as BC is to CF, so is the triangle ABC to the

triangle KGH.

But, as BC is to CF, so also is the parallelogram BE to

the parallelogram EF. [vi. 1]

Therefore also, as the triangle ABC is to the triangle

KGH, so is the parallelogram BE to the parallelogram EF ;

therefore, alternately, as the triangle ABC is to the parallelo

gram BE, so is the triangle KGH to the parallelogram EF.

[v. 16]

But the triangle ABC is equal to the parallelogram BE ;

therefore the triangle KGH is also equal to the parallelogram

EF.

But the parallelogram EF is equal to D ;

therefore KGH is also equal to D.

And KGH is also similar to ABC.

Therefore one and the same figure KGH has been con

structed similar to the given rectilineal figure ABC and equal

to the other given figure D.

Q. E. D.

3. to which the figure to be constructed must be similar, literally " to which it

is required to construct (one) similar," 1} Sei Sfioiov avarl\asus$<u.

This is the highly important problem which Pythagoras is credited with

having solved. Compare the passage from Plutarch (Symp. vm. 2, 4) quoted

in the note on 1. 44 above, Vol. 1. pp. 343—4.

We are bidden to construct a rectilineal figure which shall have the form of

one and the size of another rectilineal figure. The corresponding proposition

of the Data, Prop. 55, asserts that, "if an area (x<opiov) be given in form

(e"8ti) and in magnitude, its sides will also be given in magnitude."

Simson sees signs of corruption in the text of this proposition also. In

the first place, the proof speaks of the triangle ABC, though, according to the

enunciation, the figure for which ABC is taken may be any rectilineal figure,

tiSvypap-p-ov "rectilineal figure" would be more correct, or «Toos, "figure"; the

mistake, however, of using rpCyiovov is not one of great importance, being no
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doubt due to the accident by which the figure was drawn as a triangle in the

diagram.

The other observation is more important. After Euclid has proved that

(fig. ABC) : (fig. KGH) = (BE) : (EF),

he might have inferred directly from v. 14 that, since ABC is equal to BE,

KGH is equal to EF. For v. 14 includes the proof of the fact that, if A is

to B as C is to D, and A is equal to C, then B is equal to D, or that of four

proportional magnitudes, if the first is equal to the third, the second is equal

to the fourth. Instead of proceeding in this way, Euclid first permutes the

proportion by v. 16 into

(fig. ABC) : (BE) = (fig. KGH) : (EF),

and then infers, as if the inference were easier in this form, that, since the

first is equal to the second, the third is equal to the fourth. Yet there is no

proposition to this effect in Euclid. The same unnecessary step of permutation

is also found in the Greek text of xi. 23 and xn. 2, 5, n, 12 and 18. In

reproducing the proofs we may simply leave out the steps and refer to v. 14.

Proposition 26.

Iffrom a parallelogram there be taken atvay a parallelo

gram similar and similarly situated to the whole and having

a common angle with it, it is about the same diameter with the

whole.

For from the parallelogram ABCD let there be taken

away the parallelogram AF similar and

similarly situated to ABCD, and having

the angle DAB common with it ;

I say that ABCD is about the same

diameter with AF.

For suppose it is not, but, if possible,

let AHC be the diameter < ofABCD > ,

let GF be produced and carried through

to H, and let HK be drawn through H

parallel to either of the straight lines AD, BC. [1. 31]

Since, then, ABCD is about the same diameter with KG,

therefore, as DA is to AB, so is GA to AK. [vi. 24]

But also, because of the similarity of ABCD, EG,

as DA is to AB, so is GA to AE ;

therefore also, as GA is to AK, so is GA to AE. [v. n]

Therefore GA has the same ratio to each of the straight

lines AK, AE.
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Therefore AE is equal to AK [v. 9], the less to the

greater : which is impossible.

Therefore ABCD cannot but be about the same diameter

with AF;

therefore the parallelogram ABCD is about the same diameter

with the parallelogram AF.

Therefore etc.

Q. E. D.

" For suppose it is not, but, if possible, let AHC be the diameter." What

is meant is "For, if AFC is not the diameter of the parallelogram AC, let

AHC be its diameter." The Greek text has to-tw airiSv oW/xtrpos ij A<dY ;

but clearly ovtiSv is wrong, as we cannot assume that one straight line is the

diameter of both parallelograms, which is just what we have to prove. F and

V omit the aircSf, and Heiberg prefers this correction to substituting avrov

after Peyrard. I have inserted " < of ABCD > " to make the meaning clear.

If the straight line AHC does not pass through F, it must meet either

GF or GF produced in some point H. The reading in the text " and let

GF be produced and carried through to H " (KoI eK/8X»70tro-a >7 HZ Sojx^(o iirl

to ©) corresponds to the supposition that H is on GF produced. The words

were left out by Theon, evidently because in the figure of the mss. the letters

E, Z and K, © were interchanged. Heiberg therefore, following August, has

preferred to retain the words and to correct the figure, as well as the passage in

the text where AE, AK were interchanged to be in accord with the ms. figure.

It is of course possible to prove the proposition directly, as is done by

Dr Lachlan. Let AF, AC be the diagonals, and let us make no assumption

as to how they fall.

Then, since EF is parallel to AG and therefore to BC,

the angles AEF, ABC are equal.

And, since the parallelograms are similar,

AE:EF=AB: BC. [vi. Def. 1]

Hence the triangles AEF, ABC are similar, [vi. 6]

and therefore the angle FAE is equal to the angle CAB.

Therefore AF falls on AC.

The proposition is equally true if the parallelogram which is similar and

similarly situated to the given parallelogram is not " taken

away" from it, but is so placed that it is entirely outside the

other, while two sides form an angle vertically opposite to

an angle of the other. In this case the diameters are not

"the same," in the words of the enunciation, but are in

a straight line with one another. This extension of the

proposition is, as will be seen, necessary for obtaining,

according to the method adopted by Euclid in his solu

tion of the problem in vi. 28, the second solution of that

problem.
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Proposition 27.

Of all the parallelograms applied to the same straight line

and deficient byparallelogrammicfigures similar and similarly

situated to that described on the half of the straight line, that

parallelogram is greatest which is applied to the half of the

straight line and is similar to the defect.

Let AB be a straight line and let it be bisected at C;

let there be applied to the straight

line AB the parallelogram AD

deficient by the parallelogrammic

figure DB described on the half of

AB, that is, CB ;

I say that, of all the parallelograms

applied to AB and deficient by

parallelogrammic figures similar and

similarly situated to DB, AD is greatest.

For let there be applied to the straight line AB the

parallelogram AF deficient by the parallelogrammic figure

FB similar and similarly situated to DB;

I say that AD is greater than AF.

For, since the parallelogram DB is similar to the parallelo

gram FB,

they are about the same diameter. [vi. 26]

Let their diameter DB be drawn, and let the figure be

described.

Then, since CF is equal to FE, [1. 43]

and FB is common,

therefore the whole CH is equal to the whole KE.

But CH is equal to CG, since AC is also equal to CB.

[1. 36]

Therefore GC is also equal to EK.

Let CF be added to each ;

therefore the whole AF is equal to the gnomon LMN ;

so that the parallelogram DB, that is, AD, is greater than

the parallelogram AF.

Therefore etc.

Q. E. D.

H. e. 11. 17
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We have already (note on 1. 44) seen the significance, in Greek geometry,

of the theory of " the application of areas, their exceeding and their falling-

short." In 1. 44 it was a question of "applying to a given straight line

(exactly, without 'excess' or 'defect') a parallelogram equal to a given

rectilineal figure, in a given angle." Here, in vi. 27—29, it is a question

of parallelograms applied to a straight line but "deficient (or exceeding) by

parallelograms similar and similarly

situated to a given parallelogram."

Apart from size, it is easy to construct T^r

any number of parallelograms "de- .' /*\

ficient" or "exceeding" in the manner / / / >^ L L

described. Given the straight line / c F-

AB to which the parallelogram has to L .-

be applied, we describe on the base ^ N K

CB, where C is on AB, or on BA

produced beyond A, any parallelogram " similarly situated " and either equal

or similar to the given parallelogram (Euclid takes the similar and similarly

situated parallelogram on half the line), draw the diagonal BD, take on it

(produced if necessary) any points as E, K, draw EF, or KL, parallel to CD

to meet AB or AB produced and complete the parallelograms, as AH, ML.

If the point E is taken on BD or BD produced beyond D, it must be so

. taken that EF meets AB between A and B. Otherwise the parallelogram

AE would not be applied to AB itself, as it is required to be.

The parallelograms BD, BE, being about the same diameter, are similar

[vi. 24], and BE is the defect of the parallelogram AE relatively to AB.

AE is then a parallelogram applied to AB but deficient by a parallelogram

similar and similarly situated to BD.

If K is on DB produced, the parallelogram BK is similar to BD, but it

is the excess of the parallelogram AK relatively to the base AB. AK is a

parallelogram applied to AB but exceeding by a parallelogram similar and

similarly situated to BD.

Thus it is seen that BD produced both ways is the locus of points, such

as E or K, which determine, with the direction of CD, the position of A, and

the direction of AB, parallelograms applied to AB and deficient or exceeding

by parallelograms similar and similarly situated to the given parallelogram.

The importance of vi. 27—29 from a historical point of view cannot be

overrated. They give the geometrical equivalent of the algebraical solution

of the most general form of quadratic equation when that equation has a real

and positive root. It will also enable us to find a real negative root of a

quadratic equation ; for such an equation can, by altering the sign of x, be

turned into another with a real positive root, when the geometrical method

again becomes applicable. It will also, as we shall see, enable us to represent

both roots when both are real and positive, and therefore to represent both

roots when both are real but either positive or negative.

The method of these propositions was constantly used by the Greek

geometers in the solution of problems, and they constitute the foundation of

Book x. of the Elements and ol Apollonius' treatment of the conic sections.

Simson's observation on the subject is entirely justified. He says namely on

vi. 28, 29: "These two problems, to the first of which the 27th Prop. is

necessary, are the most general and useful of all in the Elements, and are

most frequently made use of by the ancient geometers in the solution of

other problems; and therefore are very ignorantly left out by Tacquet and
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Dechales in their editions of the Elements, who pretend that they are scarce

of any use."

It is strange that, with this observation before him, even Todhunter should

have written as follows. " We have omitted in the sixth Book Propositions

27, 28, 29 and the first solution which Euclid gives of Proposition 30, as they

appear now to be never required, and have been condemned as useless by

various modern commentators ; see Austin, Walker and Lardner."

vi. 27 contains the Siopioyids, the condition for a real solution, of the

problem contained in the proposition following it. The maximum of all the

parallelograms having the given property which can be applied to a given

straight line is that which is described upon half the line (to oito t^s i;/xio-tia«

avaypcufnfitvov). This corresponds to the condition that an equation of the

form

ax -px2 = A

may have a real root. The correctness of the result may be seen by taking

the case in which the parallelograms are

rectangles, which enables us to leave out

of account the sine of the angle of the

parallelograms without any real loss of

generality. Suppose the sides of the rect

angle to which the defect is to be similar

to be as b to c, b corresponding to the

side of the defect which lies along AB.

Suppose that AKFG is any parallelogram

applied to AB having the given property, that AB = a, and that FK=x.

Then

KB = -x, and therefore AK=a--x.

c c

Hence fa — x\ x = S, where S is the area of the rectangle AKFG.

Thus, given the equation

ax--x2=S,

where S is undetermined, vi. 27 tells us that, if x is to have a real value, S

cannot be greater than the rectangle CE.

Y
x \

A C5 K 0

Now CB = - , and therefore CD =
y

whence

*>\\

which is just the same result as we obtain by the algebraical method.

In the particular case where the defect of the parallelogram is to be a

square, the condition becomes the statement of the fact that, if a straight line

be divided into two parts, the rectangle contained by the parts cannot exceed the

square on half the line.

Now suppose that, instead of taking F on BD as in the figure of the

proposition, we take F on BD produced beyond D but so that DF is less

than BD.

Complete the figure, as shown, after the manner of the construction in

the proposition.

17—2
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Then the parallelogram FKBH is similar to the given parallelogram to

which the defect is to be similar. Hence the parallelogram GAKF is also a

parallelogram applied to AB and satisfying

the given condition.

We can now prove that GAKF is less

than CE or AD.

Let ED produced meet AG in O.

Now, since BF is the diagonal of the

parallelogram KH, the complements KD,

DH are equal.

But

DH= DG, and DG is greater than OF.

Therefore KD > OF.

Add OK to each ;

and AD, or CE, > AF.

This other " case " of the proposition is found in all the mss., but Heiberg

relegates it to the Appendix as being very obviously interpolated. The

reasons for this course are that it is not in Euclid's manner to give a separate

demonstration of such a " case "; it is rather his habit to give one case only

and to leave the student to satisfy himself about any others (cf. 1. 7). Internal

evidence is also against the genuineness of the separate proof. It is put after

the conclusion of the proposition instead of before it, and, if Euclid had intended

to discuss two cases, he would have distinguished them at the beginning of

the proposition, as it was his invariable practice to do. Moreover the second

" case " is the less worth giving because it can be so easily reduced to the

first. For suppose F' to be taken on BD so that FD = F'D. Produce BF

to meet AG produced in P. Complete the parallelogram BAPQ, and draw

through F' straight lines parallel to and meeting its opposite sides.

Then the complement F'Q is equal to the complement AF'.

And it is at once seen that AF, F'Q are equal and similar. Hence the

solution of the problem represented by AF or F'Q gives a parallelogram of

the same size as AF' arrived at as in the first " case."

It is worth noting that the actual difference between the parallelogram

AF and the maximum area AD that it can possibly have is represented in

the figure. The difference is the small parallelogram DF.

Proposition 28.

To a given straight line to apply a parallelogram equal to

a given rectilinealfigure and deficient by a parallelogrammic

figure similar to a given one : thus the given rectilinealfigure

must not be greater than the parallelogram described on the

half of the straight line and similar to the defect.

Let AB be the given straight line, C the given rectilineal

figure to which the figure to be applied to AB is required to

be equal, not being greater than the parallelogram described

on the half of AB and similar to the defect, and D the

parallelogram to which the defect is required to be similar ;
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thus it is required to apply to the given straight line AB a

parallelogram equal to the given rectilineal figure C and

deficient by a parallelogrammic figure which is similar to D.

Let AB be bisected at the point E, and on EB let EBFG

be described similar and similarly situated to D ; [vi. 18]

let the parallelogram AG be completed.

If then AG is equal to C, that which was enjoined will

have been done ;

for there has been applied to the given straight line AB

the parallelogram AG equal to the given rectilineal figure C

and deficient by a parallelogrammic figure GB which is similar

toZ?.

 

But, if not, let HE be greater than C.

Now HE is equal to GB ;

therefore GB is also greater than C.

Let KLMN be constructed at once equal to the excess

by which GB is greater than C and similar and similarly

situated to D. [vi. 25]

But D is similar to GB ;

therefore KM is also similar to GB. [vi. 21]

Let, then, KL correspond to GE, and LM to GF.

Now, since GB is equal to C, KM,

therefore GB is greater than KM ;

therefore also GE is greater than KL, and GF than LM.

Let GO be made equal to KL, and GP equal to LM;

and let the parallelogram OGPQ be completed ;

therefore it is equal and similar to KM.

Therefore GQ is also similar to GB; [vi. 21I

therefore GQ is about the same diameter with GB. [vi. 26]
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Let GQBbe their diameter, and let the figure be described.

Then, since BG is equal to C, KM,

and in them GQ is equal to KM,

therefore the remainder, the gnomon UWV, is equal to the

remainder C.

And, since PR is equal to OS,

let QB be added to each ;

therefore the whole PB is equal to the whole OB.

But OB is equal to TE, since the side AE is also equal

to the side EB ; [1. 36]

therefore TE is also equal to PB.

Let OS be added to each ;

therefore the whole TS is equal to the whole, the gnomon

VWU.

But the gnomon VWU was proved equal to C ;

therefore TS is also equal to C.

Therefore to the given straight line AB there has been

applied the parallelogram ST equal to the given rectilineal

figure C and deficient by a parallelogrammic figure QB which

is similar to D.

Q. E. f.

The second part of the enunciation of this proposition which states the

SiopiT/ios appears to have been considerably amplified, but not improved in

the process, by Theon. His version would read as follows. " But the given

rectilineal figure, that namely to which the applied parallelogram must be

equal (i5 8<i lo-ov -n-apaPa\tiv), must not be greater than that applied to the half

(irapa)8aXXo/itVov instead of dvaypacf>ofitvov), the defects being similar, (namely)

that (of the parallelogram applied) to the half and that (of the required

parallelogram) which must have a similar defect " (6fj.oiwv ovtw tiGv tAAu/u-

/uaruu' tov te airo rrjs rjfiurtiai Kal w 8ti ofioiov iWtiirtiv). The first amplification

"that to which the applied parallelogram must be equal" is quite unnecessary,

since "the given rectilineal figure" could mean nothing else. The above

attempt at a translation will show how difficult it is to make sense of the

words at the end ; they speak of two defects apparently and, while one may

well be the "defect on the half," the other can hardly be the given parallelogram

" to which the defect (of the required parallelogram) must be similar." Clearly

the reading given above (from P) is by far the better.

In this proposition and the next there occurs the tacit assumption (already

alluded to in the note on vi. 22) that if, of two similar parallelograms, one is

greater than the other, either side of the greater is greater than the corresponding

side of the less.
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As already remarked, vi. 28 is the geometrical equivalent of the solution

of the quadratic equation

ax— x2 = S,
c

subject to the condition necessary to admit of a real solution, namely that

c a2

s>
b- 4

The corresponding proposition in the Data is (Prop. 58), If a given (area)

be applied (i.e. in the form of a parallelogram) to a given straight line and be

deficient by a figure (i.e. a parallelogram) given in species, the breadths of the

defect are given.

To exhibit the exact correspondence between Euclid's geometrical and

the ordinary algebraical method of solving the equation we will, as before

(in order to avoid bringing in a constant dependent on the sine of the angle

of the parallelograms), suppose the parallelograms to be rectangles. To solve

the equation algebraically we change the signs and write it

- x2 — ax = — S.

c

c a2
We may now complete the square by adding -. .

T, b . c a2 c a' -
Thus -x3 - ax + -= . — = 7. S;

c b 4 b 4

and, extracting the square root, we have

- y/7'*-y/i-i~*«/i-*-S

and

Now let us observe Euclid's method.

0

Q

\

 

S B

'0

He first describes GEBF on EB (half of AB) similar to the given

parallelogram D.

He then places in one angle FGE of GEBF a similar and similarly

situated parallelogram GQ, equal to the difference between the parallelogram

GB and the area C.

With our notation,

whence

GO:OQ = c:b,

OQ=GO.
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Similarly - = EB = GE . - ,

so that GE = i . - .
a 2

Therefore the parallelogram GQ - GO2 . - ,

- c d>

and the parallelogram GB =,. —.

Thus, in taking the parallelogram GQ equal to (GB - S), Euclid really

finds GO from the equation

GO>.*- = l ±-&
c b 4

The value which he finds is

and he finds QS (or x) by subtracting GO from GE ; whence

It will be observed that Euclid only gives one solution, that corresponding

to the negative sign before the radical. But the reason must be the same as that

for which he only gives one "case" in vi. 27. He cannot have failed to see how

to add GO to GE would give another solution. As shown under the last

proposition, the other solution can be arrived at

(1) by placing the parallelogram GOQP in

the angle vertically opposite to FGE so that

GQ lies along BG produced. The parallelo

gram AQ then gives the second solution. The

side of this parallelogram lying along AB is

equal to SB. The other side is what we have

called x, and in this case

x=EG+GO

(2) A parallelogram similar and equal to AQ' can also be obtained by

producing BG till it meets AT produced and completing the parallelogram

B'ABA', whence it is seen that the complement QA' is equal to the comple

ment AQ, besides being equal and similar and similarly situated to AQ.

A particular case of this proposition, indicated in Prop. 85 of the Data, is

that in which the sides of the defect are equal, so that the defect is a rhombus

with a given angle. Prop. 85 proves that, If two straight lines contain a

given area in a given angle, and the sum

of the straight lines be given, each of them E A

will be given also. AB, BC being the

given straight lines " containing a given

area AC m a. given angle ABC," one

side CB is produced to D so that BD ^

is equal to AB, and the parallelograms are

completed. Then, by hypothesis, CD is of given length, and A C is a parallelo
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gram applied to CD falling short by a rhombus (AD) with a given angle

EDB. The case is thus a particular case of Prop. 58 of the Data quoted

above (p. 263) as corresponding to vi. 28.

A particular case of the last, that namely in which the defect is a square,

corresponding to the equation

ax — x2 - 6s,

is important. This is the problem of applying to a given straight line a

rectangle equal to a given area and falling short by a square ; and it can be

solved, without the aid of Book vi., as shown above under 11. 5 (Vol. 1.

PP- 383—4)-

Proposition 29.

To a given straight line to apply a parallelogram equal to

a given rectilinealfigure and exceeding by a parallelogrammic

figure similar to a given one.

Let AB be the given straight line, C the given rectilineal

figure to which the figure to be applied to AB is required to

be equal, and D that to which the excess is required to be

similar ;

thus it is required to apply to the straight line AB a parallelo

gram equal to the rectilineal figure C and exceeding by a

parallelogrammic figure similar to D.

 

Let AB be bisected at E ;

let there be described on EB the parallelogram BE similar

and similarly situated to D ;

and let GH be constructed at once equal to the sum of BF,

C and similar and similarly situated to D. [vt. 25]

Let KH correspond to FL and KG to FE.

Now, since GH is greater than FB,

therefore KH is also greater than FL, and KG than FE.
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Let FL, FE be produced,

let FLM be equal to KH, and FEN to KG,

and let MN be completed ;

therefore MN is both equal and similar to GH.

But GH is similar to EL ;

therefore MN is also similar to EL ; [vi. 21]

therefore EL is about the same diameter with MN. [vi. 26]

Let their diameter FO be drawn, and let the figure be

described.

Since GH is equal to EL, C,

while GH is equal to MN,

therefore MN is also equal to EL, C.

Let EL be subtracted from each ;

therefore the remainder, the gnomon XWV, is equal to C.

Now, since AE is equal to EB,

AN is also equal to NB [1. 36], that is, to LP [1. 43]-

Let iTO be added to each ;

therefore the whole AO is equal to the gnomon VWX.

But the gnomon VWX is equal to C ;

therefore AO is also equal to C

Therefore to the given straight line AB there has been

applied the parallelogram AO equal to the given rectilineal

figure C and exceeding by a parallelogrammic figure QP

which is similar to D, since PQ is also similar to EL [vi. 24].

Q. E. F.

The corresponding proposition in the Data is (Prop. 59), If a given (area)

be applied (i.e. in the form of a parallelogram) to a given straight line exceeding

by a figure given in species, the breadths of the excess are given.

The problem of vi. 29 corresponds of course to the solution of the

quadratic equation

ax + - x' = S.

c

The algebraical solution of this equation gives

c
x = -y

The exact correspondence of Euclid's method to the algebraical solution

may be seen, as in the case of vi. 28, by supposing the parallelograms to be

rectangles. In this case Euclid's construction on EB of the parallelogram

EL similar to D is equivalent to finding that

-P c a co2

FE = -.- , and EL = 1 . — .

b 2 b 4

\+-M**sY
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His determination of the similar parallelogram MN equal to the sum of EL

and 5 corresponds to proving that

-.„ bed'

FN2 . - = t . - + S,

c b 4

or

whence x is found as

™-M¥°)-

Euclid takes, in this case, the solution corresponding to the positive sign

before the radical because, from his point of view, that would be the only

solution.

No Siopio-/ios is necessary because a real geometrical solution is always

possible whatever be the size of 5.

Again the Data has a proposition indicating the particular case in which

the excess is a rhombus with a given angle. Prop. 84 proves that, If two

straight lines contain a given area in a given angle, and one of the straight lines

is greater than the other by a given straight line, each of the two straight lines is

given also. The proof reduces the proposition to a particular case of Data,

Prop. 59, quoted above as corresponding to vi. 29.

Again there is an important particular case which can be solved by means

of Book 11. only, as shown under 11. 6 above (Vol. 1. pp. 386—8), the case namely

in which the excess is a square, corresponding to the solution of the equation

ax + x2 = P.

This is the problem of applying to a given straight line a rectangle equal to a

given area and exceeding by a square.

Proposition 30.

To cut a given finite straight line in extreme and mean

ratio.

Let AB be the given finite straight line ;

thus it is required to cut AB in extreme and mean ratio.

On AB let the square BC be described ;

and let there be applied to AC the parallelo- n_ c u

gram CD equal to BC and exceeding by

the figure AD similar to BC. [vi. 29]

Now BC is a square ;

therefore AD is also a square.

And, since BC is equal to CD,

let CE be subtracted from each ;

therefore the remainder BF is equal to

the remainder AD.

e B
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But it is also equiangular with it ;

therefore in BE, AD the sides about the equal angles are

reciprocally proportional ; [vi. 14]

therefore, as FE is to ED, so is AE to EB.

But FE is equal to AB, and ED to AE.

Therefore, as BA is to AE, so is AE to EB.

And AB is greater than AE ;

therefore AE is also greater than EB.

Therefore the straight line AB has been cut in extreme

and mean ratio at E, and the greater segment of it is AE.

Q. E. f.

It will be observed that the construction in the text is a direct application

of the preceding Prop. 29 in the particular case where the excess of the

parallelogram which is applied is a square. This fact coupled with the

position of vi. 30 is a sufficient indication that the construction is Euclid's.

In one place Theon appears to have amplified the argument. The text

above says " But FE is equal to AB," while the mss. B, F, V and p have

"But FE is equal to AC, that is, to AB."

The mss. give after ovtp iSti irmrjo-ai an alternative construction which

Heiberg relegates to the Appendix. The text-books give this construction

alone and leave out the other. It will be remembered that the alternative

proof does no more than refer to the equivalent construction in 11. n.

"Let AB be cut at C so that the rectangle AB, BC is equal to the

square on CA. [11. 11]

Since then the rectangle AB, BC is equal to the square on CA,

therefore, as BA is to AC, so is AC to CB. [vi. 17]

Therefore AB has been cut in extreme and mean ratio at C."

It is intrinsically improbable that this alternative construction was added

to the other by Euclid himself. It is however just the kind of interpolation

that might be expected from an editor. If Euclid had preferred the alternative

construction, he would have been more likely to give it alone.

Proposition 31.

In right-angled triangles the figure on the side subtending

the right angle is equal to the similar and similarly described

figures on the sides containing the right angle.

Let ABC be a right-angled triangle having the angle BAC

right ;

I say that the figure on BC is equal to the similar and

similarly described figures on BA, AC.

Let AD be drawn perpendicular.

Then since, in the right-angled triangle ABC, AD has
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been drawn from the right angle at A perpendicular to the

base BC,

the triangles ABD, ADC adjoin

ing the perpendicular are similar

both to the whole ABC and to

one another. [vi. 8]

And, since ABC is similar to

ABD,

therefore, as CB is to BA, so is

AB to BD. [vi. Def. 1]

And, since three straight lines

are proportional,

as the first is to the third, so is the figure on the first to the

similar and similarly described figure on the second, [vi. 19, Por.]

Therefore, as CB is to BD, so is the figure on CB to the

similar and similarly described figure on BA.

For the same reason also,

as BC is to CD, so is the figure on BC to that on CA ;

so that, in addition,

as BC is to BD, DC, so is the figure on BC to the similar

and similarly described figures on BA, AC.

But BC is equal to BD, DC ;

therefore the figure on BC is also equal to the similar and

similarly described figures on BA, AC.

Therefore etc.

Q. E. D.

As we have seen (note on 1. 47), this extension of 1. 47 is credited by

Proclus to Euclid personally.

There is one inference in the proof which requires examination. Euclid

proves that

CB : BD = (figure on CB) : (figure on BA),

and that BC : CD = (figure on BC) : (figure on CA),

and then infers directly that

BC : (BD+ C£>) = (fig. on BC) : (sum of figs, on BA and AC).

Apparently v. 24 must be relied on as justifying this inference. But it is not

directly applicable ; for what it proves is that, if

a : b = c : d,

and e : b =/ : d,

then (a + e) : b = (c +/) : d.

Thus we should invert the first two proportions given above (by Simson's
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Prop. B which, as we have seen, is a direct consequence of the definition of

proportion), and thence infer by v. 24 that

(BD + CD) : BC = (sum of figs, on BA, AC) : (fig. on BC).

But BD + CD is equal to BC;

therefore (by Simson's Prop. A, which again is an immediate consequence of

the definition of proportion) the sum of the figures on BA, AC is equal to

the figure on BC.

The mss. again give an alternative proof which Heiberg places in the

Appendix. It first shows that the similar figures on the three sides have the

same ratios to one another as the squares on the sides respectively. Whence,

by using 1. 47 and the same argument based on v. 24 as that explained above,

the result is obtained.

If it is considered essential to have a proof which does not use Simson's

Props. B and A or any proposition but those actually given by Euclid, no

method occurs to me except the following.

Eucl. v. 22 proves that, if a, b, c are three magnitudes, and d, e, f three

others, such that

a : b = d : e,

b:c = e:f,

then, ex aequali, a : e-d :/.

If now in addition a : b-b : c,

so that, also, d : e = e :/,

the ratio a : c is duplicate of the ratio a : b, and the ratio d : f duplicate of

the ratio d : e, whence the ratios which are duplicate of equal ratios are equal.

Now (fig. on AC) : (fig. on AB) = the ratio duplicate of AC : AB

= the ratio duplicate of CD : DA

= CD : BD.

Hence (sum of figs, on AC, AB) : (fig. on AB) = BC : BD. [v. 18]

But (fig. on BC) : (fig. on AB) = BC : BD

(as in Euclid's proof).

Therefore the sum of the figures on A C, AB has to the figure on AB the

same ratio as the figure on BC has to the figure on AB, whence

the figures on AC, AB are together equal to the figure on BC. [v. 9]

Proposition 32.

If two triangles having two sides proportional to two sides

be placed together at one angle so that their corresponding sides

are also parallel, the remaining sides of the triangles will be

in a straight line.

Let ABC, DCE be two triangles having the two sides

BA, AC proportional to the two sides DC, DE, so that, as

AB is to AC, so is DC to DE, and AB parallel to DC, and

AC to DE;

I say that BC is in a straight line with CE.
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For, since AB is parallel to DC,

and the straight line AC has fallen upon them,

the alternate angles BAC, ACD

are equal to one another. [1. 29]

For the same reason

the angle CDE is also

equal to the angle ACD ;

so that the angle BAC is equal

to the angle CDE.

And, since ABC, DCE are

two triangles having one angle, the angle at A, equal to one

angle, the angle at D,

and the sides about the equal angles proportional,

so that, as BA is to AC, so is CD to DE,

therefore the triangle ABC is equiangular with the

triangle DCE ; [vi. 6]

therefore the angle ABC is equal to the angle DCE.

But the angle ACD was also proved equal to the angle

BAC;

therefore the whole angle ACE is equal to the two angles

ABC, BAC.

Let the angle ACB be added to each ;

therefore the angles ACE, ACB are equal to the angles BAC,

ACB, CBA.

But the angles BAC, ABC, ACB are equal to two right

angles ; [1. 32]

therefore the angles ACE, ACB are also equal to two

right angles.

Therefore with a straight line AC, and at the point C on

it, the two straight lines BC, CE not lying on the same side

make the adjacent angles ACE, ACB equal to two right

angles ;

therefore BC is in a straight line with CE. [1. 14]

Therefore etc.

Q. E. D.

It has often been pointed out (e.g. by Clavius, Lardner and Todhunter)

that the enunciation of this proposition is not precise enough. Suppose that
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ABC is a triangle. From C draw CD parallel to BA and of any length.

From D draw DE parallel to CA and of such length that

CD:DE=BA:AC.

Then the triangles ABC, ECD, which have the angular point C common

literally satisfy Euclid's enunciation ; but by no possi

bility can CE be in a straight line with CB if, as E

in the case supposed, the angles included by the ^

corresponding sides are supplementary (unless both are

right angles). Hence the included angles must be / \ \ ?®

equal, so that the triangles must be similar. That

being so, if they are to have nothing more than one

angular point common, and two pairs of corresponding

sides are to be parallel as distinguished from one or both being in the same

straight line, the triangles can only be placed so that the corresponding sides

in both are on the same side of the third side of either, and the sides (other

than the third sides) which meet at the common angular point are not corre

sponding sides.

Todhunter remarks that the proposition seems of no use. Presumably he

did not know that it is used by Euclid himself in xm. 17. This is so

however, and therefore it was not necessary, as several writers have thought, to

do away with the proposition and find a substitute which should be more useful.

1. De Morgan proposes this theorem : "If two similar triangles be placed

with their bases parallel, and the equal angles at the bases towards the same

parts, the other sides are parallel, each to each ; or one pair of sides are in

the same straight line and the other pair are parallel."

2. Dr Lachlan substitutes the somewhat similar theorem, " If two similar

triangles be placed so that two sides of

the one are parallel to the corresponding D

sides of the other, the third sides are A /\

parallel." /\ / \

But it is to be observed that these G/--—X Z- A

propositions can be proved without / \

using Book vi. at all; they can be / \

proved from Book 1., and the triangles » c

may as well be called "equiangular"

simply. It is true that Book vi. is no more than formally necessary to

Euclid's proposition. He merely uses vi. 6 because his enunciation does not

say that the triangles are similar ; and he only proves them to be similar in

order to conclude that they are equiangular. From this point of view

Mr Taylor's substitute seems the best, viz.

3. " If two triangles have sides parallel in pairs, the straight lines joining

the corresponding vertices meet in a point,

or are parallel."

Simson has a theory (unnecessary in

the circumstances) as to the possible

object of vi. 32 as it stands. He points

out that the enunciation of vi. 26 might

be more general so as to cover the case

of similar and similarly situated parallelo

grams with equal angles not coincident

but vertically opposite. It can then be proved that the diagonals drawn
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through the common angular point are in one straight line. If ABCF, CDEG

be similar and similarly situated parallelograms,

so that BCG, DCF are straight lines, and if

the diagonals AC, CE be drawn, the triangles

ABC, CDE are similar and are placed exactly

as described in Vi. 32, so that AC, CE are in a

straight line. Hence Simson suggests that

there may have been, in addition to the in

direct demonstration in vi. 26, a direct proof

covering the case just given which may have

used the result of vi. 32. I think however

that the place given to the latter proposition in Book vi. is against this view.

 

Proposition 33.

In equal circles angles have the same ratio as the circum

ferences on which they stand, whether they stand at the centres

or at the circumferences.

Let ABC, DEF be equal circles, and let the angles BGC,

EHFbe angles at their centres G, H, and the angles BAC,

EDF angles at the circumferences ;

I say that, as the circumference BC is to the circumference

EF, so is the angle BGC to the angle EHF, and the angle

BAC to the angle EDF.

 

For let any number of consecutive circumferences CK,

KL be made equal to the circumference BC,

and any number of consecutive circumferences FM, MN equal

to the circumference EF;

and let GK, GL, HM, UN be joined.

Then, since the circumferences BC, CK, KL are equal

to one another,

the angles BGC, CGK, KGL are also equal to one another ;

[1n. 27]

H. E. 11. iS
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therefore, whatever multiple the circumference BL is of BC,

that multiple also is the angle BGL of the angle BGC.

For the same reason also,

whatever multiple the circumference NE is of EF, that

multiple also is the angle NHE of the angle EHF.

If then the circumference BL is equal to the circumference

EN, the angle BGL is also equal to the angle EHN ; [m. 27]

if the circumference BL is greater than the circumference

EN, the angle BGL is also greater than the angle EHN ;

and, if less, less.

There being then four magnitudes, two circumferences

BC, EF, and two angles BGC, EHF,

there have been taken, of the circumference BC and the angle

BGC equimultiples, namely the circumference BL and the

angle BGL,

and of the circumference EF and the angle EHF equi

multiples, namely the circumference EN and the angle EHN.

And it has been proved that,

if the circumference BL is in excess of the circumference EN,

the angle BGL is also in excess of the angle EHN ;

if equal, equal ;

and if less, less.

Therefore, as the circumference BC is to EF, so is the

angle BGC to the angle EHF. [v. Def. 5]

But, as the angle BGC is to the angle EHF, so is the

angle BAC to the angle EDF; for they are doubles respec

tively.

Therefore also, as the circumference BC is to the circum

ference EF, so is the angle BGC to the angle EHF, and

the angle BAC to the angle EDF.

Therefore etc.

Q. E. D.

This proposition as generally given includes a second part relating to sectors

of circles, corresponding to the following words added to the enunciation :

"and further the sectors, as constructed at the centres" («ri St Kal ol TOp.tU art

[or oire] irpos toIs KtWpois irui/icrTa/iti'oi). There is of course a corresponding

addition to the "definition" or "particular statement," "and further the sector

GBOC to the sector HEQF." These additions are clearly due to Theon, as

may be gathered from his own statement in his commentary on the naOrjp.aTiKrj

<rvvra$ii of Ptolemy, " But that sectors in equal circles are to one another as

the angles on which they stand, has been proved by me in my edition of the
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Elements at the end of the sixth book." Campanus omits them, and P has them

only in a later hand in the margin or between the lines. Theon's proof scarcely

needs to be given here in full, as it can easily be supplied. From the equality

of the arcs BC, CK he infers [in. 29] the equality of the chords BC, CK.

Hence, the radii being equal, the triangles GBC, GCK are equal in all

respects [1. 8, 4]. Next, since the arcs BC, CK are equal, so are the arcs

BAC, CAK. Therefore the angles at the circumference subtended by the

latter, i.e. the angles in the segments BOC, CPK, are equal [111. 27], and the

segments are therefore similar [in. Def. 11] and equal [in. 24].

Adding to the equal segments the equal triangles GBC, CCA' respectively,

we see that

the sectors GBC, GCK are equal.

Thus, in equal circles, sectors standing on equal arcs are equal ; and the rest

of the proof proceeds as in Euclid's proposition.

As regards Euclid's proposition itself, it will be noted that (1), besides

quoting the theorem in in. 27 that in equal circles angles which stand on

equal arcs are equal, the proof assumes that the angle standing on a greater

arc is greater and that standing on a less arc is less. This is indeed a suffi

ciently obvious deduction from in. 27.

(2) Any equimultiples whatever are taken of the angle BGC and the arc

BC, and any equimultiples whatever of the angle EHF and the arc EF.

(Accordingly the words "any equimultiples whatezter" should have been used in

the step immediately preceding the inference that the angles are proportional

to the arcs, where the text merely states that there have been taken of the

circumference Z?Cand the angle BGC equimultiples BL and BGL.) But, if

any multiple of an angle is regarded as being itself an angle, it follows that the

restriction in 1. Deff. 8, 10, 11, 12 of the term angle to an angle less than two

right angles is implicitly given up ; as De Morgan says, " the angle breaks

prison." Mr Dodgson (Euclid and his Modern Rivals, p. 193) argues that

Euclid conceived of the multiple of an angle as so many separate angles not

added together into one, and that, when it is inferred that, where two such

multiples of an angle are equal, the arcs subtended are also equal, the argu

ment is that the sum total of the first set of angles is equal to the sum total

of the second set, and hence the second set can be broken up and put

together again in such amounts as to make a set equal, each to each, to the

first set, and then the sum total of the arcs will evidently be equal also. If

on the other hand the multiples of the angles are regarded as single angular

magnitudes, the equality of the subtending arcs is not inferrible directly from

Euclid, because his proof of in. 26 only applies to cases where the angle is

less than the sum of two right angles. (As a matter of fact, it is a question of

inferring equality of angles or multiples of angles from equality of arcs, and

not the converse, so that the reference should have been to in. 27, but this

does not affect the question at issue.) Of course it is against this view of

Mr Dodgson that Euclid speaks throughout of "the angle BGL" and "the

angle EHN " (iJ W BHA ymvia, rj vVo E@N ymvla). I think the probable

explanation is that here, as in in. 20, 21, 26 and 27, Euclid deliberately took

no cognisance of the case in which the multiples of the angles in question

would be greater than two right angles. If his attention had been called to

the fact that in. 20 takes no account of the case where the segment is less

than a semicircle, so that the angle in the segment is obtuse, and therefore the

"angle at the centre" in that case (if the term were still applicable) would be

18—2
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greater than two right angles, Euclid would no doubt have refused to regard

the latter as an angle, and would have represented it otherwise, e.g. as the

sum of two angles or as what is left when an angle in the true sense is sub

tracted from four right angles. Here then, if Euclid had been asked what

course he would take if the multiples of the angles in question should be

greater than two right angles, he would probably have represented them, I

think, as being equal to so many right angles plus an angle less than a right

angle, or so many times two right angles plus an angle, acute or obtuse. Then

the equality of the arcs would be the equality of the sums of so many circum

ferences, semi-circumferences or quadrants plus arcs less than a semicircle or

a quadrant. Hence I agree with Mr Dodgson that vi. 33 affords no evidence

of a recognition by Euclid of " angles " greater than two right angles.

Theon adds to his theorem about sectors the Porism that, As the sector is

to the sector, so also is the angle to the angle. This corollary was used by

Zenodorus in his tract irtpl iirop.irpwv <rxiH"*™* preserved by Theon in his

commentary on Ptolemy's otWo£is, unless indeed Theon himself interpolated

the words (ws 8' 6 ro/itvs irpbi Toy Tofxia, tj xmb E®A yiavia irpbs rijv viro M@A).



BOOK VII.

DEFINITIONS.

i. An unit is that by virtue of which each of the things

that exist is called one.

2. A number is a multitude composed of units.

3. A number is a part of a number, the less of the

greater, when it measures the greater ;

4. but parts when it does not measure it.

5. The greater number is a multiple of the less when

it is measured by the less.

6. An even number is that which is divisible into two

equal parts.

7. An odd number is that which is not divisible into

two equal parts, or that which differs by an unit from an

even number.

8. An even-times even number is that which is

measured by an even number according to an even number.

9. An even-times odd number is that which is

measured by an even number according to an odd number.

10. An odd-times odd number is that which is

measured by an odd number according to an odd number.
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ii. A prime number is that which is measured by an

unit alone.

1 2. Numbers prime to one another are those which

are measured by an unit alone as a common measure.

13. A composite number is that which is measured

by some number.

14. Numbers composite to one another are those

which are measured by some number as a common measure.

1 5. A number is said to multiply a number when that

which is multiplied is added to itself as many times as there

are units in the other, and thus some number is produced.

16. And, when two numbers having multiplied one

another make some number, the number so produced is

called plane, and its sides are the numbers which have

multiplied one another.

17. And, when three numbers having multiplied one

another make some number, the number so produced is

solid, and its sides are the numbers which have multiplied

one another.

18. A square number is equal multiplied by equal, or

a number which is contained by two equal numbers.

19. And a cube is equal multiplied by equal and again

by equal, or a number which is contained by three equal

numbers.

20. Numbers are proportional when the first is the

same multiple, or the same part, or the same parts, of the

second that the third is of the fourth.

21. Similar plane and solid numbers are those which

have their sides proportional.

22. A perfect number is that which is equal to its own

parts.
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Definition i.

Movas icrriv, Ka6' rjv IKao-rov riov Hvrmv iv Xeyerau

Iamblichus (fl. circa 300 a.d.) tells us (Comm. on Nicomachus, ed. Pistelli,

p. 1 1, 5) that the Euclidean definition of an unit or a monad was the definition

given by " more recent " writers (01 vtwrtpoi), and that it lacked the words

"even though it be collective" (K&v av<rrqpariKov 77). He also gives (ibid.

p. n) a number of other definitions. (1) According to "some of the Pytha

goreans," " an unit is the boundary between number and parts " (p.ovd.<; ianv

apiOp.ov Kal finpiwv p.tOopiov), " because from it, as from a seed and eternal

root, ratios increase reciprocally on either side," i.e. on one side we have

multiple ratios continually increasing and on the other (if the unit be sub

divided) submultiple ratios with denominators continually increasing. (2) A

somewhat similar definition is that of Thymaridas, an ancient Pythagorean,

who defined a monad as " limiting quantity " (irtpalvovaa n-oo-onjs), the

beginning and the end of a thing being equally an extremity (n-tpas). Perhaps

the words together with their explanation may best be expressed by " limit of

fewness." Theon of Smyrna (p. 18, 6, ed. Hiller) adds the explanation that

the monad is "that which, when the multitude is diminished by way of

continued subtraction, is deprived of all number and takes an abiding position

(fiovrjv) and rest." If, after arriving at an unit in this way, we proceed to divide

the unit itself into parts, we straightway have multitude again. (3) Some, ac

cording to Iamblichus (p. 11, 16), defined it as the "form of forms" (tlSav tloos)

because it potentially comprehends all forms of number, e.g. it is a polygonal

number of any number of sides from three upwards, a solid number in all

forms, and so on. (We are forcibly reminded of the latest theories of number

as a "Gattung" of " Mengen " or as a "class of classes.") (4) Again an

unit, says Iamblichus, is the first, or smallest, in the category of how many

(iroo-ov), the common part or beginning of how many. Aristotle defines it as

"the indivisible in the (category of) quantity," to koto to i1-oow a&iaiperov

(Metaph. 1089 b 35), iroaov including in Aristotle continuous as well as

discrete quantity ; hence it is distinguished from a point by the fact that it

has not position : " Of the indivisible in the category of, and qua, quantity,

that which is every way (indivisible) and destitute of position is called an

unit, and that which is every way indivisible and has position is a point"

(Metaph. 10 16 b 25). (5) In accordance with the last distinction, Aristotle

calls the unit "a point without position," o-rry/z^ aOtros (Metaph. 1084 b 26).

(6) Lastly, Iamblichus says that the school of Chrysippus defined it in a con

fused manner (<rvyKtxyp-tvms) as "multitude one (ir\rjOoi lc)," whereas it is

alone contrasted with multitude. On a comparison of these definitions, it

would seem that Euclid intended his to be a more popular one than those

of his predecessors, 8^p0)6>79, as Nicomachus called Euclid's definition of an

even number.

The etymological signification of the word p.ova<; is supposed by Theon of

Smyrna (p. 19, 7—13) to be either (1) that it remains unaltered if it be

multiplied by itself any number of times, or (2) that it is separated and isolated

(pup-ovwo-Oai) from the rest of the multitude of numbers. Nicomachus also

observes (1. 8, 2) that, while any number is half the sum (1) of the adjacent

numbers on each side, (2) of numbers equidistant on each side, the unit is

most solitary (fwvwrd-rr]) in that it has not a number on each side but only on

one side, and it is half of the latter alone, i.e. of 2.
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Definition 2.

'ApiOfJjbs 8t to tK fi.ovaStov avyKtifitvov irXij6oi;.

The definition of a number is again only one out of many that are on

record. Nicomachus (1. 7, 1) combines several into one, saying that it is

"a defined multitude (irXi^os vpio-pAvov), or a collection of units (pora'oW

owr>7/ia), or a flow of quantity made up of units " (irocrorirros xv'/ia tK /xovaoW

o-vyKti/u.tvov). Theon, in words almost identical with those attributed by

Stobaeus (Eclogae, 1. 1, 8) to Moderatus, a Pythagorean, says (p. 18, 3—5):

" A number is a collection of units, or a progression (irpoiro8«r/xo"s) of mul

titude beginning from an unit and a retrogression (avairo8urp.6s) ceasing at an

unit." According to Iamblichus (p. 10) the description "collection of units"

(povdoW o-v'o-nj/ia) was applied to the h<nv many, i.e. to number, by Thales,

following the Egyptian view (Kara t6 AryinrrmKov aplo-Kov), while it was

Eudoxus the Pythagorean who said that a number was "a defined multitude"

(irXr}6oi mpurfxivov). Aristotle has a number of definitions which come to the

same thing: "limited multitude" (tcXtjGos t6 ireirtpa0-/xeV0v, Metaph. 1020 a

13), "multitude" (or "combination") "of units" or "multitude of indivi

sibles" (ibid. 1053 a 30, 1039 a 12, 1085 b 22), "several ones" (Iva ir\tim,

Phys. in. 7, 207 b 7), "multitude measurable by one" (Metaph. 1057 a 3)

and " multitude measured and multitude of measures," the " measure " being

unity, to h (ibid. 1088 a 5).

Definition 3.

MCpos IcttIv apiOp.bt apiOp.ov 6 eXacTo-ow tov ptifovos, orav Karap.crpy rbv

/iti£ova.

By a part Euclid means a submultiple, as he does in v. Def. i, with which

definition this one is identical except for the substitution of number (iipi6yds)

for magnitude (p.eyt6o<;) ; cf. note on v. Def. 1. Nicomachus uses the word

"submultiple" (v-iroiroWairXdo-ios) also. He defines it in a way corresponding

to his definition of multiple (see note on Def. 5 below) as follows (1. 18, 2):

" The submultiple, which is by nature first in the division of inequality

(called) less, is the number which, when compared with a greater, can

measure it more times than once so as to fill it exactly (ir\ripovvrws)." Simi

larly sub-double (virooWXao-ios) is found in Nicomachus meaning half, and

so on.

Definition 4.

Mtpi; 8i, orav /x^ Karafitrpyj.

By the expression parts (p-ipy, the plural of p-tpos) Euclid denotes what we

should call a properfraction. That is, a part being a submultiple, the rather

inconvenient term parts means any number of such submultiples making up

a fraction less than unity. I have not found the word used in this special

sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except

in one place of Theon (p. 79, 26) where it is used of a proper fraction, of

which £ is an illustration.
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Definition 5.

IIoXXairAcurios ot o p.ti£iov rov iXaatrovos, orav Karafitrprjrat. viro tov IKaacrovo'i.

The definition of a multiple is identical with that in v. Def. 2, except that

the masculine of the adjectives is used agreeing with apiBpAs understood

instead of the neuter agreeing with fiiyeOos understood. Nicomachus (1. 18,

1) defines a multiple as being "a species of the greater which is naturally

first in order and origin, being the number which, when considered in com

parison with another, contains it in itself completely more than once."

Definitions 6, 7.

6. Aprios apiOfios iariv 6 8iXa Sinip0v/ievos. ,

7. IItpio"o"o« St 6 fir] Siaipovfitvoi S'Xa V Lo] /xov0'^' Siaipipmv dpriov api6p.ov.

Nicomachus (1. 7, 2) somewhat amplifies these definitions of even and odd

numbers thus. " That is even which is capable of being divided into two

equal parts without an unit falling in the middle, and that is odd which cannot

be divided into two equal parts because of the aforesaid intervention (p-to-i-

rtlav) of the unit." He adds that this definition is derived " from the popular

conception " (t'k t»Js Srj^wSovs viroXiJt/'eojs). In contrast to this, he gives (i. 7, 3)

the Pythagorean definition, which is, as usual, interesting. " An even number

is that which admits of being divided, by one and the same operation, into the

greatest and the least (parts), greatest in size (irqXiKortjti) but least in quantity

(iroo-onp-i)...while an odd number is that which cannot be so treated, but is

divided into two unequal parts." That is, as Iamblichus says (p. 12, 2—9), an

even number is divided into parts which are the greatest possible "parts," namely

halves, and into the fewest possible, namely two, two being the first " num

ber " or "collection of units.' According to another ancient definition quoted

by Nicomachus (1. 7, 4), an even number is that which can be divided both

into two equal parts and into two unequal parts (except the first one, the

number 2, which is only susceptible of division into equals), but, however it

is divided, must have its two parts of the same kind, i.e. both even or both

odd; while an odd number is that which can only be divided into two

unequal parts, and those parts always of different kinds, i.e. one odd and

one even. Lastly, the definition of odd and even "by means of each other"

says that an odd number is that which differs by an unit from an even

number on both sides of it, and an even number that which differs by an

unit from an odd number on each side. This alternative definition of an

odd number is the same thing as the second half of Euclid's definition, " the

number which differs by an unit from an even number." This evidently

pre-Euclidean definition is condemned by Aristotle as unscientific, because

odd and even are coordinate, both being differentiae of number, so that one

should not be defined by means of the other (Topics vi. 4, 142 b 7—10).

Definition 8.

"Apriaia? apnos ap&p.os iariv 6 virb dpri'ov apiOfjLov pLtrpovpuvoi Kara apriov

apiBp.ov.

Euclid's definition of an even-times even number differs from that given by

the later writers, Nicomachus, Theon of Smyrna and Iamblichus ; and the

inconvenience of it is shown when we come to ix. 34, where it is proved
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that a certain sort of number is both "even-times even" and "even-times odd."

According to the more precise classification of the three other authorities, the

" even-times even " and the " even-times odd " are mutually exclusive and are

two of three subdivisions into which even numbers fall. Of these three sub

divisions the " even-times even " and the "even-times odd" form the extremes,

and the " odd-times even " is as it were intermediate, showing the character

of both extremes (cf. note on the following definition). The even-times even is

then the number which has its halves even, the halves of the halves even, and

so on, until unity is reached. In short the even-times even number is always

of the form 2n. Hence Iamblichus (pp. 20, 21) says Euclid's definition of it

as that which is measured by an even number an even number of times is

erroneous. In support of this he quotes the number 24 which is four times 6,

or six times 4, but yet is not " even-times even " according to Euclid himself

(oi8i Kar airov), by which he must apparently mean that 24 is also 8 times 3,

which does not satisfy Euclid's definition. There can however be no doubt that

Euclid meant what he said in his definition as we have it ; otherwise ix. 32,

which proves that a number of the form 2" is even-times even only, would be quite

superfluous and a mere repetition of the definition, while, as already stated,

ix. 34 clearly indicates Euclid's view that a number might at the same time

be both even-times even and even-times odd. Hence the povw; which some

editor of the commentary of Philoponus on Nicomachus found in some

copies, making the definition say that the even-times even number is only

measured by even numbers an even number of times, is evidently an interpo

lation by some one who wished to reconcile Euclid's definition with the

Pythagorean (cf. Heiberg, Euklid-studien, p. 200).

A consequential characteristic of the series of even-times even numbers

noted by Nicomachus brings in a curious use of the word SuVcyus (generally

power in the sense of square, or square root). He says (1. 8, 6—7) that any

part, i.e. any submultiple, of an even-times even number is called by an even-

times even designation, while it also has an even-times even value (it is

apruxKis aprioSvvaji.ov) when expressed as so many actual units. That is, the

-^th part of 2" (where m is less than «) is called after the even-times even

number 2'", while its actual value (Svvap.is) in units is 2n-m, which is also an

even-times even number. Thus all the parts, or submultiples, of even-times

even numbers, as well as the even-times even numbers themselves, are con

nected with one kind of number only, the even.

Definition 9.

'ApriaKis Si irepwnro's eorii' 6 vwo S1priov dpid/iov /ticrpov/x*vos Kara irtpurabv

apiOp.ov.

Euclid uses the term even-times odd (dp-riaias irepwo-o's), whereas Nicomachus

and the others make it one word, even-odd (apTioirepm-os). According to the

stricter definition given by the latter (1. 9, 1 ), the even-odd number is related to

the even-times even as the other extreme. It is such a number as, when once

halved, leaves as quotient an odd number ; that is, it is of the form 2(2*/ + 1).

Nicomachus sets the even-odd numbers out as follows,

6, ro, 14, 18, 22, 26, 30, etc.

In this case, as Nicomachus observes, any part, or submultiple, is called by a

name not corresponding in kind to its actual value (SuVoyus) in units. Thus,
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in the case of 18, the ^ part is called after the even number 2, but its value is

the odd number 9, and the £rd part is called after the odd number 3, while its

value is the even number 6, and so on.

The third class of even numbers according to the strict subdivision is the

odd-even (irtpio-o-oprios). Numbers are of this class when they can be halved

twice or more times successively, but the quotient left when they can no

longer be halved is an odd number and not unity. They are therefore of

the form 2n*l(2m-v 1), where n, m are integers. They are, so to say, inter

mediate between, or a mixture of, the extreme classes even-times even and even-

odd, for the following reasons. (1) Their subdivision by 2 proceeds for some

way like that of the even-times even, but ends in the way that the division of

the even-odd by 2 ends. (2) The numbers after which submultiples are

called and their value (SuVayius) in units may be both of one kind, i.e. both odd

or both even (as in the case of the even-times even), or again may be one odd

and one even as in the case of the even-odd. For example 24 is an odd-even

number; the Jth, TVth, ^th or | parts of it are even, but the £rd part of it,

or 8, is even, and the ^th part of it, or 3, is odd. (3) Nicomachus shows

(1. 10, 6—9) how to form all the numbers of the odd-even class. Set out two

lines (a) of odd numbers beginning with 3, (b) of even-times even numbers

beginning with 4, thus :

(a) 3. 5. 7. 9. ", •3. *5 etc-

(0) 4, 8, 16, 32, 64, 128, 256 etc.

Now multiply each of the first numbers into each of the second row. Let

the products of one of the first into all the second set make horizontal rows ;

we then get the rows

12, 24, 48, 96, 192, 384, 768 etc.

20, 40, 80, 160, 320, 640, 1280 etc.

28, 56, 112, 224, 448, 896, 1792 etc.

36, 72, 144, 288, 576, 1 152, 2304 etc.

and so on.

Now, says Nicomachus, you will be surprised to see (<pavifirtToi o-oi Oavp.aa-

t<3s) that (a) the vertical rows have the property of the even-odd series, 6, 10,

14, 18, 22 etc., viz. that, if an odd number of successive numbers be taken,

the middle number is half the sum of the extremes, and if an even number,

the two middle numbers together are equal to the sum of the extremes,

(b) the horizontal rows have the property of the even-times even series 4, 8, 16

etc., viz. that the product of the extremes of any number of successive terms

is equal, if their number be odd, to the square of the middle term, or, if their

number be even, to the product of the two middle terms.

Let us now return to Euclid. His 9th definition states that an even-times

odd number is a number which, when divided by an even number, gives an

odd number as quotient. Following this definition in our text comes a 10th

definition which defines an odd-times even number; this is stated to be a

number which, when divided by an odd number, gives an even number as

quotient. According to these definitions any even-times odd number would

also be odd-times even, and, from the fact that Iamblichus notes this, we may

fairly conclude that he found Def. 10 as well as Def. 9 in the text of Euclid

which he used. But, if both definitions are genuine, the enunciations of ix. 33

and ix. 34 as we have them present difficulties. ix. 33 says that " If a num

ber have its half odd, it is even-times odd only " ; but, on the assumption that
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both definitions are genuine, this would not be true, for the number would be

odd-times even as well. ix. 34 says that " If a number neither be one of those

which are continually doubled from 2, nor have its half odd, it is both even-

times even and even-times odd." The term odd-times even (irtp«riraKis api-ios)

not occurring in these propositions, nor anywhere else after the definition, that

definition becomes superfluous. Iamblichus however (p. 24, 7— 14) quotes

these enunciations differently. In the first he has instead of " even-times odd

only " the words " both even-times odd and odd-times even " ; and, in the second,

for "both even-times even and even-times odd" he has "is both even-times

even and at the same time even-times odd and odd-times even." In both

cases therefore " odd-times even " is added to the enunciation as Iamblichus

had it ; the words cannot have been added by Iamblichus himself because

he himself does not use the term odd-times even, but the one word odd-even

(n-tpuraaprios). In order to get over the difficulties involved by Def. 10 and

these differences of reading we have practically to choose between (1) accept

ing Iamblichus' reading in all three places and (2) adhering to the reading of

our mss. in ix. 33, 34 and rejecting Def. 10 altogether as an interpolation.

Now the readings of our text of ix. 33, 34 are those of the Vatican ms.

and the Theonine mss. as well ; hence they must go back to a time before

Theon, and must therefore be almost as old as those of Iamblichus.

Heiberg considers it improbable that Euclid would wish to maintain a point

less distinction between even-times odd and odd-times even, and on the whole

concludes that Def. 10 was first interpolated by some ignorant person who

did not notice the difference between the Euclidean and Pythagorean classi

fication, but merely noticed the absence of a definition of odd-times even

and fabricated one as a companion to the other. When this was done, it

would be easy to see that the statement in ix. 33 that the number referred

to is "even-times odd only" was not strictly true, and that the addition of

the words "and odd-times even" was necessary in ix. 33 and ix. 34 as

well.

Definition 10.

II tpuraaKis 81 irtpitrobs apiOp.6<; icmv 6 virb irtpurcrov apiBp-ov p.npovft.tvo<;

Kara irtpurobv dpi6p.ov.

The odd-times odd number is not defined as such by Nicomachus and

Iamblichus ; for them these numbers would apparently belong to the com

posite subdivision of odd numbers. Theon of Smyrna on the other hand

says (p. 23, 21) that odd-times odd was one of the names applied to prime

numbers (excluding 2), for these have two odd factors, namely 1 and the

number itself. This is certainly a curious use of the term.

Definition ii.

npwtot dpiOfLo's icrrW o p.ova81 fiovrf fitrpovfitvo^.

A prime number (irpQrros apiOfioi) is called by Nicomachus, Theon, and

Iamblichus a "prime and incomposite (dowfltros) number." Theon (p. 23, 9)

defines it practically as Euclid does, viz. as a number "measured by no number,

but by an unit only." Aristotle too says that a prime number is not measured by

any number (Anal. post. 11. 13, 96 a 36), an unit not being a number (Metaph.

1 088 a 6), but only the beginning of number (Theon of Smyrna says the same

thing, p. 24, 23). According to Nicomachus (1. 11, 2) the prime number is a
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subdivision, not of numbers, but of odd numbers; it is "an odd number

which admits of no other part except that which is called after its own name

(Ttapmmp.ov ta«ri3)." The prime numbers are 3, 5, 7 etc., and there is no

submultiple of 3 except \rd, no submultiple of 1 1 except YTth, and so on. In

all these cases the only submultiple is an unit. According to Nicomachus 3

is the first prime number, whereas Aristotle (Topics vin. 2, 157 a 39) regards

2 as a prime number : "as the dyad is the only even number which is prime,"

showing that this divergence from the Pythagorean doctrine was earlier than

Euclid. The number 2 also satisfies Euclid's definition of a prime number.

Iamblichus (p. 30, 2 7 sqq.) makes this the ground of another attack upon Euclid.

His argument (the text of which, however, leaves much to be desired) appears

to be that 2 is the only even number which has no other part except an

unit, while the subdivisions of the even, as previously explained by him (the

even-times even, the even-odd, and odd-even), all exclude primeness, and he has

previously explained that 2 is potentially even-odd, being obtained by

multiplying by 2 the potentially odd, i.e. the unit; hence 2 is regarded by him

as bound up with the subdivisions of even, which exclude primeness. Theon

seems to hold the same view as regards 2, but supports it by an apparent

circle. A prime number, he says (p. 23, 14—23), is also called odd-times odd;

therefore only odd numbers are prime and incomposite. Even numbers are

not measured by the unit alone, except 2, which therefore (p. 24, 7) is odd-like

(irtp«rcro<iSijs) without being prime.

A variety of other names were applied to prime numbers. We have

already noted the curious designation of them as odd-times odd. According to

Iamblichus (p. 27, 3—5) some called them euthymetric (tvOvp.trpixos), and -

Thymaridas rectilinear (tvOvypap.fiiKo<;), the ground being that they can only be

set out in one dimension with no breadth (ait\arr)<: yap iv ry iKOiau icj>' «'

fi6vov Suo-rafitvoi). The same aspect of a prime number is also expressed by

Aristotle, who (Metaph. 1020 b 3) contrasts the composite number with that

which is only in one dimension (p.6vov icfi iv d>v). Theon of Smyrna (p. 23, 12)

gives ypafip.iKoi (linear) as the alternative name instead of tvOvypafipuKos. In

either case, to make the word a proper description of a prime number we have

to understand the word only ; a prime number is that which is linear, or

rectilinear, only. For Nicomachus, who uses the form linear, expressly says

(11. 13, 6) that all numbers are so, i.e. all can be represented as linear by dots

to the required amount placed in a line.

A prime number was called prime or first, according to Nicomachus

(1. 11, 3), because it can only be arrived at by putting together a certain

number of units, and the unit is the beginning of number (cf. Aristotle's

second sense of itpdiro<: "as not being composed of numbers," ols fii) o-vyKtlaOai

i£ dpiOpuov, Anal. Tost. 11. 13, 96 a 37), and also, according to Iamblichus,

because there is no number before it, being a collection of units (fiovdSmv

o-vorripa), of which it is a multiple, and it appears first as a basis for other

numbers to be multiples of.

Definition 12.

IIpojrcn irpos d\Xij\(iVs api.6p.oi eiViv ol fiovdSi fiovij fitrpovfitvoi KmviZ fiirpu).

By way of further emphasising the distinction between "prime" and

"prime to one another," Theon of Smyrna (p. 23, 6—8) calls the former

"prime absolutely" (airXdk), and the latter "prime to one another and not
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absolutely " or " not in themselves " (oi ka.$' auVovs). The latter (p. 24, 8—10)

are " measured by the unit [sc. only] as common measure, even though, taken

by themselves (iu« irpos eavroik), they be measured by some other numbers."

From Theon's illustrations it is clear that with him as with Euclid

a number prime to another may be even as well as odd. In Nicomachus

(1. 11, 1) and Iamblichus (p. 26, 19), on the other hand, the number which is

" in itself secondary (Sturepos) and composite (o-w#stos), but in relation to

another prime and incomposite," is a subdivision of odd. I shall call more

particular attention to this difference of classification when we have reached

the definitions of " composite " and " composite to one another " ; for the

present it is to be noted that Nicomachus (1. 13, 1) defines a number prime to

another after the same manner as the absolutely prime ; it is a number which

" is measured not only by the unit as the common measure but also by some

other measure, and for this reason can also admit of a part or parts called by

a different name besides that called by the same name (as itself), but, when

examined in comparison with another number of similar character, is found

not to be capable of being measured by a common measure in relation to the

other, nor to have the same part, called by the same name as (any of) those

simply (a-n-Xwi) contained in the other ; e.g. 9 in relation to 25, for each of

these is in itself secondary and composite, but, in comparison with one

another, they have an unit alone as a common measure and no part is called

by the same name in both, but the third in one is not in the other, nor is the

fifth in the other found in the first."

Definition 13.

2vv0tTOS dpiOpas iuTiv 6 dpSpw Tin p.erpovp.eVos.

Euclid's definition of composite is again the same as Theon's definition

of numbers " composite in relation to themselves," which (p. 24, 16) are

" numbers measured by any less number," the unit being, as usual, not

regarded as a number. Theon proceeds to say that " of composite numbers

they call those which are contained by two numbers plane, as being

investigated in two dimensions and, as it were, contained by a length and a

breadth, while (they call) those (which are contained) by three (numbers)

solid, as having the third dimension added to them." To a similar effect is

the remark of Aristotle (Mttaph. 1020 b 3) that certain numbers are

" composite and are not only in one dimension but such as the plane and the

solid (figure) are representations of (/u/i^/ua), these numbers being so many

times so many (iro<raKi« i1-00-01), or so many times so many times so many

(iroo-aias iroo-oms n-oo-oi) respectively." These subdivisions of composite

numbers are, of course, the subject of Euclid's definitions 17, 18 respectively.

Euclid's composite numbers may be either even or odd, like those of Theon,

who gives 6 as an instance, 6 being measured by both 2 and 3.

Definition 14.

2vn9tTOi St irpos aXkr)Xovs apiOp.oi tluiv oi dpiOp.w Tin p.trpovp.tvoi iioinu

p.trpif.

Theon (p. 24, 18), like Euclid, defines numbers composite to one another as

" those which are measured by any common measure whatever " (excluding

unity, as usual). Theon instances 8 and 6, with 2 as common measure, and

6 and 9, with 3 as common measure.
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As hinted above, there is a great difference between Euclid's classification

of prime and composite numbers, and of numbers prime and composite

to one another, and the classification found in Nicomachus (1. 11—13) and

Iamblichus. According to the latter, all these kinds of numbers are sub

divisions of the class of odd numbers only. As the class of even numbers is

divided into three kinds, (1) the even-times even, (2) the even-odd, which

form the extremes, and (3) the odd-even, which is, as it were, intermediate to

the other two, so the class of odd numbers is divided into three, of which the

third is again a mean between two extremes. The three are :

(1) the prime and incomposite, which is like Euclid's prime number except

that it excludes 2 ;

(2) the secondary and composite, which is "odd because it is a distinct

part of one and the same genus (81a to i£ ivb<: Kcu tov airov ytvovs SiaKtKpicr6ai)

but has in it nothing of the nature of a first principle (dpxo«8«) ; for it arises

from adding some other number (to itself), so that, besides having a part

called by the same name as itself, it possesses a part or parts called by another

name." Nicomachus cites 9, 15, 21, 25, 27, 33, 35, 39. It is made clear that

not only must the factors be both odd, but they must all be prime numbers.

This is obviously a very inconvenient restriction of the use of the word

composite, a word of general signification.

(3) is that which is "secondary and composite in itself but prime and

incomposite to another." The actual words in which this is defined have been

given above in the note on Def. 1 2. Here again all the factors must be odd

and prime.

Besides the inconvenience of restricting the term composite to odd numbers

which are composite, there is in this classification the further serious defect,

pointed out by Nesselmann (Die Algebra der Griechen, 1842, p. 194), that

subdivisions (2) and (3) overlap, subdivision (2) including the whole of

subdivision (3). The origin of this confusion is no doubt to be found in

Nicomachus' perverse anxiety to be symmetrical ; by hook or by crook he

must divide odd numbers into three kinds as he had divided the even.

Iamblichus (p. 28, 13) carries his desire to be logical so far as to point out

why there cannot be a fourth kind of number contrary in character to (3),

namely a number which should be " prime and incomposite in itself, but

secondary and composite to another " !

Definition 15.

ApiOfibi apiBpJov iroXXairXao"id£tiv AVyetai, orav, iiirai ticrlv iv ai>riZ piniiits,

roaavraKK ovvrtBfj 6 iroXXairXao-ia£d/Mi'os, Ko.1 yivr]ral tis.

This is the well known primary definition of multiplication as an

abbreviation of addition.

Definition 16.

"Otof Si Svo api6p.ol iroXXairXao"ido"airts u'XX'>;Xovs iroiwo'i riva, 6 ya>6fitvoi

tiriVeSos Ka\urai, ir\evpai St airov ol iroXXairXao-ido"a>TCS dWij\ovs dpiOp.a1.

The words plane and solid applied to numbers are of course adapted from

their use with reference to geometrical figures. A number is therefore called

linear (ypa/xpi/cds) when it is regarded as in one dimension, as being a length
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(/x^Kos). When it takes another dimension in addition, namely breadth

(ttX0tos), it is in two dimensions and becomes plane (nrin-tSos). The

distinction between a plane and a plane number is marked by the use of the

neuter in the former case, and the masculine, agreeing with dpiOp.os, in the

latter case. So with a square and a square number, and so on. The most

obvious form of a plane number is clearly that corresponding to a rectangle in

geometry ; the number is the product of two linear numbers regarded as sides

(irXtupai) forming the length and breadth respectively. Such a number is, as

Aristotle says, "so many times so many," and a plane is its counterpart

(li.ilxr)p-a). So Plato, in the Theaetetus (147 e—148 b), says : " We divided all

numbers into two kinds, (1) that which can be expressed as equal multiplied

by equal (tov Svva\ixvov laov hrdjas yiyvto-ftu), and which, likening its form to

the square, we called square and equilateral ; (2) that which is intermediate,

and includes 3 and 5 and every number which cannot be expressed as equal

multiplied by equal, but is either less times more or more times less, being

always contained by a greater and a less side, which number we likened to

the oblong figure (irpoprjKti o^/urn) and called an oblong number.... Such

lines therefore as square the equilateral and plane number [i.e. which can

form a plane number with equal sides, or a square] we defined as length

(jxtjkos) ; but such as square the oblong (here lTtpopLr)Kr)<;) [i.e. the square of

which is equal to the oblong] we called roots (Swa/xtis) as not being com

mensurable with the others in length, but only in the plane areas (cV1irt'Sois),

to which the squares on them are equal (a Swavrai)." This passage seems

to make it clear that Plato would have represented numbers as Euclid does,

by straight lines proportional in length to the numbers they represent (so far

as practicable) ; for, since 3 and 5 are with Plato oblong numbers, and lines

with him represent the sides of oblong numbers (since a line represents the

" root," the square on which is equal to the oblong), it follows that the unit

representing the smaller side must have been represented as a line, and 3, the

larger side, as a line of three times the length. But there is another possible way

of representing numbers, not by lines of a certain length, but bypoints disposed

in various ways, in straight lines or otherwise. Iamblichus tells us (p. 56, 27)

that " in old days they represented the quantuplicities of number in a more

natural way (tpvo-iKiirtpov) by splitting them up into units, and not, as in our

day, by symbols" (o-vp.fioXiKuk). Aristotle too (Metaph. 1092 b 10) mentions

one Eurytus as having settled what number belonged to what, such a number

to a man, such a number to a horse, and so on, "copying their shapes"

(reading tovtiov, with Zeller) " with pebbles (ra1s i)n]<pois), just as those do who

arrange numbers in the forms of triangles or squares." We accordingly find

numbers represented in Nicomachus and Theon of Smyrna by a number of

a's ranged like points according to geometrical figures. According to this

system, any number could be represented by points in a straight line, in which

case, says Iamblichus (p. 56, 26), we shall call it rectilinear because it is

without breadth and only advances in length (anXarw itrl povov to p.rjiios

irpoturiv). The prime number was called by Thymaridas rectilinear par

excellence, because it was without breadth and in one dimension only (i<f> $v

jwvov oWra/io'os). By this must be meant the impossibility of representing,

say, 3 as a plane number, in Plato's sense, i.e. as a product of two numbers

corresponding to a rectangle in geometry ; and this view would appear to rest

simply upon the representation of a number by points, as distinct from lines.

Three dots in a straight line would have no breadth ; and if breadth were

introduced in the sense of producing a rectangle, i.e. by placing the same



vn. def. 16] NOTE ON DEFINITION 16 289

number of dots in a second line below the first line, the first plane number

would be 4, and 3 would not be a plane number at all, as Plato says it is. It

seems therefore to have been the alternative representation of a number by

points, and not lines, which gave rise to the different view of a plane number

which we find in Nicomachus and the rest. By means of separate points we

can represent numbers in geometrical forms other than rectangles and squares.

One dot with two others symmetrically arranged below it shows a triangle,

which is a figure in two dimensions as much as a rectangle or parallelogram is.

Similarly we can arrange certain numbers in the form of regular pentagons or

other polygons. According therefore to this mode of representation, 3 is the

first plane number, being a triangular number. The method of formation of

triangular, square, pentagonal and other polygonal numbers is minutely

described in Nicomachus (11. 8—11), who distinguishes the separate series of

gnomons belonging to each, i.e. gives the law determining the number which

has to be added to a polygonal number with n in a side, in order to make it

into a number of the same form but with n + 1 in a side (the addend being of

course the gnomon). Thus the gnomonic series for triangular numbers is

1, 2, 3, 4, 5...; that for squares 1, 3, 5, 7... ; that for pentagonal numbers

1, 4, 7, 10..., and so on. The subject need not detain us longer here, as we

are at present only concerned with the different views of what constitutes a

plane number.

Of plane numbers in the Platonic and Euclidean sense we have seen that

Plato recognises two kinds, the square and the oblong (irpo/M;*?;? or ertpop.rJKtji).

Here again Euclid's successors, at all events, subdivided the class more

elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide plane

numbers with unequal sides into (1) inpop^Kti<:, the nearest thing to squares,

viz. numbers in which the greater side exceeds the less side by 1 only, or

numbers of the form n (n + 1), e.g. 1.2, 2 . 3, 3 . 4, etc. (according to Nico

machus), and (2) n-po/ujKtt«, or those whose sides differ by 2 or more, i.e. are of

the form n (n + m), where m is not less than 2 (Nicomachus illustrates by 2 . 4,

3 . 6, etc.). Theon of Smyrna (p. 30, 8—14) makes n-pop.rjKw include erepo/^Ktis,

saying that their sides may differ by 1 or more; he also speaks ofparallelogram-

numbers as those which have one side different from the other by 2 or more ;

I do not find this latter term in Nicomachus or Iamblichus, and indeed it

seems superfluous, as parallelogram is here only another name for oblong.

Iamblichus (p. 74, 23 sqq.), always critical of Euclid, attacks him again here

for confusing the subject by supposing that the htpop.rjKtfi number is the pro

duct of any two different numbers multiplied together, and by not distinguishing

the oblong (irpofirJKrjs) from it : " for his definition declares the same number

to be square and also fapofiijicrp, as for example 36, 16 and many others :

which would be equivalent to the odd number being the same thing as the

even." No importance need be attached to this exaggerated statement ; it is

in any case merely a matter of words, and it is curious that Euclid does not in

fact use the word trtpop.rjicrii of numbers at all, but only of geometrical oblong

figures as opposed to squares, so that Iamblichus can apparently only have

inferred that he used it in an unorthodox manner from the geometrical use of

the term in the definitions of Book 1. and from the fact that he does not give

the two subdivisions of plane numbers which are not square, but seems only

to divide plane numbers into square and not-square. The argument that

irtpopjqKw; numbers are a natural, and therefore essential, subdivision

Iamblichus appears to found on the method of successive addition by which

they can be evolved ; as square numbers are obtained by successively adding

H. E. 11. 19
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odd numbers as gnomons, so irepofirjktis are obtained by adding even numbers

as gnomons. Thus 1.2 = 2, 2.3 = 2 + 4, 3.4-2+4 + 6, and so on.

Definition 17.

*Orav St tptis apiOfioi iroXXairXo(riatra>Tts dXXiJXovs ttoiuhti nva, 6 ytvo/utvot

OTtptds tOTlv, irXtvpai St avrov 01 n-oXXoirXaoriao-avrts aWrj\ovs apiOfioi.

What has been said of the two apparently different ways of regarding a

plane number seems to apply equally, mutatis mutandis, to the definitions of a

solid number. Aristotle regards it as a number which is so many times so

many times so many (iroo-aias iroaaKis irocrov). Plato finishes the passage about

lines which represent the sides of square numbers and lines which are roots

(SvKi/xtis), i.e. the squares on which are equal to the rectangle representing a

number which is oblong and not square, by adding the words, " And another

similar property belongs to solids " (KoX irtpi ii artpta aWo toiovtov). That is,

apparently, there would be a corresponding term to root (Evvafiis)—practically

representing a surd—to denote the side of a cube equal to a parallelepiped

representing a solid number which is the product of three factors but

not a cube. Such is a solid number when numbers are represented by

straight lines : it corresponds in general to a parallelepiped and, when all

the factors are equal, to a cube.

But again, if numbers be represented by points, we may have solid numbers

(i.e. numbers in three dimensions) in the form of pyramids as well. The first

number of this kind is 4, since we may have three points forming an

equilateral triangle in one plane and a fourth point placed in another plane.

The length of the sides can be increased by 1 successively ; and we can have

a series of pyramidal numbers, with triangles, squares or polygons as bases,

made up of layers of triangles, squares or similar polygons respectively, each

of which layers has one less in the side than the layer below it, until the top

of the pyramid is reached, which of course is one point representing unity.

Nicomachus (11. 13— 16), Theon of Smyrna (p. 41—2), and Iamblichus

(P- 95i I5 sqq-)' aU give the different kinds of pyramidal solid numbers in

addition to the other kinds.

These three writers make the following further distinctions between solid

numbers which are the product of three factors.

1. First there is the equal by equal by equal (Jo-axis urdKis uros), which is,

of course, the cube.

2. The other extreme is the unequal by unequal by unequal (dviaraKis

avitraVis avuros), or that in which all the dimensions are different, e.g. the

product of 2, 3, 4 or 2, 4, 8 or 3, 5, 12. These were, according to Nicomachus

(11. 16), called scalenc, while some called them aiprjvio-Koi (wedge-shaped), others

o-iprjKio-Koi (from o-<prjt, a wasp), and others (3mp.ioKoi (altar-shaped). Theon

appears to use the last term only, while Iamblichus of course gives all three

names.

3. Intermediate to these, as it were, come the numbers " whose planes

form ertpop-rjKus numbers" (i.e. numbers of the form n(n + 1)). These, says

Nicomachus, are called parallelepipedal.

Lastly come two classes of such numbers each of which has two equal

dimensions but not more.
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4. If the third dimension is less than the others, the number is equal by

equal by less (iacucis uros tXarrovaias) and is called a plinth (irXivflis), e.g.

8.8.3.

5. If the third dimension is greater than the others, the number is equal

by equal by greater (iWkis "o-os p.ti^ovdKi.s) and is called a beam (Soia's), e.g.

3.3. 7 . Another name for this latter kind of number (according to

Iamblichus) was cmjXh (diminutive of 0T>7A.>7).

Lastly, in connexion with pyramidal numbers, Nicomachus (11. 14, 5) dis

tinguishes numbers corresponding tofrusta of pyramids. These are truncated

(Ko\ovpoi), twice-truncated (SiKoXovpoi), thrice-truncated (rpucoXovpoi) pyramids,

and so on, the term being used mostly in theoretic treatises (iv o-vyypdp.fiao-t.

fiAXurra toIs OtioprjpxiriKoU). The truncated pyramid was formed by cutting

off the point forming the vertex. The twice-truncated was that which lacked

the vertex and the next plane, and so on. Theon of Smyrna (p. 42, 4) only

mentions the truncated pyramid as "that with its vertex cut off" (9 t>)v

Kopvcfri\v airortrp.-rip.ivrj), saying that some also called it a trapezium, after the

similitude of a plane trapezium formed by cutting the top off a triangle

by a straight line parallel to the base.

Definition 18.

Ttrpdytovos apiOfiik totiv 6 i'itums icros fj [6] wo hvo lo-mv apiOp.mv irtpi-

qptyMKOf.

A particular kind of square distinguished by Nicomachus and the rest was

the square number which ended (in the decimal notation) with the same

number as its side, e.g. 1, 25, 36, which are the squares of 1, 5 and 6. These

square numbers were called cyclic (kvxXwhx) on the analogy of circles in

geometry which return again to the point from which they started.

Definition 19.

Kv/}o« Si o hrdKi.9 "iros icrdKis >7 [6] xnro rpimv laiov apiOfiuv irtpit)tofitvo<;.

Similarly cube numbers which ended with the same number as their sides,

and the squares of those sides also, were called spherical (o-cpaipiKoi) or recurrent

(diroKataorariKoi). One might have expected that the term spherical would be

applicable also to the cubes of numbers which ended with the same digit as the

side but not necessarily with the same digit as the square of the side also.

E.g. the cube of 4, i.e. 64, ends with the same digit as 4, but not with the

same digit as 16. But apparently 64 was not called a spherical number, the

only instances given by Nicomachus and the rest being those cubed from

numbers ending with 5 or 6, which end with the same digit if squared. A

spherical number is in fact derived from a circular number only, and that by

adding another equal dimension. Obviously, as Nesselmann says, the names

cyclic and spherical applied to numbers appeal to an entirely different principle

from that on which the figured numbers so far dealt with were formed.

19—2
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Definition 20.

ApiOp.ol apaXoyoV tuxiv, orav 6 irpw/roi tov Btvripov «al 6 TpiTos toC TtrapTov

uraxis g iroXXairXa<7ios ^ to avr6 /xt'pos ^ Ta aura /iejpi/ (Sow.

Euclid does not give in this Book any definition of ratio, doubtless because

it could only be the same as that given at the beginning of Book v., with

numbers substituted for " homogeneous magnitudes " and " in respect of size "

(injXiKonjTa) omitted or altered. We do not find that Nicomachus and the

rest give any substantially different definition of a ratio between numbers.

Theon of Smyrna says, in fact (p. 73, 16), that "ratio in the sense of

proportion (Xoyos 6 Kar dvaXoyov) is a sort of relation of two homogeneous

terms to one another, as for example, double, triple." Similarly Nicomachus

says (11. 21, 3) that "a ratio is a relation of two terms to one another," the word

for " relation " being in both cases the same as Euclid's (o-^t'o-«). Theon of

Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater

inequality, less inequality, or equality, and then to specify certain arithmetical

ratios which had special names, for which he quotes the authority of Adrastus.

The names were iroXXoirXao-ios, tVip.opios, ori/xepijs, iroXXairXao-ieiri/iopios,

iroXXairXao-iCTi/xtpi/« (the first of which is, of course, a multiple, while the rest

are the equivalent of certain types of improper fractions as we should call

them), and the reciprocals of each of these described by prefixing vn-6 or sub.

After describing these particular classes of arithmetical ratios, Theon goes on

to say that numbers still have ratios to one another even if they are different

from all those previously described. We need not therefore concern ourselves

with the various types; it is sufficient to observe that any ratio between

numbers can be expressed in the manner indicated in Euclid's definition of

arithmetical proportion, for the greater is, in relation to the less, either one or

a combination of more than one of the three things, (1) a multiple, (2) a

submultiple, (3) a proper fraction.

It is when we come to the definition of proportion that we begin to find

differences between Euclid, Nicomachus, Theon and Iamblichus. " Proportion,"

says Theon (p. 82, 6), "is similarity or sameness of more ratios than one,"

which is of course unobjectionable if it is previously understood what a ratio

is ; but confusion was brought in by those (like Thrasyllus) who said that

there were three proportions (dyaXoyiai), the arithmetic, geometric, and

harmonic, where of course the reference is to arithmetic, geometric and

harmonic means (/xto-onp-es). _ Hence it was necessary to explain, as Adrastus

did (Theon, p. 106, 15), that of the several means "the geometric was called

both proportion par excellence and primary...though the other means were

also commonly called proportions by some writers." Accordingly we have

Nicomachus trying to extend the term " proportion " to cover the various

means as well as a proportion in three or four terms in the ordinary sense. He

says (n. 21, 2): " Proportion, par excellence (Kvpicus), is the bringing together

(<ruWrjij/K) to the same (point) of two or more ratios ; or, more generally, (the

bringing together) of two or more relations (axiatwv), even though they be

subjected not to the same ratio but to a difference or some other (law)."

Iamblichus keeps the senses of the word more distinct. He says, like Theon,

that "proportion is similarity or sameness of several ratios" (p. 98, 14), and

that " it is to be premised that it was the geometrical (proportion) which the

ancients called proportion par excellence, though it is now common to apply

the name generally to all the remaining means as well " (p. 100, 15). Pappus
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remarks (in. p. 70, 17), "A mean differs from a proportion in this respect that, if

anything is a proportion, it is also a mean, but not conversely. For there are

three means, of which one is arithmetic, one geometric and one harmonic."

The last remark implies plainly enough that there is only one proportion

(dvaXoyla) in the proper sense. So, too, says Iamblichus in another place

(p. 104, 19): "the second, the geometric, mean has been called proportion

par excellence because the terms contain the same ratio, being separated

according to the same proportion (dva tov avrov Xoyov 8«oti3tts)." The

natural conclusion is that of Nesselmann, that originally the geometric

proportion was called aVaXoyi'o, the others, the arithmetic, the harmonic, etc.,

means ; but later usage had obliterated the distinction.

Of proportions in the ancient and Euclidean sense Theon (p. 82, 10)

distinguished the continuous (crvvtxn<:) and the separated (8vr]pr}p.tvrj), using the

same terms as Aristotle (Eth. Nic. 1131 a 32). The meaning is of course

clear : in the continuous proportion the consequent of one ratio is the ante

cedent of the next ; in the separated proportion this is not so. Nicomachus

(11. s1, 5—6) uses the words connected (crwr]p.p.ivrj) and disjoined (Swftvy/ieVr;)

respectively. Euclid regularly speaks of numbers in continuous proportion as

"proportional in order, or successively" (i&js ava\oyov).

Definition 21.

"O/iotoi <itiVCSoi KoX <rrtptoi apiOfioi eliriv 01 AvdXoyov t\ovrti ras irXevpas.

Theon of Smyrna remarks (p. 36, 12) that, among plane numbers, all

squares are similar, while of irtpofi^Kw those are similar " whose sides, that

is, the numbers containing them, are proportional." Here trtpo/u/io7s must

evidently be used, not in the sense of a number of the form «(»+ 1), but as

synonymous with irpofirjKr]?, any oblong number ; so that on this occasion

Theon follows the terminology of Plato and (according to Iamblichus) of

Euclid. Obviously, if the strict sense of trepo/xifxi;? is adhered to, no two

numbers of that form can be similar unless they are also equal. We may

compare Iamblichus' elaborate contrast of the square and the ertpofvJKrp.

Since the two sides of the square are equal, a square number might, as he

says (p. 82, 9), be fitly called iSuyujm^ (Nicomachus uses ravrop,iJK^s) in

contrast to trtpopvqia]i; ; and the ancients, according to him, called square

numbers "the same" and "similar" (tovtovs re xal 6/xoiov?), but irtpofmJKtK

numbers " dissimilar and other " (avo/ioiovs xai Baripovs).

With regard to solid numbers, Theon remarks in like manner (p. 37, 2)

that all cube numbers are similar, while of the others those are similar whose

sides are proportional, i.e. in which, as length is to length, so is breadth to

breadth and height to height.

Definition 22.

TVXtios apiOfws iariv 6 tois iavrov p.iptcriv uros toy.

Theon of Smyrna (p. 45, 9 sqq.) and Nicomachus (1. 16) both give

the same definition of a perfect number, as well as the law of formation of

such numbers which Euclid proves in the later proposition, ix. 36. They

add however definitions of two other kinds of numbers in contrast with it,

(1) the over-perfect (i>VtprtXijs in Nicomachus, virtpriXuot in Theon), the
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 1 2,

24 etc., the sum of the parts of 12 being 6 + 4 + 3 + 2 + 1 = 16, and the

sum of the parts of 24 being 12 + 8 + 6 + 4 + 3 + 2+1=36, (2) the defective

(tXXwnjs), the sum of whose parts is less than the whole, e.g. 8 or 14, the

parts in the first case adding up to 4 + 2 + 1, or 7, and in the second case to

7 + 2 + 1, or 10. All three classes are however made by Theon subdivisions

of numbers in general, but by Nicomachus subdivisions of even numbers.

The term perfect was used by the Pythagoreans, but in another sense, of

10; while Theon tells us (p. 46, 14) that 3 was also called perfect "because

it is the first number that has beginning, middle and extremity ; it is also both

a line and a plane (for it is an equilateral triangle having each side made up

of two units), and it is the first link and potentiality of the solid (for a solid

must be conceived of in three dimensions)."

There are certain unexpressed axioms used in Book vn. as there are in

earlier Books.

The following may be noted.

1. If A measures B, and B measures C, A will measure C.

2. If A measures B, and also measures C, A will measure the difference

between B and C when they are unequal.

3. If A measures B, and also measures C, A will measure the sum of B

and C.

It is clear, from what we know of the Pythagorean theory of numbers, of

musical intervals expressed by numbers, of different kinds of means etc., that

the substance of Euclid Books vn.—ix. was no new thing but goes back, at

least, to the Pythagoreans. It is well known that the mathematics of Plato's

Timaeus is essentially Pythagorean. It is therefore a priori probable (if not

perhaps quite certain) that Plato irvOayopL&i even in the passage (32 a, b) where

he speaks of numbers " whether solid or square " in continued proportion,

and proceeds to say that between planes one mean suffices, but to connect

two solids two means are necessary. This passage has been much discussed,

but I think that by " planes " and " solids " Plato certainly meant square and

solid numbers respectively, so that the allusion must be to the theorems

established in Eucl. vm. 11, 12, that between two square numbers there is

one mean proportional number, and between two cube numbers there are

two mean proportional numbers1.

1 It is true that similar plane and solid numbers have the same property (Eucl. vm. 18,

19) ; but, if Plato had meant similar plane and solid numbers generally, I think it would

have been necessary to specify that they were " similar," whereas, seeing that the Timaeus is

as a whole concerned with regular figures, there is nothing unnatural in allowing iegular or

equilateral to be understood. further Plato speaks first of Jwd^tn and fryKoi and then of

"planes" (iirlireSa) and "solids" (artped) in such a way as to suggest that Swd1uis cor

respond to iirlireSa and 6yK0i to creped. Now the regular meaning of Sivaius is square (or

sometimes square root), and I think it is here used in the sense of square, notwithstanding

that Plato seems to speak of three squares in continued proportion, whereas, in general, the

mean between two squares as extremes would not be square but oblong. And, if Swduxis are

squares, it is reasonable to suppose that the Ayi«H are also equilateral, i.e. the " solids " are

cubes. I am aware that Th. Habler (Bibliotheca Mathcmatica, vm2, 1908, pp. 173—4)

thinks that the passage is to be explained by reference to the problem of the duplication of

the cube, and does not refer to numbers at all. Against this we have to put the evidence of

Nicomachus (11. 34, 6) who, in speaking of "a certain Platonic theorem," quotes the very

same results of Eucl. vm. 11, 12. Secondly, it is worth noting that Habler's explanation is

distinctly ruled out by Democritus the Platonist (3rd cent A.D.) who, according to Proclus
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It is no less clear that, in his method and line of argument, Euclid was

following earlier models, though no doubt making improvements in the

exposition. His tract on the Sectio Canonis, Kara-ro/uj KavdVos (for which see

Musici Scriptores Graeci, ed. Jan, pp. 148— 166) is in style and in the form of

the propositions closely akin to the Elements. In one proposition (2) he says

" we learned (ifia6ap.tv) that, if as many numbers as we please be in (con

tinued) proportion, and the first measures the last, the first will also measure

the intermediate numbers " ; here he practically quotes Elem. vin. 7. In the

3rd proposition he proves that no number can be a mean between two

numbers in the ratio known as iirip.6pun, the ratio, that is, of n + 1 to n, where

n is any integer greater than unity. Now, fortunately, Boethius, De institution?

musica, m. n (pp. 285—6, ed. Friedlein), has preserved a proof by Archytas

of this same proposition ; and the proof is substantially identical with that

of Euclid. The two proofs are placed side by side in an article by Tannery

(Bibliotheca Mathematica, vi2, 1905/6, p. 227). Archytas writes the smaller

term of the proportion first (instead of the greater, as Euclid does). Let, he

says, A, B be the " superparticularis proportio " (iirifiopiov Siao-n7/to in Euclid).

Take C, DE the smallest numbers which are in the ratio of A to B. [Here

DE means D + E : and in this respect the notation is different from that of

Euclid who, as usual, takes a line DF divided into two parts at G, GF

corresponding to E, and DG to D, in Archytas' notation. The step of taking

C, DE, the smallest numbers in the ratio of A to B, presupposes Eucl. vn.

33.] Then DE exceeds C by an aliquot part of itself and of C [cf. the

definition of oripopios dpiOfws in Nicomachus, 1. 19, 1]. Let D be the excess

[i.e. E is supposed equal to C\ " I say that D is not a number but an unit."

For, if D is a number and a part of DE, it measures DE; hence it

measures E, that is, C. Thus D measures both C and DE, which is

impossible ; for the smallest numbers which are in the same ratio as any

numbers are prime to one another. [This presupposes Eucl. vn. 22.] There

fore D is an unit ; that is, DE exceeds C by an unit. Hence no number can

be found which is a mean between two numbers C, DE. Therefore neither

can any number be a mean between the original numbers A, B which are in

the same ratio [this implies Eucl. vn. 20].

We have then here a clear indication of the existence at least as early as

the date of Archytas (about 430—365 B.C.) of an Elements of Arithmetic in

the form which we call Euclidean ; and no doubt text-books of the sort

existed even before Archytas, which probably Archytas himself and Eudoxus

improved and developed in their turn.

(In Platonis Timaeum commentaria, 149 c), said that the difficulties of the passage of the

Timaeus had misled some people into connecting it with the duplication of the cube,

whereas it really referred to similar planes and solids with sides in rational numbers.

Thirdly, I do not think that, under the supposition that the Delian problem is referred to,

we get the required sense. The problem in that case is not that of finding two mean

proportionals between two cubes but that of finding a second cube the content of which

shall be equal to twice, or k times (where k is any number not a complete cube), the content

of a given cube (a2). Two mean proportionals are found, not between cubes, but between

two straight lines in the ratio of 1 to k, or between a and ka. Unless k is a cube, there

would be no point in saying that two means are necessary to connect 1 and k, and not one

mean ; for fyi is no more natural than N//\ and would be less natural in the case where k

happened to be square. On the other hand, if k is a cube, so that it is a question of finding

means between cube numbers, the dictum of Plato is perfectly intelligible ; nor is any real

difficulty caused by the generality of the statement that two means are always necessary to

connect them, because any property enunciated generally of two cube numbers should

obviously be true of cubes as such, that is, it must hold in the extreme case of two cubes

which are prime to one another.
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Proposition i.

Two unequal numbers being set out, and the less being

continually subtracted in turn from the greater, if the number

which is left never measures the one before it until an unit is

left, the original numbers will be prime to one another.

For, the less of two unequal numbers AB, CD being

continually subtracted from the greater, let the

number which is left never measure the one A

before it until an unit is left ;

I say that AB, CD are prime to one another,

that is, that an unit alone measures AB, CD.

For, it AB, CD are not prime to one another,

some number will measure them.

Let a number measure them, and let it be

E ; let CD, measuring BF, leave FA less than

itself,

let AF, measuring DG, leave GC less than itself,

and let GC, measuring FH, leave an unit HA.

Since, then, E measures CD, and CD measures BF,

therefore E also measures BF.

But it also measures the whole BA ;

therefore it will also measure the remainder AF.

But AF measures DG ;

therefore E also measures DG.
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But it also measures the whole DC ;

therefore it will also measure the remainder CG.

But CG measures FH ;

therefore E also measures FH.

But it also measures the whole FA ;

therefore it will also measure the remainder, the unit AH,

though it is a number : which is impossible.

Therefore no number will measure the numbers AB, CD;

therefore AB, CD are prime to one another. [vn. Def. 12]

Q. E. D.

It is proper to remark here that the representation in Books vn. to ix. of

numbers by straight lines is adopted by Heiberg from the mss. The method

of those editors who substitute points for lines is open to objection because it

practically necessitates, in many cases, the use of specific numbers, which is

contrary to Euclid's manner.

"Let CD, measuring BF, leave FA less than itself." This is a neat

abbreviation for saying, measure along BA successive lengths equal to CD

until a point F is reached such that the length FA remaining is less than

CD ; in other words, let BF be the largest exact multiple of CD contained

in BA.

Euclid's method in this proposition is an application to the particular

case of prime numbers of the method of finding the greatest common measure

of two numbers not prime to one another, which we shall find in the next

proposition. With our notation, the method may be shown thus. Supposing

the two numbers to be a, b, we have, say,

b)a(p

pb

C)b(q

qc-

d)c(r

rd

1

If now a, b are not prime to one another, they must have a common

measure e, where e is some integer, not unity.

And since e measures a, b, it measures a -pb, i.e. c.

Again, since e measures b, c, it measures b - qc, i.e. d,

and lastly, since e measures c, d, it measures c— rd, i.e. 1:

which is impossible.

Therefore there is no integer, except unity, that measures a, b, which are

accordingly prime to one another.

Observe that Euclid assumes as an axiom that, if a, b are both divisible by

c, so is a -pb. In the next proposition he assumes as an axiom that c will in

the case supposed divide a +pb.
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Proposition 2.

Given two numbers not prime to one another, to find their

greatest common measure.

Let AB, CD be the two given numbers not prime to one

another.

Thus it is required to find the greatest A

common measure of AB, CD.
If now CD measures AB—and it also E

measures itself—CD is a common measure of

CD, AB.

And it is manifest that it is also the greatest ;

for no greater number than CD will measure B D

CD.

But, if CD does not measure AB, then, the less of the

numbers AB, CD being continually subtracted from the

greater, some number will be left which will measure the one

before it.

For an unit will not be left ; otherwise AB, CD will be

prime to one another [vii. 1], which is contrary to the

hypothesis.

Therefore some number will be left which will measure

the one before it.

Now let CD, measuring BE, leave EA less than itself,

let EA, measuring DF, leave EC less than itself,

and let CE measure AE.

Since then, CF measures AE, and AE measures DF,

therefore CF will also measure DF.

But it also measures itself;

therefore it will also measure the whole CD.

But CD measures BE ;

therefore CF also measures BE.

But it also measures EA ;

therefore it will also measure the whole BA.

But it also measures CD ;

therefore CF measures AB, CD.

Therefore CF is a common measure of AB, CD.



vn. a] PROPOSITION 2 299

I say next that it is also the greatest.

For, if CF is not the greatest common measure of AB,

CD, some number which is greater than CF will measure the

numbers AB, CD.

Let such a number measure them, and let it be G.

Now, since G measures CD, while CD measures BE,

G also measures BE.

But it also measures the whole BA ;

therefore it will also measure the remainder AE.

But AE measures DF ;

therefore G will also measure DF.

But it also measures the whole DC ;

therefore it will also measure the remainder CF, that is, the

greater will measure the less : which is impossible.

Therefore no number which is greater than CF will measure

the numbers AB, CD ;

therefore CF is the greatest common measure of AB, CD.

Porism. From this it is manifest that, if a number

measure two numbers, it will also measure their greatest

common measure. Q. E. d.

Here we have the exact method of finding the greatest common measure

given in the text-books of algebra, including the reductio ad absurdum proof

that the number arrived at is not only a common measure but the greatest

common measure. The process of finding the greatest common measure

is simply shown thus :

b)a(p

P±

qc

d)c(r

rd

We shall arrive, says Euclid, at some number, say d, which measures the one

before it, i.e. such that e=rd. Otherwise the process would go on until we

arrived at unity. This is impossible because in that case a, b would be prime

to one another, which is contrary to the hypothesis.

Next, like the text-books of algebra, he goes on to show that d will be some

common measure of a, b. For d measures c ;

therefore it measures qc + d, that is, b,

and hence it measures pb + c, that is, a.

Lastly, he proves that d is the greatest common measure of a, b as follows.

Suppose that e is a common measure greater than d.

Then e, measuring a, b, must measure a -pb, or c.
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Similarly e must measure b-qc, that is, d: which is impossible, since e is

by hypothesis greater than d.

Therefore etc.

Euclid's proposition is thus identical with the algebraical proposition as

generally given, e.g. in Todhunter's algebra, except that of course Euclid's

numbers are integers.

Nicomachus gives the same rule (though without proving it) when he

shows how to determine whether two given odd numbers are prime or not

prime to one another, and, if they are not prime to one another, what is their

common measure. We are, he says, to compare the numbers in turn by

continually taking the less from the greater as many times as possible,

then taking the remainder as many times as possible from the less of the

original numbers, and so on ; this process " will finish either at an unit or at

some one and the same number," by which it is implied that the division of a

greater number by a less is done by separate subtractions of the less. Thus,

with regard to 2 1 and 49, Nicomachus says, " I subtract the less from the

greater ; 28 is left ; then again I subtract from this the same 2 1 (for this is

possible); 7 is left; I subtract this from 21, 14 is left; from which I again

subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from

7." The last phrase is curious, but the meaning of it is obvious enough, as

also the meaning of the phrase about ending " at one and the same number."

The proof of the Porism is of course contained in that part of the propo

sition which proves that G, a common measure different from CF, must

measure CF. The supposition, thereby proved to be false, that G is greater

than CT^does not affect the validity of the proof that G measures CF in any

case.

Proposition 3.

Given three numbers not prime to one another, to find their

greatest common measure.

Let A, B, C be the three given numbers not prime to

one another ;

thus it is required to find the greatest

common measure of A, B, C.

Forlet the greatest common measure,

D, of the two numbers A, B be taken ;

[vil. 2] " D| E) F|

then D either measures, or does not

measure, C.

First, let it measure it.

But it measures A, B also ;

therefore D measures A, B, C ;

therefore D is a common measure of A, B, C.

I say that it is also the greatest.
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For, if D is not the greatest common measure of A, B, C,

some number which is greater than D will measure the numbers

A, B, C.

Let such a number measure them, and let it be E.

Since then E measures A, B, C,

it will also measure A, B ;

therefore it will also measure the greatest common measure

of A, B. [vn. 2, Por.]

But the greatest common measure of A, B is D ;

therefore E measures D, the greater the less : which is

impossible.

Therefore no number which is greater than D will measure

the numbers A, B, C ;

therefore D is the greatest common measure of A, B, C.

Next, let D not measure C;

I say first that C, D are not prime to one another.

For, since A, B, C are not prime to one another, some

number will measure them.

Now that which measures A, B, C will also measure A,

B, and will measure D, the greatest common measure of A, B.

[vn. 2, Por.]

But it measures C also ;

therefore some number will measure the numbers D, C ;

therefore D, C are not prime to one another.

Let then their greatest common measure E be taken.

[vn. 2]

Then, since E measures D,

and D measures A, B,

therefore E also measures A, B.

But it measures C also ;

therefore E measures A, B, C;

therefore E is a common measure of A, B, C.

I say next that it is also the greatest.

For, if E is not the greatest common measure of A, B, C,

some number which is greater than E will measure the

numbers A, B, C.

Let such a number measure them, and let it be F.
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Now, since F measures A, B, C,

it also measures A, B ;

therefore it will also measure the greatest common measure

of A, B. [vu. 2, Por.]

But the greatest common measure of A, B is D ;

therefore F measures D.

And it measures C also ;

therefore F measures D, C ;

therefore it will also measure the greatest common measure

of D, C. [vu. 2, Por.]

But the greatest common measure of D, C is E ;

therefore F measures E, the greater the less : which is

impossible.

Therefore no number which is greater than E will measure

the numbers A, B, C;

therefore E is the greatest common measure of A, B, C.

Q. E. D.

Euclid's proof is here longer than we should make it because he

distinguishes two cases, the simpler of which is really included in the other.

Having taken the greatest common measure, say d, of a, b, two of the

fhree given numbers a, b, c, he distinguishes the cases

( i ) in which d measures c,

(2) in which d does not measure c.

In the first case the greatest common measure of d, cis d itself; in the

second case it has to be found by a repetition of the process of vu. 2. In

either case the greatest common measure of a, b, c is the greatest common

measure of d, c.

But, after disposing of the simpler case, Euclid thinks it necessary to

prove that, if d does not measure c, d and c must necessarily have a greatest

common measure. This he does by means of the original hypothesis that

a, b, c are not prime to one another. Since they are not prime to one another,

they must have a common measure; any common measure of a, b is a measure

of d, and therefore any common measure of a, b, c is a common measure of

d, c; hence d, c must have a common measure, and are therefore not prime to

one another.

The proofs of cases (1) and (2) repeat exactly the same argument as we

saw in vu. 2, and it is proved separately for d in case (1) and e in case (2),

where e is the greatest common measure of d, c,

(o) that it is a common measure of a, b, c,

(fi) that it is the greatest common measure.

Heron remarks (an-Nairizi, ed. Curtze, p. 191) that the method does

not only enable us to find the greatest common measure of three numbers ;

it can be used to find the greatest common measure of as many numbers
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as we please. This is because any number measuring two numbers also

measures their greatest common measure ; and hence we can find the g.c.m.

of pairs, then the g.c.m. of pairs of these, and so on, until only two numbers

are left and we find the g.c.m. of these. Euclid tacitly assumes this extension

in vn. 33, where he takes the greatest common measure of as many numbers

as we please.

Proposition 4.

Any number is either a part orparts of any number, the

less of the greater.

Let A, BC be two numbers, and let BC be the less ;

I say that BC is either a part, or parts, of A.

For A, BC are either prime to one another

or not.

First, let A, BC be prime to one another.

Then, if BC be divided into the units in it,

each unit of those in BC will be some part of A ;

so that BC is parts of A.

Next let A, BC not be prime to one another;

then BC either measures, or does not measure, A.

If now BC measures A, BC is a part of A.

But, if not, let the greatest common measure D of A, BC

be taken ; [vn. 2]

and let BC be divided into the numbers equal to D, namely

BE, EF, FC.

Now, since D measures A, D is a part of A.

But D is equal to each of the numbers BE, EF, FC ;

therefore each of the numbers BE, EF, FC is also a part of A ;

so that BC is parts of A.

Therefore etc.

Q. E. D.

The meaning of the enunciation is of course that, if a, b be two numbers

of which b is the less, then b is either a submultiple or some properfraction of a.

(1) If a, b are prime to one another, divide each into its units; then b

contains b of the same parts of which a contains a. Therefore b is " parts " or

a properfraction of a.

(2) If a, b be not prime to one another, either b measures a, in which

case b is a submultiple or " part " of a, or, if g be the greatest common

measure of a, b, we may put a = mg and b = ng, and b will contain n of the

same parts (g) of which a contains m, so that b is again "parts," or a proper

fraction, of a.
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Proposition 5.

If a number be a part of a number, and another be the

same part of another, the sum will also be the same part of the

sum that the one is of the one.

For let the number A be a part of BC,

and another, D, the same part of another EF that A is of BC;

I say that the sum of A, D is also the same

part of the sum of BC, EF that A is of BC.

For since, whatever part A is of BC, D

is also the same part of EF,

therefore, as many numbers as there are in
BC equal to A, so many numbers are there G F

also in EF equal to D.

Let BC be divided into the numbers equal to A, namely

BG, GC,

and EF into the numbers equal to D, namely EH, HF ;

then the multitude of BG, GC will be equal to the multitude

of EH, HF.

And, since BG is equal to A, and EH to D,

therefore BG, EH are also equal to A, D.

For the same reason

GC, HF are also equal to A, D.

Therefore, as many numbers as there are in BC equal to

A, so many are there also in BC, EF equal to A, D.

Therefore, whatever multiple BC is of A, the same multiple

also is the sum of BC, EF of the sum of A, D.

Therefore, whatever part A is of BC, the same part also

is the sum of A, D of the sum of BC, EF.

Q. E. D.

If a = -b, and c= -d. then
ft n

a + c=-(b + d).

The proposition is of course true for any quantity of pairs of numbers

similarly related, as is the next proposition also ; and both propositions are

used in the extended form in vn. 9, 10.
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Proposition 6.

If a number be parts of a number, and another be the same

parts of another, the sum will also be the sameparts of the sum

that the one is of the one.

For let the number AB be parts of the number C,

and another, DE, the same parts of another,

F, that AB is of C ;

I say that the sum of AB, DE is also the

same parts of the sum of C, F that AB is

of C.

F"or since, whatever parts AB is of C,

DE is also the same parts of F,

therefore, as many parts of C as there are

in AB, so many parts of F are there also in DE.

Let AB be divided into the parts of C, namely AG, GB,

and DE into the parts of F, namely DH, HE ;

thus the multitude of AG, GB will be equal to the multitude

of DH, HE.

And since, whatever part AG is of C, the same part is

DH of F also,

therefore, whatever part AG is of C, the same part also is the

sum of AG, DH of the sum of C, F. [vn. 5]

For the same reason,

whatever part GB is of C, the same part also is the sum of

GB, HE of the sum of C, F.

Therefore, whatever parts AB is of C, the same parts also

is the sum of AB, DE of the sum of C, F.

Q. E. D.

If a = — b, and c= — d,
n n

then a + c = - (b + d).

More generally, if

//

« = — b, c— — d, e=— f, ...
n n n

in

then (a + c + e + g+ ...) = — (b + d+f+ h + ...).

H. E. 11. 30
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In Euclid's proposition m<n, but the generality of the result is of course

not affected. This proposition and the last are complementary to v. i, which

proves the corresponding result with multiple substituted for "pari" or

"parts."

Proposition 7.

If a number be that part of a number, which a number

subtracted is of a number subtracted, the remainder will also

be the same part of the remainder that the whole is of the

whole.

For let the number AB be that part of the number CD

which AE subtracted is of CF subtracted ;

I say that the remainder EB is also the same part of the

remainder FD that the whole AB is of the whole CD.

For, whatever part AE is of CF, the same part also let

EB be of CG.

Now since, whatever part AE is of CF, the same part

also is EB of CG,

therefore, whatever part AE is of CF, the same part also is

AB of GF. [vn. 5]

But, whatever part AE is of CF, the same part also, by

hypothesis, is AB of CD ;

therefore, whatever part AB is of GF, the same part is it of

CD also ;

therefore GF is equal to CD.

Let CF be subtracted from each ;

therefore the remainder GC is equal to the remainder FD.

Now since, whatever part AE is of CF, the same part

also is EB of GC,

while GC is equal to FD,

therefore, whatever part AE is of CF, the same part also is

EB of FD.

But, whatever part AE is of CF, the same part also is AB

of CD;



vii. 7, 8] PROPOSITIONS 6—8 307

therefore also the remainder EB is the same part of the

remainder FD that the whole AB is of the whole CD.

Q. E. D.

If a = -b and c = -d, we are to prove that
n n r

a-c=±(b-d),

a result differing from that of vn. 5 in that minus is substituted for plus.

Euclid's method is as follows.

Suppose that e is taken such that

a — c=-e. (1)
n x '

Now c=-d.

n

Therefore a = -(d + e), [vn. 5]

whence, from the hypothesis, d+e = b,

so that e = b-d,

and, substituting this value of e in (1), we have

a-c = -lb-d).

n

Proposition 8.

If a number be the same parts of a number that a number

subtracted is of a number subtracted, the remainder will also

be the same parts of the remainder that the whole is of the

whole.

For let the number AB be the same parts of the number

CD that AE subtracted is of CF

subtracted ; c F d
1

I say that the remainder EB is G M K N H

also the same parts of the re-

mainder FD that the whole AB ^ £ 1 b

is of the whole CD.

For let GH be made equal to AB.

Therefore, whatever parts GH is of CD, the same parts

also is AE of CF.

Let Gffbe divided into the parts of CD, namely GK, KH,

and AE into the parts of CF, namely AL, LE ;

thus the multitude of GK, KH will be equal to the multitude

of AL, LE.
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Now since, whatever part GK is of CD, the same part

also is AL of CF,

while CD is greater than CF,

therefore GK is also greater than AL.

Let GM be made equal to AL.

Therefore, whatever part GK is of CD, the same part also

is GM of CF;

therefore also the remainder MK is the same part of the

remainder FD that the whole GK is of the whole CD. [vn. 7]

Again, since, whatever part KH is of CD, the same part

also is EL of CF,

while CD is greater than CF,

therefore HK is also greater than EL.

Let KN be made equal to EL .

Therefore, whatever part KH is of CD, the same part

also is KN of CF;

therefore also the remainder NH is the same part of the

remainder FD that the whole KH is of the whole CD.

[vn. 7]

But the remainder MK was also proved to be the same

part of the remainder FD that the whole GK is of the whole

CD;

therefore also the sum of MK, NH is the same parts of DF

that the whole HG is of the whole CD.

But the sum of MK, NH is equal to EB,

and HG is equal to BA ;

therefore the remainder EB is the same parts of the remainder

FD that the whole AB is of the whole CD.

q. E. D.

Tf m L A m 1

(m <n)If a = — b and c=—d.

« n

then a —c= — (b-d).

Euclid's proof amounts to the following.

Take e equal to - b, and/equal to - d.

n n

Then since, by hypothesis, b > d,

e>f,

and, by vn. 7, c-/=-(b-d).
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Repeat this for all the parts equal to e andf that there are in a, b respec

tively, and we have, by addition (a, b containing /// of such parts respectively),

m(e-f) = ™(b-d).

But m (e —/) = a — c.

Therefore a — c= — (b-d).
n v '

The propositions vn. 7, 8 are complementary to v. 5 which gives the

corresponding result with multiple in the place of "part" or "parts."

Proposition 9.

If a number be a part of a number, and another be the

same part of another, alternately also, whateverpart or parts

the first is of the third, the same part, or the same parts, will

the second also be of the fourth.

For let the number A be a part of the number BC,

and another, D, the same part of another, EF,

that A is of BC ;

I say that, alternately also, whatever part or

parts A is of D, the same part or parts is BC G

of EF also. A

For since, whatever part A is of BC, the

same part also is D of EF,

therefore, as many numbers as there are in BC equal to A,

so many also are there in EF equal to D.

Let BC be divided into the numbers equal to A, namely

BG, GC,

and EF into those equal to D, namely EH, HF ;

thus the multitude of BG, GC will be equal to the multitude

oiEH, HF.

Now, since the numbers BG, GC are equal to one another,

and the numbers EH, HF are also equal to one another,

while the multitude of BG, GC is equal to the multitude of

EH, HF,

therefore, whatever part or parts BG is of EH, the same

part or the same parts is GC of HF also ;

so that, in addition, whatever part or parts BG is of EH,

the same part also, or the same parts, is the sum BC of the

sum EF. [vn. 5, 6]
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But BG is equal to A, and EH to D ;

therefore, whatever part or parts A is of D, the same part or

the same parts is BC of EF also.

Q. E. D.

If a = - b and c = — d, then, whatever fraction (" part " or " parts") a is of

n n

c, the same fraction will b be of d.

Dividing b into each of its parts equal to a, and d into each of its parts

equal to c, it is clear that, whatever fraction one of the parts a is of one of the

parts c, the same fraction is any other of the parts a of any other of the parts c.

And the number of the parts a is equal to the number of the parts c, viz. n.

Therefore, by vn. 5, 6, na is the same fraction of nc that a is of c, i.e. b is

the same fraction of d that a is of c.

Proposition 10.

If a number be parts of a number, and another be the

same parts of another, alternately also, whateverparts or part

the first is of the third, the same parts or the same part will

the second also be of thefourth.

For let the number AB be parts of the number C,

and another, DE, the same parts of another,

F;

I say that, alternately also, whatever parts or

part AB is of DE, the same parts or the

same part is C of F also.

For since, whatever parts AB is of C, G'

the same parts also is DE of F,

therefore, as many parts of C as there are

in AB, so many parts also of F are there in DE.

Let AB be divided into the parts of C, namely AG, GB,

and DE into the parts of F, namely DH, HE ;

thus the multitude of AG, GB will be equal to the multitude

of DH, HE.

Now since, whatever part AG is of C, the same part also

is DH of F,

alternately also, whatever part or parts AG is of DH,

the same part or the same parts is C of F also. [vn. 9]

For the same reason also,

whatever part or parts GB is of HE, the same part or the

same parts is C of F also ;

H
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so that, in addition, whatever parts or part AB is of DE,

the same parts also, or the same part, is C of F. [vn. 5, 6]

Q. E. D.

If a = — b and c = —d, then, whatever fraction a is of c, the same fraction

n n

is b of d.

To prove this, a is divided into its m parts equal to bjn, and c into its

m parts equal to djn.

Then, by vn. 9, whatever fraction one of the m parts of a is of one of the

m parts of c, the same fraction is b of d.

And, by vn. 5, 6, whatever fraction one of the m parts of a is of one of

the m parts of c, the same fraction is the sum of the parts of a (that is, a) of

the sum of the parts of c (that is, c).

Whence the result follows.

In the Greek text, after the words " so that, in addition " in the last line

but one, is an additional explanation making the reference to vn. 5, 6 clearer,

as follows: "whatever part or parts AG is of DH, the same part or the

same parts is GB of HE also ;

therefore also, whatever part or parts AG is of DH, the same part or the same

parts is AB of DE also. [vn. 5, 6]

But it was proved that, whatever part or parts AG is of DH, the same

part or the same parts is C of /"also ;

therefore also " etc. as in the last two lines of the text.

Heiberg concludes, on the authority of P, which only has the words in

the margin in a later hand, that they may be attributed to Theon.

Proposition ii.

If, as whole is to whole, so is a number subtracted to a

number subtracted, the remainder will also be to the remainder

as whole to whole.

As the whole AB is to the whole CD, so let AE subtracted

be to CF subtracted ;

I say that the remainder EB is also to the remainder

FD as the whole AB to the whole CD.

Since, as AB is to CD, so is AE to CF,
F

whatever part or parts AB is of CD, the same part

or the same parts is AE of CF also ; [vn. Def. 20]

Therefore also the remainder EB is the same

part or parts of FD that AB is of CD. [vn. 7, 8]

Therefore, as EB is to FD, so is AB to CD. [vn. Def. 20]

Q. E. D.

It will be observed that, in dealing with the proportions in Props. 11—13,

Euclid only contemplates the case where the first number is "a part" or

" parts " of the second, while in Prop. 1 3 he assumes the first to be " a part "
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or "parts" of the third also ; that is, the first number is in all three propositions

assumed to be less than the second, and in Prop. 13 less than the third also.

Yet the figures in Props. 11 and 13 are inconsistent with these assumptions.

If the facts are taken to correspond to the figures in these propositions, it is

necessary to take account of the other possibilities involved in the definition

of proportion (vn. Def. 20), that the first number may also be a multiple, or

a multiple plus " a part " or " parts " (including once as a multiple in this case),

of each number with which it is compared. Thus a number of different cases

would have to be considered. The remedy is to make the ratio which is in

the lower terms the first ratio, and to invert the ratios, if necessary, in order

to make " a part " or " parts " literally apply.

If a : b = c : d, (a > c, b > d)

then (a - c) : (b - d) = a : b.

This proposition for numbers corresponds to v. 19 for magnitudes. The

enunciation is the same except that the masculine (agreeing with apifyxds)

takes the place of the neuter (agreeing with fitytOos).

The proof is no more than a combination of the arithmetical definition of

proportion (vn. Def. 20) with the results of vn. 7, 8. The language of propor

tions is turned into the language of fractions by Def. 20 ; the results of vn. 7, 8

are then used and the language retransformed by Def. 20 into the language of

proportions.

Proposition i 2.

If there be as many numbers as we please in proportion,

then, as one of the antecedents is to one of the consequents, so

are all the antecedents to all the consequents.

Let A, B, C, D be as many numbers as we please in

proportion, so that,

as A is to B, so is C to D ;

I say that, as A is to B, so are A, C to B, D.

For since, as A is to B, so is C to D, a| B| c

whatever part or parts A is of B, the same part

or parts is C of D also. [vn. Def. 20]

Therefore also the sum of A, C is the same

part or the same parts of the sum of B, D that A is of B.

[vn. s, 6]

Therefore, as A is to B, so are A, C to B, D. [vn. Def. 20]

If a:a' = b:b' = c:c=...,

then each ratio is equal to (a + b + c+ ...) : (a +b' + c" + ...).

The proposition corresponds to v. 12, and the enunciation is word for word

the same with that of v. 12 except that opi^/ids takes the place of fiiytBos.

Again the proof merely connects the arithmetical definition of proportion

(vn. Def. 20) with the results of vn. 5, 6, which are quoted as true for any

number of numbers, and not merely for two numbers as in the enunciations of

vn. 5, 6.
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Proposition i 3.

Iffour numbers be proportional, they zvill also be propor

tional alternately.

Let the four numbers A, B, C, D be proportional, so that,

as A is to B, so is C to D ;

I say that they will also be proportional alternately, so that,

as A is to C, so will B be to D.

For since, as A is to B, so is C to D,

therefore, whatever part or parts A is of B,

the same part or the same parts is C of D also.

[vn. Def. 20]

Therefore, alternately, whatever part or

parts A is of C, the same part or the same

parts is B of D also. [vn. 10]

Therefore, as A is to C, so is B to D. [vn. Def. 20]

Q. E. D.

If a : b = c : d,

then, alternately, a : c=b : d.

The proposition corresponds to v. 16 for magnitudes, and the proof

consists in connecting vn. Def. 20 with the result of vn. 10.

Proposition 14.

Ifthere be as many numbers as we please, and others equal

to them in multitude, which taken two and two are in the same

ratio, they will also be in the same ratio ex aequali.

Let there be as many numbers as we please A, B, C,

and others equal to them in multitude D, E, F, which taken

two and two are in the same ratio, so that,

as A is to B, so is D to E,

and, as B is to C, so is E to F ;

I say that, ex aequali,

as A is to C, so also is D to F.

For, since, as A is to B, so is D to E,

therefore, alternately,

as A is to D, so is B to E. [vn. 13]
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Again, since, as B is to C, so is E to F,

therefore, alternately,

as B is to E, so is C to F, [vn. 13]

But, as B is to E, so is A to D ;

therefore also, as v4 is to D, so. is C to T7".

Therefore, alternately,

as A is to C, so is Z? to F. [id.]

If a : 6 = d : e,

and 6 : e = e :/,

then, «c aequali, a : c = d :/;

and the same is true however many successive numbers are so related.

The proof is simplicity itself.

By v11. 13, alternately, a : d = 6 : e,

and b :e = c :/.

Therefore a:d = c:f,

and, again alternately, a : c = d :/.

Observe that this simple method cannot be used to prove the corresponding

proposition for magnitudes, v. 22, although v. 22 has been preceded by the

two propositions in that Book corresponding to the propositions used here,

viz. v. 16 and v. 1 1. The reason of this is that this method would only prove

v. 22 for six magnitudes all of the same kind, whereas the magnitudes in v. 22

are not subject to this limitation.

Heiberg remarks in a note on vn. 19 that, while Euclid has proved

several propositions of Book v. over again, by a separate proof, for numbers,

he has neglected to do so in certain cases; e.g., he often uses v. 1 1 in these pro

positions of Book vn., v. 9 in vn. 19, v. 7 in the same proposition, and so on.

Thus Heiberg would apparently suppose Euclid to use v. 1 1 in the last step

of the present proof (Ratios which are the same with the same ratio are also the

same with one another). I think it preferable to suppose that Euclid regarded

the last step as axiomatic ; since, by the definition of proportion, the first

number is the same multiple or the same part or the same parts of the second

that the third is of the fourth : the assumption is no more than an assumption

that the numbers or proper fractions which are respectively equal to the same

number or proper fraction are equal to one another.

Though the proposition is only proved of six numbers, the extension to as

many as we please (as expressed in the enunciation) is obvious.

Proposition 15.

Ifan unit measure any number, and another number measure

any other number the same number of times, alternately also,

the unit tvill measure the third number the same number of

times that the second measures the fourth.
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For let the unit A measure any number BC,

and let another number D

measure any other number EF —— ? + +—9

the same number of times ; D

I say that, alternately also, the I k l f

unit A measures the number

D the same number of times that BC measures EF.

For, since the unit A measures the number BC the same

number of times that D measures EF,

therefore, as many units as there are in BC, so many numbers

equal to D are there in EF also.

Let BC be divided into the units in it, BG, GH, HC,

and EF into the numbers EK, KL, LF equal to D.

Thus the multitude of BG, GH, HC will be equal to the

multitude of EK, KL, LF.

And, since the units BG, GH, HC are equal to one another,

and the numbers EK, KL, LF are also equal to one another,

while the multitude of the units BG, GH, HC is equal to the

multitude of the numbers EK, KL, LF,

therefore, as the unit BG is to the number EK, so will the

unit GH be to the number KL, and the unit HC to the

number LF.

Therefore also, as one of the antecedents is to one of

the consequents, so will all the antecedents be to all the

consequents; [vh. 12]

therefore, as the unit BG is to the number EK, so is BC to

EF.

But the unit BG is equal to the unit A,

and the number EK to the number D.

Therefore, as the unit A is to the number D, so is BC to

EF.

Therefore the unit A measures the number D the same

number of times that BC measures EF. Q. E. d.

If there be four numbers 1, m, a, ma (such that 1 measures m the same

number of times that a measures ma), 1 measures a the same number of

times that m measures ma.

Except that the first number is unity and the numbers are said to measure

instead of being a part of others, this proposition and its proof do not differ

from V11. 9 ; in fact this proposition is a particular case of the other.
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Proposition 16.

If two numbers by multiplying one another make certain

numbers, the numbers so produced will be equal to one another.

Let A, B be two numbers, and let A by multiplying B

make C, and B by multiplying

A make D ; A

I say that C is equal to D. b

For, since A by multiply- c

ing B has made C, o

therefore B measures C ac- —E

cording to the units in A.

But the unit E also measures the number A according to

the units in it ;

therefore the unit E measures A the same number of times

that B measures C.

Therefore, alternately, the unit E measures the number B

the same number of times that A measures C. [vn. 15]

Again, since B by multiplying A has made D,

therefore A measures D according to the units in B.

But the unit E also measures B according to the units

in it;

therefore the unit E measures the number B the same

number of times that A measures D.

But the unit E measured the number B the same number

of times that A measures C ;

therefore A measures each of the numbers C, D the same

number of times.

Therefore C is equal to D. q. E. d.

2. The numbers so produced. The Greek has of yeyintvoi i% airwv, " the (numl,ers)

producedfrom them." By "from them" Euclid means "from the original numbers," though

this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out

the words.

This proposition proves that, if any numbers be multiplied together, the order

of multiplication is indifferent, or ab = ba.

It is important to get a clear understanding of what Euclid means when

he speaks of one number multiplying another. vn. Def. 15 states that the

effect of "a multiplying b" is taking a times b. We shall always represent

"a times b" by ab and "b times a" by ba. This being premised, the proof

that ab = ba may be represented as follows in the language of proportions.



vii. i6, 17] PROPOSITIONS 16, 17 317

By vii. Def. 20, 1 : a = b : ab.

Therefore, alternately, 1 : b = a : ab. [vn. 13]

Again, by vn. Def. 20, 1 : b = a : ba.

Therefore a : ab = a : ba,

or ab = ba.

Euclid does not use the language of proportions but that of fractions or

their equivalent measures, quoting vn. 15, a particular case of vn. 13

differently expressed, instead of vn. 13 itself.

Proposition 17.

If a number by multiplying two numbers make certain

numbers, the numbers so produced will have the same ratio

as the numbers multiplied.

For let the number A by multiplying the two numbers B,

C make D, E ;

I say that, as B is to C, so is D to E.

For, since A by multiplying B has made D,

therefore B measures D according to the units in A.

-A

B C-

F

But the unit F also measures the number A according to

the units in it ;

therefore the unit F measures the number A the same number

of times that B measures D.

Therefore, as the unit F is to the number A, so is B to D.

[vn. Def. 20]

For the same reason,

as the unit F is to the number A, so also is C to E ;

therefore also, as B is to D, so is C to E.

Therefore, alternately, as B is to C, so is D to E. [vn. 13]

Q. E. D.

b : e=ab : ac.

In this case Euclid translates the language of measures into that of

proportions, and the proof is exactly like that set out in the last note.

By vii. Def. 20, 1 : a = b : ab,

and 1 : a = c : ac.

Therefore b : ab = c : ac,

and, alternately, b: c = ab : ac. [vn. 13]



3i8 BOOK VII [vn. i8, 19

Proposition 18.

If two numbers by multiplying any number make certain

numbers, the numbers so produced will have the same ratio as

the multipliers.

For let two numbers A, B by multiplying any number C

make D, E ;

I say that, as A is to B, so is D c

to if-

For, since A by multiplying e-

C has made D,

therefore also C by multiplying A has made D. [vn. 16]

For the same reason also

C by multiplying B has made E.

Therefore the number C by multiplying the two numbers

A, B has made D, E.

Therefore, as A is to B, so is D to E. [vn. 17]

It is here proved that a : b = ae : be.

The argument is as follows.

ae = ca. [vn. 16]

Similarly be = cb.

And a : b = ca , cb ; [vn. 17]

therefore a : b-ac : be.

Proposition 19.

Iffour numbers be proportional, the numberproducedfrom

the first andfourth will be equal to the number producedfrom

the second and third ; and, if the number produced from the

first andfourth be equal to that producedfrom the second and

third, the four numbers will be proportional.

Let A, B, C, D be four numbers in proportion, so that,

as A is to B, so is C to D ;

and let A by multiplying D make E, and let B by multiply

ing C make F;

I say that E is equal to F.

For let A by multiplying C make G.



V11. 19] 319PROPOSITIONS 18, 19

B C D E r Q

Since, then, A by multiplying C has made G, and by

multiplying D has made E,

the number A by multiplying the two

numbers C, D has made G, E.

Therefore, as C is to D, so is G to E.

[vii. 17]

But, as C is to D, so is A to 2? ;

therefore also, as ^4 is to B, so is G

to if.

Again, since A by multiplying C

has made G,

but, further, i? has also by multiplying

C made F,

the two numbers A, B by multiplying a certain number C

have made G, F.

Therefore, as A is to B, so is G to /*". [vii. 18]

But further, as A is to B, so is £ to E also ;

therefore also, as G is to E, so is (7 to F.

Therefore G has to each of the numbers E, F the same

ratio ;

therefore E is equal to F.

Again, let E be equal to F ;

I say that, as A is to B, so is C to D.

For, with the same construction,

since E is equal to F,

therefore, as G is to E, so is G to /^

But, as G is to -£", so is C to Z>,

and, as G is to F, so is ^4 to B.

Therefore also, as A is to B, so is C to Z?.

[cf. v. 9]

[cf. v. 7]

[vii. 17]

[vii. 18]

Q. E. D.

If a:b = e:d,

then ad = be ; and conversely.

The proof is equivalent to the following.

(1) ac : ad=c : d

= a:b.

But a : b = ac : be.

Therefore ac : ad = ac : bc,

or ad = be.

[vii. 17]

[vii. 18]
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) Since ad=be,

ac : ad= ac : be.

But ac : ad' = c : d,

and ac : be = a : b.

Therefore a : b = c : d.

[vn. 17]

[V11. 18]

As indicated in the note on vn. 14 above, Heiberg regards Euclid as

basing the inferences contained in the last step of part (1) of this proof and

in the first step of part (2) on the propositions v. 9 and v. 7 respectively,

since he has not proved those propositions separately for numbers in this

Book. I prefer to suppose that he regarded the inferences as obvious and

not needing proof, in view of the definition of numbers which are in pro

portion. E.g., if ac is the same fraction ("part" or "parts") of ad that ac is

of be, it is obvious that ad must be equal to be.

Heiberg omits from his text here, and relegates to an Appendix, a

proposition appearing in the manuscripts V, p, i/> to the effect that, if three

numbers be proportional, the product of the extremes is equal to the square

of the mean, and conversely. It does not appear in P in the first hand, B has

it in the margin only, and Campanus omits it, remarking that Euclid does

not give the proposition about three proportionals as he does in vi. 1 7, since

it is easily proved by the proposition just given. Moreover an-Nairizi quotes

the proposition about three proportionals as an obsemation on vn. 19 probably

due to Heron (who is mentioned by name in the preceding paragraph).

Proposition 20.

The least numbers of those which have the same ratio with

them measure those which have the same ratio the same number

of times, the greater the greater and the less the less.

For let CD, EFbe the least numbers of those which have

the same ratio with A, B ;

I say that CD measures A the same number

of times that EF measures B.

Now CD is not parts of A.

For, if possible, let it be so ;

therefore EF is also the same parts of B

that CD is of A. [vn. 13 and Def. 20]

Therefore, as many parts of A as there

are in CD, so many parts of B are there also

in EF.

Let CD be divided into the parts of A, namely CG, GD,

and EF into the parts of B, namely EH, HF;

thus the multitude of CG, GD will be equal to the multitude

of EH, HF.

G

E

fH

F
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Now, since the numbers CG, GD are equal to one another,

and the numbers EH, HF are also equal to one another,

while the multitude of CG, GD is equal to the multitude of

EH, HF,

therefore, as CG is to EH, so is GD to HF.

Therefore also, as one of the antecedents is to one of

the consequents, so will all the antecedents be to all the

consequents. [vn. 12]

Therefore, as CG is to EH, so is CD to EF.

Therefore CG, EH are in the same ratio with CD, EF,

being less than they :

which is impossible, for by hypothesis CD, EF are the least

numbers of those which have the same ratio with them.

Therefore CD is not parts of A ;

therefore it is a part of it. [vn. 4]

And EF is the same part of B that CD is of A ;

[vn. 13 and Def. 20]

therefore CD measures A the same number of times that EF

measures B.

Q. E. D.

If a, b are the least numbers among those which have the same ratio

(i.e. if a/b is a fraction in its lowest terms), and c, d are any others in the same

ratio, i.e. if

a : b = c : d,

then a- - c and b = - d, where n is some integer.

n n °

The proof is by reductio ad absurdum, thus.

[Since a < c, a is some proper fraction (" part " or " parts ") of c, by vn. 4.]

7ft

Now a cannot be equal to — c, where m is an integer less than n but

greater than 1.

For, if a = — c, b= — d also. [vn. 13 and Def. 20I

Take each of the m parts of a with each of the m parts of b, two and two ;

the ratio of the members of all pairs is the same ratio — a : — b.

m m

Therefore

— a : - b = a : b, [vn. 12I
mm L J

But — a and — b are respectively less than a, b and they are in the same

ratio : which contradicts the hypothesis.

H. E. 11.
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Hence a can only be " a part " of c, or

a is of the form - c,
n

and therefore b is of the form - d.

n

Here also Heiberg omits a proposition which was no doubt interpolated

by Theon (B, V, p, cf> have it as vn. 22, but P only has it in the margin

and in a later hand ; Campanus also omits it) proving for numbers the ex

aequali proposition when " the proportion is perturbed," i.e. (cf. enunciation

of v. 22) if

a :b = e :/, (1)

and b:c = d:e, (2)

then a:c = i:f.

The proof (see Heiberg's Appendix) depends on vn. 19.

From (1) we have af=be,

and from (2) be = cd. [vn. 19]

Therefore af= cd,

and accordingly a:c~d:f. [vn. 19]

Proposition 21.

Numbers prime to one another are the least of those which

have the same ratio with them.

Let A, B be numbers prime to one another ;

I say that A, B are the least of

those which have the same ratio

with them.

For, if not, there will be some

numbers less than A, B which are

in the same ratio with A, B.

Let them be C, D.

Since, then, the least numbers of those which have the

same ratio measure those which have the same ratio the

same number of times, the greater the greater and the less

the less, that is, the antecedent the antecedent and the

consequent the consequent, [vn. 20]

therefore C measures A the same number of times that D

measures B.

Now, as many times as C measures A, so many units let

there be in E.

Therefore D also measures B according to the units in E.
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And, since C measures A according to the units in E,

therefore E also measures A according to the units in C.

[vn. 16]

For the same reason

E also measures B according to the units in D. [vn. 16]

Therefore E measures A, B which are prime to one

another : which is impossible. [vn. Def. 12]

Therefore there will be no numbers less than A, B which

are in the same ratio with A, B.

Therefore A, B are the least of those which have the same

ratio with them.

Q. E. D.

In other words, if a, b are prime to one another, the ratio a : b is " in its

lowest terms."

The proof is equivalent to the following.

If not, suppose that c, d are the least numbers for which

a : b = c : d.

[Euclid only supposes some numbers c, d in the ratio of a to b such that

c < a, and (consequently) d < b. It is however necessary to suppose that

c, d are the least numbers in that ratio in order to enable vn. 20 to be

used in the proof.]

Then [vn. 20] a = mc, and b = ind, where m is some integer.

Therefore a = an, b = dm, [vn. 16]

and m is a common measure of a, b, though these are prime to one another :

which is impossible. [vn. Def. 12]

Thus the least numbers in the ratio of a to b cannot be less than a, b

themselves.

Where I have quoted vn. 16 Heiberg regards the reference as being to

vn. 15. I think the phraseology of the text combined with that of Def. 15

suggests the former rather than the latter.

Proposition 22.

The least numbers of those which have the same ratio with

them are prime to one another.

Let A, B be. the least numbers of those which have the

same ratio with them ;

I say that A, B are prime to one B

another.
c ~

For, if they are not prime to one D

another, some number will measure E_ .

them.

Let some number measure them, and let it be C.
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And, as many times as C measures A, so many units

let there be in D,

and, as many times as C measures B, so many units let there

be in E.

Since C measures A according to the units in D,

therefore C by multiplying D has made A. [vn. Def. 15]

For the same reason also

C by multiplying E has made B.

Thus the number C by multiplying the two numbers D,

E has made A, B ;

therefore, as D is to E, so is A to B ; [vn. 17]

therefore D, E are in the same ratio with A, B, being less

than they : which is impossible.

Therefore no number will measure the numbers A, B.

Therefore A, B are prime to one another.

Q. E. D.

If a : b is " in its lowest terms," a, b are prime to one another.

Again the proof is indirect.

If a, b are not prime to one another, they have some common measure c,

and

a = mc, b = nc.

Therefore m : n = a : b. [vn. 17 or 18]

But m, n are less than a, b respectively, so that a : b is not in its lowest

terms : which is contrary to the hypothesis.

Therefore etc.

Proposition 23.

If two numbers be prime to one another, the number which

measures the one of them will be prime to the remaining

number.

Let A, B be two numbers prime to one another, and let

any number C measure A ;

I say that C, B are also prime to one another.

For, if C, B are not prime to one another,

some number will measure C, B.

Let a number measure them, and let it be D.

Since D measures C, and C measures A,

therefore D also measures A. A B

But it also measures B ;
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therefore D measures A, B which are prime to one another :

which is impossible. [vii. Def. 12]

Therefore no number will measure the numbers C, B.

Therefore C, B are prime to one another.

Q. E. D.

If a, mb are prime to one another, b is prime to a. For, if not, some

number d will measure both a and b, and therefore both a and mb : which is

contrary to the hypothesis.

Therefore etc.

Proposition 24.

. 1f two numbers be prime to any number, their product also

will be prime to the same.

For let the two numbers A, B be prime to any number C,

and let A by multiplying B make D ;

I say that C, D are prime to one another.

For, if C, D are not prime to one another,

some number will measure C, D.

Let a number measure them, and let it

beE.

Now, since C, A are prime to one

another,

and a certain number E measures C,

therefore A, E are prime to one another. [vii. 23]

As many times, then, as E measures D, so many units let

there be in F;

therefore F also measures D according to the units in E.

[vii. 16]

Therefore E by multiplying F has made D. [vn. Def. 15]

But, further, A by multiplying B has also made D ;

therefore the product of E, F is equal to the product of A, B.

But, if the product of the extremes be equal to that of the

means, the four numbers are proportional ; [vn. 19]

therefore, as E is to A, so is B to F.

But A, E are prime to one another,

numbers which are prime to one another are also the least of

those which have the same ratio, [vn. 21]

and the least numbers of those which have the same ratio

with them measure those which have the same ratio the same
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number of times, the greater the greater and the less the less,

that is, the antecedent the antecedent and the consequent the

consequent ; [vu. 20]

therefore E measures B.

But it also measures C ;

therefore E measures B, C which are prime to one another :

which is impossible. [vu. Def. 12]

Therefore no number will measure the numbers C, D.

Therefore C, D are prime to one another.

Q. E. D.

1. their product. 0 i£ airHv yeydnevos, literally " the (number) produced from them,"

will henceforth be translated as " their product."

If a, b are both prime to c, then ab, c are prime to one another.

The proof is again by reductio ad absurdum.

If ab, c are not prime to one another, let them be measured by d and be

equal to md, nd, say, respectively.

Now, since a, c are prime to one another and d measures c,

a, d are prime to one another. [vu. 23]

But, since ab = md,

d :a = b : m. [vu. 19]

Therefore [vu. 20] d measures b,

or b =pd, say.

But c = nd.

Therefore d measures both b and c, which are therefore not prime to one

another : which is impossible.

Therefore etc.

Proposition 25.

If two numbers be prime to one another, the product of one

of them into itself will be prime to the remaining one.

Let A, B be. two numbers prime to one another,

and let A by multiplying itself make C ;

I say that B, C are prime to one another.

For let D be made equal to A.

Since A, B are prime to one another,

and A is equal to D,

therefore D, B are also prime to one another.

Therefore each of the two numbers D, A is

prime to B ;

therefore the product of D, A will also be prime to B. [vu. 24]
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But the number which is the product of D, A is C.

Therefore C, B are prime to one another. q. E. d.

1. the product of one of them into itself. The Greek, 6 iK rod ivis avruv yevSiuvos,

literally "the number produced from the one of them," leaves "multiplied into itself" to be

understood.

If a, b are prime to one another,

a2 is prime to b.

Euclid takes d equal to a, so that d, a are both prime to b.

Hence, by vn. 24, da, i.e. a2, is prime to b.

The proposition is a particular case of the preceding proposition ; and the

method of proof is by substitution of different numbers in the result of that

proposition.

Proposition 26.

If two numbers be prime to two numbers, both to each, their

products also will be prime to one another.

For let the two numbers A, B be prime to the two

numbers C, D, both to each,

and let A by multiplying B A c

make E, and let C by multi- B D

plying D make F;

I say that E, F are prime to F

one another.

For, since each of the numbers A, B is prime to C,

therefore the product of A, B will also be prime to C. [vn. 24]

But the product of A, B is E ;

therefore E, C are prime to one another.

For the same reason

E, D are also prime to one another.

Therefore each of the numbers C, D is prime to E.

Therefore the product of C, D will also be prime to E.

[vn. 24]

But the product of C, D is F.

Therefore E, Fare prime to one another. q. E. d.

If both a and b are prime to each of two numbers c, d, then ab, cd will be

prime to one another.

Since a, b are both prime to c,

ab, c are prime to one another. [vn. 24]

Similarly ab, d are prime to one another.

Therefore c, d are both prime to ab,

and so therefore is cd. [vn. 24]
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Proposition 27.

If two numbers be prime to one another, and each by

multiplying itself make a certain number, the products will be

prime to one another ; and, if the original numbers by multi

plying the products make certain numbers, the latter will also

be prime to one another [and this is always the case with the

extremes].

Let A, B be two numbers prime to one another,

let A by multiplying itself make C, and by

multiplying C make D,

and let B by multiplying itself make E, and

by multiplying E make F;

I say that both C, E and D, F are prime

to one another.

For, since A, B are prime to one another,

and A by multiplying itself has made C,

therefore C, B are prime to one another. [vn. 25]

Since then C, B are prime to one another,

and B by multiplying itself has made E,

therefore C, E are prime to one another. [id.]

Again, since A, B are prime to one another,

and B by multiplying itself has made E,

therefore A, E are prime to one another. [id.]

Since then the two numbers A, C are prime to the two

numbers B, E, both to each,

therefore also the product of A, C is prime to the product of

B, E. [vn. 26]

And the product of A, C is D, and the product of B, E

isF.

Therefore D, F are prime to one another.

Q. E. D.

If a, b are prime to one another, so are a2, P and so are a\ P ; and,

generally, a*, bn are prime to one another.

The words in the enunciation which assert the truth of the proposition for

any powers are suspected and bracketed by Heiberg because (1) in irtpl tovs

akpow: the use of aKpoi is peculiar, for it can only mean " the last products,"

and (2) the words have nothing corresponding to them in the proof, much

less is the generalisation proved. Campanus omits the words in the enuncia
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tion, though he adds to the proof a remark that the proposition is true of any,

the same or different, powers of a, b. Heiberg concludes that the words are

an interpolation of date earlier than Theon.

Euclid's proof amounts to this.

Since a, b are prime to one another, so are a2, b [vn. 25], and therefore

also a\ b2. [vn. 25]

Similarly [vn. 25] a, P are prime to one another.

Therefore a, a2 and b, P satisfy the description in the enunciation of

vn. 26.

Hence a2, P are prime to one another.

Proposition 28.

If two numbers be prime to one another, the sum will also

be prime to each of them ; and, if the sum of two numbers be

prime to any one of them, the original numbers will also be

prime to one another.

For let two numbers AB, BC prime to one another be

added ;

I say that the sum AC is also prime a B 6

to each of the numbers AB, BC.
D

For, if CA, AB are not prime to

one another,

some number will measure CA, AB.

Let a number measure them, and let it be D.

Since then D measures CA, AB,

therefore it will also measure the remainder BC.

But it also measures BA ;

therefore D measures AB, BC which are prime to one another :

which is impossible. [vn. Def. 12]

Therefore no number will measure the numbers CA, AB;

therefore CA, AB are prime to one another.

For the same reason

AC, CB are also prime to one another.

Therefore CA is prime to each of the numbers AB, BC.

Again, let CA, AB be prime to one another ;

I say that AB, BC are also prime to one another.

For, if AB, BC are not prime to one another,

some number will measure AB, BC.
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Let a number measure them, and let it be D.

Now, since D measures each of the numbers AB, BC, it

will also measure the whole CA.

But it also measures AB ;

therefore D measures CA, AB which are prime to one another:

which is impossible. [vn. Def. 12]

Therefore no number will measure the numbers AB, BC.

Therefore AB, BC are prime to one another.

Q. E. D.

If a, b are prime to one another, a + b will be prime to both a and b; and

conversely.

For suppose (a + b), a are not prime to one another. They must then

have some common measure d.

Therefore d also divides the difference (a + b) - a, or b, as well as a ; and

therefore a, b are not prime to one another : which is contrary to the

hypothesis.

Therefore a + b is prime to a.

Similarly a + b is prime to b.

The converse is proved in the same way.

Heiberg remarks on Euclid's assumption that, if c measures both a and b,

it also measures a + b. But it has already (vn. 1, 2) been assumed, more

generally, as an axiom that, in the case supposed, c measures a ±pb.

Proposition 29.

Any prime number is prime to any number which it does

not measure.

Let A be a prime number, and let it not measure B ;

I say that B, A are prime to one another.

For, if B, A are not prime to one a

another, B

some number will measure them. c

Let C measure them.

Since C measures B,

and A does not measure B,

therefore C is not the same with A.

Now, since C measures B, A,

therefore it also measures A which is prime, though it is not

the same with it :

which is impossible.
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Therefore no number will measure B, A.

Therefore A, B are prime to one another.

Q. E. D.

If a is prime and does not measure b, then a, b are prime to one another.

The proof is self-evident.

Proposition 30.

If two numbers by multiplying one another make some

number, and any prime number measure the product, it will

also measure one of the original numbers.

For let the two numbers A, B by multiplying one another

make C, and let any prime number

D measure C ; A

I say that D measures one of the B_

numbers A, B. c- —

For let it not measure A. D

Now D is prime ; e—

therefore A, D are prime to one

another. [vii. 29]

And, as many times as D measures C, so many units let

there be in E.

Since then D measures C according to the units in E,

therefore D by multiplying E has made C. [vn. Def. 15]

Further, A by multiplying B has also made C;

therefore the product of D, E is equal to the product of

A, B.

Therefore, as D is to A, so is B to E. [vn. 19]

But D, A are prime to one another,

primes are also least, [vn. 21]

and the least measure the numbers which have the same

ratio the same number of times, the greater the greater and

the less the less, that is, the antecedent the antecedent and

the consequent the consequent ; [vn. 20]

therefore D measures B.

Similarly we can also show that, if D do not measure B,

it will measure A.

Therefore D measures one of the numbers A, B.

Q. E. D.
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If c, a prime number, measure ab, c will measure either a or b.

Suppose c does not measure a.

Therefore c, a are prime to one another. [vn. 29]

Suppose ab = mc.

Therefore c : a = b : m. [vn. 19]

Hence [v 11. 20, 21] c measures b.

Similarly, if c does not measure b, it measures a.

Therefore it measures one or other of the two numbers a, b.

Proposition 31.

Any composite number is measured by some prime number.

Let A be a. composite number ;

I say that A is measured by some prime number.

For, since A is composite,

5 some number will measure it. a

Let a number measure it, and let it B

be B. c

Now, if B is prime, what was en

joined will have been done.

10 But if it is composite, some number will measure it.

Let a number measure it, and let it be C.

Then, since C measures B,

and B measures A,

therefore C also measures A.

15 And, if C is prime, what was enjoined will have been

done.

But if it is composite, some number will measure it.

Thus, if the investigation be continued in this way, some

prime number will be found which will measure the number

20 before it, which will also measure A.

For, if it is not found, an infinite series of numbers will

measure the number A, each of which is less than the other:

which is impossible in numbers.

Therefore some prime number will be found which will

25 measure the one before it, which will also measure A.

Therefore any composite number is measured by some

prime-number.

Q. E. D.
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8. if B is prime, what was enjoined will have been done, i.e. the implied

problem of finding a prime number which measures A.

18. some prime number will be found which will measure. In the Greek the

sentence stops here, but it is necessary to add the words " the number before it, which will

also measure A," which are found a few lines further down. It is possible that the words

may have fallen out of P here by a simple mistake due to ifwiori\tVTov (Heiberg).

Heiberg relegates to the Appendix an alternative proof of this proposition,

to the following effect. Since A is composite, some number will measure it.

Let B be the least such number. I say that B is prime. For, if not, B is

composite, and some number will measure it, say C ; so that C is less than B.

But, since C measures B, and B measures A, C must measure A. And C is

less than B : which is contrary to the hypothesis.

Proposition 32.

Any number either is prime or is measured by some prime

number.

Let A be a number;

I say that A either is prime or is measured by some prime

number.

If now A is prime, that which was a

enjoined will have been done.

But if it is composite, some prime number will measure it.

[vii. 31]

Therefore any number either is prime or is measured by

some prime number.

Q. E. D.

Proposition 33.

Given as many numbers as we please, to find the least of

those which have the same ratio with them.

Let A, B, C be the given numbers, as many as we please ;

thus it is required to find the least of

5 those which have the same ratio with

A, B, C.

A, B, C are either prime to one

another or not.

Now, if A, B, C are prime to one |

10 another, they are the least of those ^

which have the same ratio with them. * l m

[vii. 21]

But, if not, let D the greatest common measure of A, B, C

be taken, [vn. 3]
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and, as many times as D measures the numbers A, B, C

i5 respectively, so many units let there be in the numbers

E, F, G respectively.

Therefore the numbers E, F, G measure the numbers A,

B, C respectively according to the units in D. [vii. 16]

Therefore E, F, G measure A, B, C the same number of

20 times ;

therefore E, F, G are in the same ratio with A, B, C.

[vii. Def. 20]

I say next that they are the least that are in that ratio.

For, if E, F, G are not the least of those which have the

same ratio with A, B, C,

25 there will be numbers less than E, F, G which are in the

same ratio with A, B, C.

Let them be H, K, L ;

therefore H measures A the same number of times that the

numbers K, L measure the numbers B, C respectively.

3° Now, as many times as H measures A, so many units let

there be in M ;

therefore the numbers K, L also measure the numbers B, C

respectively according to the units in M.

And, since H measures A according to the units in M,

35 therefore M also measures A according to the units in H.

[vn. 16]

For the same reason

M also measures the numbers B, C according to the units in

the numbers K, L respectively ;

Therefore M measures A, B, C.

40 Now, since H measures A according to the units in M,

therefore H by multiplying M has made A. [vn. Def. 15]

For the same reason also

E by multiplying D has made A.

Therefore the product of E, D is equal to the product of

45 H, M.

Therefore, as E is to H, so is M to D. [vn. 19]

But E is greater than H ;

therefore M is also greater than D.

And it measures A, B, C :
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s° which is impossible, for by hypothesis D is the greatest

common measure of A, B, C.

Therefore there cannot be any numbers less than E, F, G

which are in the same ratio with A, B, C.

Therefore E, F, G are the least of those which have the

55 same ratio with A, B, C.

Q. E. D.

17. the numbers E, P, G measure the numbers A, B, C respectively,

literally (as usual) "each of the numbers E, F, G measures each of the numbers A,

B, C"

Given any numbers a, 6, c, ..., to find the least numbers that are in the

same ratio.

Euclid's method is the obvious one, and the result is verified by reductio

ad absurdum.

We will, like Euclid, take three numbers only, a, b, c.

Let g, their greatest common measure, be found [vn. 3], and suppose that

a = mg, i.e. gm, [vn. 16]

b = ng, i.e. gn,

c=pg, i.e. gp.

It follows, by vn. Def. 20, that

m : n :p = a : b : c.

m, n, p shall be the numbers required.

For, if not, let x, y, 2 be the least numbers in the same ratio as a, b, c,

being less than m, n, p.

Therefore a = kx (or xk, vn. 16),

b = ky (or yk),

c = kz (or zk),

where k is some integer. [vn. 20]

Thus mg = a = xk.

Therefore m : x = k : g. [vn. 19]

And m > x ; therefore k > g.

Since then k measures a, b, c, it follows that g is not the greatest common

measure: which contradicts the hypothesis.

Therefore etc.

It is to be observed that Euclid merely supposes that x, y, z are smaller

numbers than m, n, p in the ratio of a,b,c; but, in order to justify the next

inference, which apparently can only depend on vn. 20, x, y, z must also be

assumed to be the least numbers in the ratio of a, b, c.

The inference from the last proportion that, since m > x, k > g is supposed

by Heiberg to depend upon vn. 13 and v. 14 together. I prefer to regard

Euclid as making the inference quite independently of Book v. E.g., the

proportion could just as well be written

x : 711 =g : k,

when the definition of proportion in Book vn. (Def. 20) gives all that we want,

since, whatever proper fraction x is of m, the same proper fraction is g of k.
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Proposition 34.

Given two numbers, to find the least number which they

measure.

Let A, B be the two given numbers ;

thus it is required to find the least number which they

measure.

Now A, B are either prime to one A B

another or not. c

First, let A, B be prime to one D

another, and let A by multiplying B

make C ; E F

therefore also B by multiplying A has

made C. [vn. 16]

Therefore A, B measure C.

I say next that it is also the least number they measure.

For, if not, A, B will measure some number which is less

than C.

Let them measure D.

Then, as many times as A measures D, so many units let

there be in E,

and, as many times as B measures D, so many units let there

be in F;

therefore A by multiplying E has made D,

and B by multiplying F has made D ; [vn. Def. 15]

therefore the product of A, E is equal to the product of B, F.

Therefore, as A is to B, so is F to E. [vn. 19]

But A, B are prime,

primes are also least, [vn. 21]

and the least measure the numbers which have the same ratio

the same number of times, the greater the greater and the less

the less ; [vn. 20]

therefore B measures E, as consequent consequent.

And, since A by multiplying B, E has made C, D,

therefore, as B is to E, so is C to D. [vn. 17]

But B measures E ;

therefore C also measures D, the greater the less :

which is impossible.
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c

-E

Q H

Therefore A, B do not measure any number less than C ;

therefore C is the least that is measured by A, B.

Next, let A, B not be prime to one another,

and let F, E, the least numbers of those which have the same

ratio with A, B, be taken ; [vn. 33]

therefore the product of A, E is equal to the product of B, F.

[vii. 19]

And let A by multiplying E

make C ;

therefore also B by multiplying F

has made C ;

therefore A, B measure C.

I say next that it is also the least

number that they measure.

For, if not, A, B will measure some number which is less

than C.

Let them measure D.

And, as many times as A measures D, so many units let

there be in G,

and, as many times as B measures D, so many units let there

be in H.

Therefore A by multiplying G has made D,

and B by multiplying H has made D.

Therefore the product of A, G is equal to the product of

B,H-

therefore, as A is to B, so is H to G. [vn. 19]

But, as A is to B, so is F to E.

Therefore also, as F is to E, so is H to G.

But F, E are least,

and the least measure the numbers which have the same ratio

the same number of times, the greater the greater and the

less the less ; [vn. 20]

therefore E measures G.

And, since A by multiplying E, G has made C, D,

therefore, as E is to G, so is C to D. [vn. 17]

But E measures G ;

therefore C also measures D, the greater the less :

which is impossible.

H. E. 11. 22
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Therefore A, B will not measure any number which is less

than C.

Therefore C is the least that is measured by A, B.

Q. E. D.

This is the problem of finding the least common multiple of two numbers,

as a, b.

I. If a, b be prime to one another, the l.c.m. is ab.

For, if not, let it be d, some number less than ab.

Then d=ma = nb, where m, n are integers.

Therefore a : b = n : m, [vn. 19]

and hence, a, b being prime to one another,

b measures m. [vn. 20, 21]

But b : m = ab : am [vn. 17]

= ab : d.

Therefore ab measures d: which is impossible.

II. If a, b be not prime to one another, find the numbers which are the

least of those having the ratio of a to b, say m, n ; [vn. 33]

then a : b = m : n,

and an = bm (=r, say); [vn. 19]

c is then the L.C.M.

For, if not, let it be d (< c), so that

ap - bq = d, where /, q are integers.

Then a:b=q:p, [vn. 19]

whence m : n = q : p,

so that « measures/. [vn. 20, 21]

And n : p = an : ap = c : d,

so that c measures d :

which is impossible.

Therefore etc.

a\

By vn. 33, m

b
n = -

g

Hence the l.c.m. is — .

g

, , where ,? is the g.C.m. of a, b.
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Proposition 35.

If two numbers measure any number, the least number

measured by them will also measure the same.

For let the two numbers A, B measure any number CD,

and let E be the least that they

measure; A F B

I say that E also measures CD.

For, if E does not measure

CD, let E, measuring DF, leave CF less than itself.

Now, since A, B measure E,

and E measures DF,

therefore A, B will also measure DF.

But they also measure the whole CD ;

therefore they will also measure the remainder CF which is

less than E :

which is impossible.

Therefore E cannot fail to measure CD ;

therefore it measures it.

Q. E. D.

The least common multiple of any two numbers must measure any other

common multiple.

The proof is obvious, depending on the fact that, if any number divides a

and b, it also divides a -pb.

Proposition 36.

Given three numbers, to find the least number which they

measure.

Let A, B, C be the three given numbers ;

thus it is required to find the least

number which they measure. a .

Let D, the least number mea- B

sured by the two numbers A, B, c

be taken. [vn. 34] D

Then C either measures, or e

does not measure, D.

First, let it measure it.
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But A, B also measure D ;

therefore A, B, C measure D.

I say next that it is also the least that they measure.

For, if not, A, B, C will measure some number which is

less than D.

Let them measure E.

Since A, B, C measure E,

therefore also A, B measure E.

Therefore the least number measured by A, B will also

measure E. [vh. 35]

But D is the least number measured by A, B ;

therefore D will measure E, the greater the less :

which is impossible.

Therefore A, B, C will not measure any number which is

less than D ;

therefore D is the least that A, B, C measure.

Again, let C not measure D,

and let E, the least number measured by .

C, D, be taken. [vn. 34]
B

Since A, B measure D, c

and D measures E, d

therefore also A, B measure E. e

But C also measures E ; F

therefore also A, B, C measure E.

I say next that it is also the least that they measure.

For, if not, A, B, C will measure some number which

is less than E.

Let them measure F.

Since A, B, C measure F,

therefore also A, B measure F;

therefore the least number measured by A, B will also

measure F. [vn. 35]

But D is the least number measured by A, B ;

therefore D measures F.

But C also measures F;

therefore D, C measure F,

so that the least number measured by D, C will also measure F.
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But E is the least number measured by C, D ;

therefore E measures F, the greater the less :

which is impossible.

Therefore A, B, C will not measure any number which is

less than E.

Therefore E is the least that is measured by A, B, C.

Q. E. D.

Euclid's rule for finding the l.cm. of three numbers a, b, c is the rule with

which we are familiar. The l.cm. of a, b is first found, say d, and then the

l.cm. of rfand c is found.

Euclid distinguishes the cases (1) in which c measures d, (2) in which c

does not measure d. We need only reproduce the proof of the general case

(2). The method is that of reductio ad absurdum.

Let e be the l.cm. of d, c.

Since a, b both measure d, and d measures e,

a, b both measure e.

So does c.

Therefore e is some common multiple of a, b, c.

If it is not the least, let/ be the l.cm.

Now a, b both measure/;

therefore d, their l.cm., also measures/ [vn. 35]

Thus d, c both measure/;

therefore e, their l.cm., measures/: [vn, 35]

which is impossible, since f<e.

Therefore etc.

The process can be continued ad libitum, so that we can find the l.cm.,

not only of three, but of as many numbers as we please.

Proposition $j.

If a number be measured by any number, the number which

is measured will have a part called by the same name as the

measuring number.

For let the number A be measured by any number B ;

I say that A has a part called by the same

name as B. a

For, as many times as B measures A, B

so many units let there be in C. c

Since B measures A according to the D

units in C,

and the unit D also measures the number C according to the

units in it,
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therefore the unit D measures the number Cthe same number

of times as B measures A.

Therefore, alternately, the unit D measures the number B

the same number of times as C measures A ; [vn. 15]

therefore, whatever part the unit D is of the number B, the

same part is C of A also.

But the unit D is a part of the number B called by the

same name as it ;

therefore C is also a part of A called by the same name as B,

so that A has a part C which is called by the same name as B.

Q. E. D.

If b measures a, then T th of a is a whole number.

0

Let a = m . b.

Now m = m . 1.

Thus 1, m, b, a satisfy the enunciation of vn. 15 ;

therefore m measures a the same number of times that 1 measures b.

But 1 is j th part of b ;

therefore m is -r th part of a.

Proposition 38.

If a number have any part whatever, it will be measured

by a number called by the same name as the part.

For let the number A have any part whatever, B,

and let C be a number called by the same

name as the part B ;

I say that C measures A. A

For, since B is a part of A called by B

the same name as C, c

and the unit D is also a part of C called

by the same name as it,

therefore, whatever part the unit D is of the number C,

the same part is B of A also ;

therefore the unit D measures the number C the same number

of times that B measures A.
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Therefore, alternately, the unit D measures the number B

the same number of times that C measures A. [vn. 15]

Therefore C measures A.

Q. E. D.

This proposition is practically a restatement of the preceding proposition.

It asserts that, if b is — th part of a,

m

i.e., if b = — a,

m

then m measures a.

We have b=- a,

m

and 1 = — m.

m

Therefore 1, m, b, a, satisfy the enunciation of vn. 15, and therefore ///

measures a the same number of times as 1 measures b, or

1

m = T a.

b

Proposition 39.

To find the number zvhich is the least that zvill have given

parts.

Let A, B, C be the given parts ;

thus it is required to find the number which is the least that

will have the parts A, B, C.

a b c

D

Let D, E, F be numbers called by the same name as the

parts A, B, C,

and let G, the least number measured by D, E, E, be taken.

[vn. 36]

Therefore G has parts called by the same name as D, E, F.

[vn. 37]

But A, B, C are parts called by the same name as D, E, E;

therefore G has the parts A, B, C.

I say next that it is also the least number that has.
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For, if not, there will be some number less than G which

will have the parts A, B, C.

Let it be H.

Since H has the parts A, B, C,

therefore H will be measured by numbers called by the same

name as the parts A, B, C. [vii. 38]

But D, E, F are numbers called by the same name as the

parts A, B, C ;

therefore H is measured by D, E, F.

And it is less than G : which is impossible.

Therefore there will be no number less than G that will

have the parts A, B, C.

Q. E. D.

This again is practically a restatement in another form of the problem of

finding the L.C.M.

To find a number which has - th, T th and - th parts.

a b c

Let d be the l.c.m. of a, b, c.

Thus d has - th, ^th and -th parts. [vn. 37]

If it is not the least number which has, let the least such number be e.

Then, since e has those parts,

e is measured by a, b, c ; and e < d :

which is impossible.
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Proposition i.

If there be as many numbers as we please in continued

proportion, and the extremes of them be prime to one another,

the numbers are the least of those which have the same ratio

with them.

Let there be as many numbers as we please, A, B, C, D,

in continued proportion,

and let the extremes of them

A, D be prime to one another;

I say that A, B, C, D are the

least of those which have the

same ratio with them.

For, if not, let E, F, G, H be less than A, B, C, D, and

in the same ratio with them.

Now, since A, B, C, D are in the same ratio with E, F,

G,H,

and the multitude of the numbers A, B, C, D is equal to the

multitude of the numbers E, F, G, H,

therefore, ex aequali,

as A is to D, so is E to H. [vn. 14]

But A, D are prime,

primes are also least, [vn. 21]

and the least numbers measure those which have the same

ratio the same number of times, the greater the greater and

the less the less, that is, the antecedent the antecedent and

the consequent the consequent. [vn. 20]
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Therefore A measures E, the greater the less :

which is impossible.

Therefore E, F, G, H which are less than A, B, C, D

are not in the same ratio with them.

Therefore A, B, C, D are the least of those which have

the same ratio with them.

Q. E. D.

What we call a. geometrical progression is with Euclid a series of terms "in

continued proportion" (i&js dvdXoyov).

This proposition proves that, if a, b, c, ... k are a series of numbers in

geometrical progression, and if a, k are prime to one another, the series is in

the lowest terms possible with the same common ratio.

The proof is in form by rcduciio ad absurdum. We should no doubt

desert this form while retaining the substance. If a', b', J, ... k be any other

series of numbers in g.p. with the same common ratio as before, we have,

ex aequali,

a : k = a' : k, [vn. 14]

whence, since a, k are prime to one another, a, k measure a', k' respectively, so

that a', k' are greater than a, k respectively.

Proposition 2.

To find numbers in continued proportion, as many as may

be prescribed, and the least that are in a given ratio.

Let the ratio of A to B be the given ratio in least

numbers ;

thus it is required to find numbers in continued proportion,

as many as may be prescribed, and the least that are in the

ratio of A to B.

a c

B d

Let four be prescribed ;

let A by multiplying itself make C, and by multiplying B let

it make D ;

let B by multiplying itself make E ;

further, let A by multiplying C, D, E make F, G, H,

and let B by multiplying E make K.
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Now, since A by multiplying itself has made C,

and by multiplying B has made D,

therefore, as A is to B, so is C to D. [vh. 17]

Again, since ^4 by multiplying Z? has made D,

and Z? by multiplying itself has made E,

therefore the numbers A, B by multiplying B have made the

numbers D, E respectively.

Therefore, as A is to B, so is D to E. [vn. 18]

But, as A is to Z?, so is C to Z? ;

therefore also, as C is to D, so is Z? to E.

And, since ^4 by multiplying C, D has made E, G,

therefore, as C is to D, so is F to G. [vn. 17]

But, as C is to D, so was ^4 to B ;

therefore also, as A is to Z?, so is F to 6\

Again, since A by multiplying Z?, E has made G, //,

therefore, as D is to E, so is £ to H. [vn. 17]

But, as Z? is to if, so is A to Z?.

Therefore also, as A is to B, so is (7 to H.

And, since y?, Z? by multiplying E have made H, K,

therefore, as A is to B, so is H to /if. [vn. 18]

But, as A is to B, so is Z7 to G, and C to Z/.

Therefore also, as E is to G, so is (7 to H, and ZZ to K;

therefore C, D, E, and F, G, H, K are proportional in the

ratio of A to B.

I say next that they are the least numbers that are so.

For, since A, B are the least of those which have the

same ratio with them,

and the least of those which have the same ratio are prime

to one another, [vn. 22]

therefore A, B are prime to one another.

And the numbers A, B by multiplying themselves re

spectively have made the numbers C, E, and by multiplying

the numbers C, E respectively have made the numbers F, K;

therefore C, E and F, A' are prime to one another respectively.

[vn. 27]

But, if there be as many numbers as we please in continued

proportion, and the extremes of them be prime to one another,
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they are the least of those which have the same ratio with

them. [vm. 1]

Therefore C, D, E and F, G, H, K are the least of those

which have the same ratio with A, B. Q. E. d.

Porism. From this it is manifest that, if three numbers

in continued proportion be the least of those which have the

same ratio with them, the extremes of them are squares, and,

if four numbers, cubes.

To find a series of numbers in geometrical progression and in the least

terms which have a given common ratio (understanding by that term the ratio

of one term to the next).

Reduce the given ratio to its lowest terms, say, a : b. (This can be done

by vh. 33.)

Then an, an-lb, an-'?, ... a2bn-\ ab"-\ bn

is the required series of numbers if (« + 1) terms are required.

That this is a series of terms with the given common ratio is clear from

vii. 17, 18.

That the g.p. is in the smallest terms possible is proved thus.

a, b are prime to one another, since the ratio a : b is in its lowest terms.

[vii. 22]

Therefore a', b* are prime to one another ; so are a2, b* and, generally,

a", bn. [vii. 27]

Whence the g.p. is in the smallest possible terms, by vm. 1.

The Porism observes that, if there are n terms in the series, the

extremes are (n - i)th powers.

Proposition 3.

If as many numbers as we please in continuedproportion

be the least of those which have the same ratio with them, the

extremes of them areprime to one another.

Let as many numbers as we please, A, B, C, D, in con

tinued proportion be the least of those which have the same

ratio with them ;

—g -H

l m



viii. 3] PROPOSITIONS 2, 3 349

I say that the extremes of them A, D are prime to one

another.

For let two numbers E, F, the least that are in the ratio

of A, B, C, D, be taken, [vn. 33]

then three others G, H, K with the same property ;

and others, more by one continually, [viii. 2]

until the multitude taken becomes equal to the multitude of

the numbers A, B, C, D.

Let them be taken, and let them be L, M, N, O.

Now, since E, F are the least of those which have the

same ratio with them, they are prime to one another. [vn. 22]

And, since the numbers E, F by multiplying themselves

respectively have made the numbers G, K, and by multiplying

the numbers G, K respectively have made the numbers L, O,

[viii. 2, Por.]

therefore both G, A'and L, O are prime to one another, [vn. 27]

And, since A, B, C, D are the least of those which have

the same ratio with them,

while L, M, N, O are the least that are in the same ratio with

A, B, C, D,

and the multitude of the numbers A, B, C, D is equal to the

multitude of the numbers L, M, N, O,

therefore the numbers A, B, C, D are equal to the numbers

L, M, N, O respectively ;

therefore A is equal to L, and D to 0.

And L, O are prime to one another.

Therefore A, D are also prime to one another.

Q. E. D.

The proof consists in merely equating the given numbers to the terms of

a series found in the manner of viii. 2.

If a, b, c, ... k (// terms) be a geometrical progression in the lowest terms

having a given common ratio, the terms must respectively be of the form

a"-1, a"-2/J, ... a'/J-2, a^-8, /3"-1

found by vm. 2, where a : /J is the ratio a : b expressed in its lowest terms, so

that a, fi are prime to one another [vn. 22], and hence a"-1, /3" 1 are prime

to one another [vn. 27].

But the two series must be the same, so that

a = a*1-1, b = /J"-i.
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Proposition 4.

Given as many ratios as we please in least numbers, to find

numbers in continued proportion which are the least in the

given ratios.

Let the given ratios in least numbers be that of A to B,

5 that of C to D, and that of E to F ;

thus it is required to find numbers in continued proportion

which are the least that are in the ratio of A to B, in the

ratio of C to D, and in the ratio of E to F.

a— B

c— d

E F

N— 9

O -H

P-

K

Let G, the least number measured by B, C, be taken.

[vn. 34]

10 And, as many times as B measures G, so many times also

let A measure H,

and, as many times as C measures G, so many times also let

D measure K.

Now E either measures or does not measure K.

15 First, let it measure it.

And, as many times as E measures K, so many times let

F measure L also.

Now, since A measures H the same number of times that

B measures G,

20 therefore, as A is to B, so is H to G. [vn. Def. 20, vn. 13]

For the same reason also,

as C is to D, so is G to K,

and further, as E is to F, so is K to L ;

therefore H, G, K, L are continuously proportional in the

25 ratio of A to B, in the ratio of C to D, and in the ratio of E

to F

I say next that they are also the least that have this

property.
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For, if H, G, K, L are not the least numbers continuously

30 proportional in the ratios of A to B, of C to D, and of E

to F, let them be N, O, M, P.

Then since, as A is to B, so is N to O,

while A, B are least,

and the least numbers measure those which have the same

35 ratio the same number of times, the greater the greater and

the less the less, that is, the antecedent the antecedent and the

consequent the consequent ;

therefore B measures O. [vn. 20]

For the same reason

40 C also measures O ;

therefore B, C measure O ;

therefore the least number measured by B, C will also

measure O. [vn. 35]

But G is the least number measured by B, C;

45 therefore G measures O, the greater the less :

which is impossible.

Therefore there will be no numbers less than H, G, K, L

which are continuously in the ratio of A to B, of C to D, and

of E to F.

5° Next, let E not measure K.

a c— e-

B D F

G H- —

K Q

M R

O

N

P

Let M, the least number measured by E, K, be taken.

And, as many times as K measures M, so many times let

H, G measure iV, O respectively,

and, as many times as E measures M, so many times let F

55 measure P also.

Since H measures N the same number of times that G

measures O,

therefore, as H is to G, so is N to 0. [vn. 13 and Def. 20]
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But, as H is to G, so is A to B ;

60 therefore also, as A is to /?, so is N to 0.

For the same reason also,

as C is to D, so is O to J/.

Again, since E measures M the same number of times that

F measures P,

65 therefore, as E is to F, so is J/ to P ; [vn. 13 and Def. 20]

therefore iV, 0, M, P are continuously proportional in the

ratios of A to B, of C to D, and of .£" to F.

I say next that they are also the least that are in the ratios

A.B, C:D, E.F.

70 For, if not, there will be some numbers less than N, O,

M, P continuously proportional in the ratios A :B, C:D,

E:F.

Let them be Q, R, S, T.

Now since, as Q is to R, so is A to B,

75 while A, B are least,

and the least numbers measure those which have the same

ratio with them the same number of times, the antecedent the

antecedent and the consequent the consequent, [vu. 20]

therefore B measures R.

80 For the same reason C also measures R ;

therefore B, C measure R.

Therefore the least number measured by B, C will also

measure R. [vn. 35]

But G is the least number measured by B, C ;

85 therefore G measures R.

And, as G is to R, so is A' to 5" : [vn. 13]

therefore K also measures S.

But E also measures S ;

therefore E, K measure S.

90 Therefore the least number measured by E, K will also

measure S. [vn. 35]

But M is the least number measured by E, K ;

therefore M measures S, the greater the less :

which is impossible.

95 Therefore there will not be any numbers less than N, 0,

M, P continuously proportional in the ratios of A to B, of

C to D, and of E to F;
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therefore N, O, M, P are the least numbers continuously

proportional in the ratios A : B, C : D, E : F. Q. E. d.

69, 71, 99. the ratios A : B, C : D, E : F. This abbreviated expression is in the

Greek ol AB, TA, EZ \i;oi.

The term " in continued proportion " is here not used in its proper sense,

since a geometrical progression is not meant, but a series of terms each of

which bears to the succeeding term a given, but not the same, ratio.

The proposition furnishes a good example of the cumbrousness of the

Greek method of dealing with non-determinate numbers. The proof in fact

is not easy to follow without the help of modern symbolical notation. If

this be used, the reasoning can be made clear enough.

Euclid takes three given ratios and therefore requires to find four numbers.

We will leave out the simpler particular case which he puts first, that namely

in which E accidentally measures K, the multiple of D found in the first few

lines ; and we will reproduce the general case with three ratios.

Let the ratios in their lowest terms be

a : b, c :d, e :/.

Take /1( the l.c.m. of b, c, and suppose that

/, = mb = nc.

Form the numbers ma, mb 1 , nd.

= nc\

These are in the ratios of a to b and of c to //respectively.

Next, let /2 be the l.c.m. of nd, e, and let

l2=pnd=qe.

Now form the numbers

pma, pmb ) , pnd ) , qf

=pnc I = qe )

and these are the four numbers required.

If they are not the least in the given ratios, let

x, y, z, u

be less numbers in the given ratios.

Since a : b is in its lowest terms, and

a : b = x : y,

b measures 7.

Similarly, since c : d=y : 2,

c measures y.

Therefore /,, the l.c.m. of b, c, measures y.

But /j : nd[=c : d] =y : z.

Therefore nd measures z.

And, since e :/=» : u,

e measures z.

Therefore /2, the l.c.m. of nd, e, measures z : which is impossible, since

z < /3 or pnd.

The step (line 86) inferring that G : R = K : S is of course alternando

from G : K [= C : D] = R . S.

It will be observed that viii. 4 corresponds to the portion of vi. 23 which

shows how to compound two ratios between straight lines.

H. E. 11. 23
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Proposition 5.

Plane numbers have to one another the ratio compounded

of the ratios of their sides.

Let A, B be plane numbers, and let the numbers C, D

be the sides of A, and E, F of B ;

5 I say that A has to B the ratio com- B

pounded of the ratios of the sides. c

For, the ratios being given which C g F

has to E and D to F, let the least G

numbers G, H, K that are continuously H

10 in the ratios C : E, D : F be taken, so K

that, L

as C is to E, so is G to H,

and, as D is to F, so is H to K. [vin. 4]

And let D by multiplying E make L.

15 Now, since D by multiplying C has made A, and by

multiplying E has made L,

therefore, as C is to E, so is A to L. [vn. 1 7]

But, as C is to E, so is C to H ;

therefore also, as £ is to //, so is A to Z.

20 Again, since E by multiplying D has made Z, and further

by multiplying F has made B,

therefore, as D is to F, so is L to 2?. [vn. 17]

But, as D is to F, so is // to K ;

therefore also, as // is to A', so is L to 2?.

25 But it was also proved that,

as G is to H, so is A to L ;

therefore, &r aequali,

as £ is to A", so is ^4 to Z?. [vn. 14]

But G has to K the ratio compounded of the ratios of the

30 sides ;

therefore A also has to B the ratio compounded of the ratios

of the sides. o_. E. d.

1, 5, 29, 31. compounded of the ratios of their sides. As in Vi. 23, the Greek

has the less exact phrase, "compounded of their sides."

If a = cd, b - ef,

then a has to b the ratio compounded of c : e and d :/.

Take three numbers the least which are continuously in the given ratios.



viii. s, 6] PROPOSITIONS 5, 6 355

If / is the l.c.m. of e, d and l=me = nd, the three numbers are

mc, me \, nf. [viii. 4]

. =»w

Now dc : de= c : e [vn. 17]

= mc : me = mc : nd.

Also ed:ef=d:f [vu. 17]

• = nd :nf

Therefore, ex aequali, cd : ef- mc : nf

= (ratio compounded of c : e and d :/).

It will be seen that this proof follows exactly the method of vi. 23 for

parallelograms.

Proposition 6.

If there be as many numbers as we please in continued

proportion, and the first do not measure the second, neither

will any other measure any other.

Let there be as many numbers as we please, A, B, C, D, E,

in continued proportion, and let A not measure B ;

I say that neither will any other measure any other.

.F

—Q H

Now it is manifest that A, B, C, D, E do not measure

one another in order ; for A does not even measure B.

I say, then, that neither will any other measure any other.

For, if possible, let A measure C.

And, however many A, B, C are, let as many numbers

F, G, H, the least of those which have the same ratio with

A, B, C, be taken. [vn. 33]

Now, since F, G, H are in the same ratio with A, B, C,

and the multitude of the numbers A, B, C is equal to the

multitude of the numbers F, G, If,

therefore, ex aequali, as A is to C, so is F to H. [vn. 14]

23—2
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And since, as A is to B, so is F to G,

while A does not measure B,

therefore neither does F measure G ; [vii. Def. 20]

therefore F is not an unit, for the unit measures any number.

Now F, H are prime to one another. [vm. 3]

And, as F is to H, so is A to C ;

therefore neither does A measure C.

Similarly we can prove that neither will any other measure

any other.

Q. E. D.

Let a, b, c ... k be a geometrical progression in which a does not measure b.

Suppose, if possible, that a measures some term of the series, as /.

Take x, y, z, u, v, w the least numbers in the ratio a, b, c, d, e, /.

Since x : y = a : b,

and a does not measure b,

x does not measure y ; therefore x cannot be unity.

And, ex aequali, x : w = a : f.

Now x, w are prime to one another. [vm. 3]

Therefore a does not measure/

We can of course prove that an intermediate term, as b, does not measure

a later term / by using the series b, c, d, e, f and remembering that, since

b : c = a : b, b does not measure c.

Proposition 7.

If there be as many numbers as we please in continued

proportion, and the first measure the last, it will measure the

second also.

Let there be as many numbers as we please, A, B, C, D,

in continued proportion ; and

let A measure D ; A'

I say that A also measures B. B

For, ifA does not measure c

B, neither will any other of the D —

numbers measure any other. [vm. 6]

But A measures D.

Therefore A also measures B.

Q. E. D.

An obvious proof by reductio ad absurdum from vm. 6.
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Proposition 8.

If between two numbers there fall numbers in continued

proportion with them, then, however many numbers fall between

them in continued proportion, so many will also fall in con

tinued proportion between the numbers which have the same

ratio with the original numbers.

Let the numbers C, D fall between the two numbers A,

B in continued proportion with them, and let E be made in

the same ratio to F as A is to B ;

I say that, as many numbers as have fallen between A, B in

continued proportion, so many will also fall between E, F in

continued proportion.

a e

c m

D N-

B F-

G

H

K

L-

For, as many as A, B, C, D are in multitude, let so many

numbers G, H, K, L, the least of those which have the same

ratio with A, C, D, B, be taken ; [vn. 33]

therefore the extremes of them G, L are prime to one another.

[vin. 3]

Now, since A, C, D, B are in the same ratio with G, H,

K,L,

and the multitude of the numbers A, C, D, B is equal to the

multitude of the numbers G, H, K, L,

therefore, ex aequali, as A is to B, so is G to L. [vn. 14]

But, as A is to B, so is E to F;

therefore also, as G is to L, so is E to F.

But G, L are prime,

primes are also least, [vn. 21]

and the least numbers measure those which have the same

ratio the same number of times, the greater the greater and

the less the less, that is, the antecedent the antecedent and the

consequent the consequent. [vn. 20]
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Therefore G measures E the same number of times as L

measures F.

Next, as many times as G measures E, so many times let

H, K also measure M, N respectively ;

therefore G, H, K, L measure E, M, N, F the same number

of times.

Therefore G, H, K, L are in the same ratio with E, M,

N, F. [vn. Def. 20]

But G, H, K, L are in the same ratio with A, C, D, B ;

therefore A, C, D, B are also in the same ratio with E, M,

N,F.

But A, C, D, B are in continued proportion ;

therefore E, M, N, F are also in continued proportion.

Therefore, as many numbers as have fallen between A, B

in continued proportion with them, so many numbers have also

fallen between E, F in continued proportion.

Q. E. D.

1. fall. The Greek word is inirlirTeiv, "fall /'«" = "can be interpolated."

If a:b = e:f, and between a, b there are any number of geometric

means c, d, there will be as many such means between e, f.

Let a, )8, y, ..., 8 be the least possible terms in the same ratio as a,

c, d, ... b.

Then a, 8 are prime to one another, [vm. 3]

and, ex aequali, a. : 8 = a : b

= e:f.

Therefore e = ma,/= mS, where m is some integer. [vn. 20]

Take the numbers ma, mfi, my, ... mS.

This is a series in the given ratio, and we have the same number of

geometric means between ma, m8, or e,f, that there are between a, b.

Proposition 9.

If two numbers be prime to one another, and numbers fall

between them in continued proportion, then, however many

numbers fall between them in continued proportion, so many

will also fall between each of them and an unit in continued

proportion.

Let A, B be two numbers prime to one another, and let

C, D fall between them in continued proportion,

and let the unit E be set out ;

I say that, as many numbers as fall between A, B in con
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tinued proportion, so many will also fall between either of

the numbers A, B and the unit in continued proportion.

For let two numbers F, G, the least that are in the ratio

of A, C, D, B, be taken,

three numbers H, K, L with the same property,

and others more by one continually, until their multitude is

equal to the multitude of A, C, D, B. [vm. 2]

A H

K

D L

B

E-

F —

G— O

p

Let them be taken, and let them be M, N, O, P.

It is now manifest that F by multiplying itself has made

H and by multiplying H has made M, while G by multiplying

itself has made L and by multiplying L has made P.

[vin. 2, Por.]

And, since M, N, O, P are the least of those which have

the same ratio with F, G,

and A, C, D, B are also the least of those which have the

same ratio with F, G, [vm. 1]

while the multitude of the numbers M, N, O, P is equal to the

multitude of the numbers A, C, D, B,

therefore M, N, O, P are equal to A, C, D, B respectively ;

therefore M is equal to A, and P to B.

Now, since F by multiplying itself has made H,

therefore F measures H according to the units in F.

But the unit E also measures F according to the units in it ;

therefore the unit E measures the number F the same number

of times as F measures H.

Therefore, as the unit E is to the number F, so is F to //.

[vn. Def. 20]

Again, since F by multiplying H has made M,

therefore H measures M according to the units in F.
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But the unit E also measures the number F according to

the units in it ;

therefore the unit E measures the number F the same number

of times as H measures M.

Therefore, as the unit E is to the number F, so is //to M.

But it was also proved that, as the unit E is to the number

F, so is F to H ;

therefore also, as the unit E is to the number F, so is F to H,

and H to M.

But M is equal to A ;

therefore, as the unit E is to the number F, so is F to H,

and H to A.

For the same reason also,

as the unit E is to the number G, so is G to L and L to B.

Therefore, as many numbers as have fallen between A,

B in continued proportion, so many numbers also have fallen

between each of the numbers A, B and the unit E in continued

proportion.

Q. E. D.

Suppose there are n geometric means between a, b, two numbers prime to

one another ; there are the same number («) of geometric means between i

and a and between i and b.

If c, d... are the n means between a, b,

a, (, d ... b

are the least numbers in that ratio, since a, b are prime to one another, [vm. i]

The terms are therefore respectively identical with

an+1, anfi, a"-1/? ... a0", /3*'+1,

where a, fi is the common ratio in its lowest terms. [vm. 2, Por.]

Thus a = an+\ b = p>*1.

Now 1 : a = a : a2 = a2 : a2... = aB : o"+1,

and 1 :J8 = /3:y32 = /82:/82... =/3":/3"+1;

whence there are « geometric means between 1, a, and between 1, b.

Proposition 10.

If numbers fall between each of two numbers and an unit

in continued proportion, however many numbers fall between

each of them and an unit in continued proportion, so many

also will fall between the numbers themselves in continued

proportion.
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For let the numbers D, E and F, G respectively fall

between the two numbers A, B and the unit C in continued

proportion ;

I say that, as many numbers as have fallen between each of

the numbers A, B and the unit C in continued proportion, so

many numbers will also fall between A, B in continued pro

portion.

For let D by multiplying F make H, and let the numbers

D, F by multiplying H make K, L respectively.

c — A-

D—

8-

E H

F K

G L

Now, since, as the unit C is to the number D, so is D to E,

therefore the unit C measures the number D the same number

of times as D measures E. [vn. Def. 20]

But the unit C measures the number D according to the

units in D ;

therefore the number D also measures E according to the units

in D ;

therefore D by multiplying itself has made E.

Again, since, as C is to the number D, so is E to A,

therefore the unit C measures the number D the same number

of times as E measures A.

But the unit C measures the number D according to the

units in D ;

therefore E also measures A according to the units in D ;

therefore D by multiplying E has made A.

For the same reason also

Fhy multiplying itself has made G, and by multiplying G has

made B.

And, since D by multiplying itself has made E and by

multiplying F has made H,

therefore, as D is to F, so is E to H. [vh. 17]
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For the same reason also,

as D is to F, so is H to G. [vu. 18]

Therefore also, as E is to H, so is H to G.

Again, since D by multiplying the numbers E, H has

made A, K respectively,

therefore, as E is to H, so is A to K. [vu. 17]

But, as E is to H, so is D to F;

therefore also, as D is to F, so is ^4 to K.

Again, since the numbers D, F by multiplying H have

made K, L respectively,

therefore, as D is to F, so is K to L. [vn. 18]

But, as D is to /% so is A to K ;

therefore also, as A is to K, so is K to Z.

Further, since F by multiplying the numbers H, G has

made L, B respectively,

therefore, as H is to G, so is L to B. [vu. 17]

But, as // is to (7, so is D to /'";

therefore also, as D is to F, so is Z to B.

But it was also proved that,

as D is to F, so is y^ to K and K to L ;

therefore also, as A is to A', so is K to Z and Z. to i?.

Therefore A, K, Z, i? are in continued proportion.

Therefore, as many numbers as fall between each of the

numbers A, B and the unit C in continued proportion, so

many also will fall between A, B in continued proportion.

Q. E. D.

If there be n geometric means between 1 and a, and also between 1 and

b, there will be n geometric means between a and b.

The proposition is the converse of the preceding.

The n means with the extremes form two geometric series of the form

i, a, a2... a", o"«

i, ft ?...?, p»,

where a"+1 = a, /3"+1 = A

By multiplying the last term in the first line by the first in the second,

the last but one in the first line by the second in the second, and so on, we

get the series

an+1, a"P, a'-1^2 ... a.-/^-1, a/3n, ^"+i

and we have the n means between a and b.

It will be observed that, when Euclid says " For the same reason also, as

D is to F, so is //to G," the reference is really to vu. 18 instead of vu. 17;
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He infers namely that D x F': F* F- D : F. But since, by vn. 16, the

order of multiplication is indifferent, he is practically justified in saying " for

the same reason." The same thing occurs in later propositions.

Proposition ii.

Between two square numbers there is one mean proportional

number, and the square has to the square the ratio duplicate

of that which the side has to the side.

Let A, B be square numbers,

and let C be the side of A, and D of B ;

I say that between A, B there is one mean proportional

number, and A has to B the ratio

duplicate of that which C has to D. a

For let C by multiplying D make E. B

Now, since A is a square and C is c d—

its side, E

therefore C by multiplying itself has

made A.

For the same reason also

D by multiplying itself has made B.

Since then C by multiplying the numbers C, D has made

A, E respectively,

therefore, as C is to D, so is A to E. [vn. 1 7]

For the same reason also,

as C is to D, so is E to B. [vn. 18]

Therefore also, as A is to E, so is E to B.

Therefore between A, B there is one mean proportional

number.

I say next that A also has to B the ratio duplicate of

that which C has to D.

For, since A, E, B are three numbers in proportion,

therefore A has to B the ratio duplicate of that which A has

to E. [v. Def. 9]

But, as A is to E, so is C to D.

Therefore A has to B the ratio duplicate of that which

the side C has to D. Q. E. d.

According to Nicomachus the theorems in this proposition and the next,

that two squares have one geometric mean, and two cubes two geometric

means, between them are Platonic. Cf. Timacus, 32 a sqq. and the note

thereon, p. 294 above.
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a\ P being two squares, it is only necessary to form the product ab and

to prove that

a>, ab, P

are in geometrical progression. Euclid proves that

a2 : ab = ab : 6*

by means of vii. 17, 18, as usual.

In assuming that, since a2 is to P in the duplicate ratio of a2 to ab, a1 is

to P in the duplicate ratio of a to b, Euclid assumes that ratios which are

the duplicates of equal ratios are equal. This, an obvious inference from

v. 22, can be inferred just as easily for numbers from vn. 14.

Proposition 12.

Between two cube numbers there are two mean proportional

numbers, and the cube has to the cube the ratio triplicate of Ihat

which the side has to the side.

Let A, B be cube numbers,

and let C be the side of A, and D of B ;

I say that between A, B there are two mean proportional

numbers, and A has to B the ratio triplicate of that which C

has to D.

a e

B f

C H G

For let C by multiplying itself make E, and by multiplying

D let it make F;

let D by multiplying itself make G,

and let the numbers C, D by multiplying F make H, K

respectively.

Now, since A is a cube, and C its side,

and C by multiplying itself has made E,

therefore C by multiplying itself has made E and by multiply

ing E has made A.

For the same reason also

D by multiplying itself has made G and by multiplying G has

made B.

And, since C by multiplying the numbers C, D has made

E, F respectively,

therefore, as C is to D, so is E to F. [vn. 17]
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For the same reason also,

as C is to D, so is F to G. [vn. 18]

Again, since C by multiplying the numbers E, F has

made A, H respectively,

therefore, as E is to F, so is A to H. [vn. 17]

But, as E is to F, so is C to D.

Therefore also, as C is to D, so is A to 7/.

Again, since the numbers C, D by multiplying F have

made //, K respectively,

therefore, as C is to D, so is H to A'. [vn. 18]

Again, since D by multiplying each of the numbers F, G

has made K, B respectively,

therefore, as F is to G, so is K to B. [vn. 17]

But, as F is to £, so is C to Z? ;

therefore also, as C is to D, so is A to H, H to A', and A' to B.

Therefore//, A'are two mean proportionals between A, B.

I say next that A also has to B the ratio triplicate of that

which C has to D.

For, since A, H, K, B are four numbers in proportion,

therefore A has to B the ratio triplicate of that which A has

to H. [v. Def. 10]

But, as A is to H, so is C to Z? ;

therefore ^4 also has to B the ratio triplicate of that which C

has to D.

Q. E. D.

The cube numbers a2, #" being given, Euclid forms the products (Pb, aV

and then proves, as usual, by means of vn. 17, 18 that

a2, cPb, aP, 6*

are in continued proportion.

He assumes that, since «2 has to P the ratio triplicate of a2 : aib, the

ratio a2 : P is triplicate of the ratio a : b which is equal to a2 : a2b. This

is again an obvious inference from vn. 14.

Proposition 13.

If there be as many numbers as we please in continued

proportion, and each by multiplying itself make some number,

the products will be proportional; and, if the original numbers

by multiplying the products make certain numbers, the latter

will also be proportional.
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Let there be as many numbers as we please, A, B, C, in

continued proportion, so that, as A is to B, so is B to C;

let A, B, C by multiplying themselves make D, E, F, and by

multiplying D, E, F let them make G, H, K ;

I say that D, E, F and G, H, K are in continued proportion.

a G

B h

c k

D

E M

F N

L P

O Q

For let A by multiplying B make L,

and let the numbers A, B by multiplying L make M, N

respectively.

And again let B by multiplying C make O,

and let the numbers B, C by multiplying O make P, Q

respectively.

Then, in manner similar to the foregoing, we can prove

that

D, L, E and G, M, N, H are continuously proportional in the

ratio of A to B,

and further E, O, F and H, P, Q, K are continuously propor

tional in the ratio of B to C.

Now, as A is to B, so is B to C ;

therefore D, L, E are also in the same ratio with E, O, F,

and further G, M, N, H in the same ratio with H, P, Q, K.

And the multitude of D, L, E is equal to the multitude of

E, O, F, and that of G, M, N, H to that of H, P, Q, K';

therefore, ex aequali,

as D is to E, so is E to F,

and, as G is to H, so is H to K. [vn. 14]

Q. e.. D.
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If a, b, c . . . be a series in geometrical progression, then

j ,' J .• "' > are also in geometrical progression.

Heiberg brackets the words added to the enunciation which extend the

theorem to any powers. The words are "and this always occurs with the

extremes " (ka.1 at! irtpl tovs Jfcpous toOto ovp.fiaivti). They seem to be rightly

suspected on the same grounds as the same words added to the enunciation

of vii. 27. There is no allusion to them in the proof, much less any proof

of the extension.

Euclid forms, besides the squares and cubes of the given numbers, the

products ab, a2b, aP, bc, Pc, be2. When he says that " we prove in manner

similar to the foregoing," he indicates successive uses of vii. 17, 18 as

in vm. 12.

With our notation the proof is as easy to see for any powers as for squares

and cubes.

To prove that a", bn, cn. . . are in geometrical progression.

Form all the means between an, b", and set out the series

an, an-lb, an-qP ... abn-\ b".

The common ratio of one term to the next is a : b.

Next take the geometrical progression

bn, b"-\ b"-V ... fe"-\ £»,

the common ratio of which is b : c.

Proceed thus for all pairs of consecutive terms.

Now a : b = b : c = ...

Therefore any pair of succeeding terms in one series are in the same ratio as

any pair of succeeding terms in any other of the series.

And the number of terms in each is the same, namely (« + 1).

Therefore, ex aequali,

a" : b" = b" : cn = c« :dn = ...

Proposition 14.

If a square measure a square, the side will also measure

the side ; and, if the side measure the side, the square will also

measure the square.

Let A, B be square numbers, let C, D be their sides, and

let A measure B ;

I say that C also measures D. A

For let C by multiplying D make E ; B

therefore A, E, B are continuously pro- c ^

portional in the ratio of C to D. [vm. nj e

And, since A, E, B are continuously

proportional, and A measures B,

therefore A also measures E. [vm. 7]
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And, as A is to E, so is C to D ;

therefore also C measures D. . [vu. Def. 20]

Again, let C measure D ;

I say that A also measures B.

For, with the same construction, we can in a similar

manner prove that A, E, B are continuously proportional in

the ratio of C to D.

And since, as C is to D, so is A to E,

and C measures D,

therefore A also measures E. [vu. Def. 20]

And A, E, B are continuously proportional ;

therefore A also measures B.

Therefore etc.

Q. E. D.

If a2 measures P, a measures b ; and, if a measures b, a2 measures P.

(1) a2, ab, P are in continued proportion in the ratio of a to b.

Therefore, since a2 measures P,

a2 measures ab. [vm. 7]

But a2 : ab = a : b.

Therefore a measures b.

(2) Since a measures b, a2 measures ab.

And a2, ab, P are continuously proportional.

Thus ab measures P.

And a2 measures ab.

Therefore a2 measures b2.

It will be seen that Euclid puts the last step shortly, saying that, since

a2 measures ab, and a2, ab, P are in continued proportion, a2 measures P.

The same thing happens in vm. 15, where the series of terms is one more

than here.

Proposition 15.

If a cube number measure a cube number, the side will also

measure the side ; and, if the side measure the side, the cube

will also measure the cube.

For let the cube number A measure the cube B,

and let C be the side of A and D of B ;

I say that C measures D.



viii. is] PROPOSITIONS 14, 15 369

For let C by multiplying itself make B,

and let D by multiplying itself make G ;

further, let C by multiplying D make F,

and let C, D by multiplying F make H, K respectively.

A—-

B

c- h

D— K

E —

G

F .

Now it is manifest that E, F, G and A, H, K, B are

continuously proportional in the ratio of Cto D. [vm. n, 12]

And, since A, H, K, B are continuously proportional,

and A measures B,

therefore it also measures H. [vm. 7]

And, as A is to H, so is C to D ;

therefore C also measures D. [vn. Def. 20]

Next, let C measure D ;

I say that A will also measure B.

For, with the same construction, we can prove in a similar

manner that A, H, K, B are continuously proportional in the

ratio of C to D.

And, since C measures D,

and, as C is to D, so is A to H,

therefore A also measures H, [vn. Def. 20]

so that A measures B also.

Q. E. D.

If a2 measures P, a measures b ; and vice versa. The proof is, mutatis

mutandis, the same as for squares.

(1) a\ a'b, aV, &> are continuously proportional in the ratio of a to b;

and a2 measures P.

Therefore a2 measures a2b ; [vm. 7]

and hence a measures b.

(2) Since a measures b, a2 measures a2b.

And, a2, a2b, aP, P being continuously proportional, each term measures the

succeeding term ;

therefore a2 measures P.

H. e. n. 24
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Proposition 16.

Ifa square number do not measure a square number, neither

will the side measure the side ; and, if the side do not measure

the side, neither will the square measure the square.

Let A, B be square numbers, and let C, D be their sides ;

and let A not measure B ;

I say that neither does C measure D. A

For, if C measures D, A will also B- —

measure B. [vm. 14] c

But A does not measure B ; d

therefore neither will C measure D.

Again, let C not measure D ;

I say that neither will A measure B.

For, if A measures B, C will also measure D. [vm. 14]

But C does not measure D ;

therefore neither will A measure B.

Q. E. D.

If a2 does not measure f, a will not measure b; and, if a does not

measure b, a8 will not measure P.

The proof is a mere reductio ad absurdum using vm. 14.

Proposition 17.

If a cube number do not measure a cube number, neither

will the side measure the side ; and, if the side do not measure

the side, neither will the cube measure the cube.

For let the cube number A not measure the cube

number B,

and let C be the side of A, and D A

of B ; B

I say that C will not measure D. D

For, if C measures D, A will

also measure B. [vm. 15]

But A does not measure B ;

therefore neither does C measure D.

Again, let C not measure D ;

I say that neither will A measure B.
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For, if A measures B, C will also measure D. [vm. 15]

But C does not measure D ;

therefore neither will A measure B.

Q. E. D.

If a2 does not measure P, a will not measure b ; and vice versa.

Proved by reductio ad absurdum employing vm. 15.

Proposition 18.

Between two similar plane numbers there is one mean

proportional number ; and the plane number has to the plane

number the ratio duplicate of that which the corresponding

side has to the corresponding side.

Let A, B be two similar plane numbers, and let the numbers

C, D be the sides of A, and E, F of B.

A C

B D

E

Q F

Now, since similar plane numbers are those which have

their sides proportional, [vn. Def. 21]

therefore, as C is to D, so is E to F.

I say then that between A, B there is one mean propor

tional number, and A has to B the ratio duplicate of that

which C has to E, or D to F, that is, of that which the corre

sponding side has to the corresponding side.

Now since, as C is to D, so is E to F,

therefore, alternately, as C is to E, so is D to F. [vn. 13]

And, since A is plane, and C, D are its sides,

therefore D by multiplying C has made A.

For the same reason also

E by multiplying F has made B.

Now let D by multiplying E make G.

Then, since D by multiplying C has made A, and by

multiplying E has made G,

therefore, as C is to E, so is A to G. [vn. 17]

24—2
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But, as C is to E, so is D to F ;

therefore also, as D is to F, so is A to G.

Again, since E by multiplying D has made G, and by

multiplying F has made 2?,

therefore, as D is to F, so is (9 to B. [vn. 17]

But it was also proved that,

as D is to F, so is A to £ ;

therefore also, as ^4 is to G, so is (7 to B.

Therefore A, G, B are in continued proportion.

Therefore between A, B there is one mean proportional

number.

I say next that A also has to B the ratio duplicate of

that which the corresponding side has to the corresponding

side, that is, of that which C has to E or D to F.

For, since A, G, B are in continued proportion,

A has to B the ratio duplicate of that which it has to G.

[v. Def. 9]

And, as A is to G, so is C to E, and so is D to F.

Therefore A also has to B the ratio duplicate of that which

C has to E or D to F.

q. E. d.

If ab, cd be "similar plane numbers," i.e. products of factors such that

a : b = c : d,

there is one mean proportional between ab and cd; and ab is to cd in the

duplicate ratio of a to c or of b to ia?.

Form the product be (or ai/, which is equal to it, by vn. 19).

Then ab, be) , cd

= adj

is a series of terms in geometrical progression.

For a : b = c : d.

Therefore a:c = b:d. [vn. 13]

Therefore ab :be = be: cd. [vn. 17 and 16]

Thus be (or ad) is a geometric mean between ab, cd.

And ab is to cd in the duplicate ratio of ab to be or of be to cd, that is, of

a to e or of b to d.
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Proposition 19.

Between two similar solid numbers there fall two mean

proportional numbers; and the solid number has to the similar

solid number the ratio triplicate of that which the corresponding

side has to the corresponding side.

Let A, B be two similar solid numbers, and let C, D, E

be the sides of A, and F, G, H of B.

Now, since similar solid numbers are those which have

their sides proportional, [vh. Def. 21]

therefore, as C is to D, so is F to G,

and, as D is to E, so is G to H.

I say that between A, B there fall two mean proportional

numbers, and A has to B the ratio triplicate of that which C

has to F, D to G, and also E to H.

a

B

c- f- N

D- G 0

E— H

K—

L

M

For let C by multiplying D make K, and let F by

multiplying G make L.

Now, since C, D are in the same ratio with F, G,

and K is the product of C, D, and L the product of F, G,

K, L are similar plane numbers ; [vh. Def. 21]

therefore between K, L there is one mean proportional number.

[viii. 18]

Let it be M.

Therefore M is the product of D, F, as was proved in the

theorem preceding this. [viii. 18]

Now, since D by multiplying C has made K, and by

multiplying F has made M,

therefore, as C is to F, so is K to M. [vh. 17]

But, as K is to M, so is M to L.

Therefore K, M, L are continuously proportional in the

ratio of C to F. ^
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And since, as C is to D, so is F to G,

alternately therefore, as C is to F, so is D to G. [vii. 13]

For the same reason also,

as D is to G, so is E to H.

Therefore K, M, L are continuously proportional in the

ratio of C to F, in the ratio of D to G, and also in the ratio

of 7i to 77.

Next, let E, 77 by multiplying M make N, O respectively.

Now, since A is a solid number, and C, D, E are its sides,

therefore E by multiplying the product of C, D has made A.

But the product of C, D is K;

therefore E by multiplying K has made A.

For the same reason also

H by multiplying L has made B.

Now, since E by multiplying A" has made A, and further

also by multiplying M has made N,

therefore, as K is to M, so is y4 to A7. [vii. 17]

But, as K is to M, so is C to F, D to (7, and also E to 77;

therefore also, as C is to F, D to (7, and E to 77, so is A to A7.

Again, since E, H by multiplying M have made A7, 0

respectively,

therefore, as E is to H, so is A7" to 0. [vii. 18]

But, as E is to 77, so is C to 7^ and D to G ;

therefore also, as C is to F, D to G, and 7f to 77, so is A to

N and A7 to a

Again, since H by multiplying M has made 0, and further

also by multiplying L has made B,

therefore, as M is to L, so is O to 7?. [vn. 17]

But, as M is to L, so is C to F, D to (9, and 7T to H.

Therefore also, as C is to F, D to G, and Ti" to 77, so not

only is O to B, but also ^4 to N and A7" to O.

Therefore A, N, 0, B are continuously proportional in the

aforesaid ratios of the sides.

I say that A also has to B the ratio triplicate of that which

the corresponding side has to the corresponding side, that is,

of the ratio which the number C has to F, or D to G, and

also E to 77.
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For, since A, N, O, B are four numbers in continued

proportion,

therefore A has to B the ratio triplicate of that which A has

to N. [v. Def. 10]

But, as A is to N, so it was proved that C is to F, D to G,

and also E to H.

Therefore A also has to B the ratio triplicate of that which

the corresponding side has to the corresponding side, that is,

of the ratio which the number C has to F, D to G, and also

E to H. Q. E. D.

In other words, if a : b : c=d : e :f, then there are two geometric means

between abe, def; and abe is to def in the triplicate ratio of a to d, or b to e,

or e to/

Euclid first takes the plane numbers ab, de (leaving out c, f) and forms

the product bd. Thus, as in vm. 18,

ab, bd) , de

= ea)

are three terms in geometrical progression in the ratio of a to d, or of b to e.

He next forms the products of c, f respectively into the mean bd.

Then abe, cbd, /bd, def

are in geometrical progression in the ratio of a to d etc.

For abe : cbd = ab : bd = a : d\

cbd:fbd=c:f I. [v11. 17]

fbd : def= bd : de = b : e )

And a : d=b : e = c -.f.

The ratio of abe to def is the ratio triplicate of that of abe to cbd, i.e. of

that of a to d etc.

Proposition 20.

If one mean proportional number fall between two numbers,

the numbers will be similar plane numbers.

For let one mean proportional number C fall between the

two numbers A, B ;

5 I say that A, B are similar plane numbers.

Let D, E, the least numbers of those which have the same

ratio with A, C, be taken ; [vn. 33]

therefore D measures A the same number of times that E

measures C. [vn. 20]

10 Now, as many times as D measures A, so many units let

there be in F;

therefore F by multiplying D has made A,

so that A is plane, and D, F are its sides.
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Again, since D, E are the least of the numbers which have

15 the same ratio with C, B,

therefore D measures C the same number of times that E

measures B. [vn. 20]

B-

c-

F-

G-

As many times, then, as E measures B, so many units let

there be in G ;

20 therefore E measures B according to the units in G ;

therefore G by multiplying E has made B.

Therefore B is plane, and E, G are its sides.

Therefore A, B are plane numbers.

I say next that they are also similar.

25 For, t since F by multiplying D has made A, and by

multiplying E has made C,

therefore, as D is to E, so is A to C, that is, C to B. [vn. 17]

Again, f since E by multiplying F, G has made C, B

respectively,

30 therefore, as F is to G, so is C to B. [vn. 17]

But, as C is to B, so is D to E ;

therefore also, as D is to E, so is F to G.

And alternately, as D is to F, so is E to G. [vn. 13]

Therefore A,B are similar plane numbers; for their sides

35 are proportional. q. E. d.

25. For, since F 27. C to B. The text has clearly suffered corruption here. It

is not necessary to infer from other facts that, as D is to E, so is A to C; for this is part of

the hypotheses (ll. 0, 7). Again, there is no explanation of the statement (1. 25) that Fby

multiplying E has made C. It is the statement and explanation of this latter fact which are

alone wanted ; after which the proof proceeds as in 1. 28. We might therefore substitute for

1l. 25—28 the following.

"for, since E measures C the same number of times that D measures A [l. 8], that is,

according to the units in F\\. 10], therefore F by multiplying E has made C.

And, since E by multiplying F, G," etc. etc.

This proposition is the converse of via 18. If a, c, b are in geometrical

progression, a, b are " similar plane numbers."

Let o : /? be the ratio a : c (and therefore also the ratio c : b) in its lowest

terms.

Then [Vn. 20]

a = wo, c = mfi, where m is some integer,

c = na, b = nft, where n is some integer.
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Thus a, b are both products of two factors, i.e. plane.

Again, a : /3 = « : c — c : b

= m:n. [vn. 18]

Therefore, alternately, a : m = fi : n, [vn. 13]

and hence //«, n(S are similar plane numbers.

[Our notation makes the second part still more obvious, for c = mft = «o.]

Proposition 21.

Iftwo meanproportional numbersfall between two numbers,

the numbers are similar solid numbers.

For let two mean proportional numbers C, D fall between

the two numbers A, B ;

I say that A, B are similar solid numbers.

A — E-

D— H -

N— K —

L —

M—

For let three numbers E, F, G, the least of those which

have the same ratio with A, C, D, be taken ; [vn. 33 or vm. 2]

therefore the extremes of them E, G are prime to one another.

• [vm. 3]

Now, since one mean proportional number F has fallen

between E, G,

therefore E, G are similar plane numbers. [vm. 20]

Let, then, H, K be the sides of E, and L, M of G.

Therefore it is manifest from the theorem before this that

E, F, G are continuously proportional in the ratio of H to L

and that of K to M.

Now, since E, F, G are the least of the numbers which

have the same ratio with A, C, D,

and the multitude of the numbers E, F, G is equal to the

multitude of the numbers A, C, D,

therefore, ex aequali, as E is to G, so is A to D. [vn. 14]

But E, G are prime,

primes are also least, [vn. 21]

and the least measure those which have the same ratio with
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them the same number of times, the greater the greater and

the less the less, that is, the antecedent the antecedent and the

consequent the consequent ; [vh. 20]

therefore E measures A the same number of times that G

measures D.

Now, as many times as E measures A, so many units let

there be in N.

Therefore N by multiplying E has made A.

But E is the product of H, K ;

therefore N by multiplying the product of H, K has made A.

Therefore A is solid, and H, K, N are its sides.

Again, since E, F, G are the least of the numbers which

have the same ratio as C, D, B,

therefore E measures C the same number of times that G

measures B.

Now, as many times as E measures C, so many units let

there be in O.

Therefore G measures B according to the units in 0;

therefore O by multiplying G has made B.

But G is the product of L, M ;

therefore O by multiplying the product of L, M has made B.

Therefore B is solid, and L, M, 0 are its sides ;

therefore. A, B are solid.

I say that they are also similar.

For since N, O by multiplying E have made A, C,

therefore, as N is to O, so is A to C, that is, E to F. [vn. 18]

But, as E is to F, so is H to L and K to M ;

therefore also, as H is to L, so is K to M and N to O.

And H, K, N are the sides of A, and O, L, M the sides

oiB.

Therefore A, B are similar solid numbers. q. E. d.

. The converse of vm. 19. If a, c, d, b are in geometrical progression, a, b

are " similar solid numbers."

Let a, /?, y be the least numbers in the ratio of a, c, d (and therefore also

of c, d, b). [vn. 33 or vm. 2'

Therefore a, y are prime to one another. [vm. 3

They are also "similar plane numbers." [vm. 20

Let a = mn, y =pq,

where m : n =p : q.
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Then, by the proof of vin. 20,

a : fl = m : p - n : q.

Now, ex aequali, a : d = o : y, [v11. 14]

and, since o, y are prime to one another,

a = ra, d = ry, where r is an integer.

But a = mn :

therefore a = rmn, and therefore a is " solid."

Again, ex aequali, c : b = a : y,

and therefore c = sa, b = sy, where s is an integer.

Thus b = spq, and b is therefore "solid."

Now a : /J = a : c = ra : sa

= r : s. [viI. 18J

And, from above, o : ft = m : p = n : q.

Therefore r : s = m : p = n : q,

and hence a, b are similar solid numbers.

Proposition 22.

If three numbers be in continuedproportion, and thefirst

be square, the third will also be square.

Let A, B, C be three numbers in continued proportion,

and let A the first be square ;

I say that C the third is also square. "

For, since between A, C there is one

mean proportional number, B,

therefore A, C are similar plane numbers. [vm. 20]

But A is square ;

therefore C is also square. Q. E. d.

A mere application of vm. 20 to the particular case where one of the

"similar plane numbers" is square.

Proposition 23.

Iffour numbers be in continued proportion, and the first be

cube, thefourth will also be cube.

Let A, B, C, D be four numbers in continued proportion,

and let A be cube ;

A-
I say that D is also cube.

For, since between A, D there c

are two mean proportional numbers D. -

B, C,

therefore A, D are similar solid numbers. [vm. 21]
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But A is cube ;

therefore D is also cube.

Q. E. D.

A mere application of vm. 21 to the case where one of the "similar solid

numbers " is a cube.

Proposition 24.

If two numbers have to one another the ratio which a square

number has to a square number, and the first be square, the

second will also be square.

For let the two numbers A, B have to one another the

ratio which the square number C has

to the square number D, and let A be A

square ; 8 '

I say that B is also square. D

For, since C, D are square,

C, D are similar plane numbers.

Therefore one mean proportional number falls between

C, D. [vm. 18]

And, as C is to D, so is A to B ;

therefore one mean proportional number falls between A, B

also. [vm. 8]

And A is square ;

therefore B is also square. [vm. 22]

Q. E. D.

If a : b = c2 : d2, and a is a square, then b is also a square.

For r2, d" have one mean proportional cd. [vm. 18]

Therefore a, b, which are in the same ratio, have one mean proportional.

[vm. 8]

And, since a is square, b must also be a square. [vm. 22}

Proposition 25.

If two numbers have to one another the ratio which a cube

number has to a cube number, and the first be cube, the second

will also be cube.

For let the two numbers A, B have to one another the

ratio which the cube number C has to the cube number D,

and let A be cube ;

I say that B is also cube.
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For, since C, D are cube,

C, D are similar solid numbers.

Therefore two mean proportional numbers fall between

C, D. [vin. 19]

A E'

B F

C

D

And, as many numbers as fall between C, D in continued

proportion, so many will also fall between those which have

the same ratio with them ; [vin. 8]

so that two mean proportional numbers fall between A, B

also.

Let E, F so fall.

Since, then, the four numbers A, E, F, B are in continued

proportion,

and A is cube,

therefore B is also cube. [vin. 23]

Q. E. D.

If a : b = c2 : d2, and a is a cube, then b is also a cube.

For c', d" have two mean proportionals. [vin. 19]

Therefore a, b also have two mean proportionals. [vin. 8]

And a is a cube :

therefore b is a cube. [vm. 23]

Proposition 26.

Similarplane numbers have to one another the ratio which

a square number has to a square number.

Let A, B be similar plane numbers ;

I say that A has to B the ratio which a square number has

to a square number.

B-

c^

E

For, since A, B are similar plane numbers,

therefore one mean proportional number falls between A, B.

[vm. 18]
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Let it so fall, and let it be C ;

and let D, E, F, the least numbers of those which have the

same ratio with A, C, B, be taken ; [vn. 33 or vm. 2]

therefore the extremes of them D, F are square. [vm. 2, Por.]

And since, as D is to F, so is A to B,

and D, F are square,

therefore A has to B the ratio which a square number has to

a square number.

Q. E. D.

If a, b are similar "plane numbers," let c be the mean proportional

between them. [vm. 18

Take a, /3, y the smallest numbers in the ratio of a, c, b. [vn. 33 or vm. 2

Then a, y are squares. [vm. 2, Por.

Therefore a, b are in the ratio of a square to a square.

Proposition 27.

Similar solid numbers have to one another the ratio which

a cube number has to a cube number.

Let A, B be similar solid numbers ;

I say that A has to B the ratio which a cube number has to

a cube number.

a c

B i o-

E F 0 H

For, since A, B are similar solid numbers,

therefore two mean proportional numbers fall between A, B.

[vm. 19]

Let C, D so fall,

and let E, F, G, H, the least numbers of those which have

the same ratio with A, C, D, B, and equal with them in

multitude, be taken ; [vn. 33 or vm. 2]

therefore the extremes of them E, H are cube. [vm. 2, Por.]

And, as E is to H, so is A to B ;

therefore A also has to B the ratio which a cube number has

to a cube number.

Q. E. D.
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The same thing as vm. 26 with cubes. It is proved in the same way

except that vm. 19 is used instead of vm. 18.

The last note of an-Nairizi in which the name of Heron is mentioned is

on this proposition. Heron is there stated (p. 194—5, ed. Curtze) to have

added the two propositions that,

1. If two numbers have to one another the ratio of a square to a square, the

numbers are similarplane numbers ;

2. If two numbers have to one another the ratio of a cube to a cube, the numbers

are similar solid numbers.

The propositions are of course the converses of vm. 26, 27 respectively.

They are easily proved.

(1) If a:b = c2:di,

then, since there is one mean proportional (cd) between c2, d2,

[vm. 11 or 18]

there is also one mean proportional between a, b. [vm. 8]

Therefore a, b are similar plane numbers. [vm. 20]

(2) is similarly proved by the use of vm. 12 or 19, vm. 8, vm. 21.

The insertion by Heron of the first of the two propositions, the converse

of vm. 26, is perhaps an argument in favour of the correctness of the text of

ix. 10, though (as remarked in the note on that proposition) it does not give

the easiest proof. Cf. Heron's extension of vn. 3 tacitly assumed by Euclid

in vn. 33.
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Proposition i.

If two similar plane numbers by multiplying one another

make some number, the product will be square.

Let A, B be two similar plane numbers, and let A by

multiplying B make C;

I say that C is square. ZIZIZ!^

For let A by multiplying itself c

make D. D,

Therefore D is square.

Since then A by multiplying itself has made D, and by

multiplying B has made C,

therefore, as A is to B, so is D to C. [vii. 17]

And, since A, B are similar plane numbers,

therefore one mean proportional number falls between A, B.

[vm. 18]

But, if numbers fall between two numbers in continued

proportion, as many as fall between them, so many also fall

between those which have the same ratio ; [vm. 8]

so that one mean proportional number falls between D, Calso.

And D is square ;

therefore C is also square. [vm. 22]

Q. E. D.

The product of two similar plane numbers is a square.

Let a, b be two similar plane numbers.

Now a : b - a2 : ab. [vii. 1 7

And between a, b there is one mean proportional. [vm. 18

Therefore between a' : ab there is one mean proportional. [vm. 8'

And a2 is square ;

therefore ab is square. [vm. 22]
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Proposition 2.

If two numbers by multiplying one another make a square

number, they are similar plane numbers.

Let A, B be two numbers, and let A by multiplying B

make the square number C;

I say that A, B are similar plane A

numbers. B

For let A by multiplying itself c

make D ; D

therefore D is square.

Now, since A by multiplying itself has made D, and by

multiplying B has made C,

therefore, as A is to B, so is D to C. [vn. 17]

And, since D is square, and C is so also,

therefore D, C are similar plane numbers.

Therefore one mean proportional number falls between

D, C. [vni. 18]

And, as D is to C, so is A to B ;

therefore one mean proportional number falls between A, B

also. [vni. 8]

But, if one mean proportional number fall between two

numbers, they are similar plane numbers ; [vin. 20]

therefore A, B are similar plane numbers.

Q. E. D.

If ab is a square number, a, b are similar plane numbers. (The converse

of ix. 1.)

For a : b = a2 : ab. [vn. 17]

And a2, ab being square numbers, and therefore similar plane numbers,

they have one mean proportional. [vm. 18]

Therefore a, b also have one mean proportional, [vm. 8]

whence a, b are similar plane numbers. [vm. 20]

Proposition 3.

If a cube number by multiplying itself make some number,

the product will be cube.

For let the cube number A by multiplying itself make B ;

I say that B is cube.

H. E. 11. 25
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For let C, the side of A, be taken, and let C by multiplying

itself make D.

It is then manifest that C by multiplying a

D has made A. B

Now, since C by multiplying itself has c- d—

made D,

therefore C measures D according to the units in itself.

But further the unit also measures C according to the units

in it ;

therefore, as the unit is to C, so is C to D. [vii. Def. 20]

Again, since C by multiplying D has made A,

therefore D measures A according to the units in C.

But the unit also measures C according to the units in it ;

therefore, as the unit is to C, so is D to A.

But, as the unit is to C, so is C to D ;

therefore also, as the unit is to C, so is C to D, and D to A.

Therefore between the unit and the number A two mean

proportional numbers C, D have fallen in continued proportion.

Again, since A by multiplying itself has made B,

therefore A measures B according to the units in itself.

But the unit also measures A according to the units in it ;

therefore, as the unit is to A, so is A to B. [vii. Def. 20]

But between the unit and A two mean proportional numbers

have fallen ;

therefore two mean proportional numbers will also fall between

A, B. [vhi. 8]

But, if two mean proportional numbers fall between two

numbers, and the first be cube, the second will also be cube.

[vin. 23]

And A is cube ;

therefore B is also cube. Q. E. d.

The product of a2 into itself, or a" . a2, is a cube.

For 1 : a = a : ai = ai : a2.

Therefore between 1 and a2 there are two mean proportionals.

Also 1 : a2 = a5 : a" . a2.

Therefore two mean proportionals fall between a2 and a2 . a2. [vin. 8]

(It is true that vm. 8 is only enunciated of two pairs of numbers, but the

proof is equally valid if one number of one pair is unity.)

And a2 is a cube number :

therefore a2 . a' is also cube. [vin. 23]
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Proposition 4.

If a cube number by multiplying a cube number make some

number, the product will be cube.

. For let the cube number A by multiplying the cube number

B make C;

I say that C is cube. A

For let A by multiplying B

itself make D ; c :

therefore D is cube. [ix. 3] D

And, since A by multiply

ing itself has made D, and by multiplying B has made C,

therefore, as A is to B, so is D to C. [vu. 17]

And, since A, B are cube numbers,

A, B are similar solid numbers.

Therefore two mean proportional numbers fall between

A, B; [vm. 19]

so that two mean proportional numbers will fall between D,

C also. [vm. 8]

And D is cube ;

therefore C is also cube. [vm. 23]

Q, E. D.

The product of two cubes, say a2 . P, is a cube.

For a2 : P = a2 . a2 : a' . P. [vu. 17]

And two mean proportionals fall between a', P which are similar solid

numbers. [vm. 19

Therefore two mean proportionals fall between a2. a2, a2 . P. [vm. 8

But a2 . a2 is a cube : [ix. 3

therefore a2 . P is a cube. [vm. 23

Proposition 5.

If a cube number by multiplying any number make a cube

number, the multiplied number will also be cube.

For let the cube number A by multiplying any number B

make the cube number C;

I say that B is cube. A

For let A by multiplying B

itself make D ; c

therefore D is cube. [ix. 3] d-

25—2
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Now, since A by multiplying itself has made D, and by

multiplying B has made C,

therefore, as A is to B, so is D to C. [vh. 17]

And since D, C are cube,

they are similar solid numbers.

Therefore two mean proportional numbers fall between

D, C. [vm. 19]

And, as D is to C, so is A to B ;

therefore two mean proportional numbers fall between A, B

also. [vm. 8]

And A is cube ;

therefore B is also cube. [vm. 23]

If the product <?b is a cube number, b is cube.

By ix. 3, the product a2 . rt2 is a cube.

And a2 . a2 : aPb = a2 : b. [vii. 1 7]

The first two terms are cubes, and therefore "similar solids"; therefore

there are two mean proportionals between them. [vm. 19]

Therefore there are two mean proportionals between a2, b. [vm. 8]

And a2 is a cube :

therefore b is a cube number. [vm. 23]

Proposition 6.

If a number by multiplying itself make a cube number, it

will itself also be cube.

For let the number A by multiplying itself make the cube

number B ;

I say that A is also cube. a

For let A by multiplying B make C. B

Since, then, A by multiplying itself c

has made B, and by multiplying B has

made C,

therefore C is cube.

And, since A by multiplying itself has made B,

therefore A measures B according to the units in itself.

But the unit also measures A according to the units in it.

Therefore, as the unit is to A, so is A to B. [vn. Def. 20]

And, since A by multiplying B has made C,

therefore B measures C according to the units in A.

But the unit also measures A according to the units in it.
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Therefore, as the unit is to A, so is B to C. [vh. Def. 20]

But, as the unit is to A, so is A to B ;

therefore also, as ^4 is to B, so is v9 to C.

And, since Z?, C are cube,

they are similar solid numbers.

Therefore there are two mean proportional numbers

between B, C. [vin. 19]

And, as B is to C, so is A to B.

Therefore there are two mean proportional numbers

between A, B also. [vm. 8]

And B is cube ;

therefore A is also cube. [cf. vm. 23]

Q. E. D.

If a2 is a cube number, a is also a cube.

For 1 : a = a : a2 = a2 : a2.

Now a2, a2 are both cubes, and therefore " similar solids "; therefore there

are two mean proportionals between them. [vm. 19

Therefore there are two mean proportionals between a, a2. [vm. 8

And a2 is a cube :

therefore a is also a cube number. [vm. 23]

It will be noticed that the last step is not an exact quotation of the result

of vm. 23, because it is there the first of four terms which is known to be a

cube, and the last which is proved to be a cube ; here the case is reversed.

But there is no difficulty. Without inverting the proportions, we have only

to refer to vm. 21 which proves that a, a2, having two mean proportionals

between them, are two similar solid numbers; whence, since a2 is a cube,

a is also a cube.

Proposition 7.

If a composite number by multiplying any number make

some number, the product will be solid.

For let the composite number A by multiplying any number

B make C;

I say that C is solid.

For, sincev4 is composite, c

it will be measured by some D E

number. [vn. Def. 13]

Let it be measured by D ;

and, as many times as D measures A, so many units let there

be in E.
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Since then D measures A according to the units in E,

therefore E by multiplying D has made A. [vn. Def. 15]

And, since A by multiplying B has made C,

and A is the product of D, E,

therefore the product of D, E by multiplying B has made C.

Therefore C is solid, and D, E, B are its sides.

Q. E. D.

Since a composite number is the product of two factors, the result of

multiplying it by another number is to produce a number which is the

product of three factors, i.e. a "solid number."

Proposition 8.

If as many numbers as we please beginningfrom an unit be

in continuedproportion, the thirdfrom the unit will be square,

as will also those which successively leave out one ; the fourth

will be cube, as will also all those which leave out two; and the

seventh will be at once cube and square, as will also those whuh

leave out five.

Let there be as many numbers as we please, A, B, C, D,

E, F, beginning from an unit and in con

tinued proportion ; a

I say that B, the third from the unit, is c

square, as are also all those which leave D

out one ; C, the fourth, is cube, as are E

also all those which leave out two ; and F

F, the seventh, is at once cube and

square, as are also all those which leave out five.

For since, as the unit is to A, so is A to B,

therefore the unit measures the number A the same number

of times that A measures B. [vn. Def. 20]

But the unit measures the number A according to the

units in it ;

therefore A also measures B according to the units in A.

Therefore A by multiplying itself has made B ;

therefore B is square.

And, since B, C, D are in continued proportion, and B is

square,

therefore D is also square. [vm. 22]
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For the same reason

F is also square.

Similarly we can prove that all those which leave out one

are square.

I say next that C, the fourth from the unit, is cube, as are

also all those which leave out two.

For since, as the unit is to A, so is B to C,

therefore the unit measures the number A the same number

of times that B measures C.

But the unit measures the number A according to the units

in A ;

therefore B also measures C according to the units in A.

Therefore A by multiplying B has made C.

Since then A by multiplying itself has made B, and by

multiplying B has made C,

therefore C is cube.

And, since C, D, E, F are in continued proportion, and C

is cube,

therefore F is also cube. [vm. 23]

But it was also proved square ;

therefore the seventh from the unit is both cube and square.

Similarly we can prove that all the numbers which leave

out five are also both cube and square.

Q. E. D.

If 1, a, a2, a„ ... be a geometrical progression, then a2, ai, a„ ... are

squares ;

«2, «„, a0, ... are cubes;

a„ flu, ... are both squares and cubes.

Since 1 : a = a : «„

a, = a".

And, since ii.2, a2, ai are in geometrical progression and a, (= a2) is a square,

ai is a square. [vm. 22]

Similarly a„ a8, ... are squares.

Next, 1 : a = a, : a,

= «2:«.,

whence a2 = a2, a cube number.

And, since «2, ai, «5, a„ are in geometrical progression, and a2 is a cube,

a, is a cube. [vm. 23]
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Similarly a„ a„, ... are cubes.

Clearly then a,, aa, aK, ... are both squares and cubes.

The whole result is of course obvious if the geometrical progression is

written, with our notation, as

1, a, a2, a2, a*, ... an.

Proposition 9.

If as many numbers as we please beginningfrom an unit be

in continuedproportion, and the number after the unit be square,

all the rest will also be square. And, if the number after the

unit be cube, all the rest will also be cube.

Let there be as many numbers as we please, A, B, C, D,

E, F, beginning from an unit and in con

tinued proportion, and let A, the number *

after the unit, be square ; B

I say that all the rest will also be square.

Now it has been proved that B, the E

third from the unit, is square, as are also f —

all those which leave out one ; [ix. 8]

I say that all the rest are also square.

For, since A, B, C are in continued proportion,

and A is square,

therefore C is also square. [vm. 22]

Again, since B, C, D are in continued proportion,

and B is square,

D is also square. [vm. 22]

Similarly we can prove that all the rest are also square.

Next, let A be cube ;

I say that all the rest are also cube.

Now it has been proved that C, the fourth from the unit,

is cube, as also are all those which leave out two ; [ix. 8]

I say that all the rest are also cube.

For, since, as the unit is to A, so is A to B,

therefore the unit measures A the same number of times as A

measures B.

But the unit measures A according to the units in it ;

therefore A also measures B according to the units in itself;

therefore A by multiplying itself has made B.
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And A is cube.

But, if a cube number by multiplying itself make some

number, the product is cube. [ix. 3]

Therefore B is also cube.

And, since the four numbers A, B, C, D are in continued

proportion,

and A is cube,

D also is cube. [vm. 23]

For the same reason

E is also cube, and similarly all the rest are cube.

Q. E. D.

If 1, a\ a2, as, ai, ... are in geometrical progression, a2, a2, ai, ... are all

squares ;

and, if 1, a2, a.j, a2, ai, ... are in geometrical progression, a.2, a,, ... are all cubes.

(1) By ix. 8, a2, ai, at, ... are all squares.

And, a\ a3, a2 being in geometrical progression, and ii2 being a square,

a, is a square. [vm. 22]

For the same reason ai, a», ... are all squares.

(2) By ix. 8, a2, at, a.,, ... are all cubes.

Now 1 : a2 = a* : «j.

Therefore a2 = a2 . a2, which is a cube, by ix. 3.

And, a2, a2, «,, ai being in geometrical progression, and a2 being cube,

ai is cube. [vm. 23]

Similarly we prove that as is cube, and so on.

The results are of course obvious in our notation, the series being

(1) 1, a2, a*, of, ...«»

(2) 1, a2, a», a12, ... a».

Proposition 10.

If as many numbers as we please beginningfrom an unit be

in continuedproportion, and the number after the unit be not

square, neither will any other be square except the third from

the unit and all those which leave out one. And, if the number

after the unit be not cube, neither will any other be cube except

the fourth from the unit and all those zvhich leave out two.

Let there be as many numbers as we please, A, B, C, D.

E, F, beginning from an unit and in continued proportion,

and let A, the number after the unit, not be square ;
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I say that neither will any other be square except the third

from the unit < and those which

leave out one > . a

For, if possible, let C be square. B

But B is also square ; [ix. 8] c

[therefore B, C have to one another D

the ratio which a square number E

has to a square number]. F

And, as B is to C, so is A to B ;

therefore A, B have to one another the ratio which a square

number has to a square number ;

[so that A, B are similar plane numbers]. [vm. 26, converse]

And B is square ;

therefore A is also square :

which is contrary to the hypothesis.

Therefore C is not square.

Similarly we can prove that neither is any other of the

numbers square except the third from the unit and those which

leave out one.

Next, let A not be cube.

I say that neither will any other be cube except the fourth

from the unit and those which leave out two.

For, if possible, let D be cube.

Now C is also cube ; for it is fourth from the unit. [ix. 8]

And, as C is to D, so is B to C ;

therefore B also has to C the ratio which a cube has to a cube.

And C is cube ;

therefore B is also cube. [vm. 25]

And since, as the unit is to A, so is A to B,

and the unit measures A according to the units in it,

therefore A also measures B according to the units in itself ;

therefore A by multiplying itself has made the cube number B.

But, if a number by multiplying itself make a cube number,

it is also itself cube. [ix. 6]

Therefore A is also cube :

which is contrary to the hypothesis.

Therefore D is not cube.
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Similarly we can prove that neither is any other of the

numbers cube except the fourth from the unit and those which

leave out two.

Q. E. D.

If 1, a, i72, a2, ai, ... be a geometrical progression, then (i), if a is not a

square, none of the terms will be square except a„, ai, «,', ... ;

and (2), if a is not a cube, none of the terms will be cube except a2, ae, aa, —

With reference to the first part of the proof, viz. that which proves that, if

a, is a square, a must be a square, Heiberg remarks that the words which

I have bracketed are perhaps spurious ; for it is easier to use vuj. 24 than

the converse of vin. 26, and a use of viM. 24 would correspond better to the

use of vm. 25 in the second part relating to cubes. I agree in this view and

have bracketed the words accordingly. (See however note, p. 383, on

converses of vin. 26, 27 given by Heron.) If this change be made, the

proof runs as follows.

(1) If possible, let a2 be square.

Now a, : a2 = a : a,.

But «j is a square. [ix. 8]

Therefore a is to «2 in the ratio of a square to a square.

And rf2 is square ;

therefore a is square [vm. 24] : which is impossible.

(2) If possible, let at be a cube.

Now at : ai = a, : a2.

And a2 is a cube. [ix. 8]

Therefore a2 is to a2 in the ratio of a cube to a cube.

And a2 is a cube :

therefore a2 is a cube. [vm. 25]

But, since 1 : a = a : a,,

a2 = a\

And, since a2 is a cube,

a must be a cube [ix. 6] : which is impossible.

The propositions vm. 24, 25 are here not quoted in their exact form in

that the first and second squares, or cubes, change places. But there is no

difficulty, since the method by which the theorems are proved shows that

either inference is equally correct.

Proposition ii.

If as many numbers as we please beginningfrom an unit be

in continuedproportion, the less measures thegreater according

to some one of the numbers which have place among thepropor

tional numbers.
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Let there be as many numbers as we please, B, C, D, E,

beginning from the unit A and in con

tinued proportion ; A

I say that B, the least of the numbers B, b

C, D, E, measures E according to some c

one of the numbers C, D. D

For since, as the unit A is to B, so E ,

is D to E,

therefore the unit A measures the number B the same number

of times as D measures E ;

therefore, alternately, the unit A measures D the same number

of times as B measures E. [vu. 15]

But the unit A measures D according to the units in it ;

therefore B also measures E according to the units in D ;

so that B the less measures E the greater according to some

number of those which have place among the proportional

numbers.—

Porism. And it is manifest that, whatever place the

measuring number has, reckoned from the unit, the same

place also has the number according to which it measures,

reckoned from the number measured, in the direction of the

number before it.—

Q. E. D.

The proposition and the porism together assert that, if 1, a, a,, ... <in be a

geometrical progression, ar measures an and gives the quotient an-r (r < «).

Euclid only proves that an = a. an-,, as follows.

1 : « = «n-! : «n.

Therefore 1 measures a the same number of times as «n-, measures an.

Hence 1 measures an^ the same number of times as a measures an ;

tvi1- \S]

that is, an = a . an-t.

We can supply the proof of the porism as follows.

1 : a = ar : ar+u

a : a- = aP+1 : ar+,,

whence, ex aequali,

an-r-i , «B-r=«"-l : "n>

1 : an-r = ar : an. [vh. 14]

It follows, by the same argument as before, that

an = ar.an-r.

With our notation, we have the theorem of indices that

am+n = am . an.
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Proposition 12.

Ifas many numbers as we please beginningfrom an unit be

in continued proportion, by however many prime numbers the

last is measured, the next to the unit will also be measured by

the same.

Let there be as many numbers as we please, A, B, C, D,

beginning from an unit, and in continued proportion ;

I say that, by however many prime numbers D is measured,

A will also be measured by the same.

A p

B Q

O H

D

E—

For let D be measured by any prime number E ;

I say that E measures A.

For suppose it does not ;

now E is prime, and any prime number is prime to any which

it does not measure ; [vn. 29]

therefore E, A are prime to one another.

And, since E measures D, let it measure it according to F,

therefore E by multiplying F has made D.

Again, since A measures D according to the units in C,

[ix. 1 1 and Por.]

therefore A by multiplying C has made D.

But, further, E has also by multiplying F made D ;

therefore the product of A, C is equal to the product of E, F.

Therefore, as A is to E, so is F to C. [vn. 19]

But A, E are prime,

primes are also least, [vn. 21]

and the least measure those which have the same ratio the

same number of times, the antecedent the antecedent and the

consequent the consequent ; [vn. 20]

therefore E measures C.

Let it measure it according to G ;

therefore E by multiplying G has made C.

But, further, by the theorem before this,

A has also by multiplying B made C. [ix. 1 1 and Por.]
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Therefore the product of A, B is equal to the product of

E, G.

Therefore, as A is to E, so is G to B. [vn. 19]

But A, E are prime,

primes are also least, [vn- 21]

and the least numbers measure those which have the same

ratio with them the same number of times, the antecedent the

antecedent and the consequent the consequent : Lvn- 2°1

therefore E measures B.

Let it measure it according to H ;

therefore E by multiplying H has made B.

But further A has also by multiplying itself made B ;

[ix. 8]

therefore the product of E, H is equal to the square on A.

Therefore, as E is to A, so is A to H. [vn- 19]

But A, E are prime,

primes are also least, [vn. 21]

and the least measure those which have the same ratio the

same number of times, the antecedent the antecedent and the

consequent the consequent ; [vn. 20]

therefore E measures A, as antecedent antecedent.

But, again, it also does not measure it :

which is impossible.

Therefore E, A are not prime to one another.

Therefore they are composite to one another.

But numbers composite to one another are measured by

some number. [vn. Def. 14]

And, since E is by hypothesis prime,

and the prime is not measured by any number other than itself,

therefore E measures A, E,

so that E measures A.

[But it also measures D ;

therefore E measures A, D."]

Similarly we can prove that, by however many prime

numbers D is measured, A will also be measured by the same.

Q. E. D.

If 1, a, a2, ... an be a geometrical progression, and an be measured by any

prime number/, a will also be measured by/.
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For, if possible, suppose that / does not measure a ; then, / being prime,

p, a are prime to one another. [vn. 29]

Suppose an = m .p.

Now an = a.an-l. [ix. 11]

Therefore a. aB-, -m.p,

and a : p = m : aB-,. [vn. 19]

Hence, a, p being prime to one another,

/ measures a"-i. [vn. 20, 21]

By a repetition of the same process, we can prove that / measures rt„_2

and therefore a"-2, and so on, and finally that / measures a.

But, by hypothesis, / does not measure a : which is impossible.

Hence /, a are not prime to one another :

therefore they have some common factor. [vn. Def. 14]

But / is the only number which measures / ;

therefore / measures a.

Heiberg remarks that, as, in the IkOvtis, Euclid sets himself to prove that

E measures A, the words bracketed above are unnecessary and therefore

perhaps interpolated.

Proposition 13.

If as many numbers as me please beginningfrom an unit be

in continuedproportion, and the number after the unit beprime,

the greatest will not be measured by any except those which have

a place among the proportional numbers.

Let there be as many numbers as we please, A, B, C, D,

beginning from an unit and in continued proportion, and let A,

the number after the unit, be prime ;

I say that D, the greatest of them, will not be measured by any

other number except A, B, C.

a e

B —- f

c q

D H

For, if possible, let it be measured by E, and let E not be

the same with any of the numbers A, B, C.

It is then manifest that E is not prime.

For, if E is prime and measures D,

it will also measure A [ix. 12], which is prime, though it is not

the same with it :

which is impossible.
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Therefore E is not prime.

Therefore it is composite.

But any composite number is measured by some prime

number; [vn. 31]

therefore E is measured by some prime number.

I say next that it will not be measured by any other prime

except A.

For, if E is measured by another,

and E measures D,

that other will also measure D ;

so that it will also measure A [ix. 12], which is prime, though

it is not the same with it :

which is impossible.

Therefore A measures E.

And, since E measures D, let it measure it according to E.

I say that F is not the same with any of the numbers

A, B, C.

For, if F is the same with one of the numbers A, B, C,

and measures D according to E,

therefore one of the numbers A,B, Calso measures D according

to E.

But one of the numbers A, B, C measures D according to

some one of the numbers A, B, C ; [ix. n]

therefore E is also the same with one of the numbers A, B, C:

which is contrary to the hypothesis.

Therefore F is not the same as any one of the numbers

A, B, C.

Similarly we can prove that F is measured by A, by

proving again that F is not prime.

For, if it is, and measures D,

it will also measure A [ix. 12], which is prime, though it is not

the same with it :

which is impossible ;

therefore F is not prime.

Therefore it is composite.

But any composite number is measured by some prime

number ; [vn. 31]

therefore F is measured by some prime number.
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I say next that it will not be measured by any other prime

except A.

For, if any other prime number measures F,

and F measures D,

that other will also measure D ;

so that it will also measure A [ix. 12], which is prime, though it

is not the same with it :

which is impossible.

Therefore A measures F.

And, since E measures D according to F,

therefore E by multiplying F has made D.

But, further, A has also by multiplying C made D ; [ix. n]

therefore the product of A, C is equal to the product of E, F.

Therefore, proportionally, as A is to E, so is F to C.

[vii. 19]

But A measures E ;

therefore F also measures C.

Let it measure it according to G.

Similarly, then, we can prove that G is not the same with

any of the numbers A, B, and that it is measured by A.

And, since F measures C according to G,

therefore F by multiplying G has made C.

But, further, A has also by multiplying B made C ; [ix. n]

therefore the product of A, B is equal to the product of F, G.

Therefore, proportionally, as A is to F, so is G to B.

[vii. 19]

But A measures F;

therefore G also measures B.

Let it measure it according to H.

Similarly then we can prove that H is not the same

with A.

And, since G measures B according to H,

therefore G by multiplying H has made B.

But further A has also by multiplying itself made B ;

[ix. 8]

therefore the product of H, G is equal to the square on A.

Therefore, as H is to A, so is A to G. [vu. 19]

h. e. n. 26
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But A measures G ;

therefore Zfalso measures A, which is prime, though it is not

the same with it :

which is absurd.

Therefore D the greatest will not be measured by any

other number except A, B, C.

Q. E. D.

II i , a, a „ . . . an be a geometrical progression, and if a is prime, an will not

be measured by any numbers except the preceding terms of the series.

If possible, let «n be measured by b, a number different from all the

preceding terms.

Now b cannot be prime, for, if it were, it would measure a. [ix. i 2]

Therefore b is composite, and hence will be measured by some prime

number [vn. 31], say /.

Thus / must measure an and therefore a [ix. 12]; so that / cannot be

different from a, and b is not measured by any prime number except a.

Suppose that an = b . c.

Now c cannot be identical with any of the terms a, a,,, ... «,,-, ; for, if it

were, b would be identical with another of them : [ix. 1 1]

which is contrary to the hypothesis.

We can now prove (just as for b) that e cannot be prime and cannot be

measured by any prime number except a.

Since b . c=an = a . «n-,, [ix. 11]

a :b = c:an-u

whence, since a measures b,

c measures fln-i.

Let a"-i -c.d.

We now prove in the same way that d is not identical with any of the terms

a, «2, ... an-a, is not prime, and is not measured by any prime except a, and

also that

d measures an-8.

Proceeding in this way, we get a last factor, say k, which measures a

though different from it :

which is absurd, since a is prime.

Thus the original supposition that an can be measured by a number b

different from all the terms a, a.2, ... aM-, must be incorrect.

Therefore etc.

Proposition 14.

If a number be the least that is measured byprime numbers,

it will not be measured by any other prime number except those

originally measuring it.

For let the number A be the least that is measured by the

prime numbers B, C, D ;
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I say that A will not be measured by any other prime number

except B, C, D.

For, if possible, let it be measured by the prime number

E, and let E not be the same with any one of the numbers

B, C, D.

A B

C

F

D-

Now, since E measures A, let it measure it according

to F;

therefore E by multiplying F has made A.

And A is measured by the prime numbers B, C, D.

But, if two numbers by multiplying one another make some

number, and any prime number measure the product, it will

also measure one of the original numbers ; [vn. 30]

therefore B, C, D will measure one of the numbers E, F.

Now they will not measure E ;

for E is prime and not the same with any one of the numbers

B, C, D.

Therefore they will measure F, which is less than A :

which is impossible, for A is by hypothesis the least number

measured by B, C, D.

Therefore no prime number will measure A except

B, C, D.

Q. E. D.

In other words, a number can be resolved into prime factors in only

one way.

Let a be the least number measured by each of the prime numbers

b, c, d, ... k.

If possible, suppose that a has a prime factor/ different from b, c, d, ... k.

Let a =p . m.

Now b, c, d, ... k, measuring a, must measure one of the two factors/, m.

[vii. 30]

They do not, by hypothesis, measure p ;

therefore they must measure m, a number less than a :

which is contrary to the hypothesis.

Therefore a has no prime factors except b, c, d, ... k.

26—2
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Proposition 15.

If three numbers in continued proportion be the least of

those which have the same ratio with them, any two whatever

added together will be prime to the remaining number.

Let A, B, C, three numbers in continued proportion, be

the least of those which have the same

ratio with them ; A B

I say that any two of the numbers c

A, B, C whatever added together are d—1—f

prime to the remainingnumber, namely

A, B to C; B, C to A ; and further A, C to B.

For let two numbers DE, EF, the least of those which

have the same ratio with A, B, C, be taken. [vin. 2]

It is then manifest that DE by multiplying itself has made

A, and by multiplying EF has made B, and, further, EF by

multiplying itself has made C. [vin. 2]

Now, since DE, EF are least,

they are prime to one another. [vil 22]

But, if two numbers be prime to one another,

their sum is also prime to each ; [vn. 28]

therefore DF is also prime to each of the numbers DE, EF.

But further DE is also prime to EF;

therefore DF, DE are prime to EF.

But, if two numbers be prime to any number,

their product is also prime to the other ; [vil 24]

so that the product of FD, DE is prime to EF;

hence the product of FD, DE is also prime to the square

on EF. [vh. 25]

But the product of FD, DE is the square on DE together

with the product of DE, EF; [11. 3]

therefore the square on DE together with the product of DE,

EF is prime to the square on EF.

And the square on DE is A,

the product of DE, EF is B,

and the square on EF is C ;

therefore A, B added together are prime to C.
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Similarly we can prove that B, C added together are

prime to A.

I say next that A, C added together are also prime to B.

For, since DF is prime to each of the numbers DE, EF,

the square on DF is also prime to the product of DE, EF.

[vii. 24, 25]

But the squares on DE, EF together with twice the pro

duct of DE, EF are equal to the square on DF ; [n. 4]

therefore the squares on DE, EF together with twice the

product of DE, EF are prime to the product of DE, EF.

Separando, the squares on DE, EF together with once

the product of DE, EF are prime to the product of DE, EF.

Therefore, separando again, the squares on DE, EF are

prime to the product of DE, EF.

And the square on DE is A,

the product of DE, EF is B,

and the square on EF is C.

Therefore A, C added together are prime to B.

Q. E. D.

If a, b, c be a geometrical progression in the least terms which have a

given common ratio, (b + c), (c + a), (a + b) are respectively prime to a, b, c.

Let o : fi be the common ratio in its lowest terms, so that the geometrical

progression is

a', aft ft. [Vi11. 2]

Now, a, /3 being prime to one another,

o +/} is prime to both o and ft [vn. 28]

Therefore (o + ft, a are both prime to ft

Hence (a + ft) a is prime to ft [vn. 24]

and therefore to ft1; [vn. 25]

i.e. a2 + afi is prime to ft,

or a + b is prime to c.

Similarly, a/J + ft* is prime to a",

or b + c is prime to a.

Lastly, a + /3 being prime to both a and ft

(a + /3)2 is prime to oft [vn. 24, 25]

or a2 + /P + 2a/3 is prime to a/3 :

whence a2 + ft is prime to oft

The latter inference, made in two steps, may be proved by reductio ad

absurdum as Commandinus proves it.

If o5 + ft is not prime to oft let x measure them ;

therefore x measures a' + ft + 20/3 as well as a/? ;

hence a8 + ft + 2a/J and a/3 are not prime to one another, which is contrary

to the hypothesis.
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Proposition 16.

If two numbers be prime to one another, the second will not

be to any other number as the first is to the second.

For let the two numbers A, B be prime to one another ;

I say that B is not to any other number as

A is to B. A

For, if possible, as A is to B, so let B be B

to C. c

Now A, B are prime,

primes are also least, fvii. 2i]

and the least numbers measure those which have the same

ratio the same number of times, the antecedent the antecedent

and the consequent the consequent ; [vn. 20]

therefore A measures B as antecedent antecedent.

But it also measures itself;

therefore A measures A, B which are prime to one another :

which is absurd.

Therefore B will not be to C, as A is to B.

Q. E. D.

If a, b are prime to one another, they can have no integral third

proportional.

If possible, let a : b = b : x.

Therefore [vn. 20, 21] a measures b; and a, b have the common measure

a, which is contrary to the hypothesis.

Proposition 17.

If there be as many numbers as we please in continued

proportion, and the extremes of them be prime to one another,

the last will not be to any other number as the first to the

second.

For let there be as many numbers as we please, A,B,C,D,

in continued proportion,

and let the extremes of them, A,

D, be prime to one another ; c

I say that D is not to any other E

number as A is to B.

For, if possible, as A is to B, so let D be to E ;

therefore, alternately, as A is to D, so is B to E. \yu. 13]
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But A, D are prime,

primes are also least, [vu. 21]

and the least numbers measure those which have the same

ratio the same number of times, the antecedent the antecedent

and the consequent the consequent. [vu. 20]

Therefore A measures B.

And, as A is to B, so is B to C.

Therefore B also measures C ;

so that A also measures C.

And since, as B is to C, so is C to D,

and B measures C,

therefore C also measures D.

But A measured C;

so that A also measures D.

But it also measures itself;

therefore A measures A, D which are prime to one another :

which is impossible.

Therefore D will not be to any other number as A is to B.

Q. E. D.

If 11, ii., a2, ... a„ be a geometrical progression, and a, an are prime to one

another, then a, a„ an can have no integral fourth proportional.

For, if possible, let a : a, = an : x.

Therefore a : an = ai: x,

and hence [vu. 20, 21] a measures ai.

Therefore a, measures a,, [vu. Def. 20]

and hence a measures a,, and therefore also ultimately an.

Thus a, an are both measured by a : which is contrary to the hypothesis.

Proposition 18.

Given two numbers, to investigate whether it is possible to

find a thirdproportional to them.

Let A, B be the given two numbers, and let it be required

to investigate whether it is possible to find a third proportional

to them.

Now A, B are either prime to one another or not.

And, if they are prime to one another, it has been proved

that it is impossible to find a third proportional to them.

[ix. 16]
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Next, let A, B not be prime to one another,

and let B by multiplying itself make C.

Then A either measures C or does not measure it.

A D-

B c-

First, let it measure it according to D ;

therefore A by multiplying D has made C.

But, further, B has also by multiplying itself made C ;

therefore the product of A, D is equal to the square on B.

Therefore, as A is to B, so is B to D ; [vh. 19]

therefore a third proportional number D has been found to

A, B.

Next, let A not measure C ;

I say that it is impossible to find a third proportional number

to A, B.

For, if possible, let D, such third proportional, have been

found.

Therefore the product of A, D is equal to the square on B.

But the square on B is C ;

therefore the product of A, D is equal to C.

Hence A by multiplying D has made C ;

therefore A measures C according to D.

But, by hypothesis, it also does not measure it :

which is absurd.

Therefore it is not possible to find a third proportional

number to A, B when A does not measure C. q. E. d.

Given two numbers a, b, to find the condition that they may have an

integral third proportional.

(1) a, b must not be prime to one another. [ix. 16]

(2) a must measure P.

For, if a, b, c be in continued proportion,

ac = P.

Therefore a measures P.

Condition (1) is included in condition (2) since, if b' = ma, a and b cannot

be prime to one another.

The result is of course easily seen if the three terms in continued

proportion be written

a - .
a
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Proposition 19.

Given three numbers, to investigate when it is possible to

find a fourth proportional to them.

Let A, B, C be the given three numbers, and let it be

required to investigate when it is A

possible to find a fourth proportional B

to them. c

Now either they are not in con- D

tinued proportion, and the extremes E

of them are prime to one another ;

or they are in continued proportion, and the extremes of them

are not prime to one another ;

or they are not in continued proportion, nor are the extremes

of them prime to one another ;

or they are in continued proportion, and the extremes of them

are prime to one another.

If then A, B, C are in continued proportion, and the

extremes of them A, C are prime to one another,

it has been proved that it is impossible to find a fourth pro

portional number to them. [ix. 17]

tNext, let A, B, C not be in continued proportion, the

extremes being again prime to one another ;

I say that in this case also it is impossible to find a fourth

proportional to them.

For, if possible, let D have been found, so that,

as A is to B, so is C to D,

and let it be contrived that, as B is to C, so is D to E.

Now, since, as A is to B, so is C to D,

and, as B is to C, so is D to E,

therefore, ex aequali, as A is to C, so is C to E. [vn. 14]

But A, C are prime,

primes are also least, [vn. 21]

and the least numbers measure those which have the same

ratio, the antecedent the antecedent and the consequent the

consequent. [vn. 20]

Therefore A measures C as antecedent antecedent.
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But it also measures itself;

therefore A measures A, C which are prime to one another :

which is impossible.

Therefore it is not possible to find a fourth proportional

to A, B, C.f

Next, let A, B, C be again in continued proportion,

but let A, C not be prime to one another.

I say that it is possible to find a fourth proportional to

them.

For let B by multiplying C make D ;

therefore A either measures D or does not measure it.

First, let it measure it according to E ;

therefore A by multiplying E has made D.

But, further, B has also by multiplying C made D ;

therefore the product of A, E is equal to the product of

B, C;

therefore, proportionally, as A is to B, so is C to E ; [vn. 19]

therefore E has been found a fourth proportional to A, B, C.

Next, let A not measure D ;

I say that it is impossible to find a fourth proportional number

to A, B, C.

For, if possible, let E have been found ;

therefore the product of A, E is equal to the product of B, C.

[to. 19]

But the product of B, C is D ;

therefore the product of A, E is also equal to D.

Therefore A by multiplying E has made D ;

therefore A measures D according to E,

so that A measures D.

But it also does not measure it :

which is absurd.

Therefore it is not possible to find a fourth proportional

number to A, B, C when A does not measure D.

Next, let A, B, C not be in continued proportion, nor the

extremes prime to one another.

And let B by multiplying C make D.

Similarly then it can be proved that, if A measures D,

it is possible to find a fourth proportional to them, but, if it

does not measure it, impossible. Q. e. d.
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Given three numbers a, b, c, to find the condition that they may have an

integral fourth proportional.

The Greek text of part of this proposition is hopelessly corrupt. Accord

ing to it Euclid takes four cases.

(1) a, b, c not in continued proportion, and a, c prime to one another.

(2) a, b, e in continued proportion, and a, c not prime to one another.

(3) a, b, c not in continued proportion, and a, c not prime to one another.

(4) a, b, c in continued proportion, and a, c prime to one another.

(4) is the case dealt with in ix. 17, where it is shown that on hypothesis

(4) a fourth proportional cannot be found.

The text now takes case (1) and asserts that a fourth proportional cannot

be found in this case either. We have only to think of 4, 6, 9 in order to see

that there is something wrong here. The supposed proof is also wrong. If

possible, says the text, let a* be a fourth proportional to a, b, c, and let e

be taken such that

b : c = d : e.

Then, ex aequali, a : c = c : e,

whence a measures c : [vn. 20, 21]

which is impossible, since a, c are prime to one another.

But this does not prove that a fourth proportional d cannot be found ; it

only proves that, if d is a fourth proportional, no integer e can be found to

satisfy the equation

b : c = d : e.

Indeed it is obvious from ix. 16 that in the equation

a : c = c :e

e cannot be integral.

The cases (2) and (3) are correctly given, the first in full, and the other as

a case to be proved "similarly" to it.

These two cases really give all that is necessary.

Let the product be be taken.

Then, if a measures bc, suppose be=ad;

therefore a : b = c : d,

and d is a fourth proportional.

But, if a does not measure bc, no fourth proportional can be found.

For, if x were a fourth proportional, ax would be equal to bc, and a would

measure be.

The sufficient condition in any case for the possibility of finding a fourth

proportional to a, b, e is that a should measure be.

Theon appears to have corrected the proof by leaving out the incorrect

portion which I have included between daggers and the last case (3) dealt

with in the last lines. Also, in accordance with this arrangement, he does not

distinguish four cases at the beginning but only two. " Either A, B, C are

in continued proportion and the extremes of them A, C are prime to one

another; or not." Then, instead of introducing case (2) by the words

"Next let A, B, C.to find a fourth proportional to them," immediately

following the second dagger above, Theon merely says "But, if not" [i.e.

if it is not the case that a, b, c are in g.p. and a, c prime to one another] "let

£ by multiplying C make D," and so on.
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August adopts Theon's form of the proof. Heiberg does not feel able to

do this, in view of the superiority of the authority for the text as given above

(P) ; he therefore retains the latter without any attempt to emend it.

Proposition 20.

Prime numbers are more than any assigned multitude of

prime numbers.

Let A, B, C be the assigned prime numbers ;

I say that there are more

prime numbers than A, B, C. a—

For let the least number B G

measured by A, B, C be c D

taken, E *-F

and let it be DE ;

let the unit DF be added to DE.

Then EF is either prime or not.

First, let it be prime ;

then the prime numbers A, B, C, EFhave been found which

are more than A, B, C.

Next, let EF not be prime ;

therefore it is measured by some prime number. [vn. 31]

Let it be measured by the prime number G.

I say that G is not the same with any of the numbers

A, B,C.

For, if possible, let it be so.

Nov/ A, B, C measure DE ;

therefore G also will measure DE.

But it also measures EF.

Therefore G, being a number, will measure the remainder,

the unit DF:

which is absurd.

Therefore G is not the same with any one of the numbers

A, B, C.

And by hypothesis it is prime.

Therefore the prime numbers A, B, C, G have been found

which are more than the assigned multitude of A, B, C.

Q. E. D.
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We have here the important proposition that the number 0/ prime numbers

is infinite.

The proof will be seen to be the same as that given in our algebraical

text-books. Let a, b, c, ... k be any prime numbers.

Take the product abe ... k and add unity.

Then (abe ... k + 1) is either a prime number or not a prime number.

(1) If it is, we have added another prime number to those given.

(2) If it is not, it must be measured by some prime number [vn. 31], say/.

Now/ cannot be identical with any of the prime numbers a, b, c, ... k.

For, if it is, it will divide abe ...k.

Therefore, since it divides (abe...i + 1) also, it will measure the difference,

or unity :

which is impossible.

Therefore in any case we have obtained one fresh prime number.

And the process can be carried on to any extent.

Proposition 21.

If as many even numbers as we please be added together,

the whole is even.

For let as many even numbers as we please, AB, BC, CD,

DE, be added together ;

I say that the whole AE A ? % ? ?

is even.

For, since each of the numbers AB, BC, CD, DE is even,

it has a half part ; [vn. Def. 6]

so that the whole AE also has a half part.

But an even number is that which is divisible into two

equal parts ; [id.]

therefore AE is even.

Q. E. D.

In this and the following propositions up to ix. 34 inclusive we have a

number of theorems about odd, even, " even-times even " and " even-times

odd " numbers respectively. They are all simple and require no explanation

in order to enable them to be followed easily.

Proposition 22.

If as many odd numbers as we please be added together, and

their multitude be even, the whole will be even.

For let as many odd numbers as we please, AB, BC, CD,

DE, even in multitude, be added together ;

I say that the whole AE is even.
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For, since each of the numbers AB, BC, CD, DE is odd,

if an unit be subtracted from each, each of the remainders will

be even ; [vh. Def. 7]

so that the sum of them will be even. [ix. 21]

A B O D E
1 1 1

But the multitude of the units is also even.

Therefore the whole AE is also even. [ix. 21]

Q. E. D.

Proposition 23.

If as many odd numbers as we please be added together,

and their multitude be odd, the whole will also be odd.

For let as many odd numbers as we please, AB, BC, CD,

the multitude of which is odd,

be added together ; B c e D

I say that the whole AD is ' ' ~~

also odd.

Let the unit DE be subtracted from CD ;

therefore the remainder CE is even. [vu. Def. 7]

But CA is also even ; [«. 22]

therefore the whole AE is also even. [ix. 21]

And DE is an unit.

Therefore AD is odd. [vu. Def. 7]

Q. E. D.

3. Literally " let there lie as many numbers as we please, of which let the multitude be

odd." This form, natural in Greek, is awkward in English.

Proposition 24.

Iffrom an even number an even number be subtracted, the

remainder will be even.

For from the even number AB let the even number BC

be subtracted :

I say that the remainder CA is even. a c b

For, since AB is even, it has a half

part. [vu. Def. 6]
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For the same reason BC also has a half part ;

so that the remainder \CA also has a half part, and] AC is

therefore even.

Q. E. D.

Proposition 25.

If from an even number an odd number be subtracted, the

remainder will be odd.

For from the even number AB let the odd number BC be

subtracted ;

I say that the remainder CA is odd. A c D b

For let the unit CD be sub

tracted from BC ;

therefore DB is even. [vn. Def. 7]

But AB is also even ;

therefore the remainder AD is also even. [ix. 24]

And CD is an unit ;

therefore CA is odd. [vn. Def. 7]

o. E. D.

Proposition 26.

Iffrom an odd number an odd number be subtracted, the

remainder will be even.

For from the odd number AB let the odd number BC be

subtracted ;

I say that the remainder CA is even. A c d B

For, since AB is odd, let the unit

BD be subtracted ;

therefore the remainder AD is even. [vn. Def. 7]

For the same reason CD is also even ; [vn. Def. 7]

so that the remainder CA is also even. [ix. 24]

Q. E. D.
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Proposition 27.

Iffrom an odd number an even number be subtracted, the

remainder will be odd.

For from the odd number AB let the even number BC be

subtracted ;

I say that the remainder CA is odd.

Let the unit AD be subtracted ; —' ■

therefore DB is even. [vn. Def. 7]

But BC is also even ;

therefore the remainder CD is even. [ix. 24]

Therefore CA is odd. [vn. Def. 7]

Q. E. D.

Proposition 28.

If an odd number by multiplying an even number make

some number, the product will be even.

For let the odd number A by multiplying the even number

B make C ;
A

I say that C is even.

For, since A by multiplying B has c

made C,

therefore C is made up of as many numbers equal to B as

there are units in A. [vn. Def. 15]

And B is even ;

therefore C is made up of even numbers.

But, if as many even numbers as we please be added

together, the whole is even. [ix. 21]

Therefore C is even.

Q. E. D.

Proposition 29.

If an odd number by multiplying an odd number make

some number, the product will be odd.

For let the odd number A by multiplying the odd number

B make C ;

I say that C is odd. A

For, since A by multiplying B has

made C,
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therefore C is made up of as many numbers equal to B as

there are units in A. [vn. Def. 15]

And each of the numbers A, B is odd ;

therefore C is made up of odd numbers the multitude of which

is odd.

Thus. C is odd. [ix. 23]

Q. E. D.

Proposition 30.

If an odd number measure an even number, it will also

measure the half of it.

For let the odd number A measure the even number B ;

I say that it will also measure the half

of it. A_

For, since A measures B, B

let it measure it according to C; c

I say that C is not odd.

For, if possible, let it be so.

Then, since A measures B according to C,

therefore A by multiplying C has made B.

Therefore B is made up of odd numbers the multitude

of which is odd.

Therefore B is odd : [ix. 23]

which is absurd, for by hypothesis it is even.

Therefore C is not odd ;

therefore C is even.

Thus A measures B an even number of times.

For this reason then it also measures the half of it.

Q. E. D.

Proposition 31.

If an odd number be prime to any number, it will also be

prime to the double of it.

For let the odd number A be prime to any number B,

and let C be double of B ;

I say that A is prime to C.

For, if they are not prime R

to one another, some number c

will measure them.

H. E. 11. 27
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Let a number measure them, and let it be D.

Now A is odd ;

therefore D is also odd.

And since D which is odd measures C,

and C is even,

therefore [/?] will measure the half of C also. • [ix. 30]

But B is half of C ;

therefore D measures B.

But it also measures A ;

therefore D measures A, B which are prime to one another :

which is impossible.

Therefore A cannot but be prime to C.

Therefore A, C are prime to one another.

Q. E. D.

Proposition 32.

Each ofthe numbers which are continually doubledbeginning

from a dyad is even-times even only.

For let as many numbers as we please, B, C, D, have been

continually doubled beginning

from the dyad A ; A

I say that B, C, D are even- ^^^]

times even only. D

Now that each of the

numbers B, C, D is even-times even is manifest ; for it is

doubled from a dyad.

I say that it is also even-times even only.

For let an unit be set out.

Since then as many numbers as we please beginning from

an unit are in continued proportion,

and the number A after the unit is prime,

therefore D, the greatest of the numbers A, B, C, D, will not

be measured by any other number except A, B, C. [ix. 13]

And each of the numbers A, B, C is even ;

therefore D is even-times even only. [vn. Def. 8]

Similarly we can prove that each of the numbers B, C is

even-times even only.

Q. E. D.
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See the notes on vn. Deff. 8 to n for a discussion of the difficulties

shown by Iamblichus to be involved by the Euclidean definitions of " even-

times even," " even-times odd " and "odd-times even."

Proposition 33.

If a number have its half odd, it is even-times odd only.

For let the number A have its half odd ;

I say that A is even-times odd only.

Now that it is even-times odd is ^

manifest ; for the half of it, being odd,

measures it an even number of times. [vn. Def. 9]

I say next that it is also even-times odd only.

For, if A is even-times even also,

it will be measured by an even number according to an even

number ; [vn. Def. 8]

so that the half of it will also be measured by an even number

though it is odd :

which is absurd.

Therefore A is even-times odd only. Q. E. d.

Proposition 34.

If a number neither be one of those which are continually

doubled from a dyad, nor have its half odd, it is both even-

times even and even-times odd.

For let the number A neither be one of those doubled

from a dyad, nor have its half odd ;

I say that A is both even-times even a

and even-times odd.

Now that A is even-times even is manifest ;

for it has not its half odd. [vn. Def. 8]

I say next that it is also even-times odd.

For, if we bisect A, then bisect its half, and do this con

tinually, we shall come upon some odd number which will

measure A according to an even number.

For, if not, we shall come upon a dyad,

and A will be among those which are doubled from a dyad :

which is contrary to the hypothesis.

27—2
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Thus A is even-times odd.

But it was also proved even-times even.

Therefore A is both even-times even and even-times odd.

Q. E. D.

Proposition 35.

If as many numbers as we please be in continuedproportion,

and there be subtractedfrom the second and the last numbers

equal to the first, then, as the excess of the second is to the

first, so zvill the excess of the last be to all those before it.

Let there be as many numbers as we please in continued

proportion, A, BC, D, EF,

beginning from A as least, a-

and let there be subtracted B-G-C

from BC and EF the numbers o

BG, FH, each equal to A ; E .* £-jj-F

I say that, as GC is to A, so

is EN to A, BC,D.

For let FK be made equal to BC, and FL equal to D.

Then, since FK is equal to BC,

and of these the part FH is equal to the part BG,

therefore the remainder HK is equal to the remainder GC.

And since, as EF is to D, so is D to BC, and BC to A,

while D is equal to FL, BC to FK, and A to FH,

therefore, as EF is to FL, so is LF to FK, and FK to FH.

Separando, as EL is to LF, so is LK to FK, and KH

to FH. [vn. 11, 13]

Therefore also, as one of the antecedents is to one of the

consequents, so are all the antecedents to all the consequents;

[vn. 12]

therefore, as KH is to FH, so are EL, LK, KH to LF,

FK, HF.

But KH is equal to CG, FH to A, and LF, FK, HF to

D, BC, A ;

therefore, as CG is to A, so is EH to D, BC, A.

Therefore, as the excess of the second is to the first, so is

the excess of the last to all those before it.

Q. E. D.
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This proposition is perhaps the most interesting in the arithmetical Books,

since it gives a method, and a very elegant one, of summing any series of

terms in geometrical progression.

Let au a.2, a2,...an, an+1 be a series of terms in geometrical progression.

Then Euclid's proposition proves that

K+i-tfi) :(a, + a.2 + ... + an)=(ai-a1) : «,.

For clearness' sake we will on this occasion use the fractional notation of

algebra to represent proportions.

Euclid's method then comes to this.

Since ?S±!= -^- = ... =-2,

we have, separando,

<*"+! — an -an~ «n-i _ a2-ch - "i ~-Jh

whence, since, as one of the antecedents is to one of the consequents, so is

the sum of all the antecedents to the sum of all the consequents, [vn. 12]

an + an-, + ... + a\ a,

which gives «, + «,+ ...+ an, or 5n.

If, to compare the result with that arrived at in algebraical text-books, we

write the series in the form

a, ar, aril,...arK'^ (n terms),

ar" - a ar -a
we have

Sn a

a(r»-i)

,*"=
,_,

Proposition 36.

If as many numbers as we please beginning from an unit

be set out continuously in doubleproportion, until the sum of all

becomes prime, and if the sum multiplied into the last make

some number, the product will be perfect.

For let as many numbers as we please, A, B, C, D,

beginning from an unit be set out in double proportion, until

the sum of all becomes prime,

let E be equal to the sum, and let E by multiplying D

make FG ;

I say that FG is perfect.

For, however many A, B, C, D are in multitude, let so

many E, UK, L, M be taken in double proportion beginning

from E ;

therefore, ex aequali, as A is to D, so is E to M. [vu. 14]
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Therefore the product of E, D is equal to the product of

A, M. [vii. 19]

And the product of E, D is FG ;

therefore the product of A, M is also FG.

Therefore A by multiplying M has made FG ;

therefore M measures FG according to the units in A.

And A is a dyad ;

therefore FG is double of M.

—a B

M

G

Q-

-E

-K

But M, L, HK, E are continuously double of each other;

therefore E, HK, L, M, FG are continuously proportional in

double proportion.

Now let there be subtracted from the second HK and the

last FG the numbers HN, FO, each equal to the first E ;

therefore, as the excess of the second is to the first, so is the

excess of the last to all those before it. [ix. 35]

Therefore, as NK is to E, so is OG to M, L, KH, E.

And NK is equal to E ;

therefore OG is also equal to M, L, HK, E.

But FO is also equal to E,

and E is equal to A, B, C, D and the unit.

Therefore the whole FG is equal to E, HK, L, M and

A, B, C, D and the unit ;

and it is measured by them.

I say also that FG will not be measured by any other

number except A, B, C, D, E, HK, L, M and the unit.

For, if possible, let some number P measure FG,

and let P not be the same with any of the numbers A, B, C,

D, E, HK, L, M.

And, as many times as P measures FG, so many units let

there be in Q ;

therefore Q by multiplying P has made FG.

N
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But, further, E has also by multiplying D made FG ;

therefore, as E is to Q, so is P to D. [vii. 19]

And, since A, B, C, D are continuously proportional

beginning from an unit,

therefore D will not be measured by any other number except

A, B.C. [ix. 13]

And, by hypothesis, P is not the same with any of the

numbers A, B, C;

therefore P will not measure D.

But, as P is to D, so is E to Q ;

therefore neither does E measure Q. [vii. Def. 20]

And E is prime ;

and any prime number is prime to any number which it does

not measure. [vn. 29]

Therefore E, Q are prime to one another.

But primes are also least, [vn. 21]

and the least numbers measure those which have the same

ratio the same number of times, the antecedent the antecedent

and the consequent the consequent ; [vn. 20]

and, as E is to Q, so is P to D ;

therefore E measures P the same number of times that Q

measures D.

But D is not measured by any other number except

A, B, C;

therefore Q is the same with one of the numbers A, B, C.

Let it be the same with B.

And, however many B, C, D are in multitude, let so many

E, HK, L be taken beginning from E.

Now E, HK, L are in the same ratio with B, C, D ;

therefore, ex aequali, as B is to D, so is E to L. [vn. 14]

Therefore the product of B, L is equal to the product of

D, E. [vn. 19]

But the product of D, E is equal to the product of Q, P ;

therefore the product of Q, P is also equal to the product of

B,L.

Therefore, as Q is to B, so is L to P. [vn. 19]

And Q is the same with B ;

therefore L is also the same with P :
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which is impossible, for by hypothesis P is not the same with

any of the numbers set out.

Therefore no number will measure FG except A, B, C,

D, E, HK, L, M and the unit.

And FG was proved equal to A, B, C, D, E, HK, L, M

and the unit ;

and a perfect number is that which is equal to its own parts ;

[vn. Def. 22]

therefore FG is perfect.

Q. E. D.

If the sum of any number of terms of the series

1, 2, 22, ... 2"-1

be prime, and the said sum be multiplied by the last term, the product will be

a "perfect" number, i.e. equal to the sum of all its factors.

Let 1 + 2 + 22+ ... + 2*~1 (= Sn) be prime;

then shall Sn . 2"-1 be "perfect."

Take (ft- 1) terms of the series

\i 20n, 2 0n, ... 2 On.

These are then terms proportional to the terms

2, 22, 2s, ... 2"-1.

Therefore, ex aequali,

2 : 2""1 = Sn : 2«-2 Sn> [vn. 14]

or 2 . 2"-1,5n = 2"-i . Sn. [vn. 19]

(This is of course obvious algebraically, but Euclid's notation requires him to

prove it.)

Now, by ix. 35, we can sum the series Sn + 2Sn + ... + 2B-25'n,

and (2Sn - Sn) : Sn= (2"~> Sn - Sn) : (Sn + 2Sn+ ... + 2»-'Sn).

Therefore Sn+ 2Sn+ 22Sn+ ... + 2n^Sn = 2,'"15n - Sn,

or 2"-i5n = Sn + 2Sn + 225n + . . . + 2""25n + Sn

= Sn+ 2Sn + ... + 2n~2Sn + (i + 2 + 22 + ... + 2"-i),

and 2M-1 Sn is measured by every term of the right hand expression.

It is now necessary to prove that 2n-1^'n cannot have any factor except

those terms.

Suppose, if possible, that it has a factor x different from all of them,

and let 2""1 Sn = x . m.

Therefore Sn : m = x : 2n-1. [vn. 19]

Now 2"-1 can only be measured by the preceding terms of the series

1, 2, 22,...2"-1, [ix. 13J

and x is different from all of these ;

therefore x does not measure 2""1,

that Sn does not measure m. [vn. Def. 20]

And Sn is prime; therefore it is prime to m. [vn. 29]

It follows [vn. 20, 21] that

m measures 2""1.
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Suppose that m = 2T.

Now, ex aequali, 2r : 2n-1 = Sn : 2"-r-i Sn.

Therefore 2r . 2»-r-1S%= 2n-lSn [vii. 19]

= x . m, from above.

And m=2r ;

therefore x=2„-r-1, one of the terms of the series i, 2, 22,... 2"-*: which

contradicts the hypothesis.

Therefore 2"-15B has no factors except

S,, 2Sn, 2>Sn, ... 2"-»5., i, 2, 2', ... 2"-i.

27—5
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INDEX OF GREEK WORDS AND FORMS.

txpos, extreme (of numbers in a series) 328,

367 : tKpov Kal niaov Xbyov rernijadai, "to

be cut in extreme and mean ratio" 189

4X0701, irrational 11 7-8

dvaXoyia, proportion: definitions of, inter

polated 119

dvdXoyon = dva Xbyov, proportional or in pro

portion: used as indeclinable adj. and as

adv. 129, 165: i-'i(rq dudXoyw, mean pro

portional (of straight line) 129, similarly

iUaos dvdXoyov of numbers 295, 363 etc. :

rplrri (rphoi) dvdXoyov, third proportional

214, 407-8 : rtrdiymj (Wtootos) dvdXoyov,

fourth proportional 215, 409 : i(ijs dvdXoyov

in continued proportion 346

dvdiraXu. (Xotoj), inverse (ratio), inversely 134

dmrrpt,j/avri, convertendo 135

dvaorpo<pri Xbyov, conversion of a ratio 135

dviffdici! AviodKis loos, unequal by unequal

by equal (of solid numbers) = scalene,

aiprivlTKos, Bipr)KlaKos or punlaKos 290

amnolus reray1JUvuv tuv Xbyuv (of perturbed

proportion) in Archimedes 136

dvravaiptais, i) airi), definition of same ratio

in Aristotle (dvdv(paip«ris Alexander) 120:

terms explained 121

dvrureirovdbra ax^Moro, reciprocal ( = reci

procally related) figures, interpolated def.

of, 189

dirXar/js, breadthless (of prime numbers) 285

diroKaraorariic6s, recurrent (=spherical), of

numbers 291

Strreadai, to meet, occasionally to touch

(instead of iet>dirrtadai) 2 : also = to pass

through, to lie on 79

apidnbs, number, definitions of, 280

d/mdicis dpriobivanov (Nicomachus) 282

dpridnj dpnos, even-times even 281-2

d/mdxis irepio-o-bs, even-times oa\i 282-4

dpriowipirros, even-odd (Nicomachus etc.) 282

dprios (dpt.dnos), even (number) 281

daivBtros, (prime and) incomposite (of

numbers) 284

f}tf}riKivai, to stand (of angle standing on

circumference) 4

puniaKo?, altar-shaped (of "scalene" solid

numbers) 290

yeyoviru (in constructions), "let it be made"

248

7PY0V0S hv tlr) tA iiriraxOiv, "what was en

joined will have been done" 80, 261

ytv6fuvos, 6 i( airuv, "their product " 316,

326 etc.: b iK toO ivbs yevbiuvos=" the

square of the one " 327

yvCipMV, gnomon : Democritus irepl Siaipo-

pijs yv\btiovos (yvilinri* or yiovlris?) rj irepi

',£ara los KvKXov KclI o-<palp7js 40 : (of numbers)

289

ypanfwibs, linear (of numbers in one dimen

sion) 287: (of prime numbers) 285

ypdiptadai, "to be proved" (Aristotle) 120

Sifrrtpos, secondary (of numbers) : in Nico

machus and Iamblichus a subdivision of

odd 286, 287

Sexbucov, "admitting" (of segment of circle

admitting or containing an angle) 5

Siaipriodai (used of "separation" of ratios):

Siaipedivra, separando, opp. to ovyKtlntva,

componcndo 168

tiialptais Xbyov, separation, literally division,

of ratio 135

SiefavypUvri (dvaXoyia), disjoined, = discrete

(proportion) 293

SieXbvri, separando, literally dividendo (of

proportions) 135

Iirjpr/pJvri (dvaXoyia), discrete (proportion), i.e.

in four terms, as distinct from continuous

(owexfy, avnmiUvri) in three terms 131,

Siiixdu (Sidyeiv), "let it be drawn through

or "across" 7

81' taov, ex aequali (of ratios) 1 36 : Si' laov iv

rerapayfiirQ dvakoyla, "ex aequali in per

turbed proportion" 136

SiKbXovpos, twice-truncated (of pyramidal

numbers) 291

JiirXdirios X670J, double ratio : SnrXaaluv

XA70S, duplicate ratio, contrasted with, 133

Sivafus, power: = actual value of a sub-

multiple in units (Nicomachus) 282: =side

of number not a complete square (i.e. root

or surd) in IMato 288, 290: = square in

Plato 294-5

elSos, figure 234: =form 254

Iicooto!, each : curious use of, 79

IXXeinna, defect (in application of areas) 262

iXXelirtu>, ' ' fall short " (in application of

areas) 262
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inirlvrtiv, fall in ( = be interpolated) 358

Iva icXtlu, "several ones" (def. of number)

280

(vaWat (Xbyos), alternate (ratio) : alternately,

altcrnando 134

ivapnb^eiv, to fit in (active), iV. Def. 7 and

iV. 1, 79, 80, 81

ivrb%, within (of internal contact of circles)

13

t£»)j dvdXoyov, in continued proportion (of

terms in geometrical progression) 346

iirin6pios X670J, superparticutaris ratio,

= the ratio (n + 1) : », 295

iirlirtSos (dpi6nbs), plane (number) 287-8

ivbfieva, consequents ( = " following" terms)

in a proportion 134, 238

^repop.ijKijs, oblong (of numbers) : in Plato

= iryxyiiJicijs, which however is distinguished

from ertponJiKris by Nicomachus etc. 289-

9°. 293 ,

tidvypaniuKbs, rectilinear (term for prime

numbers) 285

tvdvnerpuc6s, euthymetric (of primes) 285

^yotfp.o'a, antecedents ("leading" terms) in

a proportion 134

rirtp, than : construction after SivXaaiuv etc.

•33

ISioufy >)s, of square number (Iamblichus) 293

hroKis UtdKis fcros, equal multiplied by equal

and again by equal (of a cube number)

290, 291

urdias laos, equal multiplied by equal (of

a square number) 291

lodKis laos iXarrovdKis (/ieifovdKis), species of

solid numbers, = itXivtHs (Souk or im;Xir)

291

Hi pos, part : two meanings 115: generally =

submultiple 280: niirn, parts ( = proper

fraction) 115, 280

niai) dvdXoyov (dBeia), iUaos dvdXoyov (dpid-

p.6j), mean proportional (straight line or

number) 129, 295, 363 etc.

ni) ydp, " suppose it is not " 7

nijKos, length (of number in one dimension) :

= side of complete square in Plato 288

novds, unit, monad: supposed etymological

connexion with nbvos, solitary, \usrl), rest

'79

KaXtiodu, " let it be called," indicating origi

nality of a definition 129

KarafierptiP, measure 115: without remainder,

completely (rXqpopVrws) 280

KaraOKtva^u, construct : tCiv avrdv icoto-

aKtvaadivruv, " with the same construc

tion " 1 1

Kororo/iij Kavbvos, Sectio (ononis of Euclid

295

Kivrpov, centre: t) i* rod K. = radius 2

KeparoeiSr)s yuvla, hornlike angle 4, 39, 40

icXSv, to break off, inflect : «KXdoBu Si) irdXiv

47 : KtKXdaiai, clef, of, alluded to by

Aristotle 47

KbXovpos, truncated (of pyramidal number

minus vertex) 291

KvKXiKos, cyclic, a particular species of square

number 291

XA70J, ratio: meaning 117: definition of,

116-9: original meaning (of something

expressed) accounts for use of dXiryos,

having no ratio, irrational 117

nenovuxrdai, to be isolated, of uovds (Theon

of Smyrna) 279

4>oios, similar: (of rectilineal figures) 188:

(of plane and solid numbers) 293

oiUHorr/'; X6yuiv, "similarity of ratios" (inter

polated def. of proportion) 1 1 9

bnhXoyos, homologous, corresponding 1 34 :

exceptionally "in the same ratio with"

'38

Spos, term, in a proportion 131

irapapMXXfiv dirb, used, exceptionally, instead

of irapapdXXtu> irapi or dvaypdiptiv dirb 262

vapaXXdrru, "fall sideways" or "awry" 54

irtvrdypan1Lov 99

irtpalvovaa iroobn)s, " limiting quantity "

(Thymaridas' definition of unit) 279

irepioadms dprios, odd-times even 282-4

vi1'UradKis irtpwobs, odd-times odd 284

vtpurodprios, odd-even (Nicomachus etc.) 283

irtpioabs, odd 281

irijXIicos, how great: refers to continuous

(geometrical) magnitude as iroabs to discrete

(multitude) 116-7

irriXiKbrris, used in v. Def. 3, and spurious

Def. 5 of Vi.: =site (not quantuplicity as it

is translated by De Morgan) 116-7, 189-

90: supposed multiplication of mjXuconprtj

(Vi. Def. 5) 132 : distinction between

ir»jXiK67Tjj and niyt6os 117

irXdros, breadth: (of numbers) 288

irXevpd, side: (of factors of "plane" and

" solid " numbers) 288

vXijdos CtpionAvov or irticepao'nivov, defined or

finite multitude (definition of number) 280:

tK novdSiov crvyKtinivov ttXtjOos (Euclid's

def.) 280

iroXXairXaoidfeiv, multiply: defined 287

voXXairXaoiaonbs, multiplication : Kab" biroiov-

ovv iroWairXaaiaaiMv "(arising) from any

multiplication whatever" 120

iroXXairXdaios, multiple : iVdicis ToXXairXdffia,

equimultiples 120 etc.

iroXyirXfvpov, multilateral: excludes rerpA-

irXtvpov, quadrilateral 239

iroploaadai, to find 248

irnrrms voadKis iroitoi, "so many times so

many times so many" (of solid numbers,

in Aristotle) 286, 290

iroodins iroaol, "so many times so many" (of

plane numbers, in Aristotle) 286

iroabv, quantity, in Aristotle 115: refers

to multitude as irTJXUov to magnitude

1 16-7
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rrponriKris, oblong (of numbers): in Plato =

irepoii^Kris, but distinguished by Nico-

machus etc. 289-90, 293

irpooavaypd^ai, to draw on to: (of a circle) to

complete, when segment is given 56

irpootvpeiv, to find in addition (of finding

third and fourth proportionals) 214

irpuros, prime 284-5

vpuroi irpbs dX\»J\oi's, (numbers) prime to

ITXC'S, "relation": toiA ox^ai,. "a sor,; of

relation" (in def. of ratio) 116-7

roiro/n)icijS, of square number (Nicom.) 293

rair6r-ris Xbyuv, "sameness of ratios" 119

reXeio*, perfect (of a class of numbers) 293-4

reraynivi) (di<a\o7ia), "ordered (proportion) "

i37

one another 285-6

brfrbs, rational (literally " expressible") 117

ovvtxn*> continuous : ovvexhs dvaXoyla, " con

tinuous proportion " (in three terms) 1 3 1

avvmiiUvri avaXoyia, connected (i.e. con

tinuous) proportion 131, 293 : (Twij/i^pos,

of compound ratio in Archimedes 133

owBivri, componendo 134-5

aiv$tais X6yov, composition of a ratio, dis

tinct from compounding of ratios 134-5

avvdtros, composite (of numbers) : in Nico-

machus and Iamblichus a subdivision of

odd 286

awloraodai, construct: 01/ ovoraByiuerai 53

awridriiu, otiyKtinai (of ratios) 135, 189-90:

a\ryKtliuva and Suuptdivra (componendo and

separando) u^ed relatively to one another

168, 170

aiarrina novdSuv, "collection of units" (def.

of number) 280

avarrinarikbs, collective 279

aQaipucbs, spherical (of a particular species of

cube number) 291

aipriKloKos, or oQtfvIoKos, of solid number

with all three sides unequal (= "scalene ")

290

rerapayn^vTi dvaXoyla, perturbed proportion

136

rerpdirXevpov, quadrilateral, not a "polygon"

'39

rnijna (KvKXov), segment (of circle): r^ua-roj

yuvla, angle of a segment 4 : iv rn-f)pjiri

yuvla, angle in a segment 4

ronebs (KiKXov), sector (of circle): oKvtoto-

nads rontis, " shoemaker's knife " 5

ronoeiS-qs (of figure), sector-like 5

roo-avraTcXA.oiov, "the same multiple" 146

rplyuivov : to t/htXoOk, to Si' dXXi)Xwv, triple,

interwoven triangle, = pentagram 99

rpiirXdoios, triple, rpurXoiriwv, triplicate (of

ratios) 133

rvyx&vtiv, happen : AXXa, a %tvx*v, IooKis

iroXXairXdaia, "other, chance, equimulti

ples" 143-4: rvxoiwo yuvla, "any angle"

212

iriepreX^s or inrtprfXtios, "over-perfect" (of

a class of numbers) 293-4

vvoSiirXcurios, sub-duplicate, = half (Nico-

machus) 280

viroiro\\airXdirioj, submultiple (Nicomachus)

280

C^os, height 189

Xuplov, area 254
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Adrastus 292

Alcinous 98

Alternate and alternately (of ratios) 134

Alternative proofs, interpolated (cf. i11. 9

and following) 22 : that in 111. 10 claimed

by Heron 23-4

Amaldi, Ugo, 30, 126

Ambiguous case of Vi. 7, 208-9

Anaxiniander 1 1 1

Anaximenes r 1 1

Angle : angles not less than two right angles

not recognised as angles (cf. Heron,

Proclus, Zenodorus) 47-9: hollow-angled

figure (the re-entrant angle was exterior)

48: did Euclid extend "angle" to angles

gTeater than two right angles in Vi. 33 ?

275-6: "angle of semicircle" and "of

segment" 4: hornlike angle 4, 39, 40:

controversies about " angle of semicircle "

and hornlike angle 39-42 (see also Hornlike)

Antecedents (leading terms in proportion) 134

Antiparallels : may be used for construction

of Vi. 12, 215

Apollonius: Plane veiatis, problem from, 81,

lemma by Pappus on, 64-5 : Plane Loci,

theorem from (arising out of Eucl. Vi. 3),

also found in Aristotle 198-200: 75, 190,

258

Application of areas (including exceedingand

falling short) corresponding to solution of

quadratic equations 187, 258-60, 263-5,

266-7

Approximations : 7/5 as approximation to yji

(Pythagoreans and Plato) 119: approxi

mations to ,/3 in Archimedes and (in

sexagesimal fractions) in Ptolemy 119: to

«. (Archimedes) 119: to V4500 (Theon of

Alexandria) 119

Archimedes: new fragment of, 40: Liber

assumftorum, proposition from, 65 : ap

proximations to ^3, square roots of large

numbers, and to ir 119: extension of a

proportion in commensurables to cover in-

commensurables 193: 136, 190

Archytas: proof that there is no numerical

geometric mean between n and « + 1 295

Aristotle: indicates proof (pre- Euclidean) that

angle in semicircle is right 63 : on def. of

same ratio ( = same dvravalpeais) 120-1 :

on proportion as " equality of ratios" 1 19 :

on theorem in proportion not proved

generallv till his time 113: on proportion

in three terms (owexv*, continuous), and

in four terms (Siflpij/i^vij, discrete) 131,293 :

on alternate ratios 134: on inverse ratio

134, 149: on similar rectilineal figures 188:

has locus-theorem (arising out of Eucl. Vi.

3) also given in Apollonius' Plant Loci

198-200: on unit 279: on number 280:

on non-applicability of arithmetical proofs

to magnitudes if these are not numbers

113: on definitions of odd and even by one

another 281: on prime numbers 284-5:

on composite numbers as plane and solid

286, 288, 290: on representation of

numbers by pebbles forming figures 288

Arithmetic, Elements of, anterior to Euclid

295

August, E. f. 23, 25, 149, 238, 256, 412

Austin, W. 172, 188, 211, 259

Axioms tacitly assumed: in Book v. 137:

in Book V11. 294

Babylonians 112

Baermann, G. f. 213

Baltzer, R. 30

Barrow : on Eucl. v. Def. 3, 117: on v.

Def. 5, 121: 56, 186, 238

Billingsley, H. 56, 238

Boethius 295

Borelli, G. A. 2, 84

Breadth (of numbers) = second dimension or

factor 288

Briggs, H. 143

Camerer, J. G. 22, 25, 28, 33, 34, 40, 67,

121, 131, 189, 213, 244

Campanus.28, 41,56,90, 116, 119, 121, 146,

180, 211, 234, 235, 253, 275, 320, 322, 328

Canaalla 189

Cantor, Moritz 5, 40, 97

Cardano, Hieronimo 41

Case: Greeks did not infer limiting cases,

but proved them separately 75

Casey, J. 227

','Chance equimultiples" in phrase "other,

chance, equimultiples" 143-4

Circle : definition of equal circles 2 : circles

touching, meaningof definition, 3: "circle"

in sense of "circumference" 23: circles
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intersecting and touching, difficulties in

Euclid's treatment of, 25-7, 28-9, modern

treatment of, 30-2

Clavius 2, 41, 42, 47, 49, 53, 56, 67, 70, 73,

130, 170, 190, *ji, 238, 244, 271

Commandinus 47, 130, 190

Componendo (cwdbri), denoting "composi

tion" of ratios q.v. : componendo and

separando used relatively to each other

168, 170

Composite numbers, in Euclid 286 : with

Eucl. and Theon of Smyrna may be even,

but with Nicom. and Iambl, are a sub

division of odd 286: plane and solid

numbers species of, 286

"Composite to one another" (of numbers)

286-7

Composition of ratios (oivBean X6yov), de

noted by componendo (owddm), distinct

from compounding ratios 134-5

Compound ratio: explanation of, 132-3:

interpolated definition of, 189-90 : com

pounded ratios in v. 20-23, 176-8

Consequents ("following" terms in propor

tion) 134, 238

Continuous proportion (ovvtxvs or ovrq^nivri

dvaXo-yfa) in three terms 131

Conversion of ratio (dvairrpo^Jj Xoyov), de

noted by convertendo (dvaarpi^avri) 135:

convertendo theorem not established by v.

19, Por. 174-5, but proved by Simson's

Prop. E 1 75

Convertendo denoting "conversion" of ratios,

q.v.

Corresponding magnitudes 134

Cube: duplication of, reduced by Hippo

crates to problem of two mean pro

portionals [33 : cube number, def. of, 291 :

two mean proportionals between two cube

numbers 294, 364-5

Cyclic, of a particular kind of square number

»9i ,

Cydomathia of Leotaud 42

Data of Euclid : Def. 2, 248 : Prop. 8, 249-

50: Prop. 24, 246-7: Prop. 55, 254:

Props. 56 and 68, 249: Prop. 58, 263, 265:

Props. 59 and 84, 266-7: Prop. 67 assumes

part of converse of Simson's Prop. B (Book

vi.) 224: Prop. 70, 250: Prop. 85, 264:

Prop. 87, 228: Prop. 93, 227

Dechales 259

Dedekind's theory of irrational numbers

corresponds exactly to Eucl. v. Def. 5,

124-6

Democritus : On difference of gnomon etc.

(? on "angle of contact") 40: on parallel

and infinitely near sections of cone 40:

stated, without proving, propositions about

volumes of cone and pyramid 40

De Morgan, A. : on definition of ratio 1 16-7 :

on extension of meaning of ratio to cover

incommensurables 118: means of express

ing ratios between incommensurables by

approximation to any extent 118-9: de

fence and explanation of v. Def. 5, 122-4 :

on necessity of proof that tests for greater

and less, or greater and equal, ratios can

not coexist 130-1, 157: on compound ratio

[ 32-3, 234 : sketch of proof of existence of

fourth proportional (assumed in v. 18) 171 :

proposed lemma about duplicate ratios as

alternative means of proving Vi. 22, 246—7 :

5, 7, 9-10, 11, 15, 20, 22, 29, 56, 76-7,

83, 101, 104, 116-9, 12°. i3°. i39. i45.

197, 202, 217-8, 232, 233, 234, 272, 275

Dercyllides 11 1

Diorismus for solution of a quadratic 259

Discrete proportion, hiT)pr\fUvt) or SiefdiyiUvri

(iriiAn- iti. in four terms, 131, 293

" Dissimilarly ordered" proportion (dvo/ioiui

reraynivuv tuv Xbyuv) in Archimedes

= "perturbed proportion " 136

DividenJo (of ratios), see Separation, separ

ando

"Division (of ratios)," see Separation

Divisions (offigures). On, treatise by Euclid,

proposition from, 5

Dodecahedron: decomposition of faces into

elementary triangles, 98

Dodgson, C. L. 48, 275

Duplicate ratio 133: SiirXaciuiv, duplicate,

distinct from SiirXdaws, double (= ratio

2:1), though use of terms not uniform 133 :

"duplicate" of given ratio found by Vi.

11, 214: lemma on duplicate ratio as al

ternative to method of Vi. 22 (De Morgan

and others) 242-7

Duplication of cube : reduction of, by Hippo

crates, to problem of finding two mean

proportionals 133 : wrongly supposed to

be alluded to in Timaeus 32 A, B, 294-5 n.

Egyptians 112: Egyptian view of number 280

Enriques (f.) and Amaldi (U.) 30, 126

Equimultiples: "any equimultiples what

ever," IadKis iroXXairXdaia Ko.6 &iroiovovv

iroXXairXairiaa1wv 120: stereotyped phrase

"other, chance, equimultiples" 143-4:

should include once each magnitude 145

Eratosthenes: measurement of obliquity of

ecliptic (2 30 51' 20") m

Escribed circles of triangle 85, 86-7

Eudemus 99, 1 1 1

Eudoxus 99, 280, 295: discovered general

theory of proportionals covering incom

mensurables 1 1 2-3 : was first to prove

scientifically the propositions about volumes

of cone and pyramid 40

Eutocius: on "Vi. Def. 5" and meaning of

tti;Xia:6ti;s 116, 132, 189-90: gives locus-

theorem from Apollonius' Plane Loci 198—

200

Even (number) : definitions by Pythagoreans

and in Nicomachus 281 : definitions of odd

and even by one another unscientific

(Aristotle) 281 : Nicom. divides even into

three classes (1) even-times even and (2) even-

times odd as extremes, and (3) odd-times

even as intermediate 282-3
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Even-times even: Euclid's use differs from

use by Nicomachus, Theon of Smyrna and

Iamblichus 281-2

Even-times odd in Euclid different from even-

odd o\ Nicomachus and the rest 282-4

Ex aeouali, of ratios, 136: ex aequali pro

positions (v. 20, 22), and ex aequali "in

perturbed proportion" (v. 21, 23) 176-8

faifofer 126

fourth proportional : assumption of existence

of, in V. 1 8, and alternative methods for

avoiding (Saccheri, De Morgan, Simson,

Smith and Bryant) 170-4: Clavius made

the assumption an axiom 170: sketch of

proof of assumption by De Morgan 171 :

condition for existence of number which

is fourth proportional to thiee numbers

409-1 1

Galileo Galilei : on angle of contact 42

Geometric means 357 sqq.: one mean between

square numbers 294, 363, or between

similar plane numbers 371-2: two means

between cube numbers 294, 364-5, or

between similar solid numbers 373—5

Geometrical progression 346 sqq.: summation

of « terms of (iX. 35) 420-1

Gherard of Cremona 47

Gnomon (of numbers) 289

Golden section (section»in extreme and mean

ratio), discovered by Pythagoreans 99:

theory carried further by Plato and Eu-

doxus 99

Greater ratio: Euclid's criterion not the only

one 130: arguments from greater to less

ratios etc. unsafe unless they go back to

original definitions (Simson on v. 10) 156-7:

test for, cannot coexist with test for equal

or less ratio 130-1

Greatest common measure: Euclid's method

of finding corresponds exactly to ours 1 18,

299: Nicomachusgivesthesame method 300

Gregory, D. u 6, 143

Habler, Th. 294 ».

Hankel, H. 116, 117

Hauber, C. f. 244

Heiberg, J. L. passim

Henrici and Treutlein 30

Heron of Alexandria: Eucl. i11. 12 interpo

lated from, 28 : extends i11. 20, 21 to angles

in segments less than semicircles 4 7-8 : does

not recognise angles equal to or greater than

two right angles 47-8 : proof of formula for

area of triangle, A = \ s (s - a) (s - b) (s - c)

87-8: 5, 16-17, 24. 28, 34, 36, 44, 116,

189, 302, 320, 383, 395

Hippasus 97

Hippocrates of Chios 133

Hornlike angle (ictparofiSijs ywla) 4, 39, 40:

hornlike angle and angle of semicircle, con

troversies on, 39-42: Proclus on, 39-40:

Democritus may have written on hornlike

angle 40: Campanus ("not angles in same

sense")4i : Cardano (quantities of different

orders or kinds) : Peletier (hornlike angle

no angle, no quantity, nothing; angles of

all semicircles right angles and equal) 41 :

Clavius 42: Vieta and Galileo ("angle of

contact no angle") 42: Wallis (angle of

contact not inclination at all but degree of

curvature) 42

Hultsch, f. 133

Iamblichus 97, 116, 279, 280, 281, 283, 284,

285, 286, 287, 288, 289, 290, 291, 292, 293,

4i9

Icosahedron 98

Incommensurables : method of testing incom

mensurability (process of finding g.c.m.)

118: means of expression consist in power

ofapproximation without limit (De Morgan)

119: approximations to ^2 (by means of

side- and diagonal-numbers) 1 19, to ^3

and to it, 119: to ^4500 by means of

sexagesimal fractions 1 19

Incomposite (of number) = prime 284

Ingrami, G. 30, 126

Inverse (ratio), inversely (dvdiraXu') 134: in

version is subject of v. 4, Por. (Theon)

144, and of v. 7, Por. 149, but is not

properly put in either place 149: Simson's

Prop. B on, directly deducible from v.

Def. 5, 144

Isosceles triangle of iV. 10: construction of,

by Pythagoreans 97-9

Jacobi, C. f. A. 188

Lachlan, R. 226, 227, 245-6, 247, 256, 272

Lardner, D. 58, 259, 271

Least common multiple 336-41

Legendre 30: proves Vi. i and similar pro

positions in two parts (1) for commen-

surables, (2) for incommensurables 193-4

Lemma assumed in Vi. 22, 242-3 : alternative

propositions on duplicate ratios and ratios

of which they are duplicate (De Morgan

and others) 242-7

Length, nrjKos (of numbers in one dimension)

287 : Plato restricts term to side of com

plete square 287

Leotaud, Vincent 42

Linear (of numbers) = ( 1 ) in one dimension

287, (2) prime 285

logical inferences, not made by Euclid 22, 29

Lucian 99

Means: three kinds, arithmetic, geometric

and harmonic 292-3 : geometric mean is

"proportionpar excellence" (KvoIw) 292-3 :

one geometric mean between two square

numbers, two between two cube numbers

(Plato) 294, 363-5 : one geometric mean

between similar plane numbers, two be

tween similar solid numbers 371-5: no

numerical geometric mean betsveen « and

n + 1 (Archytas and Euclid) 295

Moderatus, a Pythagorean 280
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Multiplication, definition of 287

Afusici Scrip/ores Gratci 295

an-Nairlzi 5, 16, 28, 34, 36, 44, 47, 302, 320,

383

Nasiraddin at-Tusi 28

Nesselmann, G. H. F. 287, 293

Nicomachus 116, 119, 131, 279, 280, 281,

282, 283, 284, 285, 286, 287, 288, 289, 290,

291, 292, 293, 294, 300, 363

Nixon, R. C. J. 16

Number : defined by Thales, Eudoxus,

Moderatus, Aristotle, Euclid 280: Nico

machus and Iamblichus on, 280: repre

sented by lines 288, and by points or dots

288-9

Oblong (of number) : in Plato either rpojirJKijr

or iTtponJKr)s 288: but these terms denote

two distinct divisions of plane numbers in

Nicomachus, Theon of Smyrna and Iam

blichus 289-90

Octahedron 98

Odd (number): defs. of in Nicomachus 281 :

Pythagorean definition 281 : def. of odd

and even by one another unscientific

(Aristotle) 281 : Nicom. and Iambl. dis

tinguish three classes of odd numbers

(1) prime and incomposite, (2) secondary

and composite, as extremes, (3) secondary

and composite in itself but prime and in-

composite to one another, which is inter

mediate 287

Odd-times even (number) : definition in Eucl.

spurious 283-4, a"d differs from definitions

by Nicomachus etc. ibid.

Odd-times odd (number) : defined in Eucl. but

not in Nicom. and Iamb1. 284: Theon of

Smyrna applies term to prime numbers

284

Oenopides of Chios in

"Ordered" proportion (Ttraynirr) dva\oyia),

interpolated definition of, 137

Pappus : lemma on Apollonius' Plane vtvotis

64-5 : problem from same work 81 : assumes

case of vi. 3 where external angle bisected

(Simson's Vi. Prop. A) 197: theorem from

Apollonius' /'lane Loci 198: theorem that

ratio compounded of ratios of sides is equal

to ratio of rectangles contained by sides

250: 4. '7. 29, 67, 79, 81, 113, 133, in,

250, 251, 292

" Parallelepipedal" (solid) numbers: two of

the three factors differ by unity (Nicoma

chus) 290

Peletarius (Peletier) : on angle of contact and

angle ofsemicircle 41 : 47, 56, 84, 146, 190

Pentagon : decomposition of regular pentagon

into 30 elementary triangles 98 : relation to

pentagram 99

Pentagonal numbers 289

"Perfect" (of a class of numbers) 293-4,

421-5: Pythagoreans applied term to 10,

294: 3 also called "perfect" 294

Perturbed proportion (rrrapayiUyrj dyaXoyla)

136. 176-7

Pfleiderer, C. F. 2

Philolaus 97

Philoponus 234, 282

Plane numbers, product of two factors

("sides" or "length" and "breadth")

287-8: in Plato either square or oblong

287-8: similar plane numbers 293: one

mean proportional between similar plane

numbers 371-2

Plato: construction of regular solids from

triangles 97-8 : on golden section 99 : 7/5

as approximation to N'i, 119: on square

and oblong numbers 288, 293: on Siva/itis

(square roots or surds) 288, 290 : theorem

that between square numbers one mean

suffices, between cube numbers two means

necessary 294, 364

Playfair, John 2

Plutarch 98, 254

Porism (corollary) to proposition precedes

"Q.E.D."or "Q.E.F. 8, 64: Porism to iv.

15 mentioned by Proclus 109: Porism to

vi. 19, 234

Polygonal numbers 289

Prime (number) : definitions of, 284-5: Aris

totle on two senses of "prime" 285:

2 admitted as prime by Eucl. and Aristotle,

but excluded by Nicomachus, Theon of

Smyrna and Iamblichus, who make prime

a subdivision of odd 284-5: "prime and

incomposite (aaivHerai) " 284: different

names for prime, "odd-times odd" (Theon),

"linear" (Theon), "rectilinear" (Thy-

maridas), "euthymetric" (Iamblichus) 285:

prime absolutely or in themselves as dis

tinct from prime to one another (Theon)

285 : definitions of "prime to one another"

285-6

Proclus: on absence of formal divisions of

proposition in certain cases, e.g. i v. 10,

100: on use of " quindecagon " for as

tronomy 111: 4, 39, 40, 193, 247, 269

Proportion : complete theory applicable to

incommensurables as well as commen-

surables is due to Eudoxus 112: old

(Pythagorean) theory practically repre

sented by arithmetical theory of Eucl. V11.

113: in giving older theory as well Euclid

simply followed tradition 113: Aristotle

on general proof (new in his time) of

theorem (alternando) in proportion 113:

X. 5 as connecting two theories 113: De

Morgan on extension of meaning of ratio

to cover incommensurables 118: power of

expressing incommensurable ratio is power

of approximation without limit 119: in

terpolated definitions of proportion as

"sameness" or "similarity of ratios" 119:

definition in v. Def. 5 substituted for that

of V11. Def. 20 because latter found inade

quate, not vice versa 121: De Morgan's

defence of v. Def. 5 as necessary and

sufficient 122-4: v. Def. 5 corresponds to

V
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Weierstrass' conception of number in

general and to Dedekind's theory of ir

rationals 124-6: alternatives for v. Def. 5

by a geometer-friend of Saccheri, by

faifofer, Ingrami, Veronese, Enriques and

Amaldi 126: proportionals of vn. Def. 20

(numbers) a particular case of those of v.

Def. 5 (Simson's Props. C, D and notes)

126-9 : proportion in three terms (Aristotle

makes it four) the "least" 131: "con

tinuous" proportion (owexh* or avnuiuiin)

avaXoyia, in Euclid i£rjs avoXoyov) 131, 293 :

three "proportions" 292, but proportion

par excellence or primary is continuous or

geometric 292-3: "discrete" or "dis

joined" (diyprinCvr), SitfcvyitiPTJ) 131, 293 :

"ordered" proportion (re i ayiUvrj), inter

polated definition of, 137: "perturbed"

proportion (rerapayfUvri) 136, 176-7: ex

tensive use of proportions in Greek

geometry 187 : proportions enable any

quadratic equation with real roots to be

solved 187: supposed use of propositions of

Book V. in arithmetical Books 314, 320

Psellus 234

Ptolemy, Claudius: lemma about quadri

lateral in circle (Simson's Vi. Prop. D)

225-7: in, 117, 119

Pyramidal numbers 290: pyramids truncated,

twice-truncated etc. 291

Pythagoras: reputed discoverer of construc

tion of five regular solids 97: introduced

" the most perfect proportion in four terms

and specially called 'harmonic'" into

Greece 112: construction of figure equal

to one and similar to another rectilineal

figure 254

Pythagoreans : construction of dodecahedron

in sphere 97 : construction of isosceles

triangle of iv. 10 and of regular pentagon

due to, 97-8 : possible method of discovery

of latter 97-9 : theorem about only three

regular polygons filling space round a

point 98 : distinguished three sorts of

means, arithmetic, geometric, harmonic

112: had theory of proportion applicable

to commensurables only 112: 7/5 as ap

proximation to ^2, 119: definitions of

unit 279: of even and odd 281 : called 10

" perfect " 294

Quadratic equations ; solution by means of

proportions 187, 263-5, 266-7: Siopia/ii6j

or condition of possibility of solving

equation of Eucl. Vi. 28, 259: one solution

only given, for obvious reasons 260, 264,

267 : but method gives both roots if real

258: exact correspondence of geometrical

to algebraical solution 263-4, 266-7

Quadrilateral : inscribing in circle of quadri

lateral equiangular to another 91-2: con

dition for inscribing circle in, 93, 95 :

quadrilateral in circle, Ptolemy's lemma

on (Simson's V1. Prop. D), 225-7: quadri

lateral not a " polygon " 239

" Quindecagon" (fifteen-angled figure): use

ful for astronomy 1 1 1

Radius: no Greek word for, 2

Ratio: definition of, 116-9, no sufficient

ground for regarding it as spurious 117,

Barrow's defence of it 117: method of

transition from arithmetical to more general

sense covering incommensurables 118:

means of expressing ratio of incommen

surables is by approximation to any degree

of accuracy 119: def. of greater ratio only

one criterion (there are others) 130: tests

for greater equal and less ratios mutually

exclusive 130-r : test for greater ratio

easier to apply than that for equal ratio

1 29-30 : arguments about greater and less

ratios unsafe unless they go back to original

definitions (Simson on v. I0) 156-7: com-

poundrMio 132-3, 189-90, 234: operation

of compounding ratios 234: " ratio com

pounded of their sides" (careless expres

sion) 248: duplicate, triplicate etc. ratio

as distinct from double, triple etc. 133 :

alternate ratio, alternanJo 134: inverse

ratio, inversely 134: composition of ratio,

componendo, different from compounding

ratios 1 34-5 : separation of ratio, separando

(commonly dividendo) 135 : conversion of

ratio, convertendo 135: ratio ex aequali

136, ex aeijuali in perturbed proportion

136: division of ratios used in Data as

general method alternative to compounding

249-50: names for particular arithmetical

ratios 292

Reciprocal or reciprocally related figures :

definition spurious 189

Reductio ad absurdum, the only possible

method of proving iII. 1, 8

" Rule of three": Vi. 12 equivalent to, 215

Saccheri, Gerolamo 126, 130: proof of ex

istence of fourth proportional by Vi. 1, 2,

12, 170

Savile, H. 190

Scalene, a class of solid numbers 290

Scholia: iv. No. 2 ascribes Book i v. to

Pythagoreans 97 : v. No. 1 attributes

Book v. to Eudoxus 1 1 2

Scholiast to Clouds of Aristophanes 99

Sectio canonis of Euclid 295

Sector (of circle) : explanation of name : two

kinds (1) with vertex at centre, (2) with

vertex at circumference 5

Sector-like (figure) 5 : bisection of such a

figure by straight line 5

Segment of circle : angle of, 4 : similar seg

ments 5

Semicircle: angle of, 4, 39-41 (see Angle):

angle in semicircle a right angle, pre-

Euclidean proof 63

Separation of ratio, Sialp«tis Xbyov, and

separando (jieXdrri) 135: separando and

componendo used relatively to one another,

not to original ratio 168, 170
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Sides of plane and solid numbers 287-8

Similar plane and solid numbers 293 : one

mean between two similar plane numbers

371-2, two means between two similar

solid numbers 294, 373-5

Similar rectilineal figures: def. of, given in

Aristotle 188: def. gives at once too little

and too much 188: similar figures on

straight lines which are proportional are

themselves proportional and conversely

(Vi. 22), alternatives for proposition 242-7

Similar segments of circles 5

Simon, Max 124, 134

Simpson, Thomas 121

Simson, R.: Props. C, D (Book v.) connect

ing proportionals of vn. Def. 20 as par

ticular case with those of v. Def. 5, 126-9:

Axioms to Book v. 137 : Prop. B (inver

sion) 144: Prop. E (convertenito) 175:

shortens v. 8 by compressing two cases

into one 152-3: important note showing

flaw in v. 10 and giving alternative 156-7 :

Book Vi. Prop. A extending Vi. 3 to case

where external angle bisected 197 : Props.

B, C, D 222-7 : remarks on Vi. 27-9,

25*H): », 3. 8. ". 23. 33. 34. 37. 43. 49.

53, 7°. 73. 79. 9°. "7. 1.?'. 13'. 140.

143-4, 145, 146, 148, 154, 161, 162, 163,

165. •70-'. i77. i79. ,8o, l8'i i83. i84.

185, 186, 189, 193, 195, 209, 211, 212,

230-1, 238, 252, 269, 270, 272-3

Size, proper translation of n/Xuc4rijs in v.

Def. 3, 1 16-7, 189-90

Smith and Bryant, alternative proofs of v. 16,

17, 18 by means of Vi. 1 , where magnitudes

are straight lines or rectilineal areas 165-6,

i69. i73-4

Solid numbers, three varieties according to

relative length of sides 290-1

Spherical number, a particular kind of cube

number 291

Square number, product of equal numbers

289, 291 : one mean between square

numbers 294, 363-4

Stobaeus 280

Subduplicate of any ratio found by Vi. 13,

216

Swinden, J. H. van 188

Tacquet, A. 121, 258

Tannery, P. 112, 113

Tartaglia, Niccol6 2, 47

Taylor, H. M. 16, 22, 29, 56, 75, 102, 227,

244, 247, 272

Tetrahedron 98

Thales ill, 280

Theodosius 37

Theon of Alexandria: interpolation in v. 13

and Porism 144: interpolated Porism to

Vi. 20, 239 : additions to Vi. 33 (about

sectors) 274-6 : 43, 109, 117, 119, 149, 15a,

i6r, 186, 190, 234, 235, 240, 242, 256, 262,

311, 322, 412

Theon of Smyrna: m, 119, 279, 280, 281,

284, 285, 286, 288, 289, 290, 291, 292,

293. '94

Thrasyllus 292

Thymaridas 279, 285

Timaeus of Plato 97-8, 294-5, 363

Todhunter, I., 3, 7, 22, 49, 51, 52,67,73,90,

99, 172, 195, 202, 204, 208, 259, 271, 272,

300

Trapezium: name applied to truncated

pyramidal numbers (Theon of Smyrna)

291

Triangle : Heron's proof of expression for

area in terms of sides, -Js(s-a)(s- b)(s -c)

87-8 : right-angled triangle which is half

of equilateral triangle used for construction

of tetrahedron, octahedron and icosahedron

( Timaeus of Plato) 98

Triangular numbers 289

Triplicate, distinct from triple, ratio 133

at-Tusi, see Naslraddln

Unit : definitions of, by Thymaridas, " some

Pythagoreans," Chrysippus, Aristotle and

others 279: Euclid's definition was that

of the "more recent" writers 279: nwdt

connected etymologically by Theon of

Smyrna and Nicomachus with ii.ovm (soli

tary) or novi) (rest) 279

Veronese, G. 30, 126

Vieta : on angle of contact 42

Walker 204, 208, 259

Wallis, John: on angle of contact ("degree

of curvature") 42

Weierstrass 124

Woepcke 5

Zenodorus 276
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