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PREFACE

“ HERE never has been, and till we see it we never

shall believe that there can be, a system of geometry

worthy of the name, which has any material departures (we do

not speak of corrections or extensions or developments) from

the plan laid down by Euclid.” De Morgan wrote thus in

October 1848 (Slzort supplementary remarks on the first six

Books of Enelz'd’s Elements in the Companion to the Almanae

for 1849); and I do not think that, if he had been living

to-day, he would have seen reason to revise the opinion so

deliberately pronounced sixty years ago. It is true that in the

interval much valuable work has been done on the continent

in the investigation of the first principles, including the

formulation and classification of axioms or postulates which

are necessary to make good the deficiencies of Euclid's own

explicit postulates and axioms and to justify the further

assumptions which he tacitly makes in certain propositions,

content apparently to let their truth be inferred from observa

tion of the figures as drawn; but, once the first principles are,

disposed of, the body of doctrine contained in the recent text

books of elementary geometry does not, and from the nature

of the case cannot, show any substantial differences from that

set forth in the Elements. In England it would seem that far

less of scientific value has been done; the efforts of a multitude

of writers have rather been directed towards producing alter

natives for Euclid which shall be more suitable, that is to say,

easier, for schoolboy/s. It is of course not surprising that, in

250819



vi PREFACE

these days of short cuts, there should have arisen a movement

to get rid of Euclid and to substitute a “royal road to

geometry"; the marvel is that a book which was not written

for schoolboys but for grown men (as all internal evidence

shows, and in particular the essentially theoretical character

of the work and its aloofness from anything of the nature of

“practical " geometry) should have held its own as a school

book for so long. And now that Euclid’s proofs and arrange

ment are no longer required from candidates at examinations

there has been a rush of competitors anxious to be first in the

field with a new text-book on the more “ practical" lines which

now find so much favour. The natural desire of each teacher

who writes such a text-book is to give prominence to some

special nostrum which he has found successful with pupils.

One result is, too often, a loss of a due sense of proportion;

and, in any case, it is inevitable that there should be great

diversity of treatment. It was with reference to such a danger

that Lardner wrote in 1846 : “Euclid once superseded, every

teacher would esteem his own work the best, and every school

would have its own class book. All that rigour and exactitude

which have so long excited the admiration of men of science

would be at an end. These very words would lose all definite

meaning. Every school would have a different standard;

matter of assumption in one being matter of demonstration in

another; until, at length, GEOMETRY, in the ancient sense of

the word, would be altogether frittered away or be only

considered as a particular application of Arithmetic and

Algebra.” It is, perhaps, too early yet to prophesy what will

be the ultimate outcome of the new order of things; but it

would at least seem possible that history will repeat itself and

that, when chaos has come again in geometrical teaching,

there will be a return to Euclid more or less complete for the

purpose of standardising it once more.

But the case for a new edition of Euclid is independent of

any controversies as to how geometry shall be taught to

schoolboys. Euclid's work will live long after all the text-books
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of the present day are superseded and forgotten. It is one

of the noblest monuments of antiquity; no mathematician

worthy of the name can afford not to know Euclid, the real

Euclid as distinct from any revised or rewritten versions

which will serve for schoolboys or engineers. And, to know

Euclid, it is necessary to know his language, and, so far as it

can be traced, the history of the “elements” which he

collected in his immortal work.

This brings me to the raz'son d’e‘tre of the present edition.

A new translation from the Greek was necessary for two

reasons. First, though some time has elapsed since the

appearance of Heiberg’s definitive text and prolegomena,

published between 1883 and 1888, there has not been, so far

as I know, any attempt to make a faithful translation from it

into English even of the Books which are commonly read.

And, secondly, the other Books, VII. to x. and XIIL, were not

included by Simson and the editors who followed him, or

apparently in any English translation since Williamson's

(1781-8), so that they are now practically inaccessible to

English readers in any form.

In the matter of notes, the edition of the first six Books

in Greek and Latin with notes by Camerer and Hauber

(Berlin, 1824—5) is a perfect mine of information. It would

have been practically impossible to make the notes more

exhaustive at the time when they were written. But the

researches of the last thirty or forty years into the history of

mathematics (I need only mention such names as those of

Bretschneider, Hankel, Moritz Cantor, Hultsch, Paul Tannery,

Zeuthen, Loria, and Heiberg) have put the whole subject

upon a different plane. I have endeavoured in this edition

to take account of all the main results of these researches up

to the present date. Thus, so far as the geometrical Books

are concerned, my notes are intended to form a sort of

dictionary of the history of elementary geometry, arranged

according to subjects, while the notes on the arithmetical

Books VIL—IX. and on Book x. follow the same plan.
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personality of Euclid. He is speaking about Apollonius’ preface

to the first book of his Com'cs, where he says that Euclid had not

completely worked out the synthesis of the “three- and four-line

locus," which in fact was not possible without some theorems first

discovered by himself. Pappus says on this‘: “Now Euclid—

regarding Aristaeus as deserving credit for the discoveries he had

already made in conics, and without anticipating him or wishing to

construct anew the same system (such was his scrupulous fairness and

his exemplary kindliness towards all who could advance mathematical

science to however small an extent), being moreover in no wise con

tentious and, though exact, yet no braggart like the other [Apollonius]

—wrote so much about the locus as was possible by means of the

conics of Aristaeus, without claiming completeness for his demonstra

tions." It is however evident, when the passage is examined in its

context, that P-appus is not following any tradition in giving this

account of Euclid: he was offended by the terms of Apollonius’

reference to Euclid, which seemed to him unjust, and he drew a

fancy picture of Euclid in order to show Apollonius in a relatively

unfavourable light.

Another story is told of Euclid which one would like to believe true.

According to Stobaeus’, “some one who had begun to read geometry

with Euclid, when he had learnt the first theorem, asked Euclid, ‘ But

what shall I get by learning these things ?’ Euclid called his slave

and said ‘Give him threepence, since he must make gain out of what

he learns.’ ”

In the middle ages most translators and editors spoke of Euclid

as Euclid of Megara. This description arose out of a confusion

between our Euclid and the philosopher Euclid of Megara who lived

about 400 3.0. The first trace of this confusion appears in Valerius

Maximus (in the time of Tiberius) who says8 that Plato, on being

appealed to for a solution of the problem of doubling the cubical

altar, sent the inquirers to “Euclid the geometer.” There is no doubt

about the reading, although an early commentator on Valerius

Maximus wanted to correct “Eucliden” into “Eudoxum,” and this

correction is clearly right. But, if Valerius Maximus ‘took Euclid the

geometer for a contemporary of Plato, it could only be through

confusing him with Euclid of Megara The first specific reference to

Euclid as Euclid of Megara belongs to the 14th century, occurring in

the fivropu'qpwrwpoi of Theodorus Metochita (d. I 332) who speaks of

"Euclid of Megara, the Socratic philosopher, contemporary of Plato,”

as the author of treatises on plane and solid geometry, data, optics

etc.: and a Paris MS. of the 14th century has “Euclidis philosophi

Socratici liber elementorum.” The misunderstanding was general

in the period from Campanus’ translation (Venice 1482) to those of

Tartaglia (Venice 1565) and Candalla (Paris 1566). But one

Constantinus Lascaris (d. about 1493) had already made the proper

1 Pappus, v11. pp. 676, '15—678, 6. Hultsch, it is true, brackets the whole passage

pp. 676, 15-678, I 5, but apparently on the ground of the diction only.

’ Stobaeus, Le. 3 Vin. :2, ext. 1.
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distinction by saying of our Euclid that “he was different from him

of Megara of whom Laertius wrote, and who wrote dialogues ”1; and

to Commandinus belongs the credit of being the first translator’ to

put the matter beyond doubt : “Let us then free a number of people

from the error by which they have been induced to believe that our

Euclid is the same as the philosopher of Megara ” etc.

Another idea, that Euclid was born at Gela in Sicily, is due to the

same confusion, being based on Diogenes Laertius’ description‘ of the

philosopher Euclid as being “of Megara, or, according to some, of

Gela, as Alexander says in the AmSoxai.”

In view of the poverty of Greek tradition on the subject even as

early as the time of Proclus (410-485 A.D.), we must necessarily take

cum grano the apparently circumstantial accounts of Euclid given by

Arabian authors; and indeed the origin of their stories can be

explained as the result (I) of the Arabian tendency to romance, and

(2) of misunderstandings.

We read‘ that “Euclid, son of Naucrates, grandson of Zenarchus‘,

called the author of geometry, a philosopher of somewhat ancient

date, a Greek by nationality domiciled at Damascus, born at Tyre,

most learned in the science of geometry, published a most excellent

and most useful work entitled the foundation or elements of geometry,

a subject in which no more general treatise existed before among the

Greeks: nay, there was no one even of later date who did not walk

in his footsteps and frankly profess his doctrine. Hence also Greek,

Roman and Arabian geometers not a few, who undertook the task

of illustrating this work, published commentaries, scholia, and notes

upon it, and made an abridgment of the work itself. For this reason

the Greek philosophers used to post up on the doors of their schools

the well-known notice: ‘ Let no one come to our school, who has not

first learned the elements of Euclid.’ ” The details at the beginning

of this extract cannot be derived from Greek sources, for even Proclus

did not know anything about Euclid’s father, while it was not the

Greek habit to record the names of grandfathers, as the Arabians

commonly did. Damascus and Tyre were no doubt brought in to

gratify a desire which the Arabians always showed to connect famous

Greeks in some way or other with the East. Thus Nasiraddin, the

translator of the Elements, who was of "his in Khurasan, actually

makes Euclid out to have been “Thusinus” also‘. The readiness of

the Arabians to run away with an idea is illustrated by the last words

1 Letter to Fernandus Acuna, printed in Maurolycus, HzZr/oria Sirih'ae, fol. 21 r. (see

Heiberg, Euklid-Studien, pp. 22-3, 25).

2 Preface to translation (Pisauri, [571).

' Diog. L. n. 106, p. 58 ed. Cobet.

‘ Casiri, Bibliot/zeca Arabz'm-Hispana Escurialmsis, I. p. 339. Casiri’s source is al

Qifti (d. 1148), the author of the Ta’rl'l'lr 111-4114411016, a collection of biographies of phi

losobphers, mathematicians, astronomers etc.

The Filin'st says “son of Naucrates, the son of Berenice (1’) ” (see Suter’s translation in

Ab/mndlungen zur Gert/r. d. flint/z. VI. Heft, 1892, p. I6).

6 The same predilection made the Arabs describe Pythagoras as a pupil of the wise

Salomo, Hipparchus as the exponent of Chaldaean philosophy or as the Chaldaean, Archi

medes as an Egyptian etc. (Ijliji Khalfa, Lexiron Bib/lograp/u'rum, and Casiri).
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of the extract Everyone knows the story of Plato's inscription over

the porch of the Academy: “let no one unversed in geometry enter

my doors"; the Arab turned geometry into Euclid’s geometry, and

told the story of Greek philosophers in general and “their Academies."

Equally remarkable are the Arabian accounts of the relation of

Euclid and Apollonius‘. According to them the Elements were

originally written, not by Euclid, but by a man whose name was

Apollonius, a carpenter, who wrote the work in I 5 books or sections’.

In the course of time some of the work was lost and the rest became

disarranged, so that one of the kings at Alexandria who desired to

study geometry and to master this treatise in particular first questioned

about it certain learned men who visited him and then sent for Euclid

who was at that time famous as a geometer, and asked him to revise

and complete the work and reduce it to order. Euclid then re-wrote

it in 13 books which were thereafter known by his name. (According

to another version Euclid composed the 13 books out of commentaries

which he had published on two books of Apollonius on conics and

out of introductory matter added to the doctrine of the five regular

solids.) To the thirteen books were added two more books, the work

of others (though some attribute these also to Euclid) which contain

several things not mentioned by Apollonius. According to another

version Hypsicles, a pupil of Euclid at Alexandria, offered to the

king and published Books XIV. and xv., it being also stated that

Hypsicles had “discovered” the books, by which it appears to be

suggested that Hypsicles had edited them from materials left by Euclid.

We observe here the correct statement that Books XIV. and XV.

were not written by Euclid, but along with it the incorrect informa

tion that Hypsicles, the author of Book XIV., wrote Book XV. also.

The whole of the fable about Apollonius having preceded Euclid

and having written the Elements appears to have been evolved out of

the preface to Book XIV. by Hypsicles, and in this way; the Book

must in early times have been attributed to Euclid, and the inference

based upon this assumption was left uncorrected afterwards when it

was recognised that Hypsicles was the author. The preface is worth

quoting:

“ Basilides of Tyre, O Protarchus, when he came to Alexandria

and met my father, spent the greater part of his sojourn with him on

account of their common interest in mathematics. And once, when

1 The authorities for these statements quoted by Casiri and Hiji Khalfa are al-Kindi's

tract de inrlilulo libn' Euch'di: (al-Kindi died about 873) and a commentary by Qadizide

ar-Rumi (d. about 1440) on a book called As/ikdl (rt-ta’ .ri: (fundamental propositions) by

Ashraf Shamsaddin as-Samar andi (r. n76) consisting of elucidations of 35 propositions

selected from the first books 0 Euclid. Nasiraddin likewise says that Euclid cut out two of

15 books of elements then existing and published the rest under his own name. According to

Qadizide the king heard that there was a celebrated geometer named Euclid at Tyre: Nasir

addin says that he sent for Euclid of Tits.

1 So says the Fz'lzrist. Suter (op. (it. p. 49) thinks that the author of the Fi/zn'r! did not

suppose Apollonius of Perga to be the writer of the Elemenls, as later Arabian authorities

did, but that he distinguished another Apollonius whom he calls “a carpenter." Suter’s

argument is based on the fact that the Fibrin’: article on Apollonius (of Perga) says nothing

of the Elm/ems, and that it gives the three great mathematicians, Euclid, Archimedes and

Apollonius, in the correct chronological order.
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examining the treatise written by Apollonius about the comparison

between the dodecahedron and the icosahedron inscribed in the same

sphere, (showing) what ratio they have to one another, they thought

that Apollonius had not expounded this matter properly, and

accordingly they emended the exposition, as I was able to learn

from my father. And I myself, later, fell in with another book

published by Apollonius, containing a demonstration relating to the

subject, and I was greatly interested in the investigation of the

problem. The book published by Apollonius ‘is accessible to all—

for it has a large circulation, having apparently been carefully written

out later—but I decided to send you the comments which seem to

me to be necessary, for you will through your proficiency in mathe

matics in general and in geometry in particular form an expert

judgment on what I am about to say, and you will lend a kindly ear

to my disquisition for the sake of your friendship to my father and

your goodwill to me.”

The idea that Apollonius preceded Euclid must evidently have

been derived from the passage just quoted. It explains other things

besides. Basilides must have been confused with Baameu'c, and we

have a probable explanation of the “Alexandrian king,” and of the

“learned men who visited” Alexandria. It is possible also that in

the “Tyrian " of Hypsicles' preface we have the origin of the notion

that Euclid was born in Tyre. These inferences argue, no doubt,

very defective knowledge of Greek: but we could expect no better

from those who took the Organon of Aristotle to be “ instrumentum

musicum pneumaticum,” and who explained the name of Euclid,

which they variously pronounced as Uclides or Icludes, to be com

pounded of Uclz~ a key, and Di} a measure, or, as some say, geometry,

so that Uclz'des is equivalent to_the key 0fgeometrjll

Lastly the alternative version, given in brackets above, which says

that Euclid made the Elemmts out of commentaries which he wrote

on two books of Apollonius on conics and prolegomena added to the

doctrine of the five solids, seems to have arisen, through a like

confusion, out of a later passage1 in Hypsicles’ Book XIV. : “ And this

is expounded by Aristaeus in the book entitled ‘Comparison of the five

figures,’ and by Apollonius in the second edition of his comparison of

the dodecahedron with the icosahedron.” The “doctrine of the five

solids” in the Arabic must be the “Comparison of the five figures”

in the passage of Hypsicles, for nowhere else have we any information

about a work bearing this title, nor can the Arabians have had. The

reference to the two beak: of Apollonius on conics will then be the

result of mixing up the fact that Apollonius wrote a book on conics

with the second edition of the other work mentioned by Hypsicles.

We do not find elsewhere in Arabian authors any mention of a

commentary by Euclid on Apollonius and Aristaeus: so that the

story in the passage quoted is really no more than a variation of the

fable that the Elements were the work of Apollonius.

1 Heiberg’s Euclid, vol. v. p. 6.



CHAPTER II.

EUC LID’S OTHER \VORKS.

IN giving a list of the Euclidean treatises other than the Elements,

I shall be brief: for fuller accounts of them, or speculations with

regard to them, reference should be made to the standard histories of

mathematics‘.

I will take first the works which are mentioned by Greek authors.

I. The Pseudaria.

I mention this first because Proclus refers to it in the general

remarks in praise of the Elements which he gives immediately after

the mention of Euclid in his summary. He says’: “But, inasmuch

as many things, while appearing to rest on truth and to follow from

scientific principles, really tend to lead one astray from the principles

and deceive the more superficial minds, he has handed down methods

for the discriminative understanding of these things as well, by the

use of which methods we shall be able to give beginners in this study

practice in the discovery of paralogisms, and to avoid being misled.

This treatise, by which he puts this machinery in our hands, he

entitled (the book) of Pseudaria, enumerating in order their various

kinds, exercising our intelligence in each case by theorems of all

sorts, setting the true side by side with the false, and combining

the refutation of error with practical illustration. This book then is

by way of cathartic and exercise, while the Elements contain the

irrefragable and complete guide to the actual scientific investigation

of the subjects of geometry.”

The book is considered to be irreparably lost. We may conclude

however from the connexion of it with the Elements and the reference

to its usefulness for beginners that it did not go outside the domain

of elementary geometry“.

1 Heiberg gives very exhaustive details in his Litlerargerrllirlzllitbc Sludien fiber Euk/id ;

the best of the shorter accounts are those of Cantor (Gen/1. d. Mal/r. 1,, 1907, pp. 278—294)

and Loria (Ilperioda aurzo della geomelria gram, p. 9 and pp. 63—85).

’ Proclus, p. 70, 1-18.

“ Heiberg points out that Alexander Aphrodisiensis appears to allude to the work in his

commentary on Aristotle's Sophislia' Elem/1i (fol. 25 6): "Not only those (EM-mot) which do

not start from the principles of the science, under which the problem is classed...but also

those which do start from the proper principles of the science but in some respect admit a

paralogism, e.g. the Pseudog‘raplwmata of Euclid." Tannery (Bull. dz: srimus mat/z. e1 ash’.

a‘ Série, v1.. 1881, 1*" Partie, p. 147) conjectures that it may be from this treatise that the

same commentator got his information about the quadratures of the circle by Antiphon and
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2. The Data.
The Data (SGSO/LGIIIG) are included by Pappus in the Treasury of

Analysis ('rti'n'oc dvalvdlueuoe), and he describes their contents‘. They

are still concerned with elementary geometry, though forming part

of the introduction to higher analysis. Their form is that of pro

positions proving that, if certain things in a figure are given (in

magnitude, in species, etc.), something else is given. The subject

matter is much the same as that of the planimetrical books of the

Elements, to which the Data are often supplementary. We shall see

this later when we come to compare the propositions in the Elements

which give us the means of solving the general quadratic equation

with the corresponding propositions of the Data which give the

solution. The Data may in fact be regarded as elementary exercises

in analysis.

It is not necessary to go more closely into the contents, as we

have the full Greek text and the commentary by Marinus newly

edited by Menge and therefore easily accessible’.

3. The book On divisions (offignres).

This work (wepl Siaipéaewv BiBkiov) is mentioned by Proclus’.

In one place he is speaking of the conception or definition (X6709)

of figure, and of the divisibility of a figure into others difi‘ering from

it in kind ; and he adds: “For the circle is divisible into parts unlike

in definition or notion (a’uépora. rqii )téryqi), and so is each of the

rectilineal figures; this is in fact the business of the writer of the

Elements in his Divisions, where he divides given figures, in one case

into like figures, and in another into unlike‘.” “Like" and “unlike”

here mean, not “similar” and “dissimilar" in the technical sense, but

“like” or “unlike in definition or notion" (Aé'yqo): thus to divide a

triangle into triangles would be to divide it into “like” figures, to

divide a triangle into a triangle and a quadrilateral would be to

divide it into "unlike" figures.

The treatise is lost in Greek but has been discovered in the

Arabic. First John Dee discovered a treatise De diw'sionibu: by one

Muhammad Bagdadinus" and handed over a copy of it (in Latin) in

1563 to Commandinus, who published it, in Dee’s name and his own,

in I 570“. It was formerly supposed that Dee had himself translated

Bryson, to say nothing of the lunules of Hippocrates. I think however that there is an

objection to this theory so far as regards Bryson; for Alexander distinctly says that Bryson's

quadrature did not start from the proper principles of geometry, but from some principles

more general.

1 I’appus, VII. p. 638.

2 Vol. vr. in the Teubner edition of Euelidir opera omm'a by Heiberg and Menge. A

translation of the Data is also included in Simson’s Euclid (though naturally his text left

much to be desired).

3 Proclus, p. 69, 4. ‘ r'bia'. 14.4, 11-26.

5 Steinschneider places him in the roth c. H. Suter (Bibliallzeea Mathematiea, IV’, 1903,

pp. 14, 17) identifies him with Abfr (Bekr) Muh. b. 'Abdalbiqi al-Bagdadi, Qadi (Judge) of

Maristan (eirm 1070-! r4r), to whom he also attributes the Liberjudei (P judicis) .ruper dea'mum

Emlidi: translated by Gherard of Cremona.

“ De :uperfieierum diw'rionilm: liber lllaelmmelo Bagdadirm adren'plus, nun: primum

Iotmni: Dee Landinensl': et Federiri Conunandr'ni Urbinati: opera in lueem edims, Pisauri,

r570, afterwards included in Gregory’s Euclid (Oxford, r703).



CH. 11] EUCLID’S OTHER WORKS 9

the tract into Latin from the Arabic‘; but it now appears certain’

that he found it in Latin in a Cotton MS. now in the British Museum.

Dee, in his preface addressed to Commandinus, says nothing of his

having translated the book, but only remarks that the very illegible

MS. had caused him much trouble and (in a later passage) speaks of

“the actual, very ancient, copy from which I wrote out...” (in ipso

unde descripsi vetustissimo exemplari). The Latin translation of

this tract from the Arabic was probably made by Gherard of Cremona

(1114-1187), among the list of whose numerous translations a “liber

divisionum" occurs. The Arabic original cannot have been a direct

translation from Euclid, and probably was not even a direct adapta

tion of it; it contains mistakes and unmathematical expressions, and

moreover does not contain the propositions about the division of a

circle alluded to by Proclus. Hence it can scarcely have contained

more than a fragment of Euclid’s work.

But Woepcke found in a MS. at Paris a treatise in Arabic on the

division of figures, which he translated and published in,1851‘. It is

expressly attributed to Euclid in the MS. and corresponds to the

description of it by Proclus. Generally speaking, the divisions are

divisions into figures of the same kind as the original figures, e.g. of

triangles into triangles; but there are also divisions into “unlike"

figures, e.g. that of a triangle by a straight line parallel to the base.

The missing propositions about the division of a circle are also here:

“to divide into two equal parts a given figure bounded by an arc

of a circle and two straight lines including a given angle" and “to

draw in a given circle two parallel straight lines cutting off a certain

part of the circle.” Unfortunately the proofs are given of only four

propositions (including the two last mentioned) out of 36, because

the Arabic translator found them too easy and omitted them. To

illustrate the character of the problems dealt with I need only take

one more example: “To cut off a certain fraction from a (parallel-)

trapezium by a straight line which passes through a given point lying

inside or outside the trapezium but so that a straight line can be

drawn through it cutting both the parallel sides of the trapezium."

The genuineness of the treatise edited by Woepcke is attested by the

facts that the four proofs which remain are elegant and depend on

propositions in the Elements, and that there is a lemma with a true

Greek ring: “to apply to a straight line a rectangle equal to the

rectangle contained by AB, A C and deficient by a square." Moreover

the treatise is no fragment, but finishes with the words “end of the

treatise," and is a well-ordered and compact whole. Hence we may

safely conclude that Woepcke’s is not only Euclid’s own work but

the whole of it‘. A restoration of the work, with proofs, was attempted

1 Heiberg, Euklid-Studim, p. 13.

a H. Suter in Bibliol/reca Malfiematica, 1v,, 1905-6, pp. 321—1

‘ Youmal Asiatique, 1851, p. 133 sqq.

‘ We are told by Casiri that Thabit b. Qurra emended the translation of the liber de

diviriom'bus ; but Ofterdinger seems to be wrong in saying that according to Gartz (De inter

pretibu: et explanatoribus Euclidis Arabia's sc/zediasma lu'storicum, Halae, 1813) there is a
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by Ofterdinger‘, who however does not give Woepcke’s props. 30, 31,

34, 35, 36

4. The Porisms.

It is not possible to give in this place any account of the con

troversies about the contents and significance of the three lost books

of Porisms, or of the important attempts by Robert Simson and

Chasles to restore the work. These may be said to form a whole

literature, references to which will be found most abundantly given

by Heiberg and Loria, the former of whom has treated the subject

from the philological point of view, most exhaustively, while the

latter, founding himself generally on Heiberg, has added useful

details, from the mathematical side, relating to the attempted restora

tions, etc.’ It must SUfi'lCC here to give an extract from the only

original source of information about the nature and contents of the

Porisms, namely Pappus‘. In his general preface about the books

composing the Treasury of Analysis ('révroq duakuéiueuoe) he says :

“After the Tangencies (of Apollonius) come, in three books, the

Porisms of Euclid,[in the view of many] a collection most ingeniously

devised for the analysis of the more weighty problems, [and] although

nature presents an unlimited number of such porisms‘, [they have

added nothing to what was written originally by Euclid, except that

some before my time have shown their want of taste by adding to a

few (of the propositions) second proofs, each (proposition) admitting

of a definite number of demonstrations, as we have shown, and

Euclid having given one for each, namely that which is the most

lucid. These porisms embody a theory subtle, natural, necessary,

and of considerable generality, which is fascinating to those who can

see and produce results].

“ Now all the varieties of porisms belong, neither to theorems nor

problems, but to a species occupying a sort of intermediate position

[so that their enunciations can be formed like those of either theorems

or problems], the result being that, of the great number of geometers,

some regarded them as of the class of theorems, and others of pro

blems, looking only to the form of the proposition. But that the

ancients knew better the difference between these three things, is

clear from the definitions. For they said that a theorem is that

which is proposed with a view to the demonstration of the very

thing proposed, a problem that which is thrown out with a view to

the construction of the very thing proposed, and a porism that which

is proposed with a view to the producing of the very thing proposed.

[But this definition of the porism was changed by the more recent

writers who could not produce everything, but used these elements

téimplete MS. of Thabit's translation in the Escurial. I cannot find any such statement in

arltzlfl F. Ofterdinger, Brilrr‘z'gr zur [Vim'er/mrrlal/ung der Sc/lrifl dz: Eul’lide: fiber die

Tile/lung dn' figurcn, Ulm, 1853.

’ Heiberg, Euklid-Sfudim, pp. 56-79, and Loria, lljlerr'ada aurea (fella geomelria gram,

pp. 70—82, Til—5.

‘‘ Pappus, ed. Hultsch, Vll. pp. 648—660. I put in square brackets the words bracketed

by Hultsch.

‘ I adopt Heiberg’s reading ofa comma here instead ofa full stop.
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and proved only the fact that that which is sought really exists, but

did not produce it1 and were accordingly confuted by the definition

and the whole doctrine. They based their definition on an incidental

characteristic, thus: A porism is that which falls short of a locus

theorcm in respect of its hypothesis’. Of this kind of porisms loci

are a species, and they abound in the Treasury of Analysis; but

this species has been collected, named and handed down separately

from the porisms, because it is more widely diffused than the other

species]. But it has further become characteristic of porisms that,

owing to their complication, the enunciations are put in a contracted

form, much being by usage left to be understood; so that many

geometers understand them only in a partial way and are ignorant of

the more essential features of their contents.

“[Now to comprehend a number of propositions in one enunciation

is by no means easy in these porisms, because Euclid himself has not

in fact given many of each species, but chosen, for examples, one or a

few out of a great multitude‘. But at the beginning of the first book

he has given some propositions, to the number of ten, of one species,

namely that more fruitful species consisting of loci.] Consequently,

finding that these admitted of being comprehended in one enunciation,

we have set it out thus:

If, in a system of four straight lines‘ which cut each other

two and two, three points on one straight line be given while the

rest except one lie on different straight lines given in position,

the remaining point also will lie on a straight line given in

position‘.

1 Heiberg points out that Props. 5—9 of Archimedes’ treatise On Spiral: are porisms in

this sense. To take Prop. 5 as an exam le, DBF is a tangent to a circle with centre K.

It is then possible, says Archimedes, to raw a straight line D a F

KHF, meeting the circumference in H and the tangent in F,

such that

FH: HK< (are 811) : c,

where c is the circumference of any circle. To prove this he

assumes the following construction. E being any straight line

greater than c, he says: let KG be parallel to DF, “and let

the line Gil equal to E be placed verging to the point B."

Archimedes must of course have known how to effect this

construction, which requires conics. But that it is possible requires very little argument, for

if we draw any straight line BHG meeting the circle in Hand KG in C, it is obvious that

as G moves away from C, HG becomes greater and greater and may be made as great as we

please. The “later writers ” would no doubt have contented themselves with this considera

tion without actually ramlrurting HG.

'~' As Heibe says, this translation is made certain by a preceding passage of Pa pus

(p. 648, 1-3) w ere he com ares two enunciations, the latter of which “ falls short 0 the

fonner in hypothesis but goes eyond it in requirement.” E.g. the first enunciation requiring

us, given three circles, to draw a circle touching all three, the second may require us, given

only two circles (one less datum), to draw a circle touching them and q“ a given size (an

extra requirement).

a I translate Heiberg’s reading with a full stop here followed by a'péx dpxfi 6% 6m»: [rpbs

dpx'hv (6e50,:u‘vov) Hultsch] 'roU rpu'rrou fltflhlou... .

‘ The four straight lines are described in the text as (the sides) t'nrrlou 1'1‘ rapmr'rlou, i.e.

sides of two sorts of quadrilaterals which Simson tries to explain (see p. no of the Index

Graerilalir of Hultsch’s edition of Pap us).

5 In other words (Chasles, p. 13; oria, p. 73) if a triangle be so deformed that each of

its sides turns about one of three points in a straight line, and two of its vertices lie on two

straight lines given in position, the third vertex will also lie on a straight line.
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“This has only been enunciated of four straight lines, of which not

more than two pass through the same point, but it is not known (to

most people) that it is true of any assigned number of straight lines

if enunciated thus:

If any number of straight lines cut one another, not more

than two (passing) through the same point, and all the points

(of intersection situated) on one of them be given, and if each of

those which are on another (of them) lie on a straight line given

in position—

or still more generally thus:

if any number of straight lines cut one another, not more ,than

two (passing) through the same point, and all the points (of

intersection situated) on one of them be given, while of the other

points of intersection in multitude equal to a triangular number

a number corresponding to the side of this triangular number lie

respectively on straight lines given in position, provided that of

these latter points no three are at the angular points of a triangle

(so. having for sides three of the given straight lines)-»each of the

remaining points will lie on a straight line given in position‘.

“ It is probable that the writer of the Elements was not unaware

of this but that he only set out the principle; and he seems, in the

case of all the porisms, to have laid down the principles and the

seed only [of many important things], the kinds of which should be

distinguished according to the differences, not of their hypotheses, but

of the results and the things sought. [All the hypotheses are different

from one another because they are entirely special, but each of the

results and things sought, being one and the same, follow from many

different hypotheses]

“We must then in the first book distinguish the following kinds of

things sought:

“At the beginning of the book’ is this proposition :

I. ‘Iffrom two given points straight lines be drawn meeting

on a straight line given in position, and one out offrom a straight

line given in position (a segment measured) to a given point on it,

the other will also cut of from another (straight line a segment)

having to thefirst a given ratio.’

“ Following on this (we have to prove)

II. that such and such a point lies on a straight line given

in position;

III. that the ratio of such and such a pair of straight lines

is given ;”

etc. etc. (up to XXIX.).

“The three books of the porisms contain 38 lemmas; of the

theorems themselves there are 171.”

1 Loria (p. 73, note) gives the meaning of this as follows, pointing out that Simson was

the discoverer of it: “If a complete n-lateral be deformed so that its sides respectively turn

about n points on a straight line, and (n— 1) of its n (n— 1)]: vertices move on as many

straight lines, the other (11- 1)(n— a)/'z of its vertices likewise move on as many straight

lines: but it is necessary that it should be impossible to form with the (n— 1) vertices any

triangle having for sides the sides of the poly on.”

"' Reading, with IIeiberg, rot": fltflhlou [1017 { Ilultsch].
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Pappus further gives lemmas to the Porisms (pp. 866—918, ed.

Hultsch).

With Pappus’ account of Porisms must be compared the passages

of Proclus on the same subject. Proclus distinguishes two senses in

which the word mSpw-pa. is used. The first is that of corollary where

something appears as an incidental result of a proposition, obtained

without trouble or special seeking, a sort of bonus which the investi

gation has presented us with‘. The other sense is that of Euclid’s

Porisms2. In this sense8 “porism is the name given to things which

are sought, but need some finding and are neither pure bringing into

existence nor simple theoretic argument. For (to prove) that the

angles at the base of isosceles triangles are equal is a matter of

theoretic argument, and it is with reference to things existing that

such knowledge is (obtained). But to bisect an angle, to construct a

triangle, to cut ofi', or to place—all these things demand the making

of something; and to find the centre of a given circle, or to find the

greatest common measure of two given commensurable magnitudes,

or the like, is in some sort between theorems and problems. For in

these cases there is no bringing into existence of the things sought,

but finding of them, nor is the procedure purely theoretic. For it is

necessary to bring that which is sought into view and exhibit it to

the eye. Such are the porisms which Euclid wrote, and arranged in

three books of Porisms." ‘

Proclus’ definition thus agrees well enough with the first, “older,”

definition of Pappus. A porism occupies a place between a theorem

and a problem: it deals with something already existing, as a theorem

does, but has to find it (e.g. the centre of a circle), and, as a certain

operation is therefore necessary, it partakes to that extent of the

nature of a problem, which requires us to construct or produce some

thing not previously existing. Thus, besides III. I of the Elements

and X. 3, 4 mentioned by Proclus, the following propositions are

real porisms: III. 25, VI. II—r3, VII. 33, 34, 36, 39, VIII. 2,4, X. IO,

XIII. I8. Similarly in Archimedes On tlze Sphere and Cylinder I. 2-6

might be called porisms.

The enunciation given by Pappus as comprehending ten of Euclid’s

propositions may not reproduce the form of Euclid’s enunciations;

but, comparing the result to be proved, that certain points lie on

straight lines given in position, with the class indicated by II. above,

where the question is of such and such a point lying on a straight line

given in position, and with other classes, e.g. (V.) that such and such a

line is given in position, (VI.) that such and such a line verges to a given

point, (XXVIL) that there exists a given point such that straight lines

drawn from it to such and such (circles) will contain a triangle given

in species, we may conclude that a usual form of a porism was “to

prove that it is possible to find a point with such and such a property”

1 Proclus, pp. an, r4; 30r, 21.

2 Mid. p. an, n. “The term porism is used of certain problems, like the Porisms

written by Euclid.”

“ ibid. pp. 301, 25 sqq.
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or “ a straight line on which lie all the points satisfying given

conditions” etc.

Simson defined a porism thus: “ Porisma est propositio in qua

proponitur demonstrare rem aliquam, vel plures datas esse, cui, vel

quibus, ut et cuilibet ex rebus innumeris, non quidem datis, sed quae

ad ea quae data sunt eandem habent relationem,convenire ostendendum

est affectionem quandam communem in propositione descriptam‘.”

From the above it is easy to understand Pappus’ statement that

loci constitute a large class of porisms. A locus is well defined by

Simson thus: “Locus est propositio in qua propositum est datam

esse demonstrare, vel invenire lineam aut superficiem cuius quodlibet

punctum, vel superficiem in qua quaelibet linea data lege descripta,

communem quandam habet proprietatem in propositione descriptam."

Heiberg cites an excellent instance of a locus which is a porism, namely

the following proposition quoted by Eutocius2 from the Plane Loci of

Apollonius:

“ Given two points in a plane, and a ratio between unequal straight

lines, it is possible to draw, in the plane, a circle such that the straight

lines drawn from the given points to meet on the circumference of

the circle have (to one another) a ratio the same as the given ratio."

A difficult point, however, arises on the passage of Pappus, which

says that a porism is “that which, in respect of its hypothesis, falls

short of a locus-theorem ” (Tom/coil Gewprina-roq). Heiberg explains it

by comparing the porism from Apollonius’ Plane Loci just given with

Pappus’ enunciation of the same thing, to the effect that, if from two

given points two straight lines be drawn meeting in a point, and these

straight lines have to one another a given ratio, the point will lie on

either a straight line or a circumference of a circle given in position.

Heiberg observes that in this latter enunciation something is taken

into the hypothesis which was not in the hypothesis of the enunciation

of the porism, viz. “that the ratio of the straight lines is the same.”

I confess this does not seem to me satisfactory: for there is no real

difference between the enunciations, and the supposed difference in

hypothesis is very like playing with words. Chasles says: “Ce qui

constitue le porisme est ce qui manque a l'lzypotlzese d’un t/ze'oreme

local (en d’autres termes, le porisme est inférieur, par l’hypothese, an

théoreme local; c'est-a-dire que quand quelques parties d'une pro

position locale n’ont pas dans l’énoncé la determination qui leur est

propre, cette proposition cesse d’étre regardée comme un théoreme et

devient un porisme)” But the subject still seems to require further

elucidation.

While there is so much that is obscure, it seems certain (1) that the

Porz'sms were distinctly part of higher geometry and not of elementary

1 This was thus expressed by Chasles : “ Le porisme est une proposition dans laquelle on

demande de démontrer qu’une chose ou plusieurs choses sont donm‘cs, qui, ainsi que l’une

quelconque d'une infinite’ d’autres choses non données, mais dont chacune est avec (les choses

données dans une méme relation, out une certaine propriété commune, décrite dans la pro

position.”

2 Commentary on Apollonius’ Conic: (vol. 11. p. 180, ed. Heiberg).
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geometry, (2) that they contained propositions belonging to the

modern theory of transversals and to projective geometry. It should

be remembered too that it was in the course of his researches on this

subject that Chasles was led to the idea of anharmonic ratios.

Lastly, allusion should be made to the theory of Zeuthen1 on the

subject of the porisms. He observes that the only porism of which

Pappus gives the complete enunciation, “If from two given points

straight lines be drawn meeting on a straight line given in position,

and one cut off from a straight line given in position (a segment

measured) towards a given point on it, the other will also cut off from

another (straight line a segment) bearing to the first a given ratio."

is also true if there be substituted for the first given straight line a

conic regarded as the “locus with respect to four lines,” and that this

extended porism can be used for completing Apollonius’ exposition

of that locus. Zeuthen concludes that the Porisms were in part by

products of the theory of conics and in part auxiliary means for the

study of conics, and that Euclid called them by the same name as

that applied to corollaries because they were corollaries with respect to

conics. But there appears to be no evidence to confirm this conjecture.

5. The Surface-loci (mirror 7rpbq émqbaueiq.)

The two books on this subject are mentioned by Pappus as part

of the Treasury 0fAnalysis2. As the other works in the list which

were on plane subjects dealt only with straight lines, circles, and

conic sections, it is a priori likely that among the loci in this treatise

(loci which are surfaces) were included such loci as were cones,

cylinders and spheres. Beyond this all is conjecture based on two

lemmas given by Pappus in connexion with the treatise.

(I) The first of these lemmas’ and the figure attached to it are

not satisfactory as they stand, but a possible restoration is indicated

by Tannery‘. If the latter is right, it suggests that one of the loci

contained all the points on the elliptical parallel sections of a cylinder

and was therefore an oblique circular cylinder. Other assumptions

with regard to the conditions to which the lines in the figure may be

subject would suggest that other loci dealt with were cones regarded

as containing all points on particular elliptical parallel sections of

the cones”.

(2) In the second lemma Pappus states and gives a complete proof

of the focus-and-directrix property of a conic, viz. that the locus of a

point whose distancefrom a given point is in a given ratio to its distance

from afixed line is a conic section, which is an ellipse, a parabola or a

hyperbole: according as the given ratio is less than, equal to, or greater

than unity‘. Two conjectures are possible as to the application of

this theorem in Euclid’s Surface-loci. (a) It may have been used to

prove that the locus of a point whose distance from a given straight

I Die Lehre van den Kegclrchnitten irn Alterturn, chapter vm.

’ Pappus, v11. p. 636. ” ibid. v11. p. 1004.

‘ Bulletin des sciences mat/1. ct astrom, a" Série, VI. [49. ‘ _

“ Further particulars will be found in The Works of Archimedes, pp. lxii—lxiv, and in

Zeuthen, Die Le/tre van den Kegelschm'tten, p. 415 sqq.

‘ Pappus, v11. pp. 1006-1014, and Hultsch‘s Appendix, pp. 1170-3.

-’
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line is in a given ratio to its distance from a given plane is a certain

cone. (6) It may have been used to prove that the locus of a point

whose distance from a given point is in a given ratio to its distance

from a given plane is the surface formed by the revolution of a conic

about its major or conjugate axis‘. Thus Chasles may have been

correct in his conjecture that the Surface-loci dealt with surfaces of

revolution of the second degree and sections of the same’.

6. The Conics.

Pappus says of this lost work: “The four books of Euclid's Conics

were completed by Apollonius, who added four more and gave us

eight books of Conics’.” It is probable that Euclid’s work was lost

even by Pappus’ time, for he goes on to speak of “Aristaeus, who wrote

the still extant five books of Solid Loci connected with the conics.”

Speaking of the relation of Euclid’s work to that of Aristaeus on conics

regarded as loci, Pappus says in a later passage (bracketed however

by Hultsch) that Euclid, regarding Aristaeus as deserving credit for

the discoveries he had already made in conics, did not (try to)

anticipate him or construct anew the same system. We may no

doubt conclude that the book by Aristaeus on solid loci preceded

Euclid’s on conics and was, at least in point of originality, more

important. Though both treatises dealt with the same subject-matter,

the object and the point of view were different; had they been the

same, Euclid could scarcely have refrained, as Pappus says he did,

from attempting to improve upon the earlier treatise. No doubt

Euclid wrote on the general theory of conics as Apollonius did, but

confined himself to those properties which were necessary for the

analysis of the Solid Loci of Aristaeus. The Conic: of Euclid were

evidently superseded by the treatise of Apollonius.

As regards the contents of Euclid’s Com'os, the most important

source of our information is Archimedes, who frequently refers to

propositions in conics as well known and not needing proof, adding

in three cases that they are proved in the “elements of conics " or in

“the conics," which expressions must clearly refer to the works of

Aristaeus and Euclid‘.

Euclid still used the old names for the conics (sections of a right

angled, acute-angled, or obtuse-angled cone), but he was aware that

an ellipse could be obtained by cutting a cone in any manner by a

plane parallel to the base (assuming the section to lie wholly between

the apex of the cone and its base) and also by cutting a cylinder.

This is expressly stated in a passage from the P/zaenomena of Euclid

about to be mentioned“.

7. The P/iaenomena.

This is an astronomical work and is still extant. A much inter

‘ For further details see The lVorks of Arrlzimut'er, pp. lxiv, lxv, and Zeuthen, l. r.

’ Aperpi liislon'yue, pp. 273-4. 1‘ Pappus, v11. p. 672. .

‘ For details of these propositions see my Apollonius ofl’zrga, pp. xxxv, xxxvi.

5 See Heiberg, Euklz'd-Sludim, p. 88. “ If a cone or a cylinder be cut by a plane not

parallel to the base, the section is a section of an acute-angled cone, which is like a shield

(flupebs). ”

._._ Fr—M
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polated version appears in Gregory’s Euclid, and a much earlier and

better recension is, says Heiberg‘, contained in the MS. Vindobonensis

philos. Gr. 103, though the end of the treatise, from the middle of

prop. 16 to the last (18), is missing. The book consists of 18 pro

positions of spheric geometry. Euclid based it on Autolycus’ work

rep). Kwovpe'wlc a¢aipas, but also, evidently, on an earlier textbook of

Sphaerica of exclusively mathematical content. It has been con

jectured that the latter textbook may have been due to Eudoxus’.

8. The Optics.

This book needs no description, as it has been edited by Heiberg

recently’, both in its genuine form and in the recension by Theon.

The Catoptrica published by Heiberg in the same volume is not

genuine, and Heiberg suspects that in its present form it may be

Theon's. It is not even certain that Euclid wrote Catoptrica at

all, as Proclus may easily have had Theon’s work before him and

inadvertently assigned it to Euclid‘.

9. Besides the above-mentioned works, Euclid is said to have

written the Elements of Music“ (ai Karo. pououn‘yv a'roixewiaeis). Two

treatises are attributed to Euclid in our MsS. of the JVInsici, the

xa'ra'ro/u) Kavévoe, Sectio canonis (the theory of the intervals)‘, and the

eio'a'yw'yv) ripper/uni (introduction to harmony). The first, resting on

the Pythagorean theory of music, is mathematical and clearly and well

written, the style and the form of the propositions agreeing well with

what we find in the Elements. Its genuineness is confirmed not only

by internal evidence but by the fact that almost the whole of the

treatise (except the preface) is quoted in extenso, and Euclid is twice

mentioned by name, in the commentary on Ptolemy’s Harmonica

published by Wallis and attributed by him to Porphyry, but probably

for the most part compiled by Pappus or some other competent

mathematician’. (On the other hand Tannery set himself to prove '

that the treatise is not authentic‘t) The second treatise is not Euclid's,

but was written by Cleonides, a pupil of Aristoxenus”.

Lastly, it is worth while to give the Arabians’ list of Euclid's

works. I take this from Suter’s translation of the list of philosophers

and mathematicians in the Fihrist, the oldest authority of the kind

that we possess“. “ To the writings of Euclid belong further [in

addition to the Elements]: the book of Phaenomena; the book of

1 Euhlid-Sludien, pp. 50-1.

2 Heiberg, op. cit. p. 46; Hultsch, Autolycus, p. xii; A. A. Bjtimbo, Shut/en filter

Alene/nos’ Sp/u'z'rih (Abhandlungen znr Gcsrhichte o'er mat/lematischm Wissensehaflen, x1v.

1901), p. 5_6_sqq. _

' Euclrdu opera ammo, vol. v11. (1895).

‘ Heiberg, Euclid’s Optics, etc. p. l. 5 Proclus, p. 69, 3.

' Published in the Music!’ Snip/ores Graeci, ed. Jan (Teubner, 1895), pp. 113-166.

7 Jan. Musics’ Seriolores Graeci, p. 1 16.

*3 Comples rendus dc I’Acad. Jes inscriptlbns et belles-lettres, Paris, 1904, pp. 439—445.

Cf. Bihliotheca Alathcmatica, v1._,, 1905-6, p. 125, note 1.

9 Heiberg, Euklnt-Sludim, pp. 52—5; Jan, Musici Serzptores Graeci, pp. 169—174.

1° H. Suter, Dos Malhernaliher- Verzeic/miss im Fihrr'st in Abhamlltmgen 2m" Gcschirhle

der Mat/rematit, v1., 1891, pp. 1—87 (see especially p. 1;). Cf. Casiri, 1. 339, 340, and

Gem. PP- 4, 5

H.E. 2
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Given Magnitudes [Data]; the book of Tones, known under the name

of Music, not genuine; the book of Division, emended by Thabit;

the book of Utilisations or Applications [Porisms], not genuine; the

book of the Canon; the book of the Heavy and Light; the book of

Synthesis, not genuine; and the book of Analysis, not genuine.”

It is to be observed that the Arabs already regarded the book of

Tones (by which must be meant the eia-arymryi) oippovimj) as spurious.

The book of Division is evidently the book on Divisions (offigures).

The next book is described by Casiri as “ liber de utilitate suppositus.”

Suter gives reason for believing the Porisms to be meant‘, but does

not apparently offer any explanation of why the work is supposed to

be spurious. The book of the Canon is clearly the xa-raropn) rear/61109.

The book on “the Heavy and Light" is apparently the tract De levi

et ponderoso, included in the Basel Latin translation of 15 37, and in

Gregory’s edition. The fragment, however, cannot safely be attributed

to Euclid, for (I) we have nowhere any mention of his having written

on mechanics, (2) it contains the notion of specific gravity in a form

so‘clear that it could hardly be attributed to anyone earlier than

Archimedes‘. Suter thinks’ that the works on Analysis and Synthesis

(said to be spurious in the extract) may be further developments of

the Data or Porisms, or may be the interpolated proofs of End.

XIII. 1—5, divided into analysis and synt/zesis, as to which see the notes

on those propositions.

1 Suter, of. oil. pp. 49, 5o. Wenrich translated the word as “ntilia.” Suter says that

the nearest meaning of the Arabic word as of “porism” is use, gain (Nutzen, Gewinn), while

a further meaning is ex lanation, observation, addition: a gain arising out of what has

preceded (cf. Proclus’ de nition of the porism in the sense of a corollary).

2 Heiberg, Euklid-Sludzen, pp. 9, lO. 3 Suter, op. (it. p. 50.

\\,



CHAPTER III.

GREEK COMMENTATORS ON THE ELEZIIENTS OTHER

THAN PROCLUS.

THAT there was no lack of commentaries on the Elements before

the time of Proclus is evident from the terms in which Proclus refers

to them; and he leaves us in equally little doubt as to the value

which, in his opinion, the generality of them possessed. Thus he says

in one place (at the end of his second prologue)‘:

"Before making a beginning with the investigation of details,

I warn those who may read me not to expect from me the things

which have been dinned into our ears ad nauseam (Siaret'lpzlkq-rai) by

those who have preceded me, viz. lemmas, cases, and so forth. For

I am surfeited with these things and shall give little attention to them.

But I shall direct my remarks principally to the points which require

deeper study and contribute to the sum of philosophy, therein emulating

the Pythagoreans who even had this common phrase for what I mean

‘ a figure and a platform, but not a platform and sixpence’.’ ”

In another place‘, he says: “Let us now turn to the elucidation

of the things proved by the writer of the Elements, selecting the more

subtle of the comments made on them by the ancient writers, while

cutting down their interminable diffuseness, giving the things which

are more systematic and follow scientific methods, attaching more

importance to the working-out of the real subject-matter than to the

variety of cases and lemmas to which we see recent writers devoting

themselves for the most part."

At the end of his commentary on Eucl. I. Proclus remarks‘ that

the commentaries then in vogue were full of all sorts of confusion, and

contained no account of causes, no dialectical discrimination, and no

philosophic thought.

These passages and two others in which Proclus refers to “the

commentators” suggest that these commentators were numerous.

He does not however give many names; and no doubt the only

important commentaries were those of Heron, Porphyry, and Pappus.

1 Proclus, p. 84, 8.

’ i.e. we reach a certain height, use the platform so attained as a base on which to build

another stage, then use that as a base and so on.

3 Proclus, p. 200, 10. ‘ ibid. p. 432, 15. 5 Mid. p. 089, 11; p. 328, 16.

2-2
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I. Heron.

Proclus alludes to Heron twice as Heron mechanicus‘, in another

place’ he associates him with Ctesibius, and in the three other

passagesa where Heron is mentioned there is no reason to doubt

that the same person is meant, namely Heron of Alexandria. The

date of Heron is still a vexed question, though the possible limits

appear to have been practically narrowed down to the I50 years

between (say) 50 B.C. and 100 A.D. Martin‘ concluded that Heron

lived till the middle of the first century B.C., Hultsch‘ placed him at

the end of the second century B.C. Cantor in his first two editions

took a middle course and gave 100 B.C. as the date when he flourished‘.

But it is now certain that in his Mechanics, preserved in the Arabic

and recently published’, Heron quotes Posidonius the Stoic (of

Apamea, Cicero's teacher) by name as the author of a definition

of the centre of gravity. Now Posidonius lived till about the middle

of the first century B.C.; and, assuming that his writings dated from

not earlier than 90 or 80 B.C., we must put Heron at all events (say)

fifty years later than Hultsch placed him. Cantor now, while main

taining that he belonged to the first century B.C., admits that he may

have flourished as late as the last third of it“.

But in the meantime an entirely different view was elaborated by

W. Schmidt, the editor of the first volume of the new edition of

Heron's complete works, who assigned him to the second half of the

first century A.D.° The arguments for the terminus post quem are

mainly these. (I) Vitruvius gives in the preface to Book VII. of his

De Architectura (brought out apparently I4 B.C.) a list of authorities

on machinationes from whom he had made extracts. This list contains

twelve names and has every appearance of being scrupulously com

plete; but, while it includes Archytas, Archimedes, Ctesibius, and

Philo of Byzantium (who come second, third, fourth, and sixth in

order respectively), Heron is not mentioned. Moreover the points

of difference between Vitruvius and Heron seem on the whole to be

more numerous and important than the resemblances. (2) Diels

concluded from the use of Latinisms by Heron that the first century A.D.

was the earliest possible date. (3) A definite date was derived by

Carra de Vaux from the identification of a small single-screw olive

press described by Heron (il/lcchanics, III. 20) with one mentioned by

Pliny (Nat. Hist. XVIII. 317) as having been introduced within the

last twenty-two years: this gives AD. 55 as the date before which the

Mechanics could not have been written. The terminus ante quem,

100 A.D., was arrived at (I) from internal evidence suggesting that

‘ Proclus, p. 305, 24; p. 346, 13.

2 ibid. p. 41, 10. 3 ibid. p. 196, 16; p. 323, 7; p. 419, 13.

4 Martin, Recherchcs sur la vie et les ouvrages d‘Ht‘ron d"A/exandrie, Paris, I854, p. '27.

‘ Hultsch, Metrolagicorum scn'jtlorum religuiae, 1864, I . 9.

'3 Cantor, Gesrh. d. zllath. 12, p. 347.

7 Heram's Alcxandrim' opera yuae supersunt omnia ('l‘eubner, Leipzig), vol. II. edited by

L. Nix and W. Schmidt, 1900.

‘'1 Cantor, Gesch. 1!. Math‘. 13, p. 366.

9 See Heronis Alexandn'ni opera, vol. I., 1899, pp. ix—xxv.
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Heron was earlier than Claudius Ptolemy (about 100‘178 A.D.), and

(2) from an apparent reference by Plutarch to a proposition about

incidence and reflexion taking place at equal angles, proved by

Heron in his Catoptriaz, coupled with the facts that in that work

Heron mentions Menelaus of Alexandria (about 100 A.D.) and that

Plutarch died at a great age in 120 AD.

Attempts have however been made in two recent tracts to over

throw almost the whole of these arguments‘. (I) It is asserted that the

olive-press of Mechanics III. 20 is not the same as that referred to by

Pliny. (2) It is pointed out that Heron is mentioned with Archimedes

and Ctesibius in a passage of Proclus which is supposed to be drawn

from Geminus’. But, as Geminus wrote about 70 B.C. and Posidonius

not earlier than 90 B.C., while Heron quotes Posidonius and is therefore

later, the intervals are all too short to make it probable that Heron

would be mentioned in Geminus’ historical work; and I think that

the name of Heron may well have been inserted after that of Ctesibius

by Proclus himself. (3) The view that Vitruvius did not use Heron's

work is attacked, and the contrary sought to be proved, on the basis

apparently of three passages. (a) Vitruvius’ water-organ is held to

be decidedly better than Heron's": therefore Vitruvius used Heron's

in order to improve upon it. (b) Vitruvius, in a passage describing

a certain use of the lever, takes a wrong point to be the fulcrum ; and

it is held that he cannot have made the mistake himself, but must

necessarily have copied it from Heron‘. In order, however, to find

the same error in Heron, Hoppe arbitrarily alters both the figure and

the text. (6) Vitruvius describes the working of a certain crane in

language less clear than that of Heron” ; therefore he used Heron but

misunderstood him! All would appear to be grist which comes to

the mill of such critics: but I doubt whether such arguments will

convince those who hold to the second half of the first century as the

date that their view is mistaken.

That Heron wrote a systematic commentary on the Elements

might be inferred from Proclus, but it is rendered quite certain by

references to the commentary in Arabian writers, and particularly in

an-Nairizi’s commentary on the first ten Books of the Elements. The

Fz'lzrist says, under Euclid, that “ Heron wrote a commentary on this

book [the Elements], endeavouring to solve its difiiculties‘”; and

under Heron, “ He wrote: the book of explanation of the obscurities

in Euclid’....” An-Wairizi’s commentary quotes Heron by name very

frequently, and often in such a way as to leave no doubt that the

author had Heron’s work actually before him. Thus the extracts are

l E. Hoppe, Ein Beilmg cur Zn'tbexlimmung 11mm: van Alexandria)‘, Hamburg, 1902 ;

Rudolf Meier. D: Hrroni: aelalc, Leipzig, I905. See the references to the arguments in

Cantor, Gfl’tk. d. Mam. I3, pp. 365, 367, 545—7.

’ Proclus, p. 41, IO.

' Vitruvius, x. I3; Heron, vol. I. p. 192 sqq. (Pnzumalicr, I. 42, 43).

‘ Vitruvius, x. 3, 3; Heron, vol. II. pp. 1I4—-II6 (Mcc/lanirr, II. 8).

‘ Vitruvius, X. 2, I0; Heron, vol. II. pp. '101—4 (filer/lamb‘, III. 2).

° Dar Alat/lemaliker- Vanda/miss in; Film}! (tr. Suter), p. I6.

7 ibid. p. n.
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given in the first person introduced by “ Heron says " (“ Dixit Yrinus ”

or “ Heron”); and in other places we are told that Heron “says

nothing,” or “is not found to have said anything,” on such and such

a proposition. The commentary of an-Nairizi is being published by

Besthorn and Heiberg from a Leiden MS. of the translation of the

Elements by al-Hajjaj with the commentary attached‘. But this MS.

only contains six Books, and several pages in the first Book are

missing, which contain the comments of Simplicius on the first twenty

two definitions of the first Book. Fortunately the commentary of

an-Nairizi has been discovered in a more complete form, in a Latin

translation by Gherardus Cremonensis of the twelfth century, which

contains the missing comments by Simplicius and an-Nairizi’s com

ments on the first ten Books. This valuable work has recently been

edited by Curtze’.

Thus from the three sources, Proclus, and the two versions of

an-Nairizi, which supplement one another, we are able to form a very

good idea of the character of Heron’s commentary. In some cases

observations given by Proclus without the name of their author are

seen from an-Nairizi to be Heron’s ; in a few cases notes attributed

by Proclus to Heron are found in an-Nairizi without Heron's name;

and, curiously enough, one alternative proof (of I. 25) given as Heron's

by Proclus is introduced by the Arab with the remark that he has

not been able to discover who is the author.

Speaking generally, the comments of Heron do not seem to have

contained much that can be called important. We find

(1) A few general notes, e.g. that Heron would not admit more

than three axioms.

(2) Distinctions of a number of particular cases of Euclid's pro

positions according as the figure is drawn in one way or in another.

Of this class are the different cases of I. 35, 36, III. 7, 8 (where the

chords to be compared are drawn on a'zfi'erent sides of the diameter

instead of on the same side), III. 12 (which is not Euclid’s, but Heron’s

own, adding the case of external contact to that of internal contact in

III. II), VI. 19 (where the triangle in which an additional line is drawn

is taken to be the smaller of the two), VII. 19'(where he gives the

particular case of three numbers in continued proportion, instead of

four proportionals).

(3) Alternative proofs. Of these there should be mentioned (a)

the proofs of II. I—Io “without a figure,” being simplythe algebraic

forms of proof, easy but uninstructive, which are so popular nowadays,

the proof of III. 25 (placed after III. 30 and starting from the arc

instead of the chord), III. 10 (proved by III. 9), III. 13 (a proof

preceded by a lemma to the effect that a straight line cannot meet a

circle in more than two points). Another class of alternative proof is

1 Codex Leid'ensis 399, 1. Euclillis Elementa ex interpretation: al-Harischdschadschii

cum commentariis al-Narizii. Two parts carrying the work to the end of Book I. were

issued in 1893 and 1897 respectively. Another part came out in 1905.

‘ Anaritii in decent libros priores elcnzcntorum Euclidis cotnmmtarz'i ex interpretatione

Gherardi Cremonenszlnuedidit Maximilianus Curtze (Teubner, Leipzig, 1899).
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(b) that which is intended to meet a particular objection (e'iua’raa'ic)

which had been or might be raised to Euclid’s construction. Thus

in certain cases he avoids producing a particular straight line, where

Euclid produces it, in order to meet the objection of any one who should

deny our right to assume that there is any space available‘. Of this

class are Heron's proofs of I. II, I. 20, and his note on I. I6. Similarly

on I. 48 he supposes the right-angled triangle which is constructed to

be constructed on the same side of the common side as the given

triangle is. A third class (e) is that which avoids rednetio aa'

absnrdum. Thus, instead of indirect proofs, Heron gives direct

proofs of I. I9 (for which he requires, and gives, a preliminary

lemma), and of I. 25.

(4) Heron supplies certain converses of Euclid’s propositions,

e.g. converses of II. I2, I3, VIII. 27.

(5) A few additions to, and extensions of, Euclid’s propositions

are also found. Some are unimportant, e.g. the construction ofisosceles

and scalene triangles in a note on I. I, the construction of two tangents

in III. 17, the remark that \‘II. 3 about finding the greatest common

measure of three numbers can be applied to as many numbers as we

please (as Euclid tacitly assumes in VII. 3r). The most important

extension is that of III. 20 to the case where the angle at the

circumference is greater than a right angle, and the direct deduction

from this extension of the result of III. 22. Interesting also are the

notes on I. 37 (on I. 24 in Proclus), where Heron proves that two

triangles with two sides of one equal to two sides of the other and

with the included angles supplementary are equal, and compares the

areas where the sum of the two included angles (one being supposed

greater than the other) is less or greater than two right angles, and

on I. 47, where there is a proof (depending on preliminary lemmas) of

the fact that, in the figure of the proposition, the straight lines AL,

BK, CF meet in a point. After IV. I6 there is a proof that, in a

regular polygon with an even number of sides, the bisector of one

angle also bisects its opposite, and an enunciation of the corresponding

proposition for a regular polygon with an odd number of sides.

Van Pesch2 gives reason for attributing to Heron certain other

notes found in Proclus, viz. that they are designed to meet the same

sort of points as Heron had in view in other notes undoubtedly written

by him. These are (a) alternative proofs of I. 5, I. I7, and I. 32,

which avoid the producing of certain straight lines, (b) an alternative

proof of I. 9 avoiding the construction of the equilateral triangle on

the side of BC opposite to A ; (e) partial converses of I. 35—38, starting

from the equality of the areas and the fact of the parallelograms or

triangles being in the same parallels, and proving that the bases are

the same or equal, may also be Heron's. Van Pesch further supposes

that it was in Heron's commentary that the proof by Menelaus of

I. 25 and the proof by Philo of I. 8 were given.

1 Cf. Proclus, 275, 7 el 56 )Ié‘yot rt; ‘rbirov at; sl5éwat..., 289, I8 M-yei oiw m- an mix {on

for”...

a De Proeliflntibus, Lugduni-Batavorum, I900.
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The last reference to Heron made by an-Nairizi occurs in the note

on VIII. 27, so that the commentary of the former must at least have

reached that point.

II. Porphyry.

The Porphyry here mentioned is of course the Neo-Platonist who

lived about 232-304 AD. Whether he really wrote a systematic

commentary on the Elements is uncertain. The passages in Proclus

which seem to make this probable are two in which he mentions him

(1) as having demonstrated the necessity of the words “not on the

same side” in the enunciation of 1. 14‘, and (2) as having pointed out

the necessity of understanding correctly the enunciation of 1. 26, since,

if the particular injunctions as to the sides of the triangles to be taken

as equal are not regarded, the student may easily fall into error’.

These passages, showing that Porphyry carefully analysed Euclid’s

enunciation: in these cases, certainly suggest that his remarks were

part of a systematic commentary. Further, the list of mathematicians

in the ‘Fi/zrz'st gives Porphyry as having written “a book on the

Elements."' It is true that Wenrich takes this book to have been a

work by Porphyry mentioned by Suidas and Proclus (Tlzeolog. Platon.),

vrepi ripxo'iv libri II.3

There is nothing of importance in the notes attributed to Porphyry

by Proclus.

(1) Three alternative proofs of I. 20, which avoid producing a side

of the triangle, are assigned to Heron and Porphyry without saying

which belonged to which. If the first of the three was Heron's,.I

agree with van Pesch that it is more probable that the two others

were both Porphyry’s than that the second was Heron’s and only the

third Porphyry’s. For they are similar in character, and the third

uses a result obtained in the second‘.

(2) Porphyry gave an alternative proof of I. 18 to meet a childish

objection which is supposed to require the part of ACequal to AB to

be cut off from CA and not from AC.

Proclus gives a precisely similar alternative proof of I. 6 to meet a

similar supposed objection; and it may well be that, though Proclus

mentions no name, this proof was also Porphyry’s, as van Pesch

suggests‘.

Two other references to Porphyry found in Proclus cannot have

anything to do with commentaries on the Elements. In the first a

work called the Zvicnuc-ra'. is quoted, while in the second a philo

sophical question is raised.

III. Pappus.

The references to Pappus in Proclus are not numerous; but we

have other evidence that he wrote a commentary on the Elements.

Thus a scholiast on the definitions of the Data uses the phrase “ as

lProclus . ,— ,. "'.. '
B Fi/zrz'sl ’(tl:.pSi1lle7r),1p. z99,81c::nd p. 45 (notelilfi p 352' 13' I4 and the pages preceding

‘ Van Pesch, De Proclifimlibus, pp. 119, 130. Heiberg assigned them as above in his

Eul-lx'd-Sludim (p. 160), but seems to have changed his view later. (See Besthorn-Heiberg,

Codex Leia'msis, p. 93, note 1.)

5 Van Pesch, op. cit. pp. 130-1.
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Pappus says at the beginning of his (commentary) on the 10th (book)

of Euclid‘.” Again in the Fi/zrzkt we are told that Pappus wrote a

commentary to the tenth book of Euclid in two parts’. Fragments

of this still survive in a MS. described by Woepcke’, Paris. No. 952. 2

(supplement arabe de la Bibliotheque impériale), which contains a

translation by AbG 'Uthman (beginning of 10th century) of a Greek

commentary on Book X. It is in two books, and there can now be

no doubt that the author of the Greek commentary was Pappus‘.

Again Eutocius, in his note on Archimedes, 0n the Sphere and

Cylinder I. 13, says that Pappus explained in his commentary on the

Elements how to inscribe in a circle a polygon similar to a polygon

inscribed in another circle; and this would presumably come in his

commentary on Book XII., just as the problem is solved in the second

scholium on Eucl. XII. 1. Thus Pappus’ commentary on the Elemenls

must have been pretty complete, an additional confirmation of this

supposition being forthcoming in the reference of Marinus (a pupil

and follower of Proclus) in his preface to the Dam to “the com

mentaries of Pappus on the book‘."

The actual references to Pappus in Proclus are as follows:

(I) On the Postulate (4) that all right angles are equal, Pappus is

quoted as saying that the converse, viz. that all angles equal to a

right angle are right, is not true‘, since the angle included between

the arcs of two semicircles which are equal, and have their diameters

at right angles and terminating at one point, is equal to a right angle,

but is not a right angle.

(2) On the axioms Pappus is quoted as saying that, in addition to

Euclid's axioms, others are on record as well (avuauaryprirpeaaat) about

unequals added to equals and equals added to unequals’; these, says

Proclus, follow from the Euclidean axioms, while others given by

Pappus are involved by the definitions, namely those which assert

that “ all parts of the plane and of the straight line coincide with one

another,” that “ a point divides a straight line, a line a surface, and a

surface a solid,” and that “the infinite is (obtained) in magnitudes

both by addition and diminution”?

1 Euclid’s Data, ed. Menge, . 162. ’ Fi/xnirl (tr. Suter), p. n.

‘ Mz‘mairer présmltls t) I’amtkgm'c der winner, 1856, XIV. pp. 658—718.

‘ Woepcke read the name of the author, in the title of the first boo as 8.10: (the dot

rlefpresenting a missing vowel). He quotes also from other MSS. (e.g. of the Ta’rikh a1

_ ubamzi and of the Filtrirt) where he reads the name of the commentator as B .lir, B. n ._r

or B. 1.:. Woepcke takes this author to be Valens, and thinks it possible that he may be

the same as the astrologer Vettius Valens. This Heiberg (Euklid-Sludim, pp. 169,170)

proves to be impossible, because, while one of the M55. quoted by Woepcke says that

“5.21.1, 1e Ro/Jmi" (late-Greek) was later than Claudius Ptolemy and the Fibrin says

“3.1.x, lc Raflmi" wrote a commentary on Ptolemy‘s P/amlrp/merium, Vettius Valens

seems to have lived under Hadrian, and must therefore have been an alder contem orary of

Ptolemy. But Suter shows (Filzrisl, p. 22 and p. 54, note 92) that Erma: is on y distin

guished from 81160: by the position of a certain dot, and Bale: may also easily have arisen

from an original Babos (there is no P in Arabic), so that Pappus must be the person meant.

This is further confirmed by the fact that the Filzrisl gives this author and Valens as the

subjects of two separate paragraphs, attributing to the latter astrological works only.

5 Heiberg, EukIid-Sludfm, p. 173; Euclid’s Data, ed. Men e, pp. 156, lii.

‘ Proclus, pp. 189, 190. 7 ibid. p. :97, —lo.

'3 ibid. p. 198, 3-15.
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(3) Pappus gave a pretty proof of I. 5. This proof has, I think,

been wrongly understood; on this point see my note on the

proposition.

(4) On I. 47 Proclus says‘: “ As the proof of the writer of the

Elements is manifest, I think that it is not necessary to add anything

further, but that what has been said is sufficient, since indeed those

who have added more, like Heron and Pappus, were obliged to make

use of what is proved in the sixth book, without attaining any

important result.” ‘(V8 shall see what Heron's addition consisted of;

what Pappus may have added we do not know, unless it was some

thing on the lines of his extension of I. 47 found in the Synagoge

(IV. p. 176, ed. Hultsch).

We may fairly conclude, with van Pesch’, that Pappus is drawn

upon in various other passages of Proclus where he quotes no

authority, but where the subject-matter reminds us of other notes

expressly assigned to Pappus or of what we otherwise know to have

been favourite questions with him. Thus:

I. We are reminded of the curvilineal angle which is equal to but

not a right angle by the note on I. 32 to the effect that the converse

(that a figure with its interior angles together equal to two right

angles is a triangle) is not true unless we confine ourselves to

rectilineal figures. This statement is supported by reference to a

figure formed by four semicircles whose diameters form a square, and

one of which is turned inwards while the others are turned outwards.

The figure forms two angles “equal to " right angles in the sense

described by Pappus on Post. 4, while the other curvilineal angles are

not considered to be angles at all, and are left out in summing the

internal angles. Similarly the allusions in the notes on I. 4, 23 to

curvilineal angles of which certain moon-shaped angles (pm/061.86%)
are shown to be “equal toH rectilineal angles savour of Pappus.

2. On I. 9 Proclus says8 that “Others, starting from the Archi

medean spirals, divided any given rectilineal angle in any given ratio."

We cannot but compare this with Pappus IV. p. 286, where the spiral

is so used ; hence this note, including remarks immediately preceding

about the conchoid and the quadratrix, which were used for the same

purpose, may very well be due to Pappus.

3. The subject of isoperimetric figures was a favourite one with

Pappus, who wrote a recension of Zenodorus’ treatise on the subject‘.

Now on I. 35 Proclus speaks“ about the paradox of parallelograms

having equal area (between the same parallels) though the two sides

between the parallels may be of any length, adding that of parallelo

grams with equal perimeter the rectangle is greatest if the base be

given, and the square greatest if the base be not given etc. He

returns to the subject on I. 37 about triangles“. Compare7 also his

note on I. 4. These notes may have been taken from Pappus.

1 Proclus, p. 429, 9—I5.

'1 Van Pesch, De Proclz'fanlibus, p. 134 sqq. 3 Proclus, p. 27:, lo.

‘ Pappus, v. pp. 304-350; for Zenodorus’ own treatise see Hultsch’s Appendix, pp. 1189

'—Iill.

‘ Proclus, pp. 396-8. ‘‘ ibid. pp. 403-4. 7 ibid. pp. 236-7.
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4. Again, on I. 21, Proclus remarks on the paradox that straight

lines may be drawn from the base to a point within a triangle which

are (I) together greater than the two sides, and (2) include a less

angle provided that the straight lines may be drawn from points in

the base other than its extremities. The subject of straight lines

satisfying condition (1) was treated at length, with reference to a

variety of cases, by Pappus‘, after a collection of “paradoxes” by

Erycinus, of whom nothing more is known. Proclus gives Pappus’

first case, and adds a rather useless proof of the possibility of drawing

straight lines satisfying condition (2) alone, adding that “the proposi

tion stated has been proved by me without using the parallels of

the commentators?” By “the commentators” Pappus is doubtless

meant.

5. Lastly, the “four-sided triangle,” called by Zenodorus the

“hollow-angled,”a is mentioned in the notes on I. Def. 24—29 and

I. 21. As Pappus wrote on Zenodorus’ work in which the term

occurred‘, Pappus may be responsible for these notes.

IV. Simplicius.

According to the Filzrist", Simplicius the Greek wrote “a com

mentary to the beginning of Euclid's book, which forms an introduc

tion to geometry.” And in fact this commentary on the definitions,

postulates and axioms (including the postulate known as the Parallel

Axiom) is preserved in the Arabic commentary of an-Nairizi". On

two subjects this commentary of Simplicius quotes a certain “ Aganis,"

the first subject being the definition of an angle, and the second the

definition of parallels and the parallel-postulate. Simplicius gives

word for word, in a long passage placed by an-Nairizi after I. 29, an

attempt by “ Aganis" to prove the parallel-postulate. It starts from
a definition of parallels which agrees with GeminusI view of them as

given by Proclus’, and is closely connected with the definition given

by Posidonius". Hence it has been assumed that “Aganis” is none

other than Geminus, and the historical importance of the commentary

of Simplicius has been judged accordingly. But it has been recently

shown by Tannery that the identification of “ Aganis” with Geminus

is practically impossible". In the translation of Besthorn-Heiberg

Aganis is called by Simplicius in one place “philosophus Aganis,” in

another “ magister noster Aganis,” in Gherard’s version he is “ socius

Aganis" and “socius noster Aganis.” These expressions seem to

leave no doubt that Aganis was a contemporary and friend, if not

master, of Simplicius; and it is impossible to suppose that Simplicius

(fi. about 500 AD.) could have used them of a man who lived four and

‘ Pappus 111. p . Io4.—13o. ’ Proclus, p. 328, 15.

' Proclus, p. 155, 24; cf. pp. 328, 329. ‘ See Pappus, ed. Hultsch, pp. 1154, 1206.

5 I'i'hrz'st (tr. Suter), p. 21.

‘ An-Nairizi, ed. Besthorn-Heiberg, pp. 9—-41, 119—133, ed. Curtze, pp. 1—37, 65—73.

The Codex Ln'densis, from which Besthorn and Heiberg are editing the work, has un

fortunately lost some leaves so that there is a gap from Def. 1 to Def. 35 (parallels). The

loss is, however, made good by Curtze's edition of the translation by Gherard of Cremona.

7 Proclus, p. 177, 21. 5 ibid. p. 176, 7.

9 Bihliotheca rllalhemalica, 11,, 1900, pp. 9—11.
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a half centuries before his time. A phrase in Simplicius’ word-for

word quotation from Aganis leads to the same conclusion. He speaks

of people who objected "even in ancient times” (iam antiquitus) t0

the use by geometers of this postulate. This would not have been an

appropriate phrase had Geminus been the writer. I do not think

that this difficulty can be got over by Suter's suggestion1 that the

passages in question may have been taken out of Heron’: commentary,

and that an-Nairizi may have forgotten to name the author; it seems

clear that Simplicius is the person who described “ Aganis.” Hence

we are driven to suppose that Aganis was not Geminus, but some

unknown contemporary of Simplicius". Considerable interest will

however continue to attach to the comments of Simplicius so

fortunately preserved.

Proclus tells us that one Aegaeas (P Aenaeas) of Hierapolis wrote an

epitome of the Elements"; but we know nothing more of him or of it.

1 Za'lrrllnflffir flint/z. u. P/rysik, xuv.. hist.-litt. Abth. p. 6!.

2 The above argument seems to me quite insuperahle. The other arguments of Tannery

do not. however, carry conviction to my mind. I do not follow the reasoning based on

Aganis' definition of an angle. It appears to me a pure assumption that Geminus would have

seen that Posidonius’ definition of parallels was not admissible. Nor does it seem to me to

count for much that Proclus, while telling us that Geminus held that the postulate ought to be

proved and warned the unwary against hastily concluding that two straight lines approaching

one another must necessarily meet (cf. a curve and its asymptote), gives no hint that

Geminus did try to prove the postulate. It may well be that Proclus omitted Geminus’

"proo6f" (if he wrote one) because he preferred Ptolemy’s attempt which he gives

- 3 5—7)(pps Proclus, p. 36!, 1|



CHAPTER IV.

PROCLUS AND HIS SOURCES‘.

IT is well known that the commentary of Proclus on Eucl. Book I.

is one of the two main sources of information as to the history of

Greek geometry which we possess, the other being the Collection of

Pappus. They are the more precious because the original works of

the forerunners of Euclid, Archimedes and Apollonius are lost, having

probably been discarded and forgotten almost immediately after the

appearance of the masterpieces of that great trio.

Proclus himself lived 410-485 AD, so that there had already

passed a sufficient amount of time for the tradition relating to the

pre-Euclidean geometers to become obscure and defective. In this

connexion a passage is quoted from Simplicius’ who, in his account

of the quadrature of certain lunes by Hippocrates of Chios, while

mentioning two authorities for his statements, Alexander Aphro

disiensis (about 220 AD.) and Eudemus, says in one place’, “ As

regards Hippocrates of Chios we must pay more attention to Eudemus,

since he was nearer t/ze times, being a pupil of Aristotle."

The importance therefore of a critical examination of Proclus’

commentary with a view to determining from what original sources

he drew need not be further emphasised.

Proclus received hisearly training in Alexandria, where Olympio

dorus was his instructor in the works of Aristotle, and mathematics

was taught him by one Heron‘ (of course a different Heron from the

“mec/zanicus Hero” of whom we have already spoken). He after

wards went to Athens where he was imbued by Plutarch, and by

Syrianus, with the Neo-Platonic philosophy, to which he then devoted

I My task in this chapter is made easy by the appearance, in the nick of time, of the

dissertation De Proch‘ fonlibus by J. G. van Pesch (Lugduni-Batavorum, Apud L. van

Nifterik, MDCCCC). The chapters dealing directly with the subject show a thorough

acquaintance on the part of the author with all the literature hearing on it; he covers

the whole field and he exercises a sound and sober judgment in forming his conclusions.

The same cannot always be said of his only predecessor in the same inquiry. Tannery

(in La Glomltric grecque, 1887), who often robs his speculations of much of their value

through his proneness to run away with an idea; he does so in [his case, basing most of his

conclusions on an arbitrary and unwarranted assumption as to the significance of the words

01 rcpt rum. (e.g. ~I-lpwm, Iloaetau'wwv etc.) as used in Proclus.

’ Simplicius on Aristotle's Physics, ed. Diels, pp. 54—69.

3 mid. p. 68, 32.

‘ Cf. Martin, Recherche: sur la vie e! In our/rages d‘Htron d'A/exanrtn'e, pp. '140—1.



30 INTRODUCTION [cH. 1v

heart and soul, becoming one of its most prominent exponents. He

speaks everywhere with the highest respect of his masters, and

was in turn regarded with extravagant veneration by his contem

poraries, as we learn from Marinus his pupil and biographer. On

the death of Syrianus he was put at the head of the Nee-Platonic

school. He was a man of untiring industry, as is shown by the

number of books which he wrote, including a large number of com

mentaries, mostly on the dialogues of Plato. He was an acute

dialectician, and pre-eminent among his contemporaries in the

range of his learning‘; he was a competent mathematician; he was

even a poet. At the same time he was a believer in all sorts of

myths and mysteries and a devout worshipper of divinities both

Greek and Oriental.

Though he was a competent mathematician, he was evidently

.much more a philosopher than a mathematician“. This is shown

even in his commentary on Eucl. 1., where, not only in the Prologues

(especially the first), but also in the notes themselves, he seizes any

opportunity for a philosophical digression. He says himself that he

attaches most importance to “the things which require deeper study

and contribute to the sum of philosophy“"; alternative proofs, cases,

and the like (though he gives many) have no attraction for him;

and, in particular, he attaches no value to the addition of Heron to

t. 47‘, which is of considerable mathematical interest. Though he

esteemed mathematics highly, it was only as a handmaid to philosophy.

He quotes Plato's opinion to the effect that “mathematics, as making

use of hypotheses, falls short of the non-hypothetical and perfect

science°”...“Let us then not say that Plato excludes mathematics

from the sciences, but that he declares it to be secondary to the one

supreme sciences.” And again, while “mathematical science must be

considered desirable in itself, though not with reference to the needs

of daily life," “if it is necessary to refer the benefit arising from it to

something else, we must connect that benefit with intellectual know

ledge (voept‘w 'yvdmw), to which it leads the way and is a propaedeutic,‘

clearing the eye of the soul and taking away the impediments which

the senses place in the way of the knowledge of universals ('ra'iv

filmy 7."

“)le know that in the Neo-Platonic school the younger pupils

learnt mathematics; and it is clear that Proclus taught this subject,

and that this was the origin of the commentary. Many passages

show him as a master speaking to scholars. Thus "we have illustrated

1 Zeller calls him “Der Gelehrte, dem kein Feld dmnaligen Wissens verschlossen ist."

2 Van Pesch observes that in his commentaries on the Til/mew (pp. 671—1) he speaks

as no real mathematician could have spoken. In the passage referred to the question is

whether the sun occupies a middle place among the planets. Proclus rejects the view of

Hipparchus and Ptolemy because "6 Oeoup'yds” (so. the Chaldean, says Zeller) thinks otherwise,

"Whom it is not lawful to disbelieve.” Martin says rather neatly, “ Pour Proclus, les

léments d'Euclide ont l’heureuse chance de n’étre contredits ni par les Oracles chalda't'ques,

ni par les speculations des pythagoriciens anciens et nouveaux .... ..”

3 Proclus, p. 84., 13. 4 ibid. p. 429, 12.

° ibid. p. 3t, 20. ‘‘ ibid. p. 32, '1.

7 ibid. p. '27, 27 to '28, 7; cf. also p. '21, 15, pp. 46, 47.
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and made plain all these things in the case of the first problem, but

it is necessary that my hearers should make the same inquiry as

regards the others as well‘,” and “ I do not indicate these things as a

merely incidental matter but as preparing u: beforehand for the

doctrine of the Timaeuse." Further, the pupils whom he was

addressing were beginners in mathematics; for in one place he says

that he omits “for the present” to speak of the discoveries of those

who employed the curves of Nicomedes and Hippias for trisecting

an angle, and of those who used the Archimedean spiral for dividing

an angle in any given ratio, because these things would be too

difiicult for beginners (Suo-Oewpn'rovs- 'roZs siawyope'uom)“. Again, if

his pupils had not been beginners, it would not have been necessary

for Proclus to explain what is meant by saying that sides subtend

certain angles‘, the difference between adjacent and verliml angles“

etc., or to exhort them, as he often does, to work out other particular

cases for themselves, for practice ('yvpvam'aq E'vsxa)“.

The commentary seems then to have been founded on Proclus’

lectures to beginners in mathematics. But there are signs that it

was revised and re-edited for a larger public; thus he gives notice in

one place7 “to those who shall come upon” his work (mic e’v'revfo

,uéuols). There are also passages which could not have been under

stood by the beginners to whom he lectured, e.g. passages about the

cylindrical helix“, conchoids and cissoids". These passages may have

been added in the revised edition, or, as van Pesch conjectures, the

explanations given in the lectures may have been much fuller and

more comprehensible to beginners, and they may have been shortened

on revision.

In his comments on the propositions of Euclid, Proclus generally

proceeds in this way: first he gives explanations regarding Euclid’s

proofs, secondly he gives a few different cases, mainly for the sake of

practice, and thirdly he addresses himself to refuting objections

raised by cavillers to particular propositions. The latter class of

note he deems necessary because of “sophistical cavils” and the

attitude of the people who rejoiced in finding paralogisms and in

causing annoyance to scientific men“. His commentary does not

seem to have been written for the purpose of correcting or improving

Euclid. For there are very few passages of mathematical content

in which Proclus can be supposed to be propounding anything of his

own; nearly all are taken from the works of others, mostly earlier

commentators, so that, for the purpose of improving on or correcting

Euclid, there was no need for his commentary at all. Indeed only in

one place does he definitely bring forward anything of his own to get

over a difiiculty which he finds in Euclid“; this is where he tries to

‘a Ilrgclus, p. no, I8. 3 p. 38;, 'z.

1:..1212. zz.p.23,n.

: ibid. 238,’ l4. 2 Cf. p. 224, 15 (on I. a).

' ' . . . '6 21. . ‘.9 rbz-a' p 84., 9 m rbrd p 105 8

zbrd. p. “3. r 1 . p. 375, .

‘1 ibid. pp. 368-373.
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prove the parallel-postulate, after first giving Ptolemy’s attempt and

then pointing out objections to it. On the other hand there are a

number of passages in which he extols Euclid; thrice‘ also he

supports Euclid against Apollonius where the latter had given proofs

which he considered better than Euclid's (I. 10, II, and 23).

Allusion must be made to the debated question whether Proclus

continued his commentaries beyond Book I. His intention to do so

is clear from the following passages. Just after the words above

quoted about the trisection etc. of an angle by means of certain curves

he says, “For we may perhaps more appropriately examine these

things on the third book, where the writer of the Elements bisects a

given circumference’.” Again, after saying that of all parallelograms

which have the same perimeter the square is the greatest "and the

rhomboid least of all,” he adds: “But this we will prove in another

place; for it is more appropriate to the (discussion of the) hypotheses

of the second book‘.” Lastly, when alluding (on I. 45) to the squaring

of the circle, and to Archimedes’ proposition that any circle is equal

to the right-angled triangle in which the perpendicular is equal to the

radius of the circle and the base to its perimeter, he adds, “But of this

elsewhere‘”; this may imply an intention to treat of the subject on

Eucl. XII., though Heiberg doubts it". But it is clear that, at the time

when the commentary on Book I. was written, Proclus had not yet

begun to write on the other Books and was uncertain whether he

would be able to do so: for at the end he says", “For my part, if I

should be able to discuss the other books7 in the same manner, I

should give thanks to the gods; but, if other cares should draw me

away, I beg those who are attracted by this subject to complete the

exposition of the other books as well, following the same method, and

addressing themselves throughout to the deeper and better defined

questions involved” ('rb WPQ'YfLflTGHbSt-IG 'n'av'raxot'i Kai. etistaipe-rou

pe'rasm'mov'ras).

There is in fact no satisfactory evidence that Proclus did actually

write any more commentaries than that on Book 1., those who have

attributed to Proclus some of the scholia on the later books having

failed to prove their case“. The contrary view receives support from

two facts pointed out by Heiberg, viz. (I) that the scholiast’s copy

of Proclus was not much better than our M58.: in particular, it had

‘ Proclus, p. 180, 9; p. 282, 20; pp. 335, 336. ? ibid. p. 272, 14.

a ibid. p. 398, 18. ‘ ibid. p. 423, 6.

‘ Heiberg, Euklitl-Sludien, p. 165, note. ‘ Proclus, p. 432, 9.

7 The words in the Greek are: e1 Mr Bumacln/Lev xal refs hot-rots 16v at'rrov rpbirov

éEehBeIv. For éficMe'ir I-Ieiberg would read hrrEeMcIv.

8 Heiberg (Euhlid-Studien, p. 166) gives reason for doubting the evidence adduced

by \Vachsmuth, by which Knoche was persuaded to give up his original view that Proclus did

not write any more commentaries. \Vachsmuth relies solely upon a Vatican Ms. which has

at the head of a collection of scholia on Books 1. (extracts from the extant commentary

of Proclus), 11., v., vI., X. the title: E4‘: 1d Ell/(M16021 o-rotxeia. rpohanflavé/swa. {x 76w Ilpbxhov

a'l'opdfinv ml xar' e'n-ro/u'yv. Heiberg holds that this title itself makes it probable that the

authorship ascribed to Proclus was restricted to the scholia on Book 1.: otherwise how

could one understand the expression rpohapflaréneva. éx 161w Ilpdxhov, which words would

suit extracts from Proclus‘ prologue: well enough, but not the scholia to later Books?
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the same lacunae in the notes on I. 36, 37 and I. 41—43: and even this

fact makes it improbable that the scholiast had further commentaries

of Proclus which have vanished for us; (2) that there is no trace

in the scholia of the notes which Proclus promised in the passages

quoted above‘.

Coming now to the question of the sources of Proclus, we may say

that everything goes to show that his commentary is a compilation,

though a compilation “in the better sense” of the term*. He does

not even give us to understand that we shall find in it much of his own ;

“let us,” he says, “ now turn to the exposition of the theorems proved

by Euclid, selecting the more subtle of the comments made on them

by the ancient writers, and cutting down their interminable diffuse

nessm‘“: not a word about anything of his own. At the same time,

he seems to imply that he will not necessarily on each occasion quote

the source of each extract from an earlier commentary; and, in fact,

while he quotes the name of his authority in many places, especially

where the subject is important, in many others, where it is equally

certain that he is not giving anything of his own, he mentions no

authority. Thus he quotes Heron by name six times; but we now

know, from the commentary of an-Nairizi, that a number of other

passages, where he mentions no name, are taken from Heron, and

among them the not unimportant addition of an alternative proof to

I. 19. Hence we can by no means conclude that, where no authority

is mentioned, Proclus is giving notes of his own. The presumption is

generally the other way; and it is often possible to arrive at a con

clusion, either that a particular note is not Proclus’ own, or that it

is definitely attributable to someone else, by applying the ordinary

principles of criticism. Thus, where the note shows an unmistakable

afiinity to another which Proclus definitely attributes to some com

mentator by name, especially when both contain some peculiar and

distinctive idea, we cannot have much doubt in assigning both to the

same commentator‘. Again, van Pesch finds a criterion in the form

of a note, where the explanation is so condensed as to be only just

intelligible; the note is that in which a converse of I. 32 is proved‘,

the proposition namely that a rectilineal figure which has all its

interior angles together equal to two right angles is a triangle.

It is not safe to attribute a passage to Proclus himself because he

uses the first person in such expressions as “I say” or “I will prove"

-—for he was in the habit of putting into his own words the substance

of notes borrowed from others—nor because, in speaking of an

1 Heiberg, Eukh'd-Studim, pp. 167, 168.

‘ Knoche, Unlersurkungen fiber dc: Praklur Diadarlm: Commenlar zu Euklid': Ele

menlm (1862) p. tr.

' Proclus, p. 100, IO—I3.

‘ Instances of the application of this criterion will be found in the discussion of Proclus‘

indebtedness to the commentaries of Heron, Porphyry and Pappus.

“ Van Pesch attributes this converse and proof to Pappus, arguing from the fact that the

proof is followed by a passage which, on comparison with Pappus’ note on the postulate that

all right angles are equal, he feels justified in assigning to Pappus. I doubt if the evidence is

sufficient.

u. a. 3
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objection raised to a particular proposition, he uses such expressions

as “perhaps someone may object” (i'a‘ms‘ 8’ (1'1: 'Twee e’va-miev...): for

sometimes other words in the same passage indicate that the objection‘

had actually been taken by someone‘. Speaking generally, we shall

not be justified in concluding that Proclus is stating something new of

his own unless he indicates this himself in express terms.

As regards the form of Proclus’ references to others by name, van

Pesch notes that he very seldom mentions the particular work from

which he is borrowing. If we leave out of account the references to

Plato's dialogues, there are only the following references to books:

the Bacc/zae of Philolaus’, the Symmz'kta of Porphyry’, Archimedes 0n

the Sphere and Cylinder‘, Apollonius On t/ze cot/21221:“, a book by

Eudemus on The Angle", a whole book of Posidonius directed against

Zeno of the Epicurean sect’, Carpus’ Artranang/B, Eudemus’ History of

Geometry", and a tract by Ptolemy on the parallel-postulate”.

‘ Again, Proclus does not always indicate that he is quoting some

thing at second-hand. He often does so, e.g. he quotes Heron as the

authority for a statement about Philippus, Eudemus as attributing a

certain theorem to Oenopides etc.; but he says on I. 12 that "Oeno

pides first investigated this problem, thinking it useful for astronomyn

when he cannot have had Oenopides’ work before him.

It has been said above that Proclus was in the habit of stating in

his own words the substance of the things which he borrowed. We

are prepared for this when we find him stating that he will select the

best things from ancient commentaries and “cut short their intermin

able diffuseness,” that he will “briefly describe” (avurépwc la'ropr'laai)

the other proofs of I. 20 given by Heron and Porphyry and also the

proofs of I. 25 by Menelaus and Heron. But the best evidence is of

course to be found in the passages where he quotes works still extant,

e.g. those of Plato, Aristotle and Plotinus. Examination of these

passages shows great divergences from the original; even where he

purports to quote textually, using the expressions “Plato says,” or

“ Plotinus says," he by no means quotes word for word“. In fact, he

seems to have had a positive distaste for quoting textually from other

works. He cannot conquer this even when quoting from Euclid; he

says in his note on I. 22, “we will follow the words of the geometer"

but fails, nevertheless, to reproduce the text of Euclid unchanged".

We now come to the sources themselves from which Proclus drew

1 Van Pesch illustrates this by an objection refuted in the note on 1. 9, p. 173, ll’ sqq.

After using the above expression to introduce the objection, Proclus uses further on (p. 273, 15)

the term “they say” (qbao'tu).

2 Proclus, p. 12, l5. 2 :j/Ir'rl. p. 56, 25.

2%- .;a-I; :
11.p.|25,. ..¢.. ,.

‘’ ibid. p. 14!, lg. 9 Mini. p. 352, 15.

1° ibid. p. 36¢, 15. _

‘1 See the passages referred to by van Pesch (p. 70). The most glaring case is a pmsage

(p. at, 19) where he quotes Plotinus, using the CXPI'CSMOII " Plotinus says.......” Comparison

with Plotinus, 510mm’. 1. 3, 3, shows that very/m0 words are those of Plotinus himself; the

rest represent Plotinus‘ views in Proclus’ own language.

1” Proclus, p. 330, 19 sqq.
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in writing his commentary. Three have already been disposed of,

viz. Heron, Porphyry and Pappus, who had all written commentaries

on the Elemenls‘. We go on to

Eudemus, the pupil of Aristotle, who, among other works, wrote a

history of arithmetic, a history of astronomy, and a history of geometry.

The importance of the last mentioned work is attested by the frequent

use made of it by ancient writers. That there was no other history

of geometry written after the time of Eudemus seems to be proved by

the remark of Proclus in the course of his famous summary: “Those

who compiled histories bring the development of this science up to

this point. Not much younger t/zan t/zese is Euclid‘....” The loss of

Eudemus’ history is one of the gravest which fate has inflicted upon

us, for it cannot be doubted that Eudemus had before him a number

of the actual works of earlier geometers, which, as before observed,

seem to have vanished completely when they were superseded by the

treatises of Euclid, Archimedes and Apollonius. As it is, we have to

be thankful for the fragments from Eudemus which such writers as

Proclus have preserved to us.

I agree with van Pesch8 that there is no sufi‘icient reason for

doubting that the work of Eudemus was accessible to Proclus at first

hand. For the later writers Simplicius and Eutocius refer to it in

terms such as leave no room for doubt that they had it before them.

I have already quoted a passage from Simplicius’ account of the lunes

of Hippocrates to the effect that Eudemus must be considered the

best authority since he lived nearer the times‘. In the same place

Simplicius says", “I will set out what Eudemus says word for word

(tea-rd. Xétfw Mryépeva) adding only a little explanation in the shape of

reference to Euclid’s Elements owing to the memorandum-like style of

Eudemus (Sui 'rbv z'nropvnpa-rmbv 'rpé-lrov 'roi) E1’181jpou)who sets out

his explanations in the abbreviated form usual with ancient writers.

Now in the second book of the history of geometry he writes as

follows‘.” It is not possible to suppose that Simplicius would have

written in this way about the style of Eudemus if he had merely been

copying certain passages second-hand out of some other author and

had not the original work itself to refer to. In like manner, Eutocius

speaks of the paralogisms handed down in connexion with the

attempts of Hippocrates and Antiphon to square the circle“, “ with

which I imagine that those are accurately acquainted who have

examined (é'rrea'xe/mévouc) the geometrical history of Eudemus and

know the Ceria Aristotelica." How could the contemporaries of Euto

cius have examined the work of Eudemus unless it was still extant in ‘

his time?

The passages in which Proclus quotes Eudemus by name as his

authority are as follows:

(I) On I. 26 he says that Eudemus in his history of geometry

1 See pp. 20 to 27 above.

’ Proclus, p. 68, 4-7- 3 D: Prarh'fimlibus, pp. 73-75.

4 See above, p. 29. “ Simplicius, 10¢. (17., ed. Diels, p. 60, '27.

'5 Archimedes, ed.-Heiberg, vol. 111. p. 164.

3-2
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referred this theorem to Thales, inasmuch as it was necessary to

Thales’ method of ascertaining the distance of ships from the shore‘.

(2) Eudemus attributed to Thales the discovery of Eucl. I. I5’,

and

(3) to Oenopides the problem of I. 23’.

(4) Eudemus referred the discovery of the theorem in I. 32 to the

Pythagoreans, and gave their proof of it, which Proclus reproduces‘.

(5) On I. 44 Proclus tells us‘ that Eudemus says that “these

things are ancient, being discoveries of the Pythagorean muse, the

application (wapaBoMj) of areas, their exceeding (wrap/807%) and
their falling short (é'kkenlnq).n The next words about the appro

priation of these terms (parabola, liyperbola and ellipse) by later

writers (i.e. Apollonius) to denote the conic sections are of course not

due to Eudemus.

Coming now to notes where Eudemus is not named by Proclus,

we may fairly conjecture, with van Pesch, that Eudemus was really

the authority for the statements (I) that Thales first proved that a

circle is bisected by its diameter“ (though the proof by n'a'uctz'o ad

absurdum which follows in Proclus cannot be attributed to Thales’),

(2) that “Plato made over to Leodamas the analytical method, by

means of which it is recorded (la-répn'rat) that the latter too made

many discoveries in geometry“,” (3) that the theorem of I. 5 was due

to Thales, and that for equal angles he used the more archaic

expression “similar” angles’, (4) that Oenopides first investigated

the problem of I. 12, and that he called the perpendicular the

gwomonic line (Ka'rz‘z 'yva'apova)“, (5) that the theorem that only three

sorts of polygons can fill up the space round a point, viz. the

equilateral triangle, the square and the regular hexagon, was

Pythagorean“. Eudemus may also be the authority for Proclus’

description of the two methods, referred to Plato and Pythagoras

respectively, of forming right-angled triangles in whole numbers".

We cannot attribute to Eudemus the beginning of the note on

I. 47 where Proclus says that “if we listen to those who like to

recount ancient history, we may find some of them referring this

theorem to Pythagoras and saying that he sacrificed an ox in honour

of his discovery“.” As such a sacrifice was contrary to the Pytha

gorean tenets, and Eudemus could not have been unaware of this,

the story cannot rest on his authority. Moreover Proclus speaks as

though he were not certain of the correctness of the tradition ; indeed,

; Pbrq'clus, p. 352, 14-18- 2 p. 299, 3. 6

zu.p.333 5. Ir.p.37g r—r.

5 ibid. p. 419:15—18. 6 ibid. p. 157,. I0, II.

7 Cantor (Gar/r. d. [liar/1. 13, p. Ml) points out the connexion between the "dumb ad

absurd/(m and the analytical method said to have been discovered by Plato. Proclus gives

the proof by rdduch'a ad abrunlum to meet an imaginary critic who desires a mathematical

proof; possibly 'l'hales may have been satisfied with the argument in the same sentence

which mentions Thales, “the cause of the bisection being the unswerving course of the

straight line through the centre."

1’ Proclus, p. '21 I, 19-23. 9 iéid. p. 250, 20.

1° ibizi. p. 283, 7-10. 11 Mid. pp. 304, 11—305, 3.

1’ ibid. pp. 418, 7—429, 9. ‘5 ibia'. p. 416, 6—9.
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so far as the story of the sacrifice is concerned, the same thing is told

of Thales in connexion with his discovery that the angle in a semi

circle is a right angle‘, and Plutarch is not certain whether the 0x

was sacrificed on the discovery of I. 47 or of the problem about

application of areas’. Plutarch’s doubt suggests that he knew of no

evidence for the story beyond the vague allusion in the distich of

Apollodorus “Logisticus” (the “ calculator”) cited by Diogenes

Laertius also”; and Proclus may have had in mind this couplet with

the passages of Plutarch.

We come now to the question of the famous historical summary

given by Proclus‘. No one appears to maintain that Eudemus is the

author of even the early part of this summary in the form in which

Proclus gives it. It is, as is well known, divided into two distinct

parts, between which comes the remark, “Those who compiled

histories5 bring the development of this science up to this point.

Not much younger than these is Euclid, who put together the

Elements, collecting many of the theorems of Eudoxus, perfecting

many others by Theaetetus, and bringing to irrefragable demonstration

the things which had only been somewhat loosely proved by his pre

decessors.” Since Euclid was later than Eudemus, it is impossible that

Eudemus can have written this. Yet the style of the summary after

this point does not show any such change from that of the former

portion as to suggest different authorship. The author of the earlier

portion recurs frequently to the question of the origin of the

elements of geometry in a way in which no one would be likely to

do who was not later than Euclid; and it must be the same hand

which in the second portion connects Euclid's Element: with the

work of Eudoxus and Theaetetus'.

If then the summary is the work of one author, and that author

not Eudemus, who is it likely to have been? Tannery answers that

it is Geminus’; but I think, with van Pesch, that he has failed to

show why it should be Geminus rather than another. And certainly

the extracts which we have from Geminus’ work suggest that the sort

of topics which it dealt with was quite different; they seem rather to

have been general questions of the content of mathematics, and even

Tannery admits that historical details could only have come inci

dentally into the work”.

Could the author have been Proclus himself? Circumstances

1 Diogenes Laertius, I. 24, p. 6, ed. Cobet.

’ Plutarch, nan parse :ua'uiter vi'ui :mmdum Epicurum, r| ; Symp. VIII, 2.

‘ Diog. Laert. vui. 11, p. :07, ed. Cobet:

'Hvlxa IIuOa'ybpnr 16 1repurhcés eiipe'ro ‘wit/ma,

' Ks?!‘ £01)’ 61¢ Khew'hv fl'yaye flouOvdlnv.

See on this subject Tannery, La Géamétrie grerque, p. 105.

‘ Proclus, pp. 64-70.

5 The plural is well explained by Tannery, La Gr‘ométrie grmjue, pp. 73, 74. No doubt

the author of the summary tried to supplement Eudemus by means of any other histories

which threw light on the subject. Thus e.g. the allusion (p. 64, 21) to the Nile recalls

Herodotus. Cf. the expression in Proclus, p. 64, 19, 1rap6. 16w 1roMd‘w itr-rép-qmt.

‘ Tannery, La Ge'ome'trie grmjue, p. 7 5.

7 ibid. pp. 66—75. a ibid. p. 19.
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which seem to suggest this possibility are (I) that, as already stated,

the question of the origin of the Elements is kept prominent,

(2) that there is no mention of Democritus, whom Eudemus would

not be likely to have ignored, while a follower of Plato would be

likely enough to do him the injustice, following the example of Plato

who was an opponent of Democritus, never once mentions him, and

is said to have wished to burn all his writings‘, and (3) the allusion at

the beginning to the “inspired Aristotle” (6 Sat/drums ’Apw-ro-ré7\nc)‘,

though this may easily have been inserted by Proclus in a quotation

made by him from someone else. On the other hand there are

considerations which suggest that Proclus himself was not the writer.

(I) The style of the whole passage is not such as to point to him

as the author. (2) If he wrote it, it is hardly conceivable that he

would have passed over in silence the discovery of the analytical

method, the invention of Plato to which he attached so much

importance‘.

There is nothing improbable in the conjecture that Proclus quoted

the summary from a compendium of Eudemus’ history made by some

later writer: but as yet the question has not been definitely settled.

All that is certain is that the early part of the summary must have

been made up from scattered notices found in the great work of

Eudemus.

Proclus refers to another work of Eudemus besides the history,

viz. a book on T112 Angle (BLBM'W wepl 'ywvias)‘. Tannery assumes

that this must have been part of the history, and uses this assumption

to confirm his idea that the history was arranged according to subjects,

not according to chronological order“. The phraseology of Proclus

however unmistakably suggests a separate work; and that the

history was chronological/y arranged seems to be clearly indicated by

the remark of Simplicius that Eudemus “also counted Hippocrates

among the more ancient writers” (éu 'roZs‘ 'naMuo-répom)“.

The passage of Simplicius about the lunes of Hippocrates throws

considerable light on the style of Eudemus’ history. Eudemus wrote

in a memorandum-like or summary manner (rbv {mopmypa'rucou 'rpévrou

'rofi Ei’ISfi/wv)’ when reproducing what he found in the ancient writers;

sometimes it is clear that he left out altogether proofs or constructions

of things by no means easy”.

Geminus.

The discussions about the date and birthplace of Geminus form a

whole literature, for an account of which I must refer the reader to the

recent edition by Manitius of Gemini elementa astranamiae (Teubner,

1898)’. It must sufiice here to state the general conclusion arrived at

by Manitius". Though the name looks like a Latin name (Geminus),

‘ Diog. Laertius, IX. 40, p. 237, ed. Cobet. 2 Proclus, p. 64., 8.

3 Proclus, p. ill, 19 sqq.; the passage is quoted above, p. 36.

‘ ibid. p. 125, 8. 5 Tannery, La Géométrizg‘rerquz, p. '26.

6 Simplicius, ed. Diels, p. 69, 23. 7 ibid. p. 60, '29.

_ 8 Cf. Simplicius, p. 63, 19 sqq.; p. 64, 15 sqq.; also Usener’s note “de supplendis

ITIPJDOCHIIIS quas omisit Eudemus constructionibus ” added to Diels’ preface, pp. xxiii—xxvi.

See the appendix to this edition, pp. 137-252. 1° pp. 251, 252.
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the consistent appearance of it in Greek with the properispomenon

accent (Pepin/ac) leaves no room for doubt as to its Greek origin,

especially as it is found in inscriptions with the spelling Pepeiuoq.

The name may be formed from the stem 'yep. like ‘Epyivos from e’p'y,

’A)teEZi/o¢ from a'ME. Cf. also the unmistakably Greek names 'I/c'rZuos,

Kpa'riuoq. Geminus, a Stoic philosopher, born probably in the island

of Rhodes, was the author of a comprehensive work on the classifi

cation of mathematics, and also wrote, about 73—67 E.C., a not less

comprehensive commentary on the meteorological textbook of his

teacher Posidonius of Rhodes.

It is the former work in which we are specially interested here.

Though Proclus made great use of it, he does not mention its title,

unless we may suppose that, in the passage (p. 177, 24) where, after

quoting from Geminus a classification of lines which never meet, he

says, "these remarks I have selected from the (pale/calla of Geminus,”

¢r7toxa7tia is a title or an alternative title. Pappus however quotes a

work of Geminus “on the classification of the mathematics" (éu 'rg’)

'n'epl. 159 1151! paomaé'rwu nifewq)‘, while Eutocius quotes from “the

sixth book of the doctrine of the mathematics " (év 'rqii é’lc'rq: 'rfis 'ré‘w

,uafinpa'rwu Gawplaq)". Tannery’ pointed out that the former title

corresponds well enough to the long extract‘ which Proclus gives in

his first prologue, and also to the fragments contained in the Anonymi

variac collecliones published by Hultsch at the end of his edition of

Heron‘; but it does not suit most of the other passages borrowed by

Proclus. The correct title was therefore probably that given by

Eutocius, T/ze Doctrine, or TIzeory, of 1/12 Alatlzematics; and Pappus

probably refers to one particular portion of the work, say the first

Book. If the sixth Book treated of conics, as we may conclude from

Eutocius, there must have been more Books to follow, because Proclus

has preserved us details about higher curves, which must have come

later. If again Geminus finished his work and wrote with the same

fulness about the other branches of mathematics as he did about

geometry, there must have been a considerable number of Books

altogether. At all events it seems to have been designed to give

a complete view of the whole science of mathematics, and in fact to

be a sort of encyclopaedia of the subject.

I shall now indicate first the certain, and secondly the probable,

obligations of Proclus to Geminus, in which task I have only to follow

van Pesch, who has embodied the results of Tittel’s similar inquiry also‘.

I shall only omit the passages as regards which a case for attributing

them to Geminus does not seem to me to have been made out. '

First come the following passages which must be attributed to

Geminus, because Proclus mentions his name:

(I) (In the first prologue of Proclus’) on the division of mathe

1 Pappus, ed. Hultsch, p. 1016, 9. 9 ApolloniusI ed. Heiberg, vol. II. p. 170.

3 Tannery, La Ge'nmltri: grerqm', pp. :8, 19. 4 Proclus, pp. 38, 1—41, 8.

‘ Heron, ed. Hultsch, pp. 146, 16—149, 11!.

‘ Van Pesch, D: Prozli fimlibur, pp. 97-113. The dissertation of Tittel is entitled De

Glmim' Sfain' studz'i: mal/umatici: (1895).

7 Proclus, pp. 38, 1—4'2, 8, except the allusion in p. 41, 8-10, to Ctesibius and Heron and
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matical sciences into arithmetic, geometry, mechanics, astronomy,

optics, geodesy, canonic (science of musical harmony), and logistic

(apparently arithmetical problems);

(2) (in the note on the definition of a straight line) on the

classification of lines (including curves) as simple (straight or circular)

and mixed, composite and incomposite, uniform (ti/wwpspe'ic) and

non-uniform (duouoropepei‘c), lines “about solids” and lines produced

by cutting solids, including conic and spiric sections‘ ;

(3) (in the note on the definition of a plane surface) on similar

distinctions extended to surfaces and solids’;

(4) (in the note on the definition of parallels) on lines which

do not meet (a'ofimr'rw'rot) but which are not on that account

parallel, e.g. a curve and its asymptote, showing that the property of

not meeting does not make lines parallel—a favourite observation of

Geminus—and, incidentally, on bounded lines or those which enclose a

figure and those which do not’ ;

(5) (in the same note) the definition of parallels given by

Posidonius‘ ;

(6) on the distinction between postulates and axioms, the futility

of trying to prove axioms, as Apollonius tried to prove Axiom I, and

the equal incorrectness of assuming what really requires proof, “as

Euclid did in the fourth postulate [equality of right angles] and in

the fifth postulate [the parallel-postulate?" ;

(7) on Postulates t, 2, 3, which Geminus makes depend on the

idea of a straight line being described by the motion of a point‘;

(8) (in the note on Postulate 5) on the inadmissibility in geometry

of an argument which is merely plausible, and the danger in this

particular case owing to the existence of lines which do converge

ad infinitum and yet never meet’;

(9) (in the note on I. I) on the subject-matter of geometry,

theorems, problems and SLOPLG'MOi (conditions of possibility) for

problems‘; .

(to) (in the note on I. 5) on a generalisation of I. 5 by Geminus

through the substitution for the rectilineal base of “one uniform line

(curve),” by means of which he proved that the only “uniform lines "

their pneumatic devices (Oaupa-roirot'tkfi), as regards which Proclus’ authority may be Pappus

(V111. p. 1014, 14—17) who uses very similar expressions. Heron, even if not later than

Geminus, could hardly have been included in a historical work by him. Perhaps Geminus

may have referred to Ctesibius only, and Proclus may have inserted “and Heron ’ himself.

1 Proclus, pp. 103, 11-107, 10; pp. 111, 1—113, 3

9 ibid. pp. 117, 14-1 1o, 11, where perhaps in the passage pp. 117, 11-118, 13 we may

have Geminus’ own words.

a ibid. pp. 176, 18-—~r77, 15; perhaps also p. 175. The note ends with the words

“These things too we have selected from Geminus’ <l>AoxaMa for the elucidation of the

matters in question." Tannery (p. 17) takes these words coming at the end of the commen

tary on the definitions as referring to the whole of the portion of the commentary dealing

with the definitions. Van Pesch properly regards them as only applying to the note on

parallel:- This seems to me clear from the use of the word too (roa'aii'ra. rat).

2 Proclus, p. 176, 5-17.

ibz'd. pp. 178—181, 4; . 18 , I —184,, 10; cf. . 188, —11.
‘ ibid. p. 185, 6—15. pp 3 4 p 3

7 ibid. p. 191, 5—19. 8 Mid. pp. zoo, 11-101, 15.
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(alike in all their parts) are a straight line, a circle, and a cylindrical

helix‘;

(I I) (in the note on I. 10) on the question whether a line is made

up of indivisible parts (zipepr'i), as affecting the problem of bisecting

a given straight line’;

(12) (in the note on I. 3 5) On topical, or locus-theorems’, where

the illustration of the equal parallelograms described between a

hyperbola and its asymptotes may also be due to Geminus‘.

Other passages which may fairly be attributed to Geminus, though

his name is not mentioned, are the following:

(I) in the prologue, where there is the same allusion as in the

passage (8) above to a remark of Aristotle that it is equally absurd to

expect scientific proofs from a rhetorician and to accept mere plausi

bilities from a geometer‘;

(2) a passage in the prologue about the subject-matter, methods,

and bases of geometry, the latter including axioms and postulates‘;

(3) another on the definition and nature of elements";

(4) a remark on the Stoic use of the term axiom for every simple

statement (a’vrérpaua'rc d-rrkfi)“ ; '

(5) another discussion on theorems and problems”, in the middle

of which however there are some sentences by Proclus himself“.

(6) another passage, in connexion with Def. 3, on lines including

or not including a figure (with which cf. part of the passage (4)

above)“;

(7) a classification of different sorts of angles according as they

are contained by simple or mixed lines (or curves)";

(8) a similar classification of figures“, and of plane figures“;

(9) Posidonius’ definition of a figure“;

(10) a classification of triangles into seven kinds“;

(II) a note distinguishing lines (or curves) producible indefinitely

or not so producible, whether forming a figure or not forming a

figure (like the “single-turn spiral ")17;

(12) passages distinguishing different sorts of problems“, different

sorts of theorems“, and two sorts of converses (complete and partial)”;

(I3) the definition of the term “porism” as used in the title of

Euclid’s Porismr, as distinct from the other meaning of “corollary "";

([4) a note on the Epicurean objection to I. 20 as being obvious

even to an ass”;

(15) a passage on the properties of parallels, with allusions to

1 Proclus, p. 25I, 2-—Ir. ‘-‘ ifiin'. pp. 277, 25-279, II.

3 pp. 394, II—395, 2 and p. 395, 13-“. z'bz'd. p. 395, 8—-I2.

5 rbid. pp. 33, 2I—34, I. " ibid. pp. 57, 9-58, 3.

7 1612!. pp. 72, 3-75, 4. 8 r'h'd. p. 77, 3—6.

" ibid- PP- 77. 7—78. [3. and 79. 3—81.4- 1° 1W- PP- 78. 13-79. 1

1‘ ibizl. pp. I02, 22—I03, I8. 1’ ibld. pp. 126, 7—127, I6.

13 ibid. pp. I59, I2—I6o, 9. 1‘ ibid. pp. I62, 27—164, 6.

15 ibid. p. I43, 5--r|. ‘6 ibz'd. p. r68, 4—I2.

'7 ibid. p. I87, I9—27. 15 Mid. pp. 220, 7—222, r4; also p. 330, 6—9.

19 ibid. pp. 244, r4—246, 12. 2° ibiri. pp. 252, 5—254, 20.

m {6121. pp. 30x, 21—302, r3. "”~’ r'btdpp. 322, 4—323, 3.
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Apollonius’ Carrier, and the curves invented by Nicomedes, Hippias

and Perseus‘;

(16) a passage on the parallel-postulate regarded as the converse

of I. I 7’.

Of the authors to whom Proclus was indebted in a less degree the

most important is Apollonius of Perga. Two passages allude to his

Caviar’, one to a work on irrationals‘, and two to a treatise On the

coc/zlz'as (apparently the cylindrical helix) by Apollonius". But more

important for our purpose are six references to Apollonius in connexion

with elementary geometry.

(I) He appears as the author of an attempt to explain the idea

of a line (possessing length but no breadth) by reference to daily

experience, eg when we tell someone to measure, merely, the length

of a road or of a wall"; and doubtless the similar passage showing

how we may in like manner get a notion of a surface (without depth)

is his also".

(2) He gave a new general definition of an angle".

(3) He tried to prove certain axioms’, and Proclus gives his

attempt to prove Axiom I, word for word“.

Proclus further quotes :

(4) Apollonius’ solution of the problem in Eucl. I; to, avoiding

Euclid’s use of I. 9“,

(5) his solution of the problem in I. II, differing only slightly

from Euclid’s", and

(6) his solution of the problem in I. 23".

Heiberg“ conjectures that Apollonius departed from Euclid's

method in these propositions because he objected to solving problems

of a more general, by means of problems of a more particular,

character. Proclus however considers all three solutions inferior to

Euclid’s; and his remarks on Apollonius’ handling of these ele

mentary matters generally suggest that he was nettled by criticisms

of Euclid in the work containing the things which he quotes from

Apollonius, just as we conclude that Pappus was offended by the

remarks of Apollonius about Euclid’s incomplete treatment of the

“ three- and four-line locus“‘_" If this was the case, Proclus can hardly

have got his information about these things at second-hand; and

there seems to be no reason to doubt that he had the actual work of

Apollonius before him. This work may have been the treatise

mentioned by Marinus in the words “Apollonius in his general

treatise" ('Arrokko'wws e’u 'rj) Kaaékou 7rpwyyarst'q)“. If the notice

in the Fi/zrirt" stating, on the authority of Thabit b. Qurra, that

1 Proclus, pp. 355, 20—356, 16. 2 ibid. p. 364, g—n; pp. 364, 'zo—365,4.

' ibid. p. 71, 19; p. 356, 8, 6. ‘ ibid. p. 74, 13, 24.

5 ibid. pp. 105, 5, 6, I4, 15. 5 ibid. p. 100, 5-19.

7 ibid. p. 114., 20—25. 5 ibia'. p. 123, 15-19 (cf. p. 124, I7, p. n5, :7).

‘I’! 183, 13,62. 8 :2 pp.8194,825—195, 5.

12.pp.2791 204. :1.p.21,—|9.

13 Mid. pp. 335: 16-336: 5. 1‘ P/u'lolagm, vol. XLIH. p. 489.

15 See above, pp. 1, 3. 1‘ [Marinus in Eurh'di: Data, ed- Menge, p. 234, 16.

17 Fibrin, tr. Suter, p. 19.
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Apollonius wrote a tract on the parallel—postulate be correct, it may

have been included in the same work. We may conclude generally

that, in it, Apollonius tried to remodel the beginnings of geometry,

reducing the number of axioms, appealing, in his definitions of lines,

surfaces etc., more to experience than to abstract reason, and

substituting for certain proofs others of a more general character.

The probabilities are that, in quoting from the tract of Ptolemy in

which he tried to prove the parallel-postulate, Proclus had the actual

work before him. For, after an allusion to it as “a certain book‘"

he gives two long extracts", and at the beginning of the second

indicates the title of the tract, “ in the (book) about the meeting of

straight lines produced from (angles) less than two right angles,” as

he has very rarely done in other cases.

Certain things from Posidonius are evidently quoted at second

hand, the authority being Geminus (e.g. the definitions of figure and

parallels); but besides these we have quotations from a separate work

which he wrote to controvert Zeno of Sidon, an Epicurean who had

sought to destroy the whole of geometry‘. We are told that Zeno

had argued that, even if we admit the fundamental principles (lipxai)

of geometry, the deductions from them cannot be proved without the

admission of something else as well, which has not been included in

the said principles‘. On I. I Proclus gives at some length the argu

ments of Zeno and the reply of Posidonius as regards this proposition‘.

In this case Zeno’s “something else” which he considers to be

assumed is the fact that two straight lines cannot have a common

segment, and then, as regards the “proof” of it by means of the

bisection of a circle by its diameter, he objects that it has been

assumed that two circumferences (arcs) of circles cannot have a

common part. Lastly, he makes up, for the purpose of attacking it,

another supposed “ proof” of ‘the fact that two straight lines cannot

have a common part. Proclus appears, more than once, to be quoting

the actual words of Zeno and Posidonius; in particular, two expres

sions used by Posidonius about “the acrid Epicurean” (151/ Spud/v
'Ewzxodpetov)“ and his “misrepresentations” (Hoa'eisalwuiq (final. 75v

Zrjuawa aumrpuursiu)’. It is not necessary to suppose that Proclus

had the original work of Zeno before him, because Zeno’s arguments

may easily have been got from Posidonius’ reply; but he would

appear to have quoted direct from the latter at all events.

The work of Carpus mec/zanicus (a treatise on astronomy) quoted

from by Proclus‘g must have been accessible to him at first-hand,

because a portion of the extract from it about the relation of theorems

and problems‘ is reproduced word for word. Moreover, if he were not

using the book itself, Proclus would hardly be in a position to question

whether the introduction of the subject of theorems and problems

‘ Proclus, p. 191, '13. 2 r'bid. pp. 362, 14—363, 18; pp. 365, 7-367, '17

” ibid. p. zoo, 1—3. ‘ z'bz'rl. pp. 199, 11——¢oo, 1

5 ibid. pp. 214, 18-215, 13; pp. 216, 10-118, 11.

l‘ ibid. p. 216, '11. 7 ibid- P- 118» I

5 iéid. pp. 241, 19—243, 11. 9 ibid. pp. 242, 22—143, 11.
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was opportune in the place where it was found (eZ per: 1607!‘! xarpiw 1‘;

mi, 'rrapeio'ew 'n'poc To 'n'aptiv)‘.

It is of course evident that Proclus had before him the original

works of Plato, Aristotle, Archimedes and Plotinus, as well as the

Zu/mueré of Porphyry and the works of his master Syrianus (6 fipé-repos

Ka0n'yepa'w)’, from whom he quotes in his note on the definition of an

angle. Tannery also points out that he must have had before him a

group of works representing the Pythagorean tradition on its mystic,

as distinct from its mathematical, side, from Philolaus downwards, and

comprising the more or less apocryphal [eptiq X6709 of Pythagoras, the

Oracles (Roma), and Orphic verses“.

Besides quotations from writers whom we can identify with more

or less certainty, there are many other passages which are doubtless

quoted from other commentators whose names we do not know. A

list of such passages is given by van Pesch‘, and there is no need to

cite them here.

Van Pesch also gives at the end of his work“ a convenient list of

the books which, as the result of his investigation, he deems to have

been accessible to and directly used by Proclus. The list is worth

giving here, on the same ground of convenience. It is as follows:

Eudemus : lzistory ofgeometry.

Geminus : the theory of the mathematical sa'ences.

Heron : commentary on the Elements of Euclid.

Porphyry : ., .. ..

Pappus: ,, n n

Apollonius of Perga: a work relating to elementary geometry.

Ptolemy: on the parallel-postulate.

Posidonius: a book controverting Zeno of Sidon.

Carpus: astronomy.

Syrianus: a discussion on the angle.

Pythagorean philosophical tradition.

Plato's works.

Aristotle's works.

Archimedes’ works.

Plotinus: Emzeades.

Lastly we come to the question what passages, if any, in the

commentary of Proclus represent his own contributions to the subject.

As we have seen, the onus prooandi must be held to rest upon him

who shall maintain that a particular note is original on the part of

Proclus. Hence it is not enough that it should be impossible to point

to another writer as the probable source of a note; we must have a

positive reason for attributing it to Proclus. The criterion must there

fore be found either (I) in the general terms in which Proclus points

out the deficiencies in previous commentaries and indicates the

respects in which his own will differ from them, or (2) in specific

expressions used by him in introducing particular notes which may

1 Proclus, p. 24:, 21, 12. 2 £11.21. p. r23, 19.

3 Tannery, La GJomé/rie grerqm’, pp. '25. 16.

‘ Van Pesch, De Prat/i fontibur, p. 139. 5 ioid. p. r 55.
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indicate that he is giving his own views. Besides indicating that he

paid more attention than his predecessors to questions requiring

deeper study (“rd 1rpa'ypa-reu88m) and “pursued clear distinctions"

(1'5 efiStaiperou pe-rasmixov'raey—by which he appears to imply that

his predecessors had confused the difi'erent departments of their

commentaries, viz. lemmas, cases, and objections (e’ua-réaet¢)’—Proclus

complains that the earlier commentators had failed to indicate the

ultimate grounds or muses of propositions‘. Although it is from

Geminus that he borrowed a passage maintaining that it is one of the

proper functions of geometry to inquire into causes (n‘yv aZ-riav Kai

‘r6 Sui 11')‘, yet it is not likely that Geminus dealt with Euclid's

propositions one by one ; and consequently, when we find Proclus, on

I. 8, l6, I7, 18, 32, and 47“, endeavouring to explain causes, we have

good reason to suppose that the explanations are his own.

Again, his remarks on certain things which he quotes from Pappus

can scarcely be due to anyone else, since Pappus is the latest of the

commentators whose works he appears to have used. Under this

head come

(1) his objections to certain new axioms introduced by Pappus‘,

(2) his conjecture as to how Pappus came to think of his alterna

tive proof of I. 5’,

(3) an addition to Pappus’ remarks about the curvilineal angle

which is equal to a right angle without being one“.

The defence of Geminus against Carpus, who combated his view

of theorems and problems, is also probably due to Proclus", as well as

an observation on I. 38 to the effect that I. 35-~38 are really compre

hended in VI. 1 as particular cases".

Lastly, we can have no hesitation in attributing to Proclus himself

(I) the criticism of Ptolemy's attempt to prove the parallel-postulate",

and (2) the other attempted proof given in the same note12 (on I. 29)

and assuming as an axiom that “ if from one point two straight lines

forming an angle be produced ad z'nfiuimm the distance between them

when so produced ad infinitum exceeds any finite magnitude (Le.

length),” an assumption which purports to be the equivalent of a

statement in Aristotle". It is introduced by words in which the

writer appears to claim originality for his proof: “To him who

desires to see this proved (namaweuaCépevou) let it be said by us

(Xerye'afiw rap’ 13,11,611)" etc.“ Moreover, Philoponus, in a note on

Aristotle’s AnnLpost. 1. IO, says that “the gcometer (Euclid) assumes

this as an axiom, but it wants a great deal of proof, insomuch that

both Ptolemy and Proclus wrote a whole book upon it“."

' Proclus, p. 84, I3, p. 432, 14, i5. 2 Cf. i/Iia'. p. 289, u—r5; p. 431, [5-17.

’ ibid. p. 431, 17- 4 ibid. p. 102, 9-15.

5 See Proclus, p. 270. 5—24 (I. 8); pp. 309, 3—3lo, 8 (l- 16); pp. 310, 19—3l1, 13

(l. 17); pp. 316, 14-318, 2 (I. I8); p.738.» 13-21 (I. 32); pp. 416, 227.427, 8(1. 47).

6 Proclus, p. 198, 5—15. Mul- p. 250, n—rg. 3 11nd. p. 190, 9—23.

9 ibid. p. 24 , 12—19. 1° iéid. pp. 405, 6-406, 9.

u ibid. p. 3 8, 1—23. 1’ ibid. pp. 371. 11—373, 2.

1' Aristotle, d: main. 1. 5 (27! b ail—~30). 1‘ Proclus, p. 37!, IO

" Berlin Aristotle, vol. 1v. p. 214a 9-—n.



CHAPTER V.

THE TEXT‘.

IT is well known that the title of Simson's edition of Euclid (first

brought out in Latin and English in 1756) claims that, in it, “ the

errors by which Theon, or others, have long ago vitiated these books

are corrected, and some of Euclid’s demonstrations are restored” ; and

readers of Simson’s notes are familiar with the phrases used, where

anything in the text does not seem to him satisfactory, to the effect

that the demonstration has been spoiled, or things have been interpo

lated or omitted, by Theon “or' some other unskilful editor.” Now

most of the M55. of the Greek text prove by their titles that they

proceed frotn the recension of the Elements by Theon; they purport

to be either “ from the edition of Theon ” (e'x r179 @e’wvoe e’x'o‘éaemc) or

“from the lectures of Theon ” (dnrb avvovauliv rof: @e'wvos). This was

Theon of Alexandria (4th c. A.D.) who also wrote a commentary on

Ptolemy, in which there occurs a passage of the greatest importance

in this connexion’: “But that sectors in equal circles are to one

another as the angles on which they stand has been proved by me in

my edition of the Elements at the end of the sixth book." Thus Theon

himself says that he edited the Elements and also that the second part

of VI. 33, found in nearly all the MSS., is his addition.

This passage is the key to the whole question of Theon’s changes

in the text of Euclid; for, when Pcyrard found in the Vatican the

MS. 190 which contained neither the words from the titles of the other

MSS. quoted above nor the interpolated second part of VI. 33, he was

justified in concluding, as he did, that in the Vatican Ms. we have an

edition more ancient than Theon’s. It is also clear that the copyist

of P, or rather of its archetype, had before him the two recensions and

systematically gave the preference to the earlier one ; for at XIII. 6 in

P the first hand has added a note in the margin: “This theorem is

not given in most copies of the new edition, but is found in those of

the old.” Thus we are more fortunate than Simson, since our

judgment of Theon’s recension can be formed on the basis, not of

mere conjecture, but of the documentary evidence afforded by a

comparison of the Vatican .\IS. just mentioned with what we may

conveniently call, after Heiberg, the Theonine M55.

1 The material for the whole of this chapter is taken from Heiberg's edition of the

Elements, introduction to vol. v., and from the satne scholar’s Litlerargeu/u'r/Ithrbe Sludit'n

ie'ber Eula/id, p. I74 sqq. and Paralipomena zu Euklid in Hermes, XXXVIIL, I903.

’ l. p. 201 ed. Halma=p. 50 ed. Basel.
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The MSS. used for Heiberg’s edition of the Elements are the

following:

(I) P =Vatican MS. numbered 190, 4to, in two volumes (doubt

less one originally); 10th c.

This is the MS. which Peyrard was able to use; it was sent from

Rome to Paris for his use and bears the stamp of the Paris Imperial

Library on the last page. It is well and carefully written. There are

corrections some of which are by the original hand, but generally in

paler ink, others, still pretty old, by several different hands, or by one

hand with different ink in different places (P m. 2), and others again

by the latest hand (P m. rec.). It contains, first, the Elements I.--XIII.

with scholia, then Marinus’ commentary on the Data (without the

name of the author), followed by the Data itself and scholia, then the

Elements x1v., XV. (so called), and lastly three books and a part of a

fourth of a commentary by Theon sis rolls n'poxet'pouq Icauévac [170M

,uatov.

The other MSS. are “ Theonine.”

(2) F= MS. XXVIII, 3, in the Laurentian Library at Florence, 4to;

10th c.

This MS. is written in a beautiful and scholarly hand and contains

the Elements I.—xv., the Optics and the P/zaenamena, but is not well

preserved. Not only is the original writing renewed in many places,

where it had become faint, by a later hand of the 16th 0., but the same

hand has filled certain smaller lacunae by gumming on to torn

pages new pieces of parchment, and has replaced bodily certain

portions of the MS., which had doubtless become illegible, by fresh

leaves. The larger gaps so made good extend from Eucl. VII. 12 to

IX. 15, and from XII. 3 to the end ; so that, besides the conclusion of the

Elements, the Optics and P/zarnwnena are also in the later hand, and we

cannot even tell what in addition to the Elements I.—XIII. the original

MS. contained. Heiberg denotes the later hand by ¢ and observes

that, while in restoring words which had become faint and filling up

minor lacunae the writer used no other MS., yet in the two larger

restorations he used the Laurentian Ms‘. xxvnI, 6, belonging to the

13th—14th c. The latter MS. (which Heiberg denotes by f) was

copied from the Viennese MS. (V) to be described below.

(3) B= Bodleian MS., D'Orville X. I inf. 2, 30, 4to; A.D. 888.

This MS. contains the Elements I.—XV. with many scholia. Leaves

15—118 contain I. 14 (from about the middle of- the proposition) to

the end of Book VI., and leaves 123-387 (wrongly numbered 397)

Books VIL—XV. in one and the same elegant hand (9th c.). The

leaves preceding leaf 15 seem to have been lost at some time, leaves

6 to 14 (containing Elem. I. to the place in I. 14 above referred to)

being carelessly written by a later hand on thick and common parch

ment (13th c.). On leaves 2 to 4 and 122 are certain notes in the

hand of Arethas, who also wrote a two-line epigram on leaf 5, the

greater part of the scholia in uncial letters, a few notes and corrections,

and two sentences on the last leaf, the first of which states that the

MS. was written by one Stephen clerz‘cus in the year of the world 6397
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(= 888 A.D.), while the second records Arethas’ own acquisition of it.

Arethas lived from, say, 865 to 939 A.D. He was Archbishop of

Caesarea and wrote a commentary on the Apocalypse. The portions

of his library which survive are of the greatest interest to palaeography

on account of his exact notes of dates, names of copyists, prices of

parchment etc. It is to him also that we owe the famous Plato MS.

from Patmos (Cod. Clarkianus) which was written for him in November

895‘.

(4) V = Viennese MS. Philos. Gr. No. 103; probably 12th c.

This MS. contains 292 leaves, Eucl. Elements I.—XV. occupying

leaves 1 to 254, after which come the Optics (to leaf 271), the

P/zamomeua (mutilated at the end) from leaf 272 to leaf 282, and lastly

scholia, on leaves 283 to 292, also imperfect at the end. The different

material used for different parts and the varieties of handwriting make

it necessary for Heiberg to discuss this MS. at some length’. The

handwriting on leaves 1 to 183 (Book I. to the middle of X. 105) and

on leaves 203 to 234 (from XI. 31, towards the end of the proposition,

to XIII. 7, a few lines down) is the same; between leaves 184 and 202

there are two varieties of handwriting, that of leaves 184 to 189 and

that of leaves 200 (verso) to 202 being the same. Leaf 235 begins in

the same handwriting, changes first gradually into that of leaves 184

to 189 and then (verso) into a third more rapid cursive writing which

is the same as that of the greater part of the scholia, and also as that

of leaves 243 and 282, although, as these leaves are of different

material, the look of the writing and of the ink seems altered.

There are corrections both by the first and a second hand, and scholia

by many hands. On the whole, in spite of the apparent diversity of

handwriting in the MS., it is probable that the whole of it was written

at about the same time, and it may (allowing for changes of material,

ink etc.) even have been written by the same man. It is at least

certain that, when the Laurentian Ms‘. XXVIII, 6 was copied from it, the

whole MS. was in the condition in which it is now, except as regards

the later scholia and leaves 283 to 292 which are not in the Laurentian

Ms, that MS. coming to an end where the P/zaeuomena breaks off

abruptly in V. Hence Heiberg attributes the whole Ms. to the 12th c.

But it was apparently in two volumes originally, the first con

sisting of leaves 1 to 183; and it is certain that it was not all copied

at the same time or from one and the same original. For leaves

184 to 202 were evidently copied from two MSS. different both from

one another and from that from which the rest was copied. Leaves

184 to the middle of leaf I89 (recto) must have been copied from a

MS. similar to I’, as is proved by similarity of readings, though not

from I’ itself. The rest, up to leaf 202, were copied from the Bologna

MS. (b) to be mentioned below. It seems clear that the content of

leaves 184 to 202 was supplied from other Mss. because there was a

lacuna in the original from which the rest of V was copied.

1 See Pauly-Wissowa, Keal-Eng/clopz'zkz’ie dcr clan. Allcrlunmummsrhaflm, vol. 11., 1896,

p‘ 6 5' . .” Heiberg, vol. v. pp. xx1x--xxx111.
\I
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Heiberg sums up his conclusions thus. The copyist of V first

copied leaves 1 to 183 from an original in which two quaterm'one:

were missing (covering from the middle of Eucl. X. 105 to near the

end of XI. 31). Noticing the lacuna he put aside one quaternio of the

parchment used up to that point. Then be copied onwards from

the end of the lacuna in the original to the end of the Plzaenomena.

After this he looked about him for another MS. from which to fill up

the lacuna; finding one, he copied from it as far as the middle of leaf

189 (recto). Then, noticing that the MS. from which he was copying

was of a different class, he had recourse to yet another MS. from which

he copied up to leaf 202. At the same time, finding that the lacuna

was longer than he had reckoned for, he had to use twelve more

leaves of a different parchment in addition to the quaterm'o which he

had put aside. The whole M5. at first formed two volumes (the first

containing leaves 1 to 183 and the second leaves 184 to 282); then,

after the last leaf had perished, the two volumes were made into one

to which two more quatemione: were also added. A few leaves of the

latter of these 'two have since perished.

(5) b = M5. numbered 18—19 in the Communal Library at

Bologna, in two volumes, 4to; 11th c.

This MS. has scholia in the margin written both by the first hand

and by two or three later hands; some are written by the latest hand,

Theodorus Cabasilas (a descendant apparently of Nicolaus Cabasilas,

14th c.) who owned the MS. at one time. It contains (a) in 14 quater

m'ones the definitions and the enunciations (without proofs) of the

Elements I.—X111. and of the Data, (6) in the remainder of the

volumes the Proem to Geometry (published among the Variae

Colleetz'one: in Hultsch’s edition of Heron, pp. 252, 24 to 274, 14)

followed by the Elements I.—XIII. (part of XIII. 18 to the end being

missing), and then by part of the Data (from the last three words of

the enunciation of Prop. 38 to the end of the penultimate clause in

Prop. 87, ed. Menge). From XI. 36 inclusive t0 the end of XII. this

MS. appears to represent an entirely difi'erent recension. Heiberg is

compelled to give this portion of b separately in an appendix. He

conjectures that it is due to a Byzantine mathematician who thought

Euclid’s proofs too long and tiresome and consequently contented

himself with indicating the course followed‘. At the same time this

Byzantine must have had an excellent MS. before him, probably of the

ante-Theonine variety of which the Vatican Ms. 190 (P) is the sole

representative.

(6) p = Paris MS. 2466, 4to; 12th c.

This manuscript is written in two hands, the finer hand occupying

leaves 1 to 5 3 (recto), and a more careless hand leaves 53 (verso) to

64, which are of the same parchment as the earlier leaves, and leaves

65 to 239, which are of a thinner and rougher parchment showing

traces of writing of the 8th—9th c. (a Greek version of the Old

Testament). The MS. contains the Element: I.—XlII. and some scholia

after Books x1., x11. and x111. _

1 Zeilsrltrtfifi'e'r Mat/i. u. Pllyril', Xx1X., hist.-litt. Abtheilung, p. 13.

n. a. 4
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(7) q = Paris MS. 2344, folio; 12th c.

It is written by one hand but includes scholia by many hands.

On leaves I to 16 (recto) are scholia with the same title as that found

by Wachsmuth in a Vatican MS. and relied upon by him to prove that

Proclus continued his commentaries beyond Book I.1 Leaves 17 to

357 contain the Elements I.—XIII. (except that there is a lacuna from

the middle of VIII. 25 to the é'xt‘iwm of IX. 14); before Books VII. and

X. there are some leaves filled with scholia only, and leaves 358 to 366

contain nothing but scholia.

(8) Heiberg also used a palimpsest in the British Museum (Add.

17211). Five pages are of the 7th—8th c. and are contained (leaves

49—53) in the second volume of the Syrian MS. Brit. Mus. 687 of the

9th c.; half of leaf 50 has perished. The leaves contain various frag

ments from Book X. enumerated by Heiberg, Vol. III., p. v, and nearly

the whole of XIII. I4.

Since his edition of the Elements was published, Heiberg has

collected further material bearing on the history of the text". Besides

giving the results of further or new examination of MSS., he has

collected the fresh evidence contained in an-Nairizi’s commentary,

and particularly in the quotations from Heron's commentary given in

it (often word for word), which enable us in several cases to trace

differences between our text and the text as Heron had it, and to

identify some interpolations which actually found their way into the

text from Heron's commentary itself; and lastly he has dealt with

some valuable fragments of ancient papyri which have recently come

to light, and which are especially important in that the evidence drawn

from them necessitates some modification in the views expressed in

the preface to Vol. V. as to the‘nature of the changes made in Theon's

recension, and in the principles laid down for differentiating between

Theon’s recension and the original text, on the basis of a comparison

between P and the Theonine MSS. alone.

The fragments of ancient papyri referred to are the following.

I. Papyrus Herculanenszs No. 10613.

This fragment quotes Def. 15 of Book I. in Greek, and omits the

words xaMZ'rai 'rrepupépeta, “which is called the circumference,”

found in all our MSS., and the further addition wpbs‘ 11):; 1'01’) mixkou

7T€pt¢épetav also found in practically all the M58. Thus Heiberg’s

assumption that both expressions are interpolations is now confirmed

by this oldest of all sources.

2. Tlze Oxyr/zync/zus Papyri I. p. 58, No. XXIX. of the 3rd or 4th c.

This fragment contains the enunciation of Eucl. II. 5 (with figure,

apparently without letters, immediately following, and not, as usual in

our MSS., at the end of the proof) and before it the part of a word

7T€pt€x0fl£ belonging to II. 4 (with room for —u@ 6p00rywuiqr 6"1rep 58a

1 [elr 1'16. 100 Et'lxhelfiov arotxe'ia. 'n'pohauflavépcvu. {K 16v Hpbxhou aropd8'qv Kai Kar' e'1r1

rolniv. Cf. p. 32, note 8, above.

2 Heéiberg, Paralipomma zu L‘ukh'd in Hermes, XXXVIIL, 1903, pp. 46-74, 161—-'201I

321-35 .

3 Described by Heiberg in Owrugf over de! kngl. danske Vidmskabernes Szlskabs

For/zandlinger, 1900, p. 161.
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SeIEai and a stroke to mark the end), showing that the fragment Izad

not the Porism which appearsin all the Theonine M58. and (in a later

hand) in P, and thereby confirming Heiberg’s assumption that the

Porism was due to Theon.

3. A fragment in Fayum town: and their papyrz', p. 96, No. IX. of

2nd or 3rd c.

This contains 1. 39 and I. 41 following one another and almost

complete, showing that 1.40 was wanting, whereas it is found in all

the M58. and is recognised by Proclus. Moreover the text of the

beginning of I. 39 is better than ours, since it has no double 8L0pLd/L69

but omits the first (“I say that they are also in the same parallels”)

and has "and” instead of “for let AD be joined" in the next sentence.

It is clear that I. 40 was interpolated by someone who thought there

ought to be a proposition following I. 39 and related to it as I. 38 is

related to I. 37 and I. 36 to I. 35, although Euclid nowhere uses I. 40,

and therefore was not likely to include it. The same interpolator

failed to realise that the words “let AD be joined” were part of the

Exbea-ic or setting'out, and took them for the Ica-rao'xewj or “ construc

tion ” which generally follows the Stowe-p.69 or “particular statement”

of the conclusion to be proved, and consequently thought it necessary

to insert a 8L0pt0'fb69 before the words.

The conclusions drawn by Heiberg from a consideration of

particular readings in this papyrus along with those of our MSS. will

be referred to below.

We now come to the principles which Heiberg followed, when

preparing his edition, in differentiating the original text from the

Theonine recension by means of a comparison of the readings of P

and of the Theonine M55. The rules which he gives are subject to a

certain number of exceptions (mostly in cases where one Ms. or the

other shows readings due to copyists’ errors), but in general they may

be relied upon to give conclusive results.

The possible alternatives which the comparison of P with the

Theonine MSS. may give in particular passages are as follows:

I. There may be agreement in three different degrees.

(I) P and all the Theonine MSS. may agree.

In this case the reading common to all, even if it is corrupt or

interpolated, is more ancient than Theon, i.e. than the 4th c.

(2) P may agree with some (only) of the Theonine MSS.

In this case Heiberg considered that the latter give the true

reading of Theon’s recension, and the other Theonine MSS. have

departed from it.

(3) P and one only of the Theonine MSS. may agree.

In this case too Heiberg assumed that the one Theonine MS. which

agrees with P gives the true Theonine reading, and that this rule even

supplies a sort of measure of the quality and faithfulness of the

Theonine MSS. Now none of them agrees alone with P in preserving

the true reading so often as F. Hence F must be held to have pre

served Theon’s recension more faithfully than the other Theonine MSS.;

and it would follow that in those portions where F fails us P must

4—2
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carry rather more weight even though it may differ from the Theonine

M55. BVpq. (Heiberg gives many examples in proof of this, as of his

main rules generally, for which reference must be made to his Prola

gomena in Vol. V.) The specially close relation of F and P is also

illustrated by passages in which they have the same errors; the

explanation of these common errors (where not due to accident) is

found by Heiberg in the supposition that they existed, but were not

noticed by Theon, in the original copy in which he made his changes.

Although however F is by far the best of the Theonine MSS., there

are a considerable number of passages where one of the others (B, V,

p or q) alone with P gives the genuine reading of Theon’s recension.

As the result of the discovery of the papyrus fragment containing

I. 39, 41, the principles above enunciated under (2) and (3) are found

by Heiberg to require some qualification. For there is in some cases

a remarkable agreement between the papyrus and the Theonine MSS.

(some or all) as against P. This shows that Theon took more trouble

to follow older MSS., and made fewer arbitrary changes of his own,

than has hitherto been supposed. Next, when the papyrus agrees

with some of the Theonine MSS. against P, it must now be held that

these M55. (and not, as formerly supposed, those which agree with P)

give the true reading of Theon. If it were otherwise, the agreement

between the papyrus and the Theonine MSS. would be accidental: but

it happens too often for this. It is clear also that there must have

been contamination between the two recensions; otherwise, whence

could the Theonine Mss. which agree with P and not with the papyrus

have got their readings? The influence of the P class on the Theonine

F is especially marked.

II. There may be disagreement between P and all the Theonine

M55.

The following possibilities arise.

(1)‘ The Theonine MSs. difi'er also among themselves.

In this case Heiberg considered that P nearly always has the true

reading, and the Theonine MSs. have suffered interpolation in different

ways after Theon’s time.

(2) The Theonine MSS. all combine against P.

In this case the explanation was assumed by Heiberg to be one or

other of the following.

(a) The common reading is due to an error which cannot be

imputed to Theon (though it may have escaped him when putting

together the archetype of his edition); such error may either have

arisen accidentally in all alike, or (more frequently) may be

referred to a common archetype of all the M55.

([8) There may be an accidental error in P; e.g. something

has dropped out of P in a good many places, generally through

dluoto're'kev'rov.

('y) There may be words interpolated in P.

(8) Lastly, we may have in the T/zeanz'ne MSS. a c/tange made

by Tlzeon himself.

(The discovery of the ancient papyrus showing readings agreeing
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with some, or with all, of the Theonine MSS. against P now makes it

necessary to be very cautious in applying these criteria.)

It is of course the last class (8) of changes which we have to

investigate in order to get a proper idea of Theon’s recension.

Heiberg first observes, as regards these, that we shall find that

Theon, in editing the Elements, altered hardly anything without some

reason, often inadequate according to our ideas, but still some reason

which seemed to him sufiicient. Hence, in cases of very slight differ

ences where both the Theonine MSS. and P have readings good and

probable in themselves, Heiberg is not prepared to put the differences

down to Theon. In those passages where we cannot see the least

reason why Theon, if he had the reading of P before him, should have

altered it, Heiberg would not at once assume the superiority of P

unless there was such a consistency in the differences as would indicate

that they were due not to accident but to design. In the absence of

such indications, he thinks that the ordinary principles of criticism

should be followed and that proper weight should be attached to the

antiquity of the sources. And it cannot be denied that the sources of

the Theonine version are the more ancient. For not only is the

British Museum palimpsest (L), which is intimately connected with

the rest of our MSS., at least two centuries older than P, but the other

Theonine MSS. are so nearly allied that they must be held to have

had a common archetype intermediate between them and the actual

edition of Theon ; and, since they themselves are as old as, or older

than P, their archetype must have been much older. Heiberg gives

(pp. xlvi, xlvii) a list of passages where, for this reason, he has

followed the Theonine MSS. in preference to P.

It has been mentioned above that the copyist of P or rather of its

archetype wished to give an ancient recension. Therefore (apart from

clerical errors and interpolations) the first hand in P may be relied

upon as giving a genuine reading even where a correction by the first

hand has been made at the some time. But in many places the first

hand has made corrections afterwards; on these occasions he must

have used new sources, e.g. when inserting the scholia to the first

Book which P alone has, and in a number of passages he has made

additions from Theonine MSS.

We cannot make out any “family tree" for the different Theonine

MSS. Although they all proceeded from a common archetype later

than the edition of Theon itself, they cannot have been copied one

from the other; for, if they had been, how could it have come about

that in one place or other each of them agrees alone with P in pre

serving the genuine reading? Moreover the great variety in their

agreements and disagreements indicates that they have all diverged

to about the same extent from their archetype. As we have seen that

P contains corrections from the Theonine family, so they show correc

tions from P or other MSS. of the same family. Thus V has part of

the lacuna in the Ms. from which it. was copied filled up from a MS.

similar to P, and has corrections apparently derived from the same;

the copyist, however, in correcting V, also used another MS. to which
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he alludes in the additions to IX. 19 and 30 (and also on X. 23 Por.):

“in the book of the Ephesian (this) is not found." Who this Ephesian

of the 12th c. was, we do not know.

We now come to the alterations made by Theon in his edition of

the Elements. I shall indicate classes into which these alterations

may be divided but without details (except in cases where they affect

the mathematical content as distinct from form or language pure and

simple)‘.

I. Alterations made by Tlieon where [to found, or thought Izefonnd,

mistake: in the original.

1. Real blots in the original which Theon saw and tried to

remove.

(a) Euclid has a porism (corollary) to V1. 19, the enunciation

of which speaks of similar and similarly described figures though the

proposition itself refers only to triangles, and therefore the porism

should have come after VI. 20. Theon substitutes triangle for figure

and proves the more general porism after VI. 20.

(b) In IX. 19 there is a statement which is obviously incorrect.

Theon saw this and altered the proof by reducing four alternatives to

two, with the result that it fails to correspond to the enunciation even

with Theon’s substitution of “ if” for “when” in the enunciation.

(c) Theon omits a porism to 1X. 11, although it is necessary for

the proof of the succeeding proposition, apparently because, owing to

an error in the text (Kara. 'rt‘w corrected by Heiberg into é'rrl 70‘), he

could not get out of it the right sense.

(a’) I should also put into this category a case which Heiberg

classifies among those in which Theon merely fancied that he found

mistakes, viz. the porism to V. 7 stating that, if four magnitudes are

proportional, they are proportional inversely. Theon puts this after

V. 4 with a proof, which however has no necessary connexion with

V. 4 but is obvious from the definition of proportion.

(e) I should also put under this head XI. 1, where Euclid’s argu

ment to prove that two straight lines cannot have a common segment

is altered.

2. Passages which seemed to Theon to contain blots, and which

he therefore set himself to correct, though more careful consideration

would have shown that Euclid’s words are right or at least may be

excused and offer no difficulty to an intelligent reader. Under this

head come:

(a) an alteration in III. 24.

(b) a'perfectly unnecessary alteration, in VI. 14, of “equiangular

parallelograms” into “parallelograms having one angle equal to one

angle,” where Theon followed the false analogy of VI. I 5.

(c) an omission of words in V. 26, owing to his having been mis

led by a wrong figure.

(a') an alteration of the order of XI. Deff. 27, 28.

(e) the substitution of “ parallelepipedal solid " for “cube” in XI.

‘ Exhaustive details under all the different heads are given by Heiberg (Vol. v.

pp. lii—lxxv). '
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38, because Theon observed, correctly enough, that it was true of the

parallelepipedal solid in general as well as of the cube, but failed to

give weight to the fact that Euclid must have given the particular

case of the cube for the simple reason that that was all he wanted for

use in XIII. 17.

(f) the substitution of the letter ‘F for D (V for Z in my figure)

because he saw that the perpendicular from K to B4) would fall on (I)

itself, so that 4), .Q. coincide. But, if the substitution is made, it should

be proved that (I), f). coincide. Euclid can hardly have failed to notice

the fact, but it may be that he deliberately ignored it as unnecessary

for his purpose, because he did not want to lengthen his proposition

by giving the proof.

II. Emendatians intended to improve theform or diction of Euclid.

Some of these emendations of Theon affect passages of appreciable

length. Heiberg notes about ten such passages; the longest is

in Eucl. XII. 4 where a whole page of Heiberg’s text is affected and

Theon’s version is put in the Appendix. The kind of alteration may

be illustrated by that in IX. 15 where Euclid uses successively the

propositions VII. 24, 25, quoting the enunciation of the former but not

of the latter; Theon does exactly the reverse. In a few of the cases

here quoted by Heiberg, Theon shortened the original somewhat.

But, as a rule, the emendations affect only a few words in each

sentence. Sometimes they are considerable enough to alter the con

formation of the sentence, sometimes they are trifling alterations

“more magistellorum ineptorum" and unworthy of Theon. Generally

speaking, they were prompted by a desire to change anything which

was out of the common in expression or in form, in order to reduce

the language to one and the same standard or norm. Thus Theon

changed the order of words, substituted one word for another where

the latter was used in a sense unusual with Euclid (e.g. e’1rei817'1rep,

“ since," for 571 in the sense of “ because”), or one expression for

another in like circumstances (e.g. where, finding “that which was

enjoined would be done" in a theorem, VII. 31, and deeming the phrase

more appropriate to a problem, he substituted for it “that which is

sought would be manifest"; probably also and for similar reasons he

made certain variations between the two expressions usual at the end

of propositions b'vrep 58a. SeIEal. and b'vrep 5561. 'n'on'jaai, quad era!

demonstrandum and quad erat facz'endmn). Sometimes his alterations

show carelessness in the use of technical terms, as when he uses

r'z'vr-rea'fiat (to meet) for é¢d1rrw0at (to tone/z) although the ancients

carefully distinguished the two words. The desire of keeping to a

standard phraseology also led Theon to omit or add words in a

number of cases, and also, sometimes, to change the lettering of

fi ures.g But Theon seems, in editing the Elements, to have bestowed the

most attention upon

III. Addz'tians designed to supplement or explain Euelid.

First, he did not hesitate to interpolate whole propositions where

he thought there was room or use for them. We have already
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mentioned the addition to VI. 33 of the second part relating to sectors,

for which Theon himself takes credit in his commentary on Ptolemy.

Again, he interpolated the proposition commonly known as VII. 22

(ex aequo in proportione perturbata for numbers, corresponding to V. 23),

and perhaps also VII. 20, a particular case of VII. 19 as VI. I7 is of VI.

I6. He added a second case to VI. 27, a porism to II. 4, a second

porism to III. I6, and a lemma after X. 12; perhaps also the porism

to V. 19 and the first porism to VI. 20. He also inserted alternative

proofs here and there, e.g. in II. 4 (where the alternative differs little

from the original) and in VII. 3! ; perhaps also in X. I, 6, and 9.

Secondly, he sometimes repeats an argument where Euclid had

said “For the same reason,” adds specific references to points,

straight lines etc. in the figures in order to exclude the possibility

of mistake arising from Euclid's reference to them in general terms,

or inserts words to make the meaning of Euclid more plain, e.g.

eomponendo and alternately, where Euclid had left them out. Some

times he thought to increase by his additions the mathematical

precision of Euclid's language in enunciations or elsewhere, sometimes

to make smoother and clearer things which Euclid had expressed

with unusual brevity and harshness or carelessness, in reliance on the

intelligence of his readers.

Thirdly, he supplied intermediate steps where Euclid's argument

seemed too rapid and not easy enough to follow. The form of these

additions varies; they are sometimes placed as a definite intermediate

step with “therefore " or “so that,” sometimes they are additions to

the statement of premisses, sometimes phrases introduced by “since,"

“for" and the like, after the inference.

Lastly, there is a very large class of additions of a word, or one

or two words, for the sake of clearness or consistency. Heiberg

gives a number of examples of the addition of such nouns as

“triangle,” “square," “rectangle,” “ magnitude," “number,” “ point,"

“side,” “ circle," "straight line,” “area ” and the like, of adjectives

such as “remaining,” “right,” “whole,” “proportional,” and of other

parts of speech, even down to words like “is " (e’a-n’) which is added

600 times, 81}, d'pa, pév, 'ya'p, real and the like.

IV. Omzlrsz'ons by T/teon.

Heiberg remarks that, Theon’s object having been, as above

shown, to amplify and explain Euclid, we should not naturally have

expected to find him doing much in the contrary process of com

pression, and it is only owing to the recurrence of a certain sort of

omissions so frequently (especially in the first Books) as to exclude

the hypothesis of their being all due to chance that we are bound to

credit him with alterations making for greater brevity. We have

seen, it is true, that he made omissions as well as additions for the

purpose of reducing the language to a certain standard form. But

there are also a good number of cases where in the enunciation of

propositions, and in the exposition (the re-statement of them with

reference to the figure), he has left out words because, apparently,

he regarded Euclid's language as being too careful and precise.
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Again, he is apparently responsible for the frequent omission of the

words 516p 5861. 56251“. (or 7rotfia'ai), Q.E.D. (or F.), at the end of

propositions. This is often the case at the end of porisms, where,

in omitting the words, Theon seems to have deliberately departed

from Euclid’s practice. The MS. P seems to show clearly that, where

Euclid put a porism at the end of a proposition, he omitted the

Q.E.D. at the end of the proposition but inserted it at the end of the

porism, as if he regarded the latter as being actually a part of the

proposition itself. As in the Theonine MSS. the Q.E.D. is generally

omitted, the omission would seem to have been due to Theon.

Sometimes in these cases the Q.E.D. is interpolated at the end of the

proposition.

Heiberg summed up the discussion of Theon’s edition by the

remark that Theon evidently took no pains to discover and restore

from MSS. the actual words which Euclid had written, but aimed

much more at removing difl'iculties that might be felt by learners

in studying the book. His edition is therefore not to be compared

with the editions of the Alexandrine grammarians, but rather with

the work done by Eutocius in editing Apollonius and with an

interpolated recension of some of the works of Archimedes by a

certain Byzantine, Theon occupying a position midway between these

two editors, being superior to the latter in mathematical knowledge

but behind Eutocius in industry (these views now require to be some

what modified, as above stated). But however little Theon’s object

may be approved by those of us who would rather know the

zjasissima verba of Euclid, there is no doubt that his work was

approved by his pupils at Alexandria for whom it was written; and

his edition was almost exclusively used by later Greeks, with the

result that the more ancient text is only preserved to us in one MS.

As the result of the above investigation, we may feel satisfied

that, where P and the Theonine MSS. agree, they give us (except in a

few accidental instances) Euclid as he was read by the Greeks of

the 4th c. But even at that time the text had been passed from

hand to hand through more than six centuries, so that it is certain

that it had already sufi’ered changes, due partly to the fault of

copyists and partly to the interpolations of mathematicians. Some

errors of copyists escaped Theon and were corrected in some MSS.

by later hands. Others appear in all our M55. and, as they cannot

have arisen accidentally in all, we must put them down to a common

source more ancient than Theon. A somewhat serious instance is

to be found in III. 8; and the use of zim-éo'dw for é¢avr~réal9w in the

sense of "touch " may also be mentioned, the proper distinction

between the words having been ignored as it was by Theon also.

But there are a number of imperfections in the ante-Theonine text

which it would be unsafe to put down to the errors of copyists, those

namely where the good MSS. agree and it is not possible to see any

motive that a copyist could have had for altering a correct reading.

In these cases it is possible that the imperfections are due to a

certain degree of carelessness on the part of Euclid himself; for it
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is not possible “Euclidem ab omni naevo vindicare,” to use the

words of Saccheri‘, and consequently Simson is not right in attributing

to Theon and other editors all the things in Euclid to which mathe

matical objection can be taken. Thus, when Euclid speaks of “the

ratio compounded of the sides” for “the ratio compounded of the

ratios oft/1e sides," there is no reason for doubting that Euclid himself

is responsible for the more slip-shod expression. Again, in the Books

XL—XIII. relating to solid geometry there are blots neither few

nor altogether unimportant which can only be attributed to Euclid

himself’; and there is the less reason for hesitation in so attributing

them because solid geometry was then being treated in a thoroughly

systematic manner for the first time. Sometimes the conclusion

(avpvrépaopa) of a proposition does not correspond exactly to the

enunciation, often it is cut short with the words real 11}, e'Efie “ and the

rest" (especially from Book X. onwards), and very often in Books VIIL,

IX. it is omitted. Where all the M55. agree, there is no ground for

hesitating to attribute the abbreviation or omission to Euclid; though,

of course, where one or more MSS. have the longer form, it must be

retained because this is one of the cases where a copyist has a

temptation to abbreviate.

Where the true reading is preserved in one of the Theonine MSS.

alone, Heiberg attributes the wrong reading to a mistake which arose

before Theon’s time, and the right reading of the single MS. to a

successful correction.

We now come to the most important question of the Inlerpolations

introduced before T/zeon': time. ,

I. Alternative proofs or additional cases.

It is not in itself probable that Euclid would have given two

proofs of the same proposition ; and the doubt as to the genuineness

of the alternatives is increased when we consider the character of

some of them and the way in which they are introduced. First of

all, we have those of VI. 20 and XII. 17 introduced by “we shall prove

this otherwise more readily (1rpoxetpé-repov)” or that of X. 90 “it is

possible to prove more s/zortly (auu-ropoirepov)” Now it is impossible

to suppose that Euclid would have given one proof as that definitely

accepted by him and then added another with the express comment

that the latter has certain advantages over the former. Had he con

sidered the two proofs and come to this conclusion, he would have

inserted the latter in the received text instead of the former. These

alternative proofs must therefore have been interpolated. The same

argument applies to alternatives introduced with the words “or even

thus” (1} xal oil'rwe), “ or even otherwise" (15 xal zikkwq). Under this

head come the alternatives for the last portions of III. 7, 8; and

Heiberg also compares the alternatives for parts of III. 31 (that the

angle in a semicircle is a right angle) and XIII. I8, and the alternative

proof of the lemma after X. 32. The alternatives to X. 105 and 106,

l Eur/ides ab omm' uaeuo w'mz'it'atm, Mediolani, I733.

’ Cf. es ecially the assumption, without proof or definition, of the criterion for equal solid

angles, an the incomplete proof of XI]. 17.
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again, are condemned by the place in which they occur, namely after

an alternative proof to X. 115. The above alternatives being all

admitted to be spurious, suspicion must necessarily attach to the few

others which are in themselves unobjectionable. Heiberg instances

the alternative proofs to III. 9, III. 10,v1. 30, v1. 31 and XI. 22, observing

that it is quite comprehensible that any of these might have occurred

to a teacher or editor and seemed to him, rightly or wrongly, to be

better than the corresponding proofs in Euclid. Curiously enough,

Simson adopted the alternatives to 111. 9, 10 in preference to the

genuine proofs. Since Heiberg’s preface was written, his suspicion

has been amply confirmed as regards III. 10 by the commentary of

an-Nairizi (ed. Curtze) which shows not only that this alternative is

Heron's, but also that the substantive proposition III. 12 in Euclid

is also Heron's, having been given by him to supplement III. 11

which must originally have been enunciated of circles “touching one

another” simply, i.e. so as to include the case of external as well as

internal contact, though the proof covered the case of internal contact

only. "Euclid, in the 11th proposition,” says Heron, “supposed two

circles touching one another internally and wrote the proposition on

this case, proving what it was required to prove in it. BM 1 will

show lzow it is to be proved if the contact be external 1." This additional

proposition of Heron's is by way of adding another case, which, brings

us to that class of interpolation. It was the practice of Euclid and

the ancients to give only one case (generally the most difficult one)

and to leave the others to be investigated by the reader for himself.

One interpolation of a second case (VI. 27) is due, as we have seen,

to Theon. The two extra cases of XI. 23 were manifestly interpolated

before Theon's time, for the preliminary distinction of three cases,

“(the centre) will either be within the triangle LMN, or on one of

the sides, or outside. First let it be within,” is a spurious addition

(B and V only). Similarly an unnecessary case is interpolated in

III. II.

II. Lemmas.

Heiberg has unhesitatingly placed in his Appendix to Vol. III.

certain lemmas interpolated either by Theon (on X. 13) or later

writers (on X. 27, 29, 31, 32, 33, 34, where V only has the lemmas).

But we are here concerned with the lemmas found in all the MSS.,

which however are, for different reasons, necessarily suspected. We

will deal with the Book X. lemmas last.

(I) There is an a priori ground of objection to those lemmas

which come after the propositions to which they relate and prove

properties used in those propositions; for, if genuine, they would be a

sign of faulty arrangement such as would not be likely in a systematic

work so carefully ordered as the Elements. The lemma to VI. 22 is

one of this class, and there is the further objection to it that in VI. 28

Euclid makes an assumption which would equally require a lemma

though none is found. The lemma after XII. 4 is open to the further

objections that certain altitudes are used but are not drawn in the

1 An-NairIzI, ed. Curtze, p. 111.
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figure (which is not in the manner of Euclid), and that a peculiar

expression “parallelepipedal solids described on (dvwypazpépeva b-rré)

prisms" betrays a hand other than Euclid’s. There is an objection on

the score of language to the lemma after XIII. 2. The lemmas on

XI. 23, XIII. I3, XIII. I8, besides coming after the propositions to

which they relate, are not very necessary in themselves and, as regards

the lemma to XIII. 13, it is to be noticed that the writer of a gloss

in the proposition could not have had it, and the words “as will

be proved afterwards" in the text are rightly suspected owing to

differences between the MS. readings. The lemma to XII. 2 also, to

which Simson raised objection, comes after the proposition; but, if it

is rejected, the words “as was proved before " used in XII. 5 and 18,

and referring to this lemma, must be struck out.

(2) Reasons of substance are fatal to the lemma before X. 60,

which is really assumed in X. 44 and therefore should have appeared

there if anywhere, and to the lemma on X. 20, which tries to prove

what is already stated in X. Def. 4.

We now come to the remaining lemmas in Book X., eleven in

number, which come before the propositions to which they relate and

remove difiiculties in the way of their demonstration. That before

X. 42 introduces a set of propositions with the words “that the said

irrational straight lines are uniquely divided ...we will prove after

premising the following lemma,” and it is not possible to suppose

that these words are due to an interpolator; nor are there any

objections to the lemmas before X. 14, 17,22, 33, 54, except perhaps

that they are rather easy. The lemma before X. 10 and X. 10 itself

should probably be removed from the Elements; for X. 10 really uses

the following proposition X. 11, which is moreover numbered 10 by

the first hand in P, and the words in X. 10 referring to the lemma “for

we learnt (how to do this)” betray the interpolator. Heiberg gives

reason also for rejecting the lemmas before X. 19 and 24 with the

words “in any of the aforesaid ways” (omitted in the Theonine M55.)

in the enunciations of X. 19, 24 and in the exposition of X. 20. Lastly,

the lemmas before X. 29 may be genuine, though there is an addition

to the second of them which is spurious.

Heiberg includes under this heading of interpolated lemmas two

which purport to be substantive propositions, XI. 38 and X111. 6. These

must be rejected as spurious for reasons which will be found in detail

in my notes on XI. 37 and XIII. 6 respectively. The latter proposition

is only quoted once (in XIII. 17); probably the words quoting it

(with 'ypa/dprj instead of ebbeia) are themselves interpolated, and

Euclid thought the fact stated a sufiiciently obvious inference from

XIII. I.

III. Porisms (or corollaries).

Most of the porisms in the text are both genuine and necessary;

but some are shown by differences in the M55. not to be so, e.g. those

to I. I5 (though Proclus has it), III. 31 and VI. 20 (For. 2). Sometimes

parts of porisms are interpolated. Such are the last few lines in

the porisms to 1v. 5, VI. 8; the latter addition is proved later by
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means of VI. 4, 8, so that the writer of these proofs could not have had

the addition to VI. 8 Por. before him. Lastly, interpolators have added

a sort of proof to some porisms, as though they were not quite

obvious enough; but to add a demonstration is inconsistent with the

idea of a porism, which, according to Proclus, is a by-product of a

proposition appearing without our seeking it.

IV. Scholia.

Several interpolated scholia betray themselves by their wording,

e.g. those given by Heiberg in the Appendix to Book X. and contain

ing the words Icakei, e’xdkeo'e (“he calls” or “called ”); these scholia were

apparently written as marginal notes before Theon’s time, and, being

adopted as such by Theon, found their way into the text in P and

some of the Theonine M55. The same thing no doubt accounts for

the interpolated analyses and syntheses to XIII. I—5, as to which see

my note on XIII. I.

V. Interpolations in Book X.

First comes the proposition “Let it be proposed to us to show that

in square figures the diameter is incommensurable in length with the

side,” which, with a scholium after it, ends the tenth Book. The form

of the enunciation is suspicious enough and the proposition, the proof

of which is indicated by Aristotle and perhaps was Pythagorean, is

perfectly unnecessary when X. 9 has preceded. The scholium ends

with remarks about commensurable and incommensurable solids,

which are of course out of place before the Books on solids. The

scholiast on Book X. alludes to this particular scholium as being due

to “ Theon and some others." But it is doubtless much more ancient,

and may, as Heiberg conjectures, have been the beginning of

Apollonius' more advanced treatise on incommensurables. Not only

is everything in Book X. after X. [15 interpolated, but Heiberg doubts

the genuineness even of X. Itz—It5, on the ground that X. 111

rounds off the theory of incommensurables as we want it in the Books

on solid geometry, while X. II2-—II5 are not really connected with

what precedes, nor wanted for the later Books, but seem to form the

starting-point of a new and more elaborate theory of irrationals.

VI. Other minor interpolations are found of the same character as

those above attributed to Theon. First there are two places (XI. 35

and XI. 26) where, after “similarly we shall prove" and “for the same

reason,” an actual proof is nevertheless given. Clearly the proofs are

interpolated; and there are other similar interpolations. There

are also interpolations of intermediate steps in proofs, unnecessary

explanations and so on, as to which I need not enter into details.

Lastly, following Heiberg’s order, I come to

VII. Interpolated definitions, axioms etc.

Apart from VI. Def. 5 (which may have been interpolated by

Theon although it is found written in the margin of P by the first

hand), the definition of a segment of a circle in Book I. is interpolated,

as is clear from the fact that it occurs in a more appropriate place in

Book III. and Proclus omits it. VI. Def. 2 (reciprocal figures) is rightly

condemned by Simson—perhaps it was taken from Heron—and
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Heiberg would reject VII. Def. 10, as to which see my note on that

definition. Lastly the double definition of a solid angle (XI. Def. II)

constitutes a difficulty. The use of the word c'vrupa'veta suggests that

the first definition may have been older than Euclid, and he may have

quoted it from older elements, especially as his own definition which

follows only includes solid angles contained by planes, whereas the

other includes other sorts (cf. the words 'ypappibv, 7panuaic) which are

also distinguished by Heron (Def. 24). If the first definition had

come last, it could have been rejected without hesitation : but it is not

so easy to reject the first part up to and including “ otherwise "

(lz'ltkmq). No difficulty need be felt about the definitions of “ oblong,"

“rhombus,” “trapezium,” and “rhomboid," which are not actually

used in the Elements; they were no doubt taken from earlier elements

and given for the sake of completeness.

As regards the axioms or, as they are called in the text, common

notions (xowal é'wotat), it is to be observed that Proclus says‘ that

Apollonius tried to prove "the axioms,” and he gives Apollonius’

attempt to prove Axiom I. This shows at all events that Apollonius

had some of the axioms now appearing in the text. But how could

Apollonius have taken a controversial line against Euclid on the

subject of axioms if these axioms had not been Euclid's to his know

ledge? And, if they had been interpolated between Euclid's time

and his own, how could Apollonius, living so comparatively short a

time after Euclid, have been ignorant of the fact? Therefore some of

the axioms are Euclid’s (whether he called them common notions, or

axioms, as is perhaps more likely since Proclus calls them axioms):

and we need not hesitate to accept as genuine the first three discussed

by Proclus, viz. (1) things equal to the same equal to one another,

(2) if equals be added to equals, wholes equal, (3) if equals be

subtracted from equals, remainders equal. The other two mentioned

by Proclus (whole greater than part, and congruent figures equal) are

more doubtful, since they are omitted by Heron, Martianus Capella,

and others. The axiom that “two lines cannot enclose a space” is

however clearly an interpolation due to the fact that I. 4 appeared to

require it. The others about equals added to unequals, doubles of

the same thing, and halves of the same thing are also interpolated;

they are connected with other interpolations, and Proclus clearly

used some source which did not contain them.

Euclid evidently limited his formal axioms to those which seemed

to him most essential and of the widest application; for he not un

frequcntly assumes other things as axiomatic, e.g. in VII. 28 that, if a

number measures two numbers, it measures their difl‘erence.

The differences of reading appearing in Proclus suggest the

question of the comparative purity of the sources used by Proclus,

Heron and others, and of our text. The omission of the definition of

a segment in Book Land of the old gloss “which is called the cir

cumference” in 1. Def. 15 (also omitted by Heron, Taurus, Sextus

1 Proclus, pp. 194, Iosqq.
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Empiricus and others) indicates that Proclus had better sources than

we have; and Heiberg gives other cases where Proclus omits words

which are in all our MSS. and where Proclus’ reading should perhaps

be preferred. But, except in these instances (where Proclus may have

drawn from some ancient source such as one of the older com—

mentaries), Proclus’ MS. does not seem to have been among the best.

Often it agrees with our worst MSS., sometimes it agrees with F where

F alone has a certain reading in the text, so that (e.g. in I. I5 Por.)

the common reading of Proclus and F must be rejected, thrice only

does it agree with P alone, sometimes it agrees with P and some

Theonine MSS., and once it agrees with the Theonine MSS. against P

and other sources.

Of the other external sources, those which are older than Theon

generally agree with our best MSS., e.g. Heron, allowing for the

difference in the plan of his definitions and the somewhat free adap

tation to his purpose of the Euclidean definitions in Books X., XI.

Heiberg concludes that the Elemenls were most spoiled by inter

polations about the 3rd c., for Sextus Empiricus had a correct text,

while Iamblichus had an interpolated one; but doubtless the purer

text continued for a long time in circulation, as we conclude from the

fact that our MSS. are free from interpolations already found in

Iamblichus’ MS.



CHAPTER VI.

THE SCHOLIA.

HEIBERG has collected scholia, to the number of about 1500, in

Vol. v. of his edition of Euclid, and has also discussed and classified

them in a separate short treatise, in which he added a few others‘.

These scholia cannot be regarded as doing much to facilitate the

reading of the Elements. As a rule, they contain only such observa

tions as any intelligent reader could make for himself. Among the

few exceptions are XI. Nos. 33, 35 (where XI. 22, 23 are extended to

solid angles formed by any number of plane angles), XII. No. 85

(where an assumption tacitly made by Euclid in XII. 17 is proved),

IX. Nos. 28, 29 (where the scholiast has pointed out the error in the

text of IX. 19).

Nor are they very rich in historical information; they cannot be

compared in this respect with Proclus’ commentary on Book I. or

with those of Eutocius on Archimedes and Apollonius. But even

under this head they contain some things of interest, e.g. II. No. 11

explaining that the gnomon was invented by geometers for the sake of

brevity, and that its name was suggested by an incidental characteristic,

namely that “from it the whole is known (yvwpt'é‘vrar), either of the

whole area or of the remainder, when it (the rymbpwu) is either placed

round or taken away”; II. No. 13, also on the gnomon; IV. No. 2

stating that Book IV. was the discovery of the Pythagoreans;

V. No. I attributing the content of Book v. to Eudoxus; X. No. I with

its allusion to the discovery of incommensurability by the Pytha~

goreans and to Apollonius’ work on irrationals; X. No.62 definitely

attributing X. 9 to Theaetetus; XIII. No. I about the "Platonic” figures,

which attributes the cube, the pyramid, and the dodecahedron to the

Pythagoreans, and the octahedron and icosahedron to Theaetetus.

Sometimes the scholia are useful in connexion with the settlement

of the text, (1) directly, e.g. III. No. 16 on the interpolation of the

word “within” (G'u'ro's) in the enunciation of III. 6, and X. No. I

alluding to the discussion by “Theon and some others" of irrational

“surfaces” and “solids," as well as “lines,” from which we may

‘ Heiberg, Om Sclrolierne til Euklidr Elemenler, Kjobenhavn, 1888. The tract is

written in Danish, but, fortunately for those who do not read Danish easily, the author has

appended (pp. 70-78) a re'sumé in French.
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conclude that the scholium at the end of Book X. is not genuine;

(2) indirectly in that they sometimes throw light on the connexion

of certain MSS.

Lastly, they have their historical importance as enabling us to

judge of the state of mathematical science at the times when they

were written.

Before passing to the classification of the scholia, Heiberg remarks

that we must separate from them a number of additions in the nature

of scholia which are found in the text of our MSS. but which can, in

one way or another, be proved to be spurious. As they are found

both in P and in the Theonine MSS., they must have been in the M55.

anterior to Theon (4th c.). But they are, in great part, only found in

the margin of P and the Theonine MSS.; in V they are half in the

text and half in the margin. This can hardly be explained except

on the supposition that these additions were originally (in the M55.

before Theon) in the margin, and that Theon kept them there in his

edition, but that they afterwards found their way gradually into the

text of P as well as of the Theonine MSS., or were omitted altogether,

while particular MSS. have in certain places preserved the old arrange

ment. Of such spurious additions Heiberg enumerates the following:

the axiom about equals subtracted from unequals, the last lines of the

porism to V1. 8, second porisms to V. 19 and to V1. 20, the porism

to III. 31, VI. Def. 5, various additions in Book X., the analyses and

syntheses of XIII. 1—5, and the proposition X111. 6.

The two first classes of scholia distinguished by Heiberg are

denoted by the convenient abbreviations “Schol. Vat.” and “Schol.

Vind.”

I. Schol. Vat.

It is first necessary to set out the letters by which Heiberg

denotes certain collections of scholia.

P = Scholia in P written by the first hand.

B=Scholia in B by a hand of the same date as the Ms. itself,

generally that of Arethas.

F= Scholia in F by the first hand.

Vat.=Scholia of the Vatican MS. 204 of the Ioth c., which has

these scholia on leaves 198-205 (the end is missing) as an independent

collection. It does not contain the text of the Elements.

V°=Scholia found on leaves 283—292 of V and written in the

same hand as that part of the MS. itself which begins at leaf 235.

Vat. 192 = 3. Vatican MS. of the 14th c. which contains, after

(I) the Elements I.—-XIII. (without scholia), (2) the Data with scholia,

(3) Marinus on the Data, the Schol. Vat. as an independent collection

:Iipd in their entirety, beginning with I. No. 88 and ending with X111.

0. 44.

The Schol. Vat., the most ancient and important collection of

scholia, comprise those which are found in PBF Vat. and, from VII. 12

to 1X. 15, in PB Vat. only, since in that portion of the Elements

F was restored by a later hand without scholia; they also include I.

11.15. 5
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No.88 which only happens to be erased in F, and IX. Nos. 28, 29

which may be left out because F here has a different text. In F

and Vat. the collection ends with Book X.; but it must also include

Schol. PB of Books XI.—XIII., since these are found along with Schol.

Vat. to Books I.—X. in several MSS. (of which Vat. I92 is one) as a

separate collection. The Schol. Vat. to Books X.—XIII. are also

found in the collection VC (where, curiously enough, XIII. Nos. 43, 44

are at the beginning). The Schol. Vat. accordingly include Schol.

PBVC Vat. 192, and doubtless also those which are found in two of

these sources. The total number of scholia classified by Heiberg as

Schol. Vat. is I38.

As regards the contents of Schol. Vat. Heiberg has the following

observations. The thirteen scholia to Book I. are extracts made

from Proclus by a writer thoroughly conversant with the subject,

and cleverly recast (with some additions). Their author does not

seem to have had the two lacunae which our text of Proclus has

(at the end of the note on I. 36 and the beginning of the next note,

and at the beginning of the note on I. 43), for the scholia I. Nos. I25

and I37 seem to fill the gaps appropriately, at least in part. In

some passages he had better readings than our MSS. have. The rest

of Schol. Vat. (on Books IL—XIII.) are essentially of the satne

character as those on Book 1., containing prolegomena, remarks on

the object of the propositions, critical remarks on the text, converses,

lemmas; they are, in general, exact and true to tradition. The

reason of the resemblance between them and Proclus appears to be

due to the fact that they have their origin in the commentary of

Pappus, of which we know that Proclus also made use. In support

of the view that Pappus is the source, Heiberg places some of the

Schol. Vat. to Book X. side by side with passages from the com

mentary of Pappus in the Arabic translation discovered by Woepcke‘;

he also refers to the striking confirmation afforded by the fact that

XII. No. 2 contains the solution of the problem of inscribing in a

given circle a polygon similar to a polygon inscribed in another circle,

which problem Eutocius says2 that Pappus gave in his commentary

on the Elements.

But, on the other hand, Schol. Vat. contain some things which

cannot have come from Pappus, e.g. the allusion in X. No. I to Theon

and irrational surfaces and solids, Theon being later than Pappus;

III. No. 10 about porisms is more like Proclus’ treattnent of the

subject than Pappus’, though one expression recalls that of Pappus

aboutforming,r (a-Xnna'rlé'eo-fiai) the enunciations of porisms like those

of either theorems or problems.

The Schol. Vat. give us important indications as regards the

text of the Elements as Pappus had it. In particular, they show that

he could not have had in his text certain of the lemmas in Book X.

For example, three of these are identical with what we find in Schol.

' 0m Srlrolierne til Euklids Elemen/er, pp. II, I2: cf. Euklid-Slmlien, pp. I70. I71;

Woepcke, M‘mairesprlsent. d I‘Acad. des Srimees, I856, XIV. p. 658 sqq.

" Archimedes, ed. Heiberg, III. p. 34, 5—8.
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Vat. (the lemma to X. I7=Schol. X. No. I06, and the lemmas to

X. 54, 60 come in Schol. X. No. 328); and it is not possible to suppose

that these lemmas, if they were already in the text, would also be

given as scholia. Of these three lemmas, that before X. 60 has

already been condemned for other reasons; the other two, un

objectionable in themselves, must be rejected on the ground now

stated. There were four others against which Heiberg found nothing

to urge when writing his prolegomena to Vol. V., viz. the lemmas

before X. 42, X. 14, X. 22 and X. 33. Of these, the lemma to X. 22

is not reconcilable with Schol. X. No. I61, which takes up the

assumption in the text of Eucl. X. 22 as if no lemma had gone before.

The lemma to X. 42, which, on account of the words introducing it

(see p. 60 above), Heiberg at first hesitated to regard as an inter

polation, is identical with Schol. X. No. 270. It is true that in

Schol. X. No. 269 we find the words “this lemma has been proved

before (év roZs' é'p'rrpoadev), but it shall also be proved now for

convenience’ sake (rail é'rolnou due/ca)” and it is possible to suppose

that “before” may mean in Euclid's text before X. 42; but a proof

in that place would surely have been as “ convenient” as could be

desired, and it is therefore more probable that the proof had been

given by Pappus in some earlier place. (It may be added that the

lemma to X. 14, which is identical with the lemma to XI. 23, con

demned on other grounds, is for that reason open to suspicion.)

Heiberg’s conclusion is that all the lemmas are spurious, and that

most or all of them have found their way into the text from Pappus’

commentary, though at a time anterior to Theon’s edition, since

they are found in all our M55. This enables us to fix a date for these

interpolations, namely the first half of the 4th c.

Of course Pappus had not in his text the interpolations which,

from the fact of their appearing only in some of our Mss, are ‘seen to

be later than those above-mentioned. Such are the lemmas'which

are found in the text of V only after X. 29 and X. 31 respectively and

are given in Heiberg’s Appendix to Book X. (numbered 10 and 11).

On the other hand it appears from \Voepcke’s tract‘ that Pappus

already had X. 115 in his text: though it does not follow from this

that the proposition is genuine but only that interpolations began

very early.

Theon interpolated a proposition (or lemma) between X. 12 and

X. 13 (No. 5 in Hciberg’s Appendix). Schol. Vat. has the same

thing (X. No. 125). The writer of the scholia therefore did not find

this lemma in the text. Schol. Vat. IX. Nos. 28, 29 show that neither

did he find in his text the alterations which Theon made in Eucl. IX.

19; the scholia in fact only agree with the text of P, not with Theon's.

This suggests that Schol. Vat. were written for use with a Ms. of the

ante-Theonine recension such as P is. This probability is further

confirmed by a certain independence which P shows in several places

when compared with the Theonine MSS. Not only has P better

readings in some passages, but more substantial divergences, and,

1 \Voepcke, op. (it. p. 702.

5—2
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in particular, the absence in P of three notes of a historical character

which are added, wholly or partly from Proclus, in the Theonine MSS.

attests an independent and more primitive point of view in P.

In view of the distinctive character of P, it is possible that some

of the scholia found in it in the first hand, but not in the other

sources of Schol. Vat., also belong to that collection; and several

circumstances confirm this. Schol. XIII. No. 45, found in P only,

which relates to a passage in Eucl. XIII. I3, shows that certain words

in the text, though older than Theon, are interpolated; and, as the

scholium is itself older than Theon, is headed “l/zz'ra' lemma," and

follows a “second lemma" relating to a passage in the text im

mediately preceding, which “second lemma” belongs to Schol. Vat.

and is taken from Pappus, the “third” in all probability came from

Pappus also. The same is true of Schol. XII. No. 72 and XIII. No. 69,

which are respectively identical with the propositions vu/go XI. 38

(Heiberg, App. to Book XL, No. 3) and XIII. 6; for both of these

interpolations are older than Theon. Moreover most of the scholia

which P in the first hand alone has are of the same character as

Schol. Vat. Thus VII. No. 7 and XIII. No. I introducing Books VII.

and XIII. respectively are of the same historical character as several

of Schol. Vat.; that VII. No. 7 appears in the lext‘ of P at the

beginning of Book VII. constitutes no difficulty. There are a number

of converses, remarks on the relation of propositions to one another,

explanations such as XII. No.89 in which it is remarked that (1),!)

in Euclid’s figure to XII. I7 (Z, V in my figure) are really the same

point but that this makes no difference in the proof. Two other

Schol. P on XII. I7 are connected by their headings with XII. No. 72

mentioned above. XI. No. 10 (P) is only another form of XI.

No. II (B); and B often, alone with P, has preserved Schol. Vat.

On the whole Heiberg considers some 40 scholia found in P alone to

belong to Schol. Vat.

The history of Schol. Vat. appears to have been, in its main

outlines, the following. They were put together after 500 A.D., since

they contain extracts from Proclus, to which we ought not to assign

a date too near to that of Proclus’ work itself; and they must at least ,

be earlier than the latter half of the 9th c., in which B was written.

As there must evidently have been several intermediate links between

the archetype and B, we must assign them rather to the first half of

the period between the two dates, and it is not improbable that they

were a new product of the great development of mathematical studies

at the end of the 6th c. (lsidorus of Miletus). The author extracted

what he found of interest in the commentary of Proclus on Book I.

and in that of Pappus on the rest of the work, and put these extracts

in the margin of a MS. of the class of P. As there are no scholia to

I. I—22, the first leaves of the archetype or of one of the earliest

copies must have been lost at an early date, and it was from that

mutilated copy that partly P and partly a MS. of the Theonine class

were taken, the scholia being put in the margin in both. Then the

collection spread through the Theonine MSS., gradually losing some
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scholia which could not be read or understood, or which were

accidentally or deliberately omitted. Next it was extracted from

one of these M55. and made into a separate work which has been

preserved, in part, in its entirety (Vat. 192 etc.) and, in part, divided

into sections, so that the scholia to Books X.—-XIII. were detached

(Vt). It had the same fate in the M88. which kept the original

arrangement (in the margin), and in consequence there are some MSS.

where the scholia to the stereometric Books are missing, those Books

having come to be less read in the period of decadence. It is from

one of these MSS. that the collection was extracted as a separate work

such as we find it in Vat. (10th c.).

II. The second great division of the scholia is Schol. Vind.

This title is taken from the Viennese MS. (V), and the letters used

by Heiberg to indicate the sources here in question are as follows.

V“=scholia in V written by the same hand that copied the MS.

itself from fol. 235 onward.

q =scholia of the Paris MS. 2344 (q) written by the first hand.

l=scholia of the Florence MS. Laurent. XXVIII, 2 written in the

13th—14th c., mostly in the first hand, but partly in two later

hands.

-V"=scholia in V written by the same hand as the first part

(leaves I—I83) of the MS. itself; Vb wrote his scholia after V“.

q‘=scholia of the Paris Ms. (q) found here and there in another

hand of early date.

Schol. Vind. include scholia found in Vaq. l is nearly related to

q; and in fact the three MSS. which, so far as Euclid’s text is con

cerned, show no direct interdependence, are, as regards their scholia,

derived from one original. Heiberg proves this by reference to the

readings of the three in two passages (found in Schol. I. No. 109 and

X. No. 39 respectively). The common source must have contained,

besides the scholia found in the three MSS. Vaql, those also which

are contained in two of them, for it is more unlikely that two of the

three should contain common interpolations than that a particular

scholium should drop out of one of them. Besides Va and q, the

scholia Vb and q‘ must equally be referred to Schol. Vind., since the

greater part of their scholia are found in 1. There is a lacuna in q

from Eucl. VIII. 25 to IX. 14, so that for this portion of the Elements

Schol. Vind. are represented by V] only. Heiberg gives about 450

numbers in all as belonging to this collection.

Schol. Vind. did not all come from one source; this is shown by

differences of substance, e.g. between X. Nos. 36 and 39, and by

differences of time of writing: e.g. VI. No. 52 refers at the beginning

to No.55 with the words “as the scholium has it" and is therefore

later than that scholium; X. No. 247 is also later than X. No. 246.

The scholia to Book I. are here also extracts from Proclus, but

more copious and more verbatim than in Schol. Vat. The author

has not always understood Proclus; and he had a text as bad as

that of our MSS., with the same lacunae. The scholia to the other



70 INTRODUCTION [CI-I. v1

Books are partly drawn (1) from Schol. Vat., the M55. representing

Schol. Vind. and Schol. Vat. in these cases showing nearly all possible

combinations; but there is no certain trace in Schol. Vind. of the

scholia peculiar to P. The author used a copy of Schol. Vat. in the

form in which they were attached to the Theonine text; thus Schol.

Vind. correspond to BF Vat., where these diverge from P, and

especially closely to B. Besides Schol. Vat., the editors of Schol.

Vind. used (2) other old collections of scholia of which we find traces

in B and F; Schol. Vind. have also some scholia common with b.

The scholia which Schol. Vind. have in common with BF come from

two different sources, and were apparently afterwards introduced

into the other MSS.; one result of this is that several scholia are

reproduced twice.

But, besides the scholia derived from these sources, Schol. Vind.

contain a large number of others of late date, characterised by in

correct language or by triviality of content (there are many examples

in numbers, citations of propositions used, absurd a’vropiai, and the

like). Unlike Schol. Vat., these scholia often quote words from Euclid

as a heading (in one case a heading is inserted in Schol. Vind. where

a scholium without the heading is quoted from Schol. Vat., see V.

No. 14). The explanations given often presuppose very little know

ledge on the part of the reader and frequently contain obscurities

and gross errors.

Schol. Vind. were collected for use with a MS. of the Theonine

class; this follows from the fact that they contain a note on the

proposition vulgo VII. 22 interpolated by Theon (given in Heiberg’s

App. to Vol. II. p. 430). Since the scholium to VII. 39 given in V and

p in the text after the title of Book VIII. quotes the proposition as

VII. 39, it follows that this scholium must have been written before

the interpolation of the two propositions vulgo VII. 20, 22; Schol.

Vind. contain (VII. No. 80) the first sentence of it, but without the

heading referring to VII. 39. Schol. VII. No. 97 quotes VII. 33 as

VII. 34, so that the proposition vulgo VII. 22 may have stood in the

scholiast’s text but not the later interpolation vulgo VII. 20 (later

because only found in B in the margin by the first hand). Of course

the scholiast had also the interpolations earlier than Theon.

For the date of the collection we have a lower limit in the date

(12th c.) of M38. in which the scholia appear. That it was not much

earlier than the 12th c. is indicated (1) by the poverty of its contents,

(2) by the quality of the MS. of Proclus which was used in the

compilation of it (the Munich MS. used by Friedlein with which the

scholiast’s excerpts are essentially in agreement belongs to the 11th—

I2th c.), (3) by the fact that Schol. Vind. appear only in M88. of the

12th c. and no trace of them is found in our MSS. belonging to

the 9th—10th c. in which Schol. Vat. are found. The collection may

therefore probably be assigned to the 11th c. Perhaps it may be in

part due to Psellus who lived towards the end of that century: for in

a Florence MS. (Magliabecch. XI, 53 of the 15th c.) containing a

mathematical compendium intended for use in the reading of Aristotle
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the scholia I. Nos. 40 and 49 appear with the name of Psellus

attached.

Schol. Vind. are not found without the admixture of foreign

elements in any of our three sources. In 1 there are only very few

such in the first hand. In q there are several new scholia in the first

hand, for the most part due to the copyist himself. The collection of

scholia on Book X. in q (Heiberg's q°) is also in the first hand ; it is

not original, and it may perhaps be due to Psellus (Maglb. has some

definitions of Book X. with a heading “ scholia of Michael Psellus

on the definitions of Euclid’s Ioth Element" and Schol. X. No. 9),

whose name must have been attached to it in the common source of

Maglb. and q; to a great extent it consists of extracts from Schol.

Vind. taken from the same source as VI. The scholia q1 (in an

ancient hand in q), confined to Book II., partly belong to Schol. Vind.

and partly correspond to b1 (Bologna Ms.). q“ and qb are in one hand

(Theodorus Antiochita), the nearest to the first hand of q; they are

doubtless due to an early possessor of the MS. of whom we know

nothing more.

V“ has, besides Schol. Vind., a number of scholia which also appear

in other M55, one in BFb, some others in P, and some in v (Codex

Vat. 1038, I3th c.); these scholia were taken from a source in which

many abbreviations were used, as they were often misunderstood by

V“. Other scholia in V3 which are not found in the older sources—

some appearing in Va alone—are also not original, as is proved by

mistakes or corruptions which they contain; some others may be due

to the copyist himself.

V" seldom has scholia common with the other older sources; for

the most part they either appear in Vb alone or only in the later

sources as v or F’ (later scholia in F), some being original, others not.

In Book X. Vb has three series of numerical examples, (I) with Greek

numerals, (2) alternatives added later, also mostly with Greek numerals,

(3) with Arabic numerals. The last class were probably the work of

the copyist himself. As Vb belongs to the same time as the MS.

(12th c.), these examples give an idea of the facility with which

calculations were made in Byzantium at that time. They show too

that the Greek method of writing numbers still preponderated in the

11th c., but that the use of the Arabic numerals (in the East-Arabian

form) was thoroughly established in the 12th c.

Of collections in other hands in V distinguished by Heiberg (see

preface to Vol. V.), V1 has very few scholia which are found in other

sources, the greater part being original; V2, V3 are the work of the

copyist himself; V‘ are so in part only, and contain several scholia

from Schol. Vat. and other sources. Va and V‘ are later than I 3th

—I4th c., since they are not found in f (cod. Laurent. XXVIII, 6) which

was copied from V and contains, besides V“ V“, the greater part of

V1 and VI. No. 20 of V’ (in the text).

In P there are, besides Pa (a quite late hand, probably one of the

old Scriptores Graeci at the Vatican), two late hands (P’), one of

which has some new and independent scholia, while the other has
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added the greater part of Schol. Vind., partly in the margin and

partly on pieces of leaves stitched on.

Our sources for Schol. Vat. also contain other elements. In P

there were introduced a certain number of extracts from Proclus, to

supplement Schol. Vat. to Book 1.; they are all written with a

different ink from that used for the oldest part of the MS., and the

text is inferior. There are additions in the other sources of Schol.

Vat. (F and B) which point to a common source for PB and which

are nearly all found in other MSS., and, in particular, in Schol. Vind.,

which also used the same source; that they are not assignable to

Schol. Vat. results only from their not being found in Vat. Of other

additions in F, some are peculiar to F and some common to it and b;

but they are not original. F’ (scholia in a later hand in F) contains

three original scholia; the rest come from V. B contains, besides

scholia common to it and F, b or other sources, several scholia which

seem to have been put together by Arethas, who wrote at least a part

of them with his own hand.

Heiberg has satisfied himself, by a closer study of b, that the

scholia which he denotes by b, ,8 and b1 are by one hand; they are

mostly to be found in other sources as well, though some are original.

By the same hand (Theodorus Cabasilas, 15th c.) are also the scholia

denoted by b’, B, b’ and B“. These scholia come in great part from

Schol. Vind., and in making these extracts Theodorus probably used

one of our sources, 1, mistakes in which often correspond to those of

Theodorus. To one scholium is attached the name of Demetrius (who

must be Demetrius Cydonius, a friend of Nicolaus Cabasilas, 14th 0.);

but it could not have been written by him, since it appears in B and

Schol. Vind. Nor are all the scholia which bear the name of

Theodorus due to Theodorus himself, though some are so.

As B3 (a late hand in B) contains several of the original scholia of

b’, B3 must have used b itself as his source, and, as all the scholia in

B3 are in b, the latter is also the source of the scholia in B3 which are

found in other MSS. B and b were therefore, in the 15th c., in the

hands of the same person; this explains, too, the fact that b in a late

hand has some scholia which can only come from B. We arrive then

at the conclusion that Theodorus Cabasilas, in the 15th c., owned both

the M55. B and b, and that he transferred to B scholia which he had

before written in b, either independently or after other sources, and

inversely transferred some scholia from B to b. Further, B’ are

earlier than Theodorus Cabasilas, who certainly himself wrote B‘ as

well as b’ and b“.

An author’s name is also attached to the scholia VI. No. 6 and

X. No. 223, which are attributed to Maximus Planudes (end of 13th c.)

along with scholia on I. 31, X. I4 and X. 18 found in l in a quite late

hand and published on pp. 46, 47 of Heiberg’s dissertation. These

seem to have been taken from lectures of Planudes on the Elements

by a pupil who used 1 as his copy.

There are also in 1 two other Byzantine scholia, written by a late

hand, and bearing the names Ioannes and Pediasimus respectively;
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these must in like manner have been written by a pupil after lectures

of Ioannes Pediasimus (first half of 14th c.), and this pupil must also

have used 1.

Before these scholia were edited by Heiberg, very few of them had

been published in the original Greek. The Basel edz'tio prim‘ep: has a

few (V. No. I, VI. Nos. 3, 4 and some in Book X.) which are taken,

some from the Paris MS. (Paris. Gr. 2 343) used by Grynaeus, others

probably from the Venice MS. (Marc. 301) also used by him; one

published by Heiberg, not in his edition of Euclid but in his paper

on the scholia, may also be from Venet. 301, but appears also in

Paris. Gr. 2342. The scholia in the Basel edition passed into the

Oxford edition in the text, and were also given by August in the

Appendix to his Vol. II.

Several specimens of the two series of scholia (Vat. and Vind.)

were published by C. Wachsmuth (R/zez'n. Mus. XVIII. p. 132 sqq.)

and by Knoche (Unterruc/mngen fiber die neu aufgeflmdenen Sc/zoh'en

do: Prok/us, Herford, 1865).

The scholia published in Latin were much more numerous. G.

Valla (De expetendz's et fug‘z'ena’i: rebus, 1501) reproduced apparently

some 200 of the scholia included in Heiberg’s edition. Several of

these he obtained from two Modena MSS. which at one time were

in his possession (Mutin. III B, 4 and II E, 9, both of the 15th c.);

but he must have used another source as well, containing extracts

from other series of scholia, notably Schol. Vind. with which he has

some 87 scholia in common. He has also several that are new.

Commandinus included in his translation under the title “ Scholia

antiqua” the greater part of the Schol. Vat. which he certainly

obtained from a MS. of the class of Vat. 192; on the whole he

adhered closely to the Greek text. Besides these scholia Com

mandinus has the scholia and lemmas which he found in the Basel

editz'o prz'ncqos, and also three other scholia not belonging to Schol.

Vat., as well as one new scholium (to XII. 13) not included in

Heiberg’s edition, which are distinguished by different type and were

doubtless taken from the Greek MS. used by him along with the

Basel edition.

In Conrad Dasypodius' Lexicon mathematician published in 1573

there is (on fol. 42-44) “Graecum scholion in definitiones Euclidis

libri quinti elementorum appendicis loco propter pagellas vacantes

annexum.” This contains four scholia, and part of two others,

published in Heiberg’s edition, with some variations of readings, and

with some new matter added (for which see pp. 64—6 of Heiberg’s

pamphlet). The source of these scholia is revealed to us by another

work of Dasypodius, Isaaci Monachi So/zolz'a in Euclidis elementorum

geometriae sex prz'orer lz'bros per C. Dag/podium in latz'num sermonem

tram-lam et in lucem edita (I579). This work contains, besides

excerpts from Proclus on Book I. (in part closely related to Schol.

Vind.), some 30 scholia included in Heiberg’s edition, several new

scholia, and the above-mentioned scholia to the definitions of Book V.

published in Greek in 1573. After the scholia follow “ Isaaci Monachi
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prolegomena in Euclidis Elementorum geometriae libros” (two

definitions of geometry) and “Varia miscellanea ad geometriae cogni

tionem necessaria ab Isaaco Monacho collecta” (mostly the same as

pp. 252, 24—272, 27 in the Variae Collectiones included in Hultsch’s

Heron); lastly, a note of Dasypodius to the reader says that these

scholia were taken “ex clarissimi viri joannis Sambuci antiquo codice

manu propria Isaaci Monachi scripto." Isaak Monachus is doubtless

Isaak Argyrus, 14th c.; and Dasypodius used a MS. in which, besides

the passage in Hultsch’s Variae Collectiones, were a number of

scholia marked in the margin with the name of Isaak (cf. those in b

under the name of Theodorus Cabasilas). Whether the new scholia

are original cannot be decided until they are published in Greek; but

it is not improbable that they are at all events independent arrange

ments of older scholia. All but five of the others, and all but one of

the Greek scholia to Book V., are taken from Schol. Vat. ; three of the

excepted ones are from Schol. Vind., and the other three seem to

come from F (where some words of them are illegible, but can be

supplied by means of Mut. III B, 4, which has these three scholia and

generally shows a certain likeness to Isaak’s scholia).

Dasypodius also published in I 564 the arithmetical commentary

of Barlaam the monk (14th c.) on Eucl. Book II., which finds a place

in Appendix IV. to the Scholia in Heiberg's edition.



CHAPTER VII.

EUCLID IN ARABIA.

WE are told by Haji Khalfa1 that the Caliph al-Mansfir (754-775)

sent a mission to the Byzantine Emperor as the result of which he

obtained from him a copy of Euclid among other Greek books, and

again that the Caliph al-Ma’mfin (813-833) obtained manuscripts of

Euclid, among others, from the Byzantines. The version of the

Elements by al-Hajjaj b. Yfisuf b. Matar'is, if not the very first, at

least one of the first books translated from the Greek into Arabic’.

According to the Fi/zrlst“ it was translated by al-Hajjaj twice; the

first translation was known as “ Haruni” (“for Hart—1n”), the second

bore the name “Ma’mfmi” (“for al-Ma’mfin”) and was the more trust

worthy. Six Books of the second of these versions survive in a Leiden

MS. (Codex Leidensis 399, 1) which is being published by'Besthorn

and Heiberg‘. In the preface to this MS. it is stated that, in the reign

of Harlin ar-Rashid (786-809), al-Hajjaj was commanded by Yahya

b. Khalid b. Barmak to translate the book into Arabic. Then, when

al-Ma'mfin became Caliph, as he was devoted to learning, al-Hajjaj

saw that he would secure the favour of al-Ma’mun “if he illustrated and

expounded this book and reduced it to smaller dimensions. He

accordingly left out the superfluities, filled up the gaps, corrected or

removed the errors, until he had gone through the book and reduced

it, when corrected and explained, to smaller dimensions, as in this

copy, but without altering the substance, for the use of men endowed

with ability and devoted to learning, the earlier edition being left in

the hands of readers.” _

The Fibrist goes on to say that the work was next translated by

Ishaq b. Hunain, and that this translation was improved by Thabit b.

Qurra. This Abfi Ya'qfib Ishaq b. Hunain b. Ishaq al-'lbadi (d. 910)

was the son of the most famous of Arabic translators, Hunain b. Ishaq

al-‘Ibfidi (809-873), a Christian and physician to the Caliph al~

Mutawakkil (847-861). There seems to be no doubt that Ishaq, who

‘ Lexicon bibliagr. et cncycla). ed. Fliigel, 111. pp. 91, 92.

2 Klamroth, Zcilsc/Irzfl rtcr Deutscben MtITflflliiIIdlM/lfll Gesrllsc/mfl, XXXV. p. 303.

3 Filtrist (tr. Suter), p. 16.

4 Codex Leidensis 399, 1. Euclidz's Elementa ex z'nlerprelatiane al-Hadsr/zdschadscbii cum

commentariir al-Ailn'zii, Hauniae, part 1. i. 1893, part 1. ii. 1897, part 11. i. 1905.



76 INTRODUCTION [c11. v11

must have known Greek as well as his father, made his translation

direct from the Greek. The revision must apparently have been the

subject of an arrangement between Ishaq and Thabit, as the latter

died in 901 or nine years before Ishaq. Thabit undoubtedly consulted

Greek MSS. for the purposes of his revision. This is expressly stated

in a marginal note to a Hebrew version of the Elements, made from

Ishaq’s, attributed to one of two scholars belonging to the same family,

viz. either to Moses b. Tibbon (about 1244-1274) or to jakob b. Machir

(who died soon after 1306)‘. Moreover Thabit observes, on the pro

position which he gives as IX. 31, that he had not found this proposition

and the one before it in the Greek but only in the Arabic; from which

statement Klamroth draws two conclusions, (I) that the Arabs had

already begun to interest themselves in the authenticity of the text

and (2) that Thabit did not alter the numbers of the propositions in

Ishaq’s translation’. The Fi/zrzst also says that Yuhanna al-Qass (i.e.

“ the Priest") had seen in the Greek copy in his possession the pro

position in Book I. which Thabit took credit for, and that this was

confirmed by Nazif, the physician, to whom Yuhanna had shown it.

This proposition may have been wanting in Ishaq, and Thabit may

have added it, but without claiming it as his own discovery“. As

a fact, I. 45 is missing in the translation by al-Hajjaj.

The original version of Ishaq wit/tout the improvements by Thabit

has probably not survived any more than the first of the two versions

by al-Hajjaj; the divergences between the M55. are apparently due to

the voluntary or involuntary changes of copyists, the former class

varying according to the degree of mathematical knowledge possessed

by the copyists and the extent to which they were influenced by

considerations of practical utility for teaching purposes‘. Two MSS.

of the Ishaq-Thabit version exist in the Bodleian Library (No. 279

belonging to the year 1238, and No. 280 written in 1260-1)‘; Books

I.—XIII. are in the Ishaq-Thabit version, the non‘Euclidean Books

XIV., XV. in the translation of Qusta b. Luqa al-Ba‘labakki (d. about

912). The first of these MSS. (No. 279) is that (O) used by Klamroth

for the purpose of his paper on the Arabian Euclid. The other MS.

used by Klamroth is (K) Kjgfbenhavn LXXXI, undated but probably

of the 13th c., containing Books V.—XV., Books V.—X. being in the

Ishaq-Thabit version, Books XI.—XIII. purporting to be in al-Hajjaj’s

translation, and Books XIV., XV. in the version of Qusta b. Lt'tqa. In

not a few propositions K and O show not the slightest difference, and,

even where the proofs show considerable differences, they are generally

such that, by a careful comparison, it is possible to reconstruct the

common archetype, so that it is fairly clear that we have in these cases,

not two recensions of one translation, but arbitrarily altered and

1 Steinschneider, Zeitselirxfl fit'r Mal/z. u. P/zysib, XXXL, hist.-litt. Abtheilung, pp. 85,

86 99.
1’ Klamroth, p. 279. l‘ Steinschneider, p. 88.

‘ Klamroth, p. 306.

5 These Mss. are described by Nicoll and Pusey, Catalog”: rod. mss. orient. bibl. Bod

leianae, pt. 11. 1835 (pp. 257—262).
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shortened ‘copies of one and the same recension‘. The Bodleian MS.

No. 280 contains a preface, translated by Nicoll, which cannot be by

Thabit himself because it mentions Avicenna (980—1037) and other

later authors. The MS. was written at Maraga in the year 1260-1 and

has in the margin readings and emendations from the edition of

Nasiraddin at-Tfisi (shortly to be mentioned) who was living at Maraga

at the time. Is it possible that at-Tfisi himself is the author of the

preface’? Be this as it may, the preface is interesting because it

throws light on the liberties which the Arabians allowed themselves

to take with the text. After the observation that the book (in spite

of the labours of many editors) is not free from errors, obscurities,

redundancies, omissions etc., and is without certain definitions neces

sary for the proofs, it goes on to say that the man has not yet been

found who could make it perfect, and next proceeds to explain

(I) that Avicenna “cut out postulates and many definitions" and

attempted to clear up difi‘icult and obscure passages, (2) that Abfi’l

Wafa al-Buzjani (939-997) “introduced unnecessary additions and

left out many things of great importance and entirely necessary,"

inasmuch as he was too long in various places in Book VI. and too

short in Book X. where he left out entirely the proofs of the apotomae,

while he made an unsuccessful attempt to emend XII. 14, (3) that Abfi

Ja'far al-Khazin (d. between 961 and 971) arranged the postulates

excellently but “disturbed the number and order of the propositions,

reduced several propositions to one” etc. Next the preface describes

the editor’s own claims‘ and then ends with the sentences, “But we

have kept to the order of the books and propositions in the work itself

(i.e. Euclid’s) except in the twelfth and thirteenth books. For we have

dealt in Book XIII. with the (solid) bodies and in Book XII. with the

surfaces by themselves.”

After Thabit the Fi/zrz'rt mentions Abfi 'Uthman ad-Dimashqi as

having translated some Books of the Elements including Book X. (It

is Abfi 'Uthman’s translation of Pappus’ commentary on Book X.

which Woepcke discovered at Paris.) The Fi/zrz'st adds also that

“Nagif the physician told me that he had seen the tenth Book of

Euclid in Greek, that it had 40 propositions more than the version

in common circulation which had 109 propositions, and that he had

determined to translate it into Arabic.”

But the third form of the Arabian Euclid actually accessible to us

is the edition of Abu Ja'far Muh. b. Muh. b. al-Hasan Nasiraddin

at-Tusi (whom we shall call at-Tfisi for short), born at TGS (in

Khurasan) in 1201 (d. 1274). This edition appeared in two forms, a

larger and a smaller. The larger is said to survive in Florence only

(Pal. 272 and 313, the latter MS. containing only six Books); this was

published at Rome in 1594, and, remarkably enough, some copies of

' Klar'nroth, pp. 306—8.

’ Steinschneider, p. 98. Heiberg has quoted the whole of this preface in the Zeifu/lri/t

fl‘l'r .Mal/r. u. Pig/5M’, xx1x., hist.-litt. Abth. p. 16.

3 This seems to include a rearrangement of the contents of Books x1v., Xv. added to the

Elemmlr.



78 INTRODUCTION Len. vII

this edition are to be found with 12 and some with 13 Books, some

with a Latin title and some without‘. But the book was printed in

Arabic, so that Kastner remarks that he will say as much about it as

can be said about a book which one cannot read". The shorter form,

which however, in most MSS., is in 15 Books, survives at Berlin, Munich,

Oxford, British Museum (974, 1334*, 1335), Paris (2465, 2466), India

Ofiice, and Constantinople; it was printed at Constantinople in

1801, and the first six Books at Calcutta in I824‘.

At-Tfisi’s work is however not a translation of Euclid’s text, but a

re-written Euclid based on the older Arabic translations. In this

respect it seems to be like the Latin version of the Elements by

Campanus (Campano), which was first published by Erhard Ratdolt

at Venice in 1482 (the first printed edition of Euclid“). Campanus

(13th c.) was a mathematician, and it is likely enough that he allowed

himself the same liberty as at-Tfisi in reproducing Euclid. What

ever may be the relation between Campanus’ version and that of

Athelhard of Bath (about 1120), and whether, as Curtze thinks“, they

both used one and the same Latin version of Ioth—I 1th c., or whether

Campanus used Athelhard’s version in the same way as at-Tusi used

those of his predecessors’, it is certain that both versions came from

an Arabian source, as is evident from the occurrence of Arabic words

in them“. Campanus’ version is not of much service for the purpose

of forming a judgment on the relative authenticity of the Greek and

Arabian tradition; but it sometimes preserves traces of the purer

source, as when it omits Theon’s addition to v1. 33°. A curious

circumstance is that, while Campanus’ version agrees with at-Tfisi's

in the number of the propositions in all the genuine Euclidean Books

except v. and 1X., it agrees with Athelhard's in having 34 propositions

in Book V. (as against 25 in other versions), which confirms the view

that the two are not independent, and also leads, as Klamroth says,

to this dilemma: either the additions to Book V. are Athelhard’s

own, or he used an Arabian Euclid which is not known to us“.

Heiberg also notes -that Campanus’ Books XIV., XV. show a certain

agreement with the preface to the Thabit-lshaq version, in which the

author claims to have (1) given a method of inscribing spheres in the

five regular solids, (2) carried further the solution of the problem how

l Suter, Die Mal/Iemaliker and Arlronomm der Amber, p. 151. The Latin title is

Euclidis elementorum geomelrieorum ll'bri lredecim. Ex lradz'lione dodisrz'mi Nasirz'dini

Tusini mm: primum arabire impresri- Romae in typographla Medicea MDXCIV. Cum

licentia superiorum.

“ K'zistner, Gert/urine der Malltemalz'k, I. p. 367.

3 Suter has a note that this M5. is very old, having been copied from the original in the

author's lifetime.

4 Suter, p. I5I.

5 Described by K'astner, Gerc/ulr/Ile der Mat/remah'k, 1. pp. '189—299, and by Weiss

enbom, Die Uberretzungm a'e: Euk/id dart/I Cumpano and Zamberlz', Halle a. 5., 1882,

pp. I—7. See also infra, Chapter VIII, p. 97.

5 Sonderabdruck des ja/u'er/mric/lle: filler die Furlscltrille a'er klursiselim Allerl/mms

wineme/rfal vow 01d. I87g—I882. Berlin, 1884.

7 Klamroth, p. 271.

'5 Curtze, 0;). (it. p. 10; Heiberg, EukIid-tS'ludim, p. 178.

” Heiberg’s Euclid, vol. v. p. ci. 1“ Klamroth, pp. 273-4.
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to inscribe any one of the solids in any other and (3) noted the cases

where this could not be done‘.

With a view to arriving at what may be called a common measure

of the Arabian tradition, it is necessary to compare, in the first place,

the numbers of propositions in the various Books. Haji Khalfa says

that al-Hajjaj's translation contained 468 propositions, and Thabit's

478; this is stated on the authority of at—Tusi, whose own edition

contained 468". The fact that Thabit’s version had 478 propositions

is confirmed by an index in the Bodleian MS. 279 (called O by

Klamroth). A register at the beginning of the Codex Leidensis 399, I

which gives Ishaq's numbers (although the translation is that of

al-Hajjaj) apparently makes the total 479 propositions (the number in

Book XIV. being apparently 11, instead of the 10 of O‘). I subjoin a

table of relative numbers taken from Klamroth, to which I have added

the corresponding numbers in August’s and Heiberg’s editions of the

Greek text.

The Arabian Euclid The Greek Euclid

Books Ishaq at-Tusi Campanus Gregory August Heiberg

1 48 48 48 48 48 48

11 14 14 14 14 14 14

111 36 36 36 37 37 37

tv 16 16 16 16 16 16

V 25 25 34 25 25 25

VI 33 32 32 33 33 33

V11 39 39 39 4I 4I 39

W11 27 25 25 27 27 27

1x 38 36 39 36 36 36

X 109 107 107 117 116 115

x1 41 41 41 40 4o 39

XII 15 15 15 18 18 18

x111 21 18 18 18 18 18

462 452 464 470 469 465

[XIV 10 IO 18 7 i’

xv 6 6 13 10

478 468 495 487 ?]

The numbers in the case of Heiberg include all propositions which

he has printed in the text; they include therefore XIII. 6 and III. 12

now to be regarded as spurious, and X. 112—115 which he brackets

as doubtful. He does not number the propositions in Books XIV., xv.,

but I conclude that the numbers in P reach at least 9 in XIV., and 9

1n xv.

‘ Heiberg, Zez'trc/mftfur [lint/1. u. Pltyrik, xX1x., hist.-litt. Abtheilung, p. 21.

’ Klamroth, p. 274; Steinschneider, Zeitsc/rrrfl ffir Mat/1. u. Pliyrik, xxx1., hist.-litt.

Abth. p. 98.

3 Besthom-Heiberg read “ 11 P” as the number, Klamroth had read it as 21 (p. 273).
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The Filtrist confirms the number 109 for Book X., from which

Klamroth concludes that Ishaq’s version was considered as by far the

most authoritative.

In the text of O, Book IV. consists of 17 propositions and Book

XIV. of 12, differing in this respect from its own table of contents; IV.

15, 16 in O are really two proofs of the same proposition.

In al-Hajjaj’s version Book 1. consists of 47 propositions only, I. 45

being omitted. It has also one proposition fewer in Book III., the

Heronic proposition III. 12 being no doubt omitted.

In speaking of particular propositions, I shall use Heiberg's

numbering, except where otherwise stated.

The difference of 10 propositions between Thabit-lshaq and

at-Tfisi is accounted for thus:

(1) The three propositions v1. 12 and X. 28, 29 which both Ishaq

and the Greek text have are omitted in at-Tfisi.

(2) Ishaq divides each of the propositions XIII. 1—3 into two,

making six instead of three in at-Tfisi and in the Greek.

(3) Ishaq has four propositions (numbered by him VIII. 24, 25,

1X. 30, 31) which are neither in the Greek Euclid nor in at-Tfisi.

Apart from the above differences al-Hajjaj (so far as we know),

Ishaq and at-Tusi agree; but their Euclid shows many differences

from our Greek text. These differences we will classify as follows‘.

1. Propositions.

The Arabian Euclid omits VII. 20,22 of Gregory's and August's

editions (Heiberg, App. to Vol. 11. pp. 428-32); VIII. 16, 17; X. 7, 8,

13, 16, 24, 112, 113, 114, besides a lemma oulgo X. 13, the proposition

X. 117 of Gregory's edition, and the scholium at the end of the Book

(see for these Heiberg’s Appendix to Vol. 111. pp. 382, 408-416);

XI. 38 in Gregory and August (Heiberg, App. to Vol. IV. p. 354);

X11. 6, I3, 14; (also all but the first third of Book XII.)

The Arabian Euclid makes III. 11, 12 into one proposition, and

divides some propositions (X. 31, 32; XI. 31, 34; XIII. 1—3) into two

each.

The order is also changed in the Arabic to the following extent.

V. 12, 13 are interchanged and the order in Books v1., v11., IX.—

XIII. IS 1

v1. 1—8, 13, 11, 12, 9, IO, 14—17, 19, 20, 18, 21, 22, 24,26, 23,

25, 27—301 32, 31- 33

v11. 1—20, 22, 21, 23—28, 31, 32, 29, 30, 33—39.

1X. 1-13, 20, 14—19, 21—25, 27,26, 28—36, with two new pro

positions coming before prop. 30.

X. 1—6, 9--12, 15, 14, 17-23, 26—28, 25, 29-30, 31, 32, 33

111, 115.

XI- 1—30, 31, 32» 34, 33, 35~39

X11. 1—5, 7,9,8,10,12,11,15,16--18.

X111. 1—3, 5. 4, 6, 7, 12,9, IO, 8, 11, 13, 15,14, 16—18.

1 See Klamroth, pp. '175—6, 280, 282—4, 314-15, 326; Heiberg, vol. v. pp. xcvi, xcvii.
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2. Definitions.

The Arabic omits the following definitions: IV. Deff. 3—7, VII.

Def. 9 (or 10), x1. Deff. 5—7, 15, 17, 23, 25—28; but it has the

spurious definitions VI. Deff. 2, 5, and those of proportion and ordered

proportion in Book V. (Deff. 8, 19 August), and wrongly interchanges

V. Deff. 11, 12 and also v1. Deli‘. 3, 4.

The order of the definitions is also different in Book VII. where,

after Def. 11, the order is 12, I4, 13, I5, 16, 19, 20, 17, 18, 21, 22, 23,

and in Book x1. where the order is 1,2, 3,4, 8, IO, 9, 13, I4, 16, 12, 21,

22, 18, 19,20, 11,24.

3. Lemmas andporisms.

All are omitted in the Arabic except the porisms to VI. 8, VIII. 2,

X. 3; but there are slight additions here and there, not found in the

Greek, e.g. in VIII. 14, I5 (in K).

4. Alternative proofs.

These are all omitted in the Arabic, except that in X. 105, 106 they

are substituted for the genuine proofs; but one or two alternative

proofs are peculiar to the Arabic (VI. 32 and VIII. 4, 6).

The analyses and syntheses to XIII. I——5 are also omitted in the

Arabic.

Klamroth is inclined, on a consideration of all these differences, to

give preference to the Arabian tradition over the Greek (1) “on

historical grounds,” subject to the proviso that no Greek MS. as

ancient as the 8th c. is found to contradict his conclusions, which are

based generally (2) on the improbability that the Arabs would have

omitted so much if they had found it in their Greek MSS., it being clear

from the Fibrist that the Arabs had already shown an anxiety for a

pure text, and that the old translators were subjected in this matter to

the check of public criticism. Against the “historical grounds,” Heiberg

is able to bring a considerable amount of evidence‘. First of all there

is the British Museum palimpsest (L) of the 7th or the beginning of

the 8th c. This has fragments of propositions in Book X. which are

omitted in the Arabic; the numbering of one proposition, which agrees

with the numbering in other Greek MS., is not comprehensible on

the assumption that eight preceding propositions were omitted in it,

as they are in the Arabic; and lastly, the readings in L are tolerably

like those of our M55., and surprisingly like those of B. It is also to

be noted that, although P dates from the Ioth c. only, it contains,

according to all appearance, an ante-Theonine recension.

Moreover there is positive evidence against certain omissions by

the Arabians. At-Tt'tsi omits VI. 12, but it is scarcely possible that,

if Eutocius had not had it, he would have quoted VI. 23 by that

number”. This quotation of VI. 23 by Eutocius also tells against

Ishaq who has the proposition as VI. 25. Again, Simplicius quotes VI.

10 by that number, whereas it is VI. 1 3 in Ishaq; and Pappus quotes,

by number, XIII. 2 (Ishaq 3, 4), XIII. 4 (Ishaq 8), X111. 16 (Ishaq 19).

‘ Heiberg in Zeitsrnry'tfit'r Math. 14. P/rysik, XXIX., hist.-litt. Abth. p. 3Sqq.

’ Apollonius, ed. Heiberg, vol. II. p. 218, 3—5.

11a 6
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On the other hand the contraction of III. 11, 12 into one proposition

in the Arabic tells in favour of the Arabic.

Further, the omission of certain porisms in the Arabic cannot be

supported; for Pappus quotes the porism to XIII. 17‘, Proclus those

to II. 4, III. 1, VII. 2”, and Simplicius that to IV. 15.

Lastly, some propositions omitted in the Arabic are required in

later propositions. Thus X. 13 is used in X. 18, 22, 23, 26 etc.; X. 17

is wanted in X. 18, 26, 36; X11. 6, 13 are required for X11. 11 and X11.

15 respectively. '

It must also be remembered that some of the things which were

properly omitted by the Arabians are omitted or marked as doubtful

in Greek MSS. also, especially in P, and others are rightly suspected for

other reasons (e.g. a number of alternative proofs, lemmas, and porisms,

as well as the analyses and syntheses of XIII. 1—5). On the other

hand, the Arabic has certain interpolations peculiar to our inferior

MSS. (cf. the definition VI. Def. 2 and those of proportion and ordered

proportion).

Heiberg comes to the general conclusion that, not only is the

Arabic tradition not to be preferred offhand to that of the Greek MSS.,

but it must be regarded as inferior in authority. It is a question

how far the differences shown in the Arabic are due to the use of

Greek MSS. differing from those which have been most used as the

basis of our text, and how far to the arbitrary changes made by

the Arabians themselves. Changes of order and arbitrary omissions

could not surprise us, in view of the preface above quoted from the

Oxford MS. of Thabit-Ishaq, with its allusion to the many important

and necessary things left out by Abs '1 Wafa and to the author's

own rearrangement of Books X11., XIII. But there is evidence of

differences due to the use by the Arabs of other Greek M55. Heiberg3

is able to show considerable resemblances between the Arabic text

and the Bologna MS. b in that part of the MS. where it diverges so

remarkably from our other MSS. (see the short description of it above,

p.49); in illustration he gives a comparison of the proofs of X11. 7 in b

and in the Arabic respectively, and points to the omission in both of

the proposition given in Gregory’s edition as XI. 38, and to a remark

able agreement between them as regards the order of the propositions

of Book XII. As above stated, the remarkable divergence of b only

affects Books XI. (at end) and X11.; and Book XIII. in b shows none

of the transpositions and other peculiarities of the Arabic. There

are many differences between b and the Arabic, ‘especially in the

definitions of Book XL, as well as in Book XIII. It is therefore a

question whether the Arabians made arbitrary changes, or the Arabic

form is the more ancient, and b has been altered through contact

with other MSS. Heiberg points out that the Arabians must be alone

responsible for their definition of a prism, which only covers a prism

with a triangular base. This could not have been Euclid’s own, for

the word prism already has the wider meaning in Archimedes, and

l Pappus, v. p. 436. 5. 2 Proclus, pp. 303-4.

1‘ Zn'tsclzrrflfflr {liar/1. u. Plzyrik, XXIX., hist.-litt. Abth. p. 6sqq.
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Euclid himself speaks of prisms with parallelograms and polygons

as bases (XI. 39; XII. IO). Moreover, a Greek would not have been

likely to leave out the definitions of the “ Platonic” regular solids.

Heiberg considers that the Arabian translator had before him

a Ms. which was related to b, but diverged still further from the rest

of our MSS. He does not think that there is evidence of the existence of

a redaction of Books I.—-X. similar to that of Books XL, XII. in b; for

Klamroth observes that it is the Books on solid geometry (XL—XIII.)

which are more remarkable than the others for omissions and shorter

proofs, and it is a noteworthy coincidence that it is just in these

Books that we have a divergent text in b.

An advantage in the Arabic version is the omission of VII. Def. 10,

although, as Iamblichus had it, it may have been deliberately omitted

by the Arabic translator. Another advantage is the omission of the

analyses and syntheses of XIII. 1—5 ; but again these may have been

omitted purposely, as were evidently a number of porisms which

are really necessary.

One or two remarks may be added about the Arabic versions

as compared with one another. Al-Hajjaj’s object seems to have

been less to give a faithful reflection of the original than to write

a useful and convenient mathematical text-book. One characteristic

of it is the careful references to earlier propositions when their results

are used. Such specific quotations of earlier propositions are rare in

Euclid; but in al-Hajjaj we find not only such phrases as “by prop.

so and so," “which was proved " or “which we showed how to do in

prop. so and so,” but also still longer phrases. Sometimes he repeat:

a construction, as in 1.44 where, instead of constructing “the parallelo

gram BEFG equal to the triangle C in the angle EBG which is equal

to the angle D” and placing it in a certain position, he produces AB

to G, making 56 equal to half DE (the base of the triangle CDE in

his figure), and on GB so constructs the parallelogram BHKG by

I. 42 that it is equal to the triangle CDE, and its angle GBH is equal

to the given angle.

Secondly, al-Hajjaj, in the arithmetical books, in the theory of

proportion, in the applications of the Pythagorean 1.47, and generally

where possible, illustrates the proofs by numerical examples. It is

true, observes Klamroth, that these examples are not apparently

separated from the commentary of an-Nairizi, and might not there—

fore have been due to al-Hajjaj himself; but the marginal notes to

the Hebrew translation in Munich MS. 36 show that these additions

were in the copy of al-IjIajjaj used by the translator, for they expressly

give these proofs in numbers as variants taken from al-Hajjaj 1.

These characteristics, together with al-Hajjaj’s freer formulation

of the propositions and expansion of the proofs, constitute an in

telligible reason why Ishaq should have undertaken a fresh translation

from the Greek. Klamroth calls Ishaq's version a model of a good

translation of a mathematical text; the introductory and transitional

1 Klamroth, p. 310 ; Steinschneider, pp. 85-6.

6—2
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phrases are stereotyped and few in number, the technical terms are

simply and consistently rendered, and the less formal expressions

connect themselves as closely with the Greek as is consistent with

intelligibility and the character of the Arabic language. Only in

isolated cases does the formulation of definitions and enunciations

differ to any considerable extent from the original. In general, his

object seems to have been to get rid of difficulties and unevennesses

in the Greek text by neat devices, while at the same time giving a

faithful reproduction of it‘.

There are curious points of contact between the versions of

al-Hajjaj and Thabit-Ishaq. For example, the definitions and

enunciations of propositions are often word for word the same.

Presumably this is owing to the fact that Ishaq found these de

finitions and enunciations already established in the schools in his

time, where they would no doubt be learnt by heart, and refrained

from translating them afresh, merely adopting the older version with

some changes’. Secondly, there is remarkable agreement between

the Arabic versions as regards the figures, which show considerable

variations from the figures of the Greek text, especially as regards

the letters; this is also probably to be explained in the same way,

all the later translators having most likely borrowed al-Ijlajjaj’s

adaptation of the Greek figures’. Lastly, it is remarkable that the

version of Books XL—XIII. in the Kjylbenhavn MS. (K), purporting

to be by al-Hajjaj, is almost exactly the same as the Thabit-Ishaq

version of the same Books in O. Klamroth conjectures that Ishaq

may not have translated the Books on solid geometry at all, and that

Thabit took them from al-Hajjaj, only making some changes in order

to fit them to the translation of Ishaq‘.

From the facts (I) that at-Ifisi’s edition had the same number

of propositions (468) as al-Hajjaj's version, while Thabit-Ishaq’s had

478, and (2) that at-Ti'isi has the same careful references to earlier

propositions, Klamroth concludes that at-It'isi deliberately preferred

al-Hajjaj’s version to that of Ishaq“. Heiberg, however, points out

(I) that at-Tfisi left out VI. 12 which, if we may judge by Klamroth’s

silence, al-Hajjaj had, and (2) al-Hajjaj's version had one proposition

less in Books I. and III. than at-Ifisi has. Besides, in a passage quoted

by Haji Khalfa6 from at-Ifisi, the latter says that “he separated the

things which, in the approved editions, were taken from the archetype

from the things which had been added thereto,” indicating that he

had compiled his edition from bot/z the earlier translations’.

There were a large number of Arabian commentaries on, or

reproductions of, the Elements or portions thereof, which will be

1 Klamroth, p. 290, illustrates Ishiq’s method by his way of distinguishing é¢apptb§ew

(to be congruent with) and é¢apn6§eu0m (to be applied to), the confusion of which by trans

lators was animadverted on by Savile. Ishiq avoided the confusion by using two entirely

different words.

’ Klamroth, pp. 310—1. 5‘ ibid. p. 287.

‘ Mid. pp. 504—5. 5 Mia’. p. 274.

'3 Hiji Khalfa, I. p. 383.

7 Heiberg, Zeilsrllriflfu'r ‘Val/z. u. Phyril', xx1x., hist.-litt. Abth. pp. 0, 3.
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found fully noticed by Steinschneiderl. I shall mention here the

commentators etc. referred to in the Fibrist, with a few others.

1. Abfi '1'Abba'ts al-Fadl b. Hatim an-Nairizi (born at Nairiz,

died about 922) has already been mentioned’. His commentary

survives, as regards Books I.—VI., in the Codex Leidensis 399, I, now in

course of publication by Besthorn and Heiberg, and as regards

Books I.—X. in the Latin translation made by Gherard of Cremona

in the 11th c. and now published by Curtze from a Cracow MS.a Its

importance lies mainly in the quotations from Heron and Simplicius.

2. Ahmad b. 'Umar al-Karibis'i (date uncertain, probably 9th—

10th c.), “who was among the most distinguished geometers and

arithmeticians‘.”

3. Al-‘Abbis b. Sa'id al-Jauhari (fl. 830) was one of the astro

nomical observers under al-Ma’mt'm, but devoted himself mostly to

geometry. He wrote a commentary to the whole of the Elements,

from the beginning to the end; also the “Book of the propositions

which he added to the first book of Euclid“?

4. Muh. b. '155 Abfi 'Abdallah al-Mahfini (d. between 874 and

884) wrote, according to the Filtrist, (I) a commentary on Eucl.

Book V., (2) “On proportion," (3) “On the 26 propositions of the

first Book of Euclid which are proved without reductio ad absurdum‘.”

The work “On proportion” survives and is probably identical with, or

part of, the commentary on Book V.7 He also wrote, what is not

mentioned by the Fibrist, a commentary on Eucl. Book X., a fragment

of which survives in a Paris MS.8

5. Ab1'1 Ja'far al-Khazin (i.e. “the treasurer " or “librarian "), one

of the first mathematicians and astronomers of his time, was born in

Khurasan and died between the years 961 and 971. ‘The Fz'lzrist

speaks of him as having written a commentary on the whole of the

Elements’, but only the commentary on the beginning of Book X.

survives (in Leiden, Berlin and Paris); therefore either the notes on

the rest of the Books have perished, or the Fz'ltrist is in error“. The

latter would seem more probable, for, at the end of his commentary,

al-Khazin remarks that the rest had already been commented on by

Sulaiman b. 'Usma (Leiden MS.)“ or 'Oqba (Suter), to be mentioned

below. Al-Khazin’s method is criticised unfavourably in the preface

to the Oxford MS. quoted by Nicoll (see p. 77 above).

6. Abfi '1 Watt‘: al-Bfizjani (940-997), one of the greatest

Arabian mathematicians, wrote a commentary on the Elements, but

1 Steinschneider, Zeitscbrz'lfa'r AlaI/z. u. Pllysik, XXXL, hist.-litt. Abth. pp. 86 sqq.

‘‘ Steinschneider, p. 86. ibrist (tr. Suter), pp. 16, 67; Suter, Die Alat/Iematiker and

Astronomer: der Amber (1900), p. 45.

“ Supplementum ad Euclia'is opera omnia, ed. Heiberg and Menge. Leipzig, 1899.

‘ Fibrist, pp. 16, 38; Steinschneider, p. 87; Suter, p. 65.

5 Filinsl, pp. 16, '15; Steinschneider, p. 88; Suter, p. n.

‘ Film'sl, pp. 16, 15, 58.

7 Suter, p. 26, note, quotes the Paris MS. 2467, 16° containing the work “on proportion "

as the authority for this conjecture.

‘ Ms. a457, 39° (cf. Woepcke in ‘Hfi‘fll- pr/s. ii I’acad. des .Iciem'es, x1v., 1856, p. 669).

” Fi/lrist, p. 17. 1° Suter, p. 58, note b. 1‘ Steinschneider, p. 89.
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did not complete it‘. His method is also unfavourably regarded in

the same preface to the Oxford M5. 280. According to Haji Khalfa, he

also wrote a book on geometrical constructions, in thirteen chapters.

Apparently a book answering to this description was compiled by a

gifted pupil from lectures by Abu ’l \Vafa, and a Paris MS. (Anc. fonds

169) contains a Persian translation of this work, not that of Abu 'l Wafa

himself. An analysis of the work was given by Woepcke’, and some

particulars will be found in Cantor“. Abfi’l Wafa also wrote a

commentary on Diophantus, as well as a separate “book of proofs

to the propositions which Diophantus used in his book and to what

he (Abs '1 Wafa) employed in his commentary‘.”

7. Ibn Rahawaihi al-Arjani also commented on Eucl. Book X.‘

8. ‘Ali b. Ahmad Abi'i ’l-Qasim al-Antaki (d. 987) wrote a

commentary on the whole book“; part of it seems to survive (from

the 5th Book onwards) at Oxford (Catal. MSS. orient. II. 281)’.

9. Sind b. ‘Ali Abfi ’t-Taiyib was a Jew who went over to

Islam in the time of al-Ma’mfm, and was received among his astro

nomical observers, whose head he became8 (about 830); he died after

864 He wrote a commentary on the whole of the Elements; “ Aba
cAli saw nine books of it, and a part of the tenth”." His book “On

the Apotomae and the Medials,” mentioned by the Fi/zrist, may be

the same as, or part of, his commentary on Book X.

IO. Abfi Yfisuf Ya'qfib b. Muh. ar-Rézi “wrote a commentary

on Book X., and that an excellent one, at the instance of Ibn al

‘Amid"’.”

II. The Fi/H'iSl next mentions al-Kindi (Abfi Yfisuf Ya'qt'ib b.

Ishaq b. as-Sabbah al-Kindi, d. about 873), as the author (I) of a

work “on the objects of Euclid’s book," in which occurs the statement

that the Elements were originally written by Apollonius, the carpenter

(see above, p. 5, and note), (2) of a book “on the improvement of

Euclid’s work," and (3) of another “on the improvement of the 14th

and 15th Books of Euclid.” “He was the most distinguished man

of his time, and stood alone in the knowledge of the old sciences

collectively; he was called ‘the philosopher of the Arabians’; his

writings treat of the most different branches of knowledge, as logic,

philosophy, geometry, calculation, arithmetic, music, astronomy and

others“.” Among the other geometrical works of al-Kindi mentioned

by the Fi/zrz'rt“ are treatises on the closer investigation of the results

of Archimedes concerning the measure of the diameter of a circle in

terms of its circumference, on the construction of the figure of the two

mean proportionals, on the approximate determination of the chords

1 Fibrirf. p. i7.

2 Woepcke, jbumal Arialiqxu, Sér. v. T. v. . 118-2 6 and o _5 _
a Gert/l. d- Mal/x. vol. I3, pp, 743_6_ pp 5 3 9 59

‘ Fibrin, p. 39; Suter, p. 7:. ‘ Film'sl, p. 17 ; Suter, p. 17.

‘ Fibrirt, p. l7. 7 Suter, p. 64.

B Filzn'sl, p. i7, 29; Suter, p . 13, 14. 9 Fibrin, p. :7.

1° Fihrisl, p. 17; Suter, p. 6 . 1‘ Filzrz'sl, p. l7, 10—15.

1“ The mere catalogue of al-Kimli's works on the various branches of science takes up

four octavo pages (1 1—15) of Suter’s translation of the R'lzrirt.
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of the circle, on the approximate determination of the chord (side) of

the nonagon, on the division of triangles and quadrilaterals and con

structions for that purpose, on the manner of construction of a circle

which is equal to the surface of a given cylinder, on the division of

the circle, in three chapters etc.

12. The physician Nagif b. Yumn (or Yaman) al-Qass (“the

priest”) is mentioned by the Fz'lzrz'st as having seen a Greek copy

of Eucl. Book X. which had 40 more propositions than that which

was in general circulation (containing 109), and having determined

to translate it into Arabic‘. Fragments of such a translation exist

at Paris, Nos. 18 and 34 of the MS. 2457 (952, 2 Suppl. Arab. in

Woepcke’s tract); No. 18 contains “additions to some propositions

of the 10th Book, existing in the Greek language“.” Nagif must have

died about 990“.

13. Yfihanni b. Yt'isufb. al-Harith b. al-Bitriq al-Qass (d. about

980) lectured on the Elements and other geometrical books, made

translations from the Greek, and wrote a tract on the “ proof" of the

case of two straight lines both meeting a third and making with it,

on one side, two angles together less than two right angles‘. Nothing

of his appears to survive, except that a tract “on rational and irrational

magnitudes," No. 48 in the Paris MS. just mentioned, is attributed

to him.

14. Abfi Mulji. al-Hasan b. 'Ubaidallah b. Sulaiman b. Wahb

(d. 901) was a geometer of distinction, who wrote works under the

two distinct titles “A commentary on the difficult parts of the work

of Euclid" and “The Book on Proportion“? Suter thinks that an

other reading is possible in the case of the second title, and that it

may refer to the Euclidean work “on the divisions (of figures)“.”

15. Qusta b. Lfiqa al-Ba'labakki (d. about 912), a physician,

philosopher, astronomer, mathematician and translator, wrote “on the

difficult passages of Euclid’s book” and “on the solution of arith

metical problems from the third book of Euclid’”; also an “intro

duction to geometry,” in the form of question and answer“.

16. Thabit b. Qurra (826-901), besides translating some parts

of Archimedes and Books v._v11. of the Comes of Apollonius, and

revising Ishaq's translation of Euclid’s Elements, also revised the trans

lation of the Data by the same lshaq and the book On divisions of

figures translated by an anonymous writer. We are told also

that he wrote the following works: (I) On the Premisses (Axioms,

Postulates etc.) of Euclid, (2) On the Propositions of Euclid, (3) On

the propositions and questions which arise when two straight lines

are cut by a third (or on the “proof” of Euclid’s famous postulate).

The last tract is extant in the MS. discovered by Woepcke (Paris

2457, 32°). He is also credited with “an excellent work” in the

shape of an “Introduction to the Book of Euclid,” a treatise on

1 Fibrisl, pp. 16, 17.

’ Woepcke, Me‘m. pre's. d l’amd. a'es seimas, XIV. pp. 666, 668.

3 Suter, p. 68. ‘ Fi'lrrisl. p. 38 ; Suter, p. 60.

‘’ Fi/rrisl, p. 26, and Suter’s note, p. 60. ° Suler, p. 211, note 23.

7 Fihrist, p. 43. “ Fi/In'st, p. 43; Suter, p. 41.



88 INTRODUCTION [cIL v11

Geometry dedicated to Isma'il b. Bulbul, a Compendium of Geometry,

and a large number of other works for the titles of which reference

may be made to Suter, who also gives particulars as to which are

extant‘.

17. Abu Sa'id Sinan b. Thabit b. Qurra, the son of the translator

of Euclid, followed in his father's footsteps as geometer, astronomer

and physician. He wrote an “improvement of the book of .... .. on

the Elements of Geometry, in which he made various additions to the

original." It is natural to conjecture that Euclid is the name missing

in this description (by Ibn abi Usaibi'a); Casiri has the name Aqaton’.

The latest editor of the Ta’rz'klz al-Hukamd, however, makes the name

to be Iflaton (= Plato), and he refers to the statement by the Filzrist

and Ibn al-Qifti attributing to Plato a work on the Elements of

Geometry translated by Qusta. It is just possible, therefore, that at

the time of Qusta the Arabs were acquainted with a book on the

Elements of Geometry translated from the Greek, which they attri

buted to Plato’. Sinan died in 943.

18. AbI'I Sahl Wijan (or Waijan) b. Rustam al-Kfihi (fi. 988),

born at Kah in Tabaristan, a distinguished geometer and astronomer,

wrote, according to the Fi/zrist, a “Book of the Elements" after that

of Euclid‘; the Ist and 2nd Books survive at Cairo, and a part of

the 3rd Book at Berlin (5922)". He wrote also a number of other

geometrical works: Additions to the 2nd Book of Archimedes on

the Sphere and Cylinder (extant at Paris, at Leiden, and in the India

Ofiice), On the finding of the side of a heptagon in a circle (India

Ofiice and Cairo), On two mean proportionals (India Office), which

last may be only a part of the Additions to Archimedes’ On the Sphere

and Cylinder, etc.

19. AbL'I Nasr Muh. b. Muh. b. Tarkhan b. Uzlag al-Firibi

(870-950) wrote a commentary on the dlfi'lCllltlES of the introductory

matter to Books I. and V.‘ This appears to survive in the Hebrew

translation which is, with probability, attributed to Moses b. Tibbon’.
20. AbI'I cAli al-Hasan b. al-Hasan b. al-I-Iaitham (about 965

1039), known by the name Ibn al-Haitham or Abfi ‘Ali al-Basri, was a

man of great powers and knowledge, and no one of his time approached

him in the field of mathematical science. He wrote several works on

Euclid the titles of which, as translated by Woepcke from Usaibi'a,

are as follows“:

1. Commentary and abridgment of the Elements.

2. Collection of the Elements of Geometry and Arithmetic,

drawn from the treatises of Euclid and Apollonius.

3. Collection of the Elements of the Calculus deduced from

the principles laid down by Euclid in his Elements.

1 Suter, p . 34—8.
7 Fi/Irisl (lied. Suter), p. 59, note 13:; Suter, p. 52, note I).

3 See Suter in Billliotlleca I’llatltcman'ca, 1V3, 1903-4, pp. 296-7, review of Julius

Lippert’s Ibn al-Qifti. Ta’ricll al-llrultarmi, Leipzig, 1903.

Filtrisl, p. 40. ° Suter, . 75.

‘ Suter, p. 55. 7 Steinsc neider, p. 92.

‘ Steinschneider, pp. 91-3.
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4. Treatise on “measure” after the manner of Euclid’s

Elements.

5. Memoir on the solution of the difi‘iculties in Book I.

6. Memoir for the solution of a doubt about Euclid, relative

to Book v.

7. Memoir on the solution of a doubt about the stereometric

portion.

8. Memoir on the solution ofa doubt about Book XII.

9. Memoir on the division of the two magnitudes mentioned

in X. I (the theorem of exhaustion).

10. Commentary on the definitions in the work of Euclid

(where Steinschneider thinks that some more general expression

should be substituted for “definitions ").

The last-named work (which Suter calls a commentary on the

Pastulates of Euclid) survives in an Oxford MS. (Catal. MSS. orient.

I. 908) and in Algiers (1446, 1°).

A Leiden MS. (966) contains his Commentary “on the difiicult

places” up to Book v. We do not know whether in this commentary,

which the author intended to form, with the commentary on the

Musadarat, a sort of complete commentary, he had collected the

separate memoirs on certain doubts and difficult passages mentioned

in the above list.

A commentary on Book v. and following Books found in a

Bodleian MS. (Catal. 11. p. 262) with the title “Commentary on Euclid

and solution of his dlfi‘lCUltlfiS ” is attributed to b. Haitham; this might

be a. continuation of the Leiden MS.

The memoir on X. 1 appears to survive at St Petersburg, Ms‘. de

l’Institut des langues orient. 192, 5° (Rosen, Catal. p. 125).

21. Ibn Sina, known as Avicenna (980—1037), wrote a Com

pendium of Euclid, preserved in a Leiden M5. N0. 1445, and forming

the geometrical portion of an encyclopaedic work embracing Logic,

Mathematics, Physics and Metaphysics‘.

22. Ahmad b. al~Husain al-Ahwizi al-Katib wrote a com

mentary on Book X., a fragment of which (some 10 pages) is to be

found at Leiden (970), Berlin (5923) and Paris (2467, 18°)’.

23. Nasiraddin at-Tfisi (1201-1274) who, as we have seen,

brought out a Euclid in two forms, wrote:

I. A treatise on the postulates of Euclid (Paris, 2467, 5°).

2. A treatise on the 5th postulate, perhaps only a part of

the foregoing (Berlin, 5942, Paris, 2467, 6”).

3. Principles of Geometry taken from Euclid, perhaps

identical with No. 1 above (Florence, Pal. 298).

4 105 problems out of the Elements (Cairo). He also edited

the Data (Berlin, Florence, Oxford etc)‘.

24. Muh. b. Ashraf Shamsaddin as-Samarqandi (fl. 1276) wrote

“ Fundamental Propositions, being elucidations of 35 selected proposi

l Steinschneider, p. 91; Suter, p. 89. 3 Suter, p. 57.

3 Suter, pp. 150—1.
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tions of the first Books of Euclid,” which are extant at Gotha (1496

and 1497), Oxford (Catal. I. 967, 2°), and Brit. Mus).

25. Mfisa b. Muh. b. Mahmud, known as Qidizade ar-Rumi (i.e.

the son of the judge from Asia Minor), who died between 1436 and

1446, wrote a commentary on the “Fundamental Propositions” just

mentioned, of which many MSS. are extant’. It contained biographical

statements about Euclid alluded to above (p. 5, note).

26. Abfi Da’fid Sulaiman b. 'Uqba, a contemporary of al-Khazin

(see above, No. 5), wrote a commentary on the second half of Book X.,

which is, at least partly, extant at Leiden (974) under the title “On

the binomials and apotomae found in the 10th Book of Euclid’."

27. The Codex Leidensis 399, 1 containing al-Hajjaj’s transla

tion of Books I.—V1. is said to contain glosses to it by Sa'id b. Mas'fid

b. al-Qass, apparently identical with Abfi Nasr Gars al-Na'ma, son of

the physician Mas'fid b. al-Qass al-Bagdadi, who lived in the time of

the last Caliph al-Musta'sirn (d. 1258)‘.

28. Abfi Muhammad b. Abdalbéqi al-Bagdadi al-Faradi (d.

1141, at the age of over 70 years) is stated in the Ta’rt'kb al-Hukamd

to have written an excellent commentary on Book X. of the Elements,

in which he gave numerical examples of the propositions’. This is

published in Curtze’s edition of an-Nairizi where it occupies pages

252-386".

29. Yahya b. Muh. b. 'Abdan b. 'Abdalwahid, known by the

name of Ibn al-Lubfidi (1210-1268), wrote a Compendium of Euclid,

and a short presentation of the postulates’.

30. Abfi 'Abdallah Muh. b. Mu'adh al-Jayyani wrote a com

mentary on Eucl. Book V. which survives at Algiers (1446, 3°)‘.

31. Ab1'1 Nasr Mansflr b. ‘Ali b. ‘Iraq wrote, at the instance of

Muh. b. Ahmad Abe ’r-Raihan al-Birt'mi (973-1048), a tract “ on

a doubtful (difi‘icult) passage in Eucl. Book X111.” (Berlin, 5925)".

' Suter, p. 157. 2 ibid. p. 175. 3 ibid. p. 56.

4 ibid. pp. 153—4, 127.

l‘ Gartz, p. 14; Steinschneider, pp. 94—5.

‘‘ Suter in Bibliot/xeca Mathematica, 1V3, 190 , pp. 25, 295; Suter has also an article on

its contents, Bibliot/ieca Mathematical, vn,, 1 7, pp. 234-251.

7 Steinschneider, p. 94; Suter, p. 146.

a Suter, Naclilrr'rge and Ben'c/Itrlgungen, in Abbandlungen zur Gesc/l. der mat/i. IVissen

sclia ten, x1v., 1902, p. 170.

Suter, p. 81, and Nac/Itn'z'ge, p. 171.



CHAPTER VIII.

PRINCIPAL TRANSLATIONS AND EDITIONS OF THE ELEMENTS.

CICERO is the first Latin author to mention Euclid‘; but it is not

likely that in Cicero’s time Euclid had been translated into Latin or

was studied to any considerable extent by the Romans; for, as Cicero

says in another place“, while geometry was held in high honour

among the Greeks, so that nothing was more brilliant than their

mathematicians, the Romans limited its scope by having regard only

to its utility for measurements and calculations. How very little

theoretical geometry satisfied the Roman agrimensares is evidenced

by the work of Balbus de' meusurz'r’, where some of the definitions of

Eucl. Book I. are given. Again, the extracts from the Elements found

in the fragment attributed to Censorinus (fl. 238 AD)‘ are confined to

the definitions, postulates, and common notions. But by degrees the

Elements passed even among the Romans into the curriculum of a

liberal education; for Martianus Capella speaks of the effect of the

enunciation of the proposition “how to construct an equilateral

triangle on a given straight line" among a company of philosophers,

who, recognising the first proposition of the Elements, straightway

break out into encomiums on Euclid‘. But the Elements were then

(0. 470 A.D.) doubtless read in Greek; for what Martianus Capella

gives“ was drawn from a Greek source, as is shown by the occurrence

of Greek words and by the wrong translation of I. def. t (“punctum

vero est cuius pars nz'lzil est”). Martianus may, it is true, have

quoted, not from Euclid himself, but from Heron or some other ancient

source.

But it is clear from a certain palimpsest at Verona that some

scholar had already attempted to translate the Element: into Latin.

This palimpsest7 has part of the “Moral reflections on the Book of

Job " by Pope Gregory the Great written in a hand of the 9th c. above

certain fragments which in the opinion of the best judges date from

the 4th c. Among these are fragments of Vergil and of Livy, as well

as a geometrical fragment which purports to be taken from the 14th

and I5th Books of Euclid. As a matter of fact it is from Books XII.

and XIII. and is of the nature of a free rendering, or rather a new

‘ De aralore III. 132. 5' Tart. I. 5.

3 Gnmmh‘ci zleterer, I. 97 sq. (ed. F. Blume, K. Lachmann and A. Rudorfl'. Berlin,

1848, 185a).

‘ Censorinus, ed. Hultsch, pp. 60- 5.

‘ Martianus Capella, VI. 724. ‘ ibid. vi. 708 sq.

7 Cf. Cantor, 18, p. 565.
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arrangement, of Euclid with the propositions in different order‘. The

MS. was evidently the translator's own copy, because some words are

struck out and replaced by synonyms. We do not know whether the

translator completed the translation of the whole, or in what relation

his version stood to our other sources.

Magnus Aurelius Cassiodorius (b. about 475 AD.) in the geometrical

part of his encyclopaedia De artibus ac dz'sezplinz's lz'éeralz'um literarum

says that geometry was represented among the Greeks by Euclid,

Apollonius, Archimedes, and others, “ of whom Euclid was given us

translated into the Latin language by the same great man Boethius”;

also in his collection of letters’ is a letter from Theodoric to Boethius

containing the words, “for in your translations Nicomachus the

arithmetician, and Euclid the geometer, are heard in the Ausonian

tongue.” The so-called Geometry of Boethius which has come down

to us by no means constitutes a translation of Euclid. The MSS.

variously give five, four, three or two Books, but they represent only

two distinct compilations, one normally in five Books and the other

in two. Even the latter, which was edited by Friedlein, is not

genuine“, but appears to have been put together in the 11th c., from

various sources. It begins with the definitions of Eucl. 1., and in these

are traces of perfectly correct readings which are not found even in

the MSS. of the 10th c., but which can‘be traced in Proclus and other

ancient sources; then come the Postulates (five only), the Axioms

(three only), and after these some definitions of Eucl. 11., 111., IV.

Next come the enunciations of Eucl. I.,of ten propositions of Book 11.,

and of some from Books 111., IV., but always without proofs; there

follows an extraordinary passage which indicates that the author will

now give something of his own in elucidation of Euclid, though what

follows is a literal translation of the proofs of Eucl. 1. 1—3. This

latter passage, although it affords a strong argument against the

genuineness of this part of the work, shows that the Pseudoboethius

had a Latin translation of Euclid from which he extracted the three

propositions.

Curtze has reproduced, in the preface to his edition of the trans

lation by Gherard of Cremona of an-Nairizi’s Arabic commentary on

Euclid, some interesting fragments of a translation of Euclid taken

from a Munich MS. of the 10th c. They are on two leaves used

for the cover of the MS. (Bibliothecae Regiae Universitatis Monacensis

2° 757) and consist of portions of Eucl. I. 37, 38 and II. 8, translated

literally word for word from the Greek text. The translator seems to

have been an Italian (cf. the words “capitolo nono” used for the ninth

prop. of Book II.) who knew very little Greek and had moreover little

mathematical knowledge. For example, he translates the capital letters

denoting points in figures as if they were numerals: thus re ABI‘,

1 The fragment was deciphered by W. Studemund, who communicated his results to

Cantor.

“ Cassiodorius, Variae, 1. 45, p. 40, 12 ed. Mommsen.

’ See especially Weissenborn in Abliandlungen zur Gesc/r. d. Mal/1. 11. p. 185 sq.;

Heiberg in Plzilolagus, x1.111. p. 507 sq.; Cantor, 1,, p. 580 sq.
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AEZ is translated “que primo secundo et tertio quarto quinto et

septimo,” T becomes “tricentissimo ” and so on. The Greek MS. which

he used was evidently written in uncials, for AEZ® becomes in one

place “quod autem septimo nono,” showing that he mistook AE for

the particle 86', and Kai. 6 ETU is rendered "sicut tricentissimo et

quadringentissimo,” showing that the letters must have been written

KAIOCTU.

The date of the Englishman Athelhard (Aithelhard) is approxi

mately fixed by some remarks in his work Perdifliciles Quaestz'ones

Naturales which, on the ground of the personal allusions they contain,

must be assigned to the first thirty years of the 12th c.1 He wrote a

number of philosophical works. Little is known about his life. He

is said to have studied at Tours and Laon, and to have lectured at the

latter school. He travelled to Spain, Greece, Asia Minor and Egypt,

and acquired a knowledge of Arabic, which enabled him to translate

from the Arabic into Latin, among other works, the Elements of

Euclid. The date of this translation must be put at about 1120.

M55. purporting to contain Athelhard's version are extant in the

British Museum (Harleian No. 5404 and others), Oxford (Trin. Coll.

47 and Ball. Coll. 257 of 12th c.), Niirnberg (johannes Regiomontanus’

copy) and Erfurt.

Among the very numerous works of Gherard of Cremona (I 114—

1187) are mentioned translations of “ 15 Books of Euclid ” and of the

Data“. Till recently this translation of the Elements was supposed to

be lost; but Axel Anthon Bjornbo has succeeded (1904) in discovering

a translation from the Arabic which is different from the two others

known to us (those by Athelhard and Campanus respectively), and

which he, on grounds apparently convincing, holds to be Gherard’s.

Already in 1901 Bjornbo had found Books X.~—XV. of this translation

in a M5. at Rome (Codex Reginensis lat. 1268 of 14th c.)“; but three

years later he had traced three MSS. containing the whole of the same

translation at Paris (Cod. Paris. 7216, 15th c.), Boulogne-sur-Mer

(Cod. Bononiens. 196, 14th c.), and Bruges (Cod. Brugens. 521, 14th c.),

and another at Oxford (Cod. Digby 174, end of 12th c.) containing a

fragment, XI. 2 to XIV.‘ The occurrence of Greek words in this

translation such as ronzbus, romboia'es (where Athelhard keeps the

Arabic terms),~amblz;gonius, ort/togonins, gnomo, pyramis etc., show

that the translation is independent of Athelhard’s. Gherard appears

to have had before him an old translation of Euclid from the Greek

which Athelhard also often followed, especially in his terminology,

using it however in a very different manner. Again, there are some

Arabic terms, e.g. meguar for axis of rotation, which Athelhard did not

use, but which is found in almost all the translations that are with

certainty attributed to Gherard of Cremona; there occurs also the

l . -1 ‘gellizatzlli'itrisi lie/203%” di Gherardo Crrmonese, Rome, 1851, . 5.

’ Described in an appendix to Studim fiber Mme/nos’ Spltérik (Ab/rand ungen zur

Gesc/tiefile a'er malllematisellm Wissensr/Iaflen, X1v., I902).

‘ See Bioliotlzeca x‘llallremalica, v13, 1905-6, pp. 241—8.
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expression “superficies equidistantium laterum et rectorum angulorum,"

found also in Gherard's translation of an-Nairizi, where Athelhard says

“parallelogrammum rectangulum." The translation is much clearer

than Athelhard’s: it is neither abbreviated nor “edited" as Athelhard’s

appears to have been ; it is a word-for-word translation of an Arabic

MS. containing a revised and critical edition of Thabit’s version. It

contains several notes quoted from Thabit himself (Tltebz't‘ dixit), e.g.

about alternative proofs etc. which Thabit found “in another Greek

Ma,” and is therefore a further testimony to Thabit's critical treatment

of the text after Greek M55. The new editor also added critical

remarks of his own, e.g. on other proofs which he found in other

Arabic versions, but not in the Greek: whence it is clear that he

compared the Thabit version before him with other versions as care

fully as Thabit collated the Greek M55. Lastly, the new editor speaks

of "Thebit qui transtulit hunc librum in arabicam linguam" and of

“translatio Thebit,” which may tend to confirm the statement of al-Qifti

who credited Thabit with an independent translation, and not (as the

Fi/lrist does) with a mere improvement of the version of lshaq b.

Hunain.

Gherard's translation of the Arabic commentary of an-Nairizi on

the first ten Books of the Elements was discovered by Maximilian

Curtze in a M5. at Cracow and published as a supplementary volume

to Heiberg and Menge’s Euclid‘: it will often be referred to in this

work.

Next in chronological order comes Johannes Campanus (Campano)

of Novara. He is mentioned by Roger Bacon (1214-1294) as a

prominent mathematician of his time’, and this indication of his date

is confirmed by the fact that he was chaplain to Pope Urban IV, who

was Pope from 1261 to 1281*‘. His most important achievement was

his edition of the Elements including the two Books XIV. and XV.

which are not Euclid’s. The sources of Athelhard’s and Campanus’

translations, and the relation between them, have been the subject of

much discussion, which does not seem to have led as yet to any

definite conclusion. Cantor (11,, p. 91) gives references‘ and some

particulars. It appears that there is a MS. at Munich (Cod. lat. Mon.

13021) written by Sigboto in the 12th c. at Priifning near Regensburg,

and denoted by Curtze by the letter R, which contains the enunciations

of part of Euclid. The Munich Mss. of Athelhard and Campanus’

translations have many enunciations textually identical with those in

R, so that the source of all three must, for these enunciations, have

1 Armritii in dram libror prior“ Elementorum Euclidis Commenlarii or interpretation:

G/uranli Crznmnmrir in todirz Crarm/irmi 569 :emala edidit Maxilnilianus Curtze, Leipzig

('l‘eubner), 1899.

’ Cantor, 11,, p. 88.

1‘ Tiraboschi, Sloria dzlla [diam/um italiana, 1v. 145-160.

‘ H. Weissenborn in Zeitrg/znftffir lllal/I. u. Pliyril', xxv., Supplement, pp. 143—166,

and in his monograph, Die Uberxzlzungm des Euk/id durr/i Camplmo um! Zamberli (1882) ;

Max. Curtze in Phi/a/ogLrc/u Rundrr/mu (1881), I. pp. 943-950, and in Yallresben'rllt 1Z0”

die Fortrr/zrilte d” tlaxrirrlzen Allerthumrwissmsc/lafi, XL. (1884, 111.) pp. 19—21 ; Heiberg

in Zeitrr/mftffir Mat/t. u. P/iyn'k, Xxxv., hist.-litt. Al>1h., pp. 48—58 and pp. 81—6.
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been the same; in others Athelhard and Campanus diverge com

pletely from R, which in these places follows the Greek text and is

therefore genuine and authoritative. In the 32nd definition occurs the

word “ elinuam,” the Arabic term for “ rhombus,” and throughout the

translation are a number of Arabic figures. But R was not translated

from the Arabic, as is shown by (among other things) its close

resemblance to the translation from Euclid given on pp. 377 sqq. of

the Gromatici Veteres and t0 the so-called geometry of Boethius. The

explanation of the Arabic figures and the word “ elinuam ” in Def. 32

appears to be that R was a late copy of an earlier original with

corruptions introduced in many places ; thus in Def. 32 a part of the

text was completely lost and was supplied by some intelligent copyist

who inserted the word “elinuam,” which was known to him, and also

the Arabic figures. Thus Athelhard certainly was not the first to

translate Euclid into Latin; there must have been in existence before

the 11th c. a Latin translation which was the common source of R,

the passage in the Gromatici, and “ Boethius.” As in the two latter

there occur the proofs as well as the enunciations of 1. 1—3, it is

possible that this translation originally contained the proofs also.

Athelhard must have had before him this translation of the

enunciations, as well as the Arabic source from which he obtained his

proofs. That some sort of translation, or at least fragments of one,

were available before Athelhard’s time even in England is indicated

by some old English verses‘:

“The clerk Euclide on this wyse hit fonde

Thys craft of gemetry yn Egypte londe

Yn Egypte he tawghte hyt ful wyde,

In dyvers londe on every syde.

Mony erys afterwarde y understonde

Yer that the craft com ynto thys londe.

Thys craft com into England, as y yow say,

Yn tyme of good kyng Adelstone’s day,”

which would put the introduction of Euclid into England as far back

as 924-940 A.D.

We now come to the relation between Athelhard and Campanus.

That their translations were not independent, as Weissenborn would

have us believe, is clear from the fact that in all M85. and editions,

apart from orthographical differences and such small differences as

are bound to arise when MSS. are copied by persons with some

knowledge of the subject-matter, the definitions, postulates, axioms,

and the 364 enunciations are word for word identical in Athelhard

and Campanus; and this is the case not only where both have the

same text as R but where they diverge from it. Hence it would seem

that Campanus used Athelhard’s translation and only developed the

proofs by means of another redaction of the Arabian Euclid. It is

true that the difference between the proofs of the propositions in the

two translations is considerable; Athelhard’s are short and com

‘ Quoted by Halliwell in lt’ara t‘lfatlienmtica (p. 56 note) from MS. Bib. Reg. Mus. Brit.

17 A. 1. f. 2b—3.
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pressed, Campanus’ clearer and more complete, following the Greek

text more closely, though still at some distance. Further, the

arrangement in the two is different; in Athelhard the proofs regularly

precede the enunciations, Campanus follows the usual order. It is a

question how far the differences in the proofs, and certain additions in

each, are due to the two translators themselves or go back to Arabic

originals. The latter supposition seems to Curtze and Cantor the

more probable one. Curtze's general view of the relation of Campanus

to Athelhard is to the effect that Athelhard’s translation was gradually

altered, from the form in which it appears in the two Erfurt MSS.

described by Weissenborn, by successive copyists and commentators

w/zo Izad Araéie orzlgz'nals before them, until it took the form which

Campanus gave it and in which it was published. In support of this

view Curtze refers to Regiomontanus' copy of the Athelhard-Campanus

translation. In Regiomontanus’ own preface the title is given, and

this attributes the translation to Athelhard; but, while this copy

agrees almost exactly with Athelhard in Book I., yet, in places where

Campanus is more lengthy, it has similar additions, and in the later

Books, especially from Book III. onwards, agrees absolutely with

Campanus; Regiomontanus, too, himself implies that, though the

translation was Athelhard’s, Campanus had revised it; for he has

notes in the margin such as the following, “Campani est hec," “dubito

an demonstret hic Campanus ” etc.

We come now to the printed editions of the whole or of portions

of the Elements. This is not the place for a complete bibliography,

such as Riccardi has attempted in his valuable memoir issued in five

parts between 1887 and 1893, which makes a large book in itself ‘.

I shall confine myself to saying something of the most noteworthy

translations and editions. It will be convenient to give first the Latin

translations which preceded the publication of the edz'tio prineeps of

the Greek text in 1533, next the most important editions of the Greek

text itself, and after them the most important translations arranged

according to date of first appearance and languages, first the Latin

translations after 1533, then the Italian, German, French and English

translations in order.

It may be added here that the first allusion, in the West, to the

Greek text as still extant is found in Boccaccio’s commentary on the

Divine: Commedia of Dantez. Next Johannes Regiomontanus, who

intended to publish the Elements after the version of Campanus, but

with the latter’s mistakes corrected, saw in Italy (doubtless when

staying with his friend Bessarion) some Greek M55. and noticed how

far they difi'ered from the Latin version (see a letter of his written in

the year 1471 to Christian Roder of Hamburg)‘.

1 Saggia di una Bibliagrafia Euelidea, memoria del Prof. Pietro Riccardi (Bologna,

1887, 1888, 1890, 1893).

u I. - 404..

5 Published in C. T. de Murr's Memarabilia Bz'llliolbet'arum Norimbergmn'um, Part I.

P- 190 sqq
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I. LATIN TRANSLATIONS PRIOR TO 1533.

1482. In this year appeared the first printed edition of Euclid,

which was also the first printed mathematical book of any import

ance. This was printed at Venice by Erhard Ratdolt and contained

Campanus’ translation‘. Ratdolt belonged to a family of artists at

Augsburg, where he was born about 1443. Having learnt the trade

of printing at home, he went in 1475 to Venice, and founded there a

famous printing house which he managed for 11 years, after which he

returned to Augsburg and continued to print important books until

1516. He is said to have died in 1528. Kéistner’ gives a short

description of this first edition of Euclid and quotes the dedication to

Prince Mocenigo of Venice which occupies the page opposite to the

first page of text. The book has a margin of 2% inches, and in this

margin are placed the figures of the propositions. Ratdolt says in

his dedication that at that time, although books by ancient and

modern authors were printed every day in Venice, little or nothing

mathematical had appeared: a fact which he puts down to the diffi

culty involved by the figures, which no one had up to that time

succeeded in printing. He adds that after much labour he had

discovered a method by which figures could be produced as easily as

letters“. Experts are in doubt as to the nature of Ratdolt’s discovery.

Was it a method of making figures up out of separate parts of figures,

straight or curved lines, put together as letters are put together to

make words? In a life of Job. Gottlob Immanuel Breitkopf, a con

temporary of Kastner’s own, this member of the great house of

Breitkopf is credited with this particular discovery. Experts in that

same house expressed the opinion that Ratdolt’s figures were wood

cuts, while the letters denoting points in the figures were like the

other letters in the text; yet it was with carved wooden blocks that

printing began. If Ratdolt was the first to print geometrical figures,

it was not long before an emulator arose; for in the very same year

Mattheus Cordonis of Windischgratz employed woodcut mathematical

figures in printing Oresme’s De latz'mdinz'bus‘. How eagerly the

opportunity of spreading geometrical knowledge was seized upon is

proved by the number of editions which followed in the next few

years. Even the year 1482 saw two forms of the book, though they

only differ in the first sheet. Another edition came out in 1486

(Ulmae, apua' 10. Regerum) and another in 1491 (Vineentz'ae per

1 Curtze (An-Nairizi, p. xiii) reproduces the heading of the first page of the text as

follows (there is no title-page): Preclarifi‘imt't opus elementoll- Euclirlis megaréfis iina cu

comentis Campani pfpicaciffimi in arté geometria incipit felicit’, after which the definitions

begin at once. Other copies have the shorter heading: Preclarissimus liber elementorum

Euclidis perspicacissimi: in artem Geometric incipit quam foelicissime. At the end stands

the following : II Opus elementoru euclidis megarenfis in geometriz't artéjn id quoq) Campani

pfpicacillimi Comentationes finit'it. Erhardus ratdolt Augustensis imprefIor folertifi'imus .

venetijs imprefi'it . Anno falutis . M.cccc.lxxxij . Octauis . Calefi . jun . Lector . Vale.

’ Kastner, Gese/u'e/Ite der Malltematik, 1. p. 289 sqq. See also \Veissenborn, Die Uberselz

ungm de: Euklid durr/L Campana und Zaméerti, pp. 1—7.

5 “Men industria non sine maximo labore efl'eci vt qua facilitate litterarum elementa

imprimuntur ea etiam geometriee figure conficerentur.”

4 Curtze in Zn'tsr/Iriflffir Mal/1. u. Plryn'k, XX., hist.-litt. Abth. p. 58.

11. E. 7
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Leonara'um de Basilea et Gulielmum de Papia), but without the dedi

cation to Mocenigo who had died in the meantime (1485). If Cam

panus added anything of his own, his additions are at all events not

distinguished by any difference of type or otherwise; the enunciations

are in large type, and the rest is printed continuously in smaller type.

There are no superscriptions to particular passages such as Euclz'des

ex Campano, Campanus, Campani additio, or Campani annotatio, which

are found for the first time in the Paris edition of 1516 giving

both Campanus’ version and that of Zamberti (presently to be men

tioned).

1501. G. Valla included in his encyclopaedic work De expetendis

et fugiendis rebus published in this year at Venice (in aea'ibus A/di

Romani) a number of propositions with proofs and scholia translated

from a Greek MS. which was once in his possession (cod. Mutin. III

B, 4 of the 15th c.).

1505. In this year Bartolomeo Zamberti (Zambertus) brought out

at Venice the first translation, from the Greek text, of the whole of the

Elements. From the title‘, as well as from his prefaces to the Catoptrica

and Data, with their allusions to previous translators “who take some

things out of authors, omit some, and change some,” or “to that most

barbarous translator” who filled a volume purporting to be Euclid’s

“with extraordinary scarecrows, nightmares and phantasies," one object

of Zamberti’s translation is clear. His animus against Campanus

appears also in a number of notes, e.g. when he condemns the terms

“ helmuain” and “helmuariphe " used by Campanus as barbarous,

un-Latin etc., and when he is roused to wrath by Campanus’ unfortu

nate mistranslation of V. Def. 5. He does not seem to have had the

penetration to see that Campanus was translating from an Arabic,

and not from a Greek, text. Zamberti tells us that he spent

seven years over his translation of the thirteen Books of the

Elements. As he seems to have been born in 1473, and the Elements

were printed as early as 1500, though the complete work (including the

P/zaenomena, Optica, Catoptrz'ca, Data etc.) has the date 1505 at the

end, he must have translated Euclid before the age of 30. Heiberg

has not been able to identify the Ms. of the Elements which Zamberti

used ; but it is clear that it belonged to the worse class of MSS., since

it contains most of the interpolations of the Theonine variety. Zam

berti, as his title shows, attributed the proofs to Theon.

1509. As a counterblast to Zamberti, Luca Paciuolo brought out

an edition of Euclid, apparently at the expense of Ratdolt, at Venice

(per Paganinum de Paganinis), in which he set himself to vindicate

Campanus. The title-page of this now very rare edition2 begins thus:

"The works of Euclid of Megara, a most acute philosopher and without

1 The title begins thus: "Euclidis megaresis philosophi platonicj mathematicarum

disciplinarum janitoris: Habent in hoc volumine quicunque ad mathematicam substantiam

aspirant: elementorum llbros xiij cum expositione Theonis insignis mathematici. quibus

multa quae (leerant ex lectione graeca sumpta addita sunt nee non plurima peruersa et

praeposlere: voluta in Campani interpretatione: ordinata digesta et castigata sunt etc."

For a description of the book see \Veissenborn, p. 12 sqq.

’ See Weissenbom, p. 30 sqq.
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question the chief of all mathematicians, translated by Campanus their

mostfait/zfixl interpreter." It proceeds to say that the translation had

been, through the fault of copyists, so spoiled and deformed that it

could scarcely be recognised as Euclid. Luca Paciuolo accordingly

has polished and emended it with the most critical judgment, has

corrected 129 figures wrongly drawn and added others, besides supply

ing short explanations of difficult passages. It is added that Scipio

Vegius of Milan, distinguished for his knowledge “ 0f bot/z languages”

(i.e. of course Latin and Greek), as well as in medicine and the more

sublime studies, had helped to make the edition more perfect. Though

Zamberti is not once mentioned, this latter remark must have refer

ence to Zamberti’s statement that his translation was from the Greek

text; and no doubt Zamberti is aimed at in the wish of Paciuolo’s

“that others too would seek to acquire knowledge instead of merely

showing off, or that they would not try to make a market of the

things of which they are ignorant, as it were (selling) smoke‘."

VVeissenborn observes that, while there are many trivialities in Paci

uolo’s notes, they contain some useful and practical hints and explana

tions of terms, besides some new proofs which of course are not

difficult if one takes the liberty, as Paciuolo does, of diverging from

Euclid’s order and assuming for the proof of a proposition results not

arrived at till later. Two not inapt terms are used in this edition to

describe the figures of III. 7, 8, the former of which is called the

goose’s foot ( pes anserz's), the second the peacock’: tail (eauda par/9111's).

Paciuolo as the eartzlgatar of Campanus’ translation, as he calls himself,

failed to correct the mistranslation of V. Def. 5”. Before the fifth

Book he inserted a discourse which he gave at Venice on the

15th August, 1508, in S. Bartholomew's Church, before a select

audience of 500, as an introduction to his elucidation of that Book.

1516. The first of the editions giving Campanus’ and Zamberti’s

translations in conjunction was brought out at Paris (in ofiieina Henrz'ei

Stefi/zam' e regione :e/wlae Deeretarum). The idea that only the enun

ciations were Euclid’s, and that Campanus was the author of the proofs

in his translation, while Theon was the author of the proofs in the Greek

text, reappears in the title of this edition; and the enunciations of the

added Books X1v., xv. are also attributed to Euclid, Hypsicles being

credited with the proofs". The date is not on the title-page nor at the

1 “Atque utinam et alii cognoscere vellent non ostentare aut ea quae nesciunt veluti

furnum venditare non conarentur.”

2 Campanus’ translation in Ratdolt's edition is as follows: “Quantitates quae dicuntur

continuam habere proportionalitatem, sunt, quarum eque multiplicia aut equa sunt aut

eque sibi sine interruptione addunt aut minuunt" (l), to which Campanus adds the note:

“Continue proportionalia sunt quorum omnia multiplicia equalia sunt continue proportionalia.

Sed noluit ipsam diffinitionem proponere sub hac forma, quia tunc diffiniret idem per idem,

aperte (?a pane) tamen rei est istud cum sua diffmitione converlibile."

a “Euclidis Megarensis Geometricorum Elementorum Libri xv. Campani Galli trans

alpini in eosdem commentariorum libri xv. Theonis Alexandrini Bartholomaeo Zamberto

Veneto interprete, in tredecim priores, commentationum libri X111. Hypsiclis Alexandrini in

duos posteriores, eodem Bartholomaeo Zamberto Veneto interprete, commentariorum libri 11."

On the last page (161) is a similar statement of content, but with the difference that the

expression "ex Campani...deinde Theonis...et Hypsiclis..Jmditianiéus.” For description

see Weissenhorn, p. 56 sqq.

7-2
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end, but the letter of dedication to Francois Briconnet by Jacques

Lefbvre is dated the day after the Epiphany, 1516. The figures are

in the margin. The arrangement of the propositions is as follows:

first the enunciation with the heading Euclides ex Campano, then the

proof with the note Campanus, and after that, as Campani additio, any

passage found in the edition of Campanus’ translation but not in the

Greek text; then follows the text of the enunciation translated from

the Greek with the heading Euclides ex Zamberto, and lastly the proof

headed Tbeo ex Zamberto. There are separate figures for the two proofs.

This edition was reissued with few changes in 15 37 and 1546 at Basel

(apud Iolzannem Hervagz'um), but with the addition of the P/laenomena,

Optic-a, Catoptrica etc. For the edition of 15 37 the Paris edition of

1516 was collated with “a Greek copy” (as the preface says) by

Christian Herlin, professor of mathematical studies at Strassburg,

who however seems to have done no more than correct one or two

passages by the help of the Basel editz'o princeps (15 33), and add the

Greek word in cases where Zamberti’s translation of it seemed unsuit

able or inaccurate.

We now come to

II. EDITIONS OF THE GREEK TEXT.

1 533 is the date of the editio princeps, the title-page of which reads

as follows :

ETKAEIAOT ZTOIXEIQN BIBAF IE>

EK ToN GEQNOS SYNOYEIQN.

El? 1'05 ail-rail To 'irpoin'ov, éfnrynné'rwu IIpbxXou [31,/3).. 8.

Adiecta praefatiuncula in qua de disciplinis

Mathematicis nonnihil.

BASILEAE APVD IOAN. HERVAGIVM ANNO

M.D.XXXIII. MENSE SEPTEMBRI.

The editor was Simon Grynaeus the elder (d. 1541), who, after

working at Vienna and Ofen, Heidelberg and Tiibingen, taught last

of all at Basel, where theology was his main subject. His “prae

fatiuncula” is addressed to an Englishman, Cuthbert Tonstall (1474

1559), who, having studied first at Oxford, then at Cambridge, where

he became Doctor of Laws, and afterwards at Padua, where in addi

tion he learnt mathematics—mostly from the works of Regiomontanus

and Paciuolo—wrote a book on arithmeticl as “a farewell to the

sciences," and then, entering politics, became Bishop of London and

member of the Privy Council, and afterwards (I 5 30) Bishop of Durham.

Grynaeus tells us that he used two MSS. of the text of the Elements,

entrusted to friends of his, one at Venice by “Lazarus Bayfius”

(Lazare de BaIf, then the ambassador of the King of France at Venice),

the other at Paris by “ Ioann. Rvellius" (jean Ruel, a French doctor

and a Greek scholar), while the commentaries of Proclus were put at

‘ De art: supputandi libri quatuor.
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the disposal of Grynaeus himself by “Ioann. Claymundus” at Oxford.

Heiberg has been able to identify the two MSS. used for the text;

they are (1) cod. Venetus Marcianus 301 and (2) cod. Paris. gr. 2343

of the 16th c., containing Books I.—XV., with some scholia which are

embodied in the text. When Grynaeus notes in the margin the

readings from “the other copy," this “other copy " is as a rule the

Paris MS., though sometimes the reading of the Paris is taken

into the text and the “other copy” of the margin is the Venice MS.

Besides these two MSS. Grynaeus consulted Zamberti, as is shown by

a number of marginal notes referring to “ Zampertus ” or to “ latinum

exemplar” in certain propositions of Books IX.—XI. When it is con

sidered that the two MSS. used by Grynaeus are among the worst, it

is obvious how entirely unauthoritative is the text of the ea'z'tz'o prz'neeps.

Yet it remained the source and foundation of later editions of the

Greek text for a long period, the editions which followed being

designed, not for the purpose of giving, from other MSS., a text more

nearly representing what Euclid himself wrote, but of supplying a

handy compendium to students at a moderate price.

1536. Orontius Finaeus (Oronce Fine) published at Paris (apua'

Simouem Colinaeum) “demonstrations on the first six books of Euclid's

elements of geometry,” “ in which the Greek text of Euclid himself 15

inserted in its proper places, with the Latin translation of Barth.

Zamberti of Venice,” which seems to imply that only the enunciations

were given in Greek. The preface, from which Kastner quotes‘, says

that the University of Paris at that time required, from all who

aspired to the laurels of philosophy, a most solemn oath that they

had attended lectures on the said first six Books. Other editions of

Fine’s work followed in 1544 and 1551.

1545. The enunciations of the fifteen Books were published in

Greek, with an Italian translation by Angelo Caiani, at Rome (apua'

Antanium Bladum Asulanum). The translator claims to have cor

rected the books and “purged them of six hundred things which did

not seem to savour of the almost divine genius and the perspicuity of

Euclidt”

I 549. Joachim Camerarius published the enunciations of the first

six Books in Greek and Latin (Leipzig). The book had a preface by

Rhaeticus, a pupil of Copernicus, born at Feldkirch in the Vorarlberg

1514, died 1576. Another edition with proofs of the propositions

of the first three Books was published by Moritz Steinmetz in 1577

(Leipzig).

1550. Ioan. Scheubel published at Basel (also per loan. Her

z/agium) the first six Books in Greek and Latin “together with true

and appropriate proofs of the propositions, without the use of letters"

(to denote points in the figures, the various straight lines and angles

being described in words“).

1557 (also 1558). Stephanus Gracilis published another edition

(repeated 1573, 1578, 1598) of the enunciations (alone) of Books I.-—XV.

1 Kastner, I. p. 160. ' Heiberg, vol. v. p. cvii. 3 Kastner, 1. p. 359.
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in Greek and Latin at Paris (apua' Gulielmum Cavellat). He remarks

in the preface that for want of time he had changed scarcely anything

in Books I.—VI., but in the remaining Books he had emended what

' seemed obscure or inelegant in the Latin translation, while he had

adopted in its entirety the translation of Book X. by Pierre Mondoré

(Petrus Montaureus), published separately at Paris in 1551. Gracilis

also added a few “ scholia."

1564. In this year Conrad Dasypodius (Rauchfuss), the inventor

and maker of the clock in Strassburg cathedral, similar to the present

one, which did duty from 1571 to 1789, edited (Strassburg, Chr.

Mylius) (1) Book I. of the Elements in Greek and Latin with scholia,

(2) Book II. in Greek and Latin with Barlaam’s arithmetical version

of Book 11., and (3) the enunciations of the remaining Books 111.—XIII.

Book I. was reissued with “ vocabula quaedam geometrica" of Heron,

the enunciations of all the Books of the Elements, and the other works

of Euclid, all in Greek and Latin. In the preface to (I) he says that it

had been for twenty-six years the rule of his school that all who were

promoted from the classes to public lectures should learn the first

Book, and that he brought it out, because there were then no longer

any copies to be had, and in order to prevent a good and fruitful

regulation of his school from falling through. In the preface to the

edition of 1571 he says that the first Book was generally taught in all

gymnasia and that it was prescribed in his school for the first class.

In the preface to (3) he tells us that he published the enunciations of

Books 111.—X111. in order not to leave his work unfinished, but that, as

it would be irksome to carry about the whole work of Euclid in

extenso, he thought it would be more convenient to students of

geometry to learn the Elements if they were compressed into a smaller

book.

1620. Henry Briggs (of Briggs’ logarithms) published the first

six Books in Greek with a Latin translation after Commandinus,

“corrected in many places" (London, G. Jones).

1703 is the date of the Oxford edition by David Gregory which,

until the issue of Heiberg and Menge’s edition, was still the only

edition of the complete works of Euclid‘. In the Latin translation

attached to the Greek text Gregory says that he followed Comman

dinus in the main, but corrected numberless passages in it by means

of the books in the Bodleian Library which belonged to Edward

Bernard (1638-1696), formerly Savilian Professor of Astronomy, who

had conceived the plan of publishing the complete works of the ancient

mathematicians in fourteen volumes, of which the first was to contain

Euclid’s Elements I.—Xv. As regards the Greek text, Gregory tells us

that he consulted, as far as was necessary, not a few MSS. of the better

sort, bequeathed by the great Savile to the University, as well as the

corrections made by Savile in his own hand in the margin of the Basel

edition. He had the help of John Hudson, Bodley's Librarian, who

‘ETKAEIAOT TA ZOZOMENA. Euclidis quae supersunt omnia. Ex recensione

Davidis Gregorii M.D. Astronomiae Professoris Saviliani et R-S.S. Oxoniae, e Theatro

Sheldoniano, An. Dom. MDCCIII.



CH. Wu] TRANSLATIONS AND EDITIONS 103

punctuated the Basel text before it went to the printer, compared the

Latin version with the Greek throughout, especially in the Elements

and Data, and, where they difl'ered or where he suspected the Greek text,

consulted the Greek M55. and put their readings in the margin if

they agreed with the Latin and, if they did not agree, affixed an

asterisk in order that Gregory might judge which reading was geo

metrically preferable. Hence it is clear that no Greek I\-IS., but the

Basel edition, was the foundation of Gregory’s text, and that Greek

MSS. were only referred to in the special passages to which Hudson

called attention.

1814-1818. A most important step towards a good Greek text

was taken by F. Peyrard, who published at Paris, between these years,

in three volumes, the Elements and Data in Greek, Latin and French‘.

At the time (1808) when Napoleon was having valuable MSS. selected

from Italian libraries and sent to Paris, Peyrard managed to get two

ancient Vatican M55. (190 and 1038) sent to Paris for his use (Vat.

204 was also at Paris at the time, but all three were restored to their

owners in 1814). Peyrard noticed the excellence of Cod. Vat. 190,

adopted many of its readings, and gave in an appendix a conspectus

of these readings and those of Gregory’s edition ; he also noted here

and there readings from Vat. 1038 and various Paris MSS. He there

fore pointed the way towards a better text, but committed the error

of correcting the Basel text instead of rejecting it altogether and

starting afresh.

1824-1825. A most valuable edition of Books I.—V1. is that of

J. G. Camerer (and C. F. Hauber) in two volumes published at

Berlin’. The Greek text is based on Peyrard, although the Basel

and Oxford editions were also used. There is a Latin translation

and a collection of notes far more complete than any other I have

seen and well nigh inexhaustible. There is no editor or commentator

of any mark who is not quoted from ; to show the variety of important

authorities drawn upon by Camerer, I need only mention the following

names: Proclus, Pappus, Tartaglia, Commandinus, Clavius, Peletier,

Barrow, Borelli, Wallis, Tacquet, Austin, Simson, Playfair. No words

of praise would be too warm for this veritable encyclopaedia of

information.

1825. J. G. C. Neide edited, from Peyrard, the text of Books

1.-v1., x1. and x11. (Halis Saxoniae).

1826-9. The last edition of the Greek text before Heiberg’s is

that of E. F. August, who followed the Vatican MS. more closely

than Peyrard did, and consulted at all events the Viennese MS.

Gr. 103 (Heiberg’s V). August's edition (Berlin, 1826—9) contains

Books 1.—x111.

1 Euclidis quae supersunt. Les Eta/res d'EurIir/e, en Grrc, en Latin el en Francois

d'apres 1m manusrril Ires-ancien, qui llait rest! inconnujusqu'ri no: jours. Par F. Peyrard.

Ouvrage approuvé par l’lnstitut de France (Paris, chez M. Patris).

2 Euclidis elementorum lion’ sex priores gmere e! latine commenlario e scrlptir zlelerunl ac

reeentiorum matfiemalicorum et P/leidcrcri maximz' i/luslrati (Berolini, sumptibus G. Reimeri).

Tom. I. 1824; tom. 11. 1825.
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III. LATIN VERSIONS OR COMMENTARIES AFTER 1533.

1545. Petrus Ramus (Pierre de la Ramée, 1515-1572) is credited

with a translation of Euclid which appeared in 1545 and again in

1549 at Paris‘. Ramus, who was more rhetorician and logician than

geometer, also published in his Se/zolae matlzematz'eae( I 559, Frankfurt;

1569, Basel)what amounts to a series of lectures on Euclid’s Elements,

in which he criticises Euclid’s arrangement of his propositions, the

definitions, postulates and axioms, all from the point of view of logic.

1557. Demonstrations to the geometrical Elements of Euclid, six

Books, by Peletarius (Jacques Peletier). The second edition (1610)

contained the same with the addition of the “Greek text of Euclid";

but only the enunciations of the propositions, as well as the defini

tions etc., are given in Greek (with a Latin translation), the rest is

in Latin only. He has some acute observations, for instance about

the “angle” of contact.

1559. Johannes Buteo, or Borrel (1492-1572), published in an

appendix to his book De quadratura'eireuli some notes “on the errors

of Campanus, Zambertus, Orontius, Peletarius, Pena, interpreters of

Euclid.” Buteo in these notes proved, by reasoned argument based

on original authorities, that Euclid himself and not Theon was the

author of the proofs of the propositions.

1566. Franciscus Flussates Candalla (Francois de Foix, Comte de

Candale, 1502—1594) “restored” the fifteen Books, following, as he

says, the terminology of Zamberti’s translation from the Greek, but

drawing, for his proofs, on both Campanus and Theon (i.e. Zamberti)

except where mistakes in them made emendation necessary. Other

editions followed in 1578, I602, 1695 (in Dutch).

1572. The most important Latin translation is that of Com

mandinus (1509-1575) of Urbino, since it was the foundation of most

translations which followed it up to the time of Peyrard, including

that of Simson and therefore of those editions, numerous in England,

which give Euclid “chiefly after the text of Simson." Simson’s first

(Latin)edition (1756) has “ex versione Latina Federici Commandini”

on the title-page. Commandinus not only followed the original Greek

more closely than his predecessors but added to his translation some

ancient scholia as well as good notes of his own. The title of his

work is

Euclidis elemeutorum lz'brz' XV, mm mm selloliis antiquis.

A Federico Commandz'rzo Urbz'nate nnper in latz'num eonversi,

eommentarz'z'sque quibusdam z'llustratz' (Pisauri, apud Camillum

Francischinum).

He remarks in his preface that Orontius Finaeus had only edited

six Books without reference to any Greek 118., that Peletarius had

followed Campanus’ version from the Arabic rather than the Greek

text, and that Candalla had diverged too far from Euclid, having

rejected as inelegant the proofs given in the Greek text and

substituted faulty proofs of his own. Commandinus appears to have

1 Described by Boncompagni, Bulletlirw, II- p- 389.
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used, in addition to the Basel editio princeps, some Greek MS., so far

not identified; he also extracted his “scholia antiqua” from a MS.

of the class of Vat. 192 containing the scholia distinguished by

Heiberg as “Schol. Vat." New editions of Commandinus’ translation

followed in 1575 (in Italian), 1619, 1749 (in English, by Keill and

Stone), 1756 (Books I.—V1., XI., XII. in Latin and English, by Simson),

1763 (Keill). Besides these there were many editions of parts of the

whole work, e.g. the first six Books.

1574. The first edition of the Latin version by Clavius‘

(Christoph Schliissel, born at Bamberg 1537, died 1612) appeared

in 1574, and new editions of it in 1589, 1591, 1603. 1607, 1612. It is

not a translation, as Clavius himself states in the preface, but it

contains a vast amount of notes collected from previous commentators

and editors, as well as some good criticisms and elucidations of his

own. Among other things, Clavius finally disposed of the error by

which Euclid had been identified with Euclid of Megara. He speaks

of the difi‘erences between Campanus who followed the Arabic

tradition and the “commentaries of Theon,” by which he appears to

mean the Euclidean proofs as handed down by Theon; he complains

of predecessors who have either only given the first six Books, or

have rejected the ancient proofs and substituted worse proofs of their

own, but makes an exception as regards Commandinus, “a geometer

not of the common sort, who has lately restored Euclid, in a Latin

translation, to his original brilliancy.” , Clavius, as already stated, did

not give a translation of the Elements but rewrote the proofs, com

pressing them or adding to them, where he thought that he could

make them clearer. Altogether his book is a most useful work.

1621. Henry Savile's lectures (Praelectioues tresa’ecim in prin

cipium Elementorum Enclidis Oxoniae lzabitae MDC.XX., Oxonii 1621),

though they do not extend beyond I. 8, are valuable because they

grapple with the difiiculties connected with the preliminary matter,

the definitions etc., and the tacit assumptions contained in the first

propositions.

1654. Andre Tacquet’s Elementa gcometriae planae et solidae

containing apparently the eight geometrical Books arranged for

general use in schools. It came out in a large number of editions up

to the end of the eighteenth century.

165 5. Barrow’s Euclidis Elementorum Libri XV breviter demon

strati is a book of the same kind. In the preface (to the edition of

1659) he says that he would not have written it but for the fact that

Tacquet gave only eight Books of Euclid. He compressed the work

into a very small compass (less than 400 small pages, in the edition

of 1659, for the whole of the fifteen Books and the Data) by abbre

viating the proofs and using a large quantity of symbols (which, he

says, are generally Oughtred's). There were several editions up to

1732 (those of 1660 and 1732 and one or two others are in English).

‘ Euclidis elemento: um libri XV. Access/l XVI. dc solidarum regulan'um comparatione.

Onmcs perspicuis demonstrationibus, acrumtisque selioliis illustra/i. Auctore C/Instop/mro

Clmn'o (Romae, apud Vincentium Accoltum), 2 vols.
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1658. Giacomo Alfonso Borelli (1608-1679) published Euelides

restitutus, on apparently similar lines, which went through three more

editions (one in Italian, 1663).

1660. Claude Francois Milliet Dechales' eight geometrical Books

of Euclid’s Elements made easy. Dechales’ versions of the Elements

had great vogue, appearing in French, Italian and English as well

as Latin. Riccardi enumerates over twenty editions.

1 7 33. Saccheri’s Elle/ides ab 0mni naew vindieatus si'z/e eonatus

geometrieus qua :tabilz'untur prima 2pm geometriae priueipia is

important for his elaborate attempt to prove the parallel-postulate,

forming an important stage in the history of the development of non

Euclidean geometry.

1756. Simson’s first edition, in Latin and in English. The Latin

title is

Euelidi: elementorum libri priores sex, item undeeimus et duo

deeimus, ex versione latina Federiei Commandini; sublatz's ii:

quibus o'lim libri Iii a TIzeone, aliz'sve, 'zritiati sunt, et quibusdam

Euclidzlr demonstrationibu: restitutz's. A Roberto Simson 1WD.

Glasguae, in aedibus Academicis excudebant Robertus et Andreas

Foulis, Academiae typographi.

1802. Euelidi: elementorum libri priores XII ex Commandini et

Gregorii versionibus latim's. 1n usum jzwentutz': Aeademieae...by

Samuel Horsley, Bishop of Rochester. (Oxford, Clarendon Press.)

IV. ITALIAN VERSIONS 0R COMMENTARIES.

1543. Tartaglia’s version, a second edition of which was pub

lished in 15651, and a third in 1585. It does not appear that he used

any Greek text, for in the edition of 1565 he mentions as available

only “the first translation by Campano,” “the second made by

Bartolomeo Zamberto Veneto who is still alive," “the editions of

Paris or Germany in which they have included both the aforesaid

translations,” and “our own translation into the vulgar (tongue)."

1575. Commandinus' translation turned into Italian and revised

by him.

1613. The first six Books “reduced to practice” by Pietro

Antonio Cataldi, re-issued in 1620, and followed by Books VIL—IX.

(1621) and Book X. (1625).

1663. Borelli’s Latin translation turned into Italian by Domenico

Ma ni.
gI680. Euelide restituto by Vitale Giordano.

1690. Vincenzo Viviani’s Elementi piani e_ solidi di Euelide

(Book v. in 1674).

1 The title-page of the edition of 1565 is as follows : Euclide Megarmxe phi/mph, solo

inlrodutlore del/e .m'entl'r nmtllemalire, dillgenlemente rassetlata, e! alla integritz) ririoI/o, per il

degna prq/emare di tal scienll'e Nimla Tartalea Bristiana. :ewmlo le due tratlalliam'. (on and

amp/a expuritiane del/a islerro tradoltore di nuoua aggv'unla. talmmte rln'ara, (lie ogni medioere

ingegna, :mza la ualiliu, infer .mj'ragio n'i alum allra srienlia um fatilild sen) m/laee a

pater/o inlendrrr. In Venetta, Appresso Curtio Troiano, 1565.
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I731. Elementi geometrz'a' pz'anz' e ‘solidi dz' Euclid: by Guido

Grandi. No translation, but an abbreviated version, of which new

editions followed one another up to 1806.

1749. Italian translation of Dechales with Ozanam’s corrections

and additions, re-issued 178 5, I797.

I752. Leonardo Ximenes (the first six Books). Fifth edition,

1819.

18I8. Vincenzo Flauti’s Corso di geome'lria elementare e sublime

(4 vols.) contains (Vol. I.) the first six Books, with additions and a

dissertation on Postulate 5, and (Vol. II.) Books XL, XII. Flauti

also published the first six Books in 1827 and the Elements ofgeomehy

ofEuclid in 1843 and 1854.

V. GERMAN.

1558. The arithmetical Books VII—IX. by Scheubel1 (cf. the

edition of the first six Books, with enunciations in Greek and Latin,

mentioned above, under date I550).

I562. The version of the first six Books by \Vilhelm Holtzmann

(Xylander)'. This work has its interest as the first edition in German,

but otherwise it is not of importance. Xylander tells us that it was

written for practical people such as artists, goldsmiths, builders etc.,

and that, as the simple amateur is of course content to know facts,

without knowing how to prove them, he has often left out the proofs

altogether. He has indeed taken the greatest possible liberties with

Euclid, and has not grappled with any of the theoretical difficulties,

such as that of the theory of parallels.

I651. Heinrich Hoffmann's Trutsc/zer Euclides (2nd edition 1653),

not a translation.

I694. Ant. Ernst Burkh. v. Pirckenstein’s TeuLrc/z Rede'nder

Eat/ides (eight geometrical Books), “for generals, engineers etc."

“proved in a new and quite easy manner.” Other editions I699,

1744'

I697. Samuel Reyher’s In leutsc/zer Sprac/ze vorgestel/ter Euclid“

(six Books), “made easy, with symbols algebraical or derived from the

newest art of solution.”

I714. Euclidis xv BzZc/zer teutsc/z, “treated in a special and

brief manner, yet completely,” by Chr. Schessler (another edition in

1729)

I773. The first six Books translated from the Greek for the

use of schools by J. F. Lorenz. The first attempt to reproduce

Euclid in German word for word. '

I78l. Books XL, XII. by Lorenz (supplementary to the pre

ceding). Also Euklid’s Elemente fiirgfze/m Biic/zer translated from

1 Dar .nbend (It/ll und nrunl burl: lie: hodzbzril'mblen Mallltmalin' Euclidi: Megurmnlr...

dart/1 Alagixlrum Yv/uum .S'rlleybl, der liiblizlim unit/(mile! zu Tiibingm, dz: Euclidi: and

Arilllmzlic Ordinarim, am‘: dam latn'n in: leulsdz gebrarhl... .

2 Di: sec/i: rl'xle [flit/xer- [fur/Mi: 1mm anfam,r oilzr grand dzr Gtamehy'....4u.rs Gn'zrlu'xlm'

.rprarh in die Tn'l'm'li gzérac/xl aigmllirli erklfirt...l)emas:en vormal: in Tu'l'lxrlur .rpmr/z m2

‘gxken wonlm...l)urc/: Wilhelm Hollzman gmlml Xylamler van Augzrpurg. Getruckht zu

asel.
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the Greek by Lorenz (second edition 1798; editions of 1809, 1818,

1824 by Mollweide, of 1840 by Dippe). The edition of 1824, and

I presume those before it, are shortened by the use of symbols and

the compression of the enunciation and “setting-out” into one.

1807. Books I.—VI., XI., XII. “newly translated from the Greek,”

by J. K. F. Haufi'.

1828. The same Books by Joh. Jos. Ign. Hoffmann “as guide

to instruction in elementary geometry,” followed in 1832 by observa

tions on the text by the same editor.

183 3. Die Geometric des Euklid und das Wesen derselben by

E. S. Unger; also 1838, 1851.

1901. Max Simon, Euclid und die sec/zsplanimetrisc/zen Bitc/zer.

VI. FRENCH.

1564-1566. Nine Books translated by Pierre Forcadel, a pupil

and friend of P. de la Ramée.

1604. The first nine Books translated and annotated by Jean

Errard de Bar-le-Duc; second edition, 1605.

1615. Denis Henrion’s translation of the 15 Books (seven

editions up to 1676).

1639. The first six Books “demonstrated by symbols, by a

method very brief and intelligible,” by Pierre He'rigone, mentioned

by Barrow as the only editor who, before him, had used symbols for

the exposition of Euclid.

1672. Eight Books “rendus plus faciles” by Claude Francois

Milliet Dechales, who also brought out Les e’lémens d’Euclide ex

plique’s d’une maniere nou'I/elle et trés facile, which appeared in many

editions, 1672, 1677, 1683 etc. (from 1709 onwards revised by Ozanam),

and was translated into Italian (1749 etc.) and English (by William

Halifax, 1685).

1804. In this year, and therefore before his edition of the Greek

text, F. Peyrard published the Elements literally translated into

French. A second edition appeared in 1809 with the addition of the

fifth Book. As this second edition contains Books 1.—V1. XL, XII.

and X. 1, it would appear that the first edition contained Books 1.——Iv.,

V1., XL, XII. Peyrard used for this translation the Oxford Greek text

and Simson.

VII. DUTCH.

1606. Jan Pieterszoon Dou (six Books). There were many later

editions. Kastner, in mentioning one of 1702, says that Dou explains

in his preface that he used Xylander's translation, but, having after

wards obtained the French translation of the six Books by Errard

de Bar-le-Duc (see above), the proofs in which sometimes pleased

him more than those of the German edition, he made his Dutch

version by the help of both.

1617. Frans van Schooten, “The Propositions of the Books of

Euclid’s Elements”; the fifteen Books in this version “enlarged” by

Jakob van Leest in 1662.

1695. C. J. Vooght, fifteen Books complete, with Candalla’s “16th.”
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I702. Hendrik Coets, six Books (also in Latin, 1692); several

editions up to 1752. Apparently not a translation, but an edition for

school use.

1763. Pybo Steenstra, Books I.—V1., XL, XII., likewise an abbre

viated version, several times reissued until 1825.

VIII. ENGLISH.

1570 saw the first and the most important translation, that of Sir

Henry Billingsley. The title-page is as follows:

THE ELEMENTS

OF GEOMETRIE

of the most auncient Philosopher

E VCLIDE

of Megara

Faz't/tfully (now first) translated into t/ze Englishe toung,

by H. Billingsley, Citizen of London. W/terennto are annexed

certaz'ne Selzolz'es, Annotations, and Inuentz'ons, of the best

Mat/tematz'eiens, bot/t of time past, and in t/zis our age.

Wz't/z a very fruit/full Preface by M. I. Dee, specifying the

e/u'ej'e Mat/zematieall Seiiees, what they are, and w/zerennto

eommodious: where, also, are disclosed eertaz'ne new Secrets

Mat/tematz'eall and Mee/mnieall, 'untz'll t/zese our daz'es, greatly;

missed.

Imprinted at London by john Daye.

The Preface by the translator, after a sentence observing that with

out the diligent study of Euclides Elementes it is impossible to attain

unto the perfect knowledge of Geometry, proceeds thus. “Wherefore

considering the want and lacke of such good authors hitherto in our

Englishe tounge, lamenting also the negligence, and lacke of zeale to

their countrey in those of our nation, to whom God hath geuen both

knowledge and also abilitie to translate into our tounge, and to

publishe abroad such good authors and bookes (the chiefe instrumentes

of all learninges): seing moreouer that many good wittes both of

gentlemen and of others of all degrees, much desirous and studious of

these artes, and seeking for them as much as they can, sparing no'

paines, and yet frustrate of their intent, by no meanes attaining to

that which they seeke: I haue for their sakes, with some charge and

great trauaile, faithfully translated into our vulgare tofige, and set

abroad in Print, this booke of Euclide. Whereunto I haue added

easie and plaine declarations and examples by figures, of the defini

tions. In which booke also ye shall in due place finde manifolde

additions, Scholies, Annotations, and Inuentions: which I haue

gathered out of many of the most famous and chiefe Mathematici’és,

both of old time, and in our age: as by diligent reading it in course,

ye shall well perceaue....”

It is truly a monumental work, consisting of 464 leaves, and there—

fore 928 pages, of folio size, excluding the lengthy preface by Dee.

The notes certainly include all the most important that had ever been
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written, from those of the Greek commentators, Proclus and the others

whom he quotes, down to those of Dee himself on the last books.

Besides the fifteen Books, Billingsley included the “ sixteenth " added

by Candalla. The print and appearance of the book are worthy of its

contents; and, in order that it may be understood how no pains were

spared to represent everything in the clearest and most perfect form,

I need only mention that the figures of the propositions in Book XI.

are nearly all duplicated, one being the figure of Euclid, the other an

arrangement of pieces of paper (triangular, rectangular etc.) pasted at

the edges on to the page of the book so that the pieces can be turned

up and made to show the real form of the solid figures represented.

Billingsley was admitted Lady Margaret Scholar of St John's

College, Cambridge, in I551, and he is also said to have studied at

Oxford, but he did not take a degree at either University. He was

afterwards apprenticed to a London haberdasher and rapidly became

a wealthy merchant. Sheriff of London in 1584, he was elected Lord

Mayor on 3Ist December, 1596, on the death, during his year of office,

of Sir Thomas Skinner. From I589 he was one of the Queen's four

“customers,” or farmers of customs, of the port of London. In 1591

he founded three scholarships at St John's College for poor students,

and gave to the College for their maintenance two messuages and

tenements in Tower Street and in Mark Lane, Allhallows, Barking.

He died in 1606.

1651. Elements of Geometry. T/IZ first VI Boocks: In a compen

diousform contracted and demonstrated by Captain Thomas Rudd, with

the mathematicall preface of John Dee (London).

1660. The first English edition of Barrow's Euclid (published in

Latin in 1655), appeared in London. It contained “the whole fifteen

books compendiously demonstrated”; several editions followed, in

1705, i722, 1732, I751.

I661. Euclids Elements of Geometry, with a supplement of divers

Propositions and Corollaries. To w/iic/z is added a Treatise of regular

Solids by Campane and Flnssat; likewise Enclid’s Data and Marinus

bis Preface. Also a Treatise of t/ze Divisions of Super/ides, ascribed to

Mac/comet Bagdedine, but published by Comnzandz'ne at the request of

]. Dee ofLona'on. Published by care and industry of John Leeke and

Geo. Serle, students in the Math. (London). According to Potts this

was a second edition of Billingsley's translation.

1685. William Halifax’s version of Dechales’ “ Elements of Euclid

explained in a new but most easy method ” (London and Oxford).

1705. Tbe English Enclide; being the first six Elements of

Geometry, translated out of the Greek, wit/z annotations and usefn/l

supplements by Edmund Scarburgh (Oxford). A noteworthy and

useful edition.

1708. Books I.——VI., XL, XII., translated from Commandinus’ Latin

version by Dr John Keill, Savilian Professor of Astronomy at Oxford.

Keill complains in his preface of the omissions by such editors as

Tacquet and Dechales of many necessary propositions (e.g. VI. 27—29),

and of their substitution of proofs of their own for Euclid’s. He praises

Barrow's version on the whole, though objecting to the “algebraical ”
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form of proof adopted in Book II., and to the excessive use of notes

and symbols, which (he considers) make the proofs too short and

thereby obscure; his edition was therefore intended to hit a proper

mean between Barrow’s excessive brevity and Clavius’ prolixity.

Keill’s translation was revised by Samuel Cunn and several times

reissued. 1749 saw the eighth edition, 1772 the eleventh, and 1782

the twelfth.

1714. W. Whiston’s English version (abridged) of The Elements

of Euclid with select theorems out of Archimedes by the learned Andr.

Tacquet.

1756. Simson’s first English edition appeared in the same year as

his Latin version under the title:

The Elements of Euclid, viz. the first six Books together with

the eleventh and twelfth. [n this Edition the Errors by which

Theon or others have long ago vitiated these Books are corrected and

some ofEuclid’s Demonstrations are restored. By Robert Simson

(Glasgow).

As above stated, the Latin edition, by its title, purports to be “ex

versione latina Federici Commandini," but to the Latin edition, as well

as to the English editions, are appended

Notes Critical and Geometrical; containing an Account of those

things in which this Edition difl‘rs from the Greek text; and the

Reasons of the Alterations which have been made. As also Obser

vations on some of the Propositions.

Simson says in the Preface to some editions (e.g. the tenth, of

1799) that “the translation is much amended by the friendly assistance

of a learned gentleman.”

Simson’s version and his notes are so well known as not to need

any further description. The book went through some thirty suc

cessive editions. The first five appear to have been dated 1756, 1762,

1767, 1772 and 1775 respectively; the tenth 1799, the thirteenth 1806,

the twenty-third 1830, the twenty-fourth 1834, the twenty-sixth 1844.

The Data “in like manner corrected ” was added for the first time in

the edition of 1762 (the first octavo edition).

1781, 1788. In these years respectively appeared the two volumes

containing the complete translation of the whole thirteen Books by

James Williamson, the last English translation which reproduced

Euclid word for word. The title is

The Elements of Euclid, with Dissertations intended to assist

and encourage a critical examination of these Elements, as the most

efl'ectual means of establishing a juster taste upon mathematical

subjects than that which at present prevails. By James Williamson.

In the first volume (Oxford, 1781) he is described as “ M.A.

Fellow of Hertford College,” and in the second (London, printed by

T. Spilsbury, 1788) as “B.D.” simply. Books v., V1. with the Con

clusion in the first volume are paged separately from the rest.

1781. An examination of the first six Books of Euclid's Elements,

by William Austin (London).

1795. John Playfair’s first edition, containing "the first six Books

of Euclid with two Books on the Geometry of Solids.” The book
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reached a fifth edition in 1819, an eighth in 1831, a ninth in 1836, and

a tenth in 1846.

1826. Riccardi notes under this date Euclid’s Elements of Geo

metry containing the whole twelve Books translated into English, from the

edition ofPeyrard, by George Phillips. The editor, who was President

of Queens’ College, Cambridge, 1857-1892, was born in 1804 and

matriculated at Queens’ in 1826, so that he must have published the

book as an undergraduate.

1828. A very valuable edition of the first six Books is that of

Dionysius Lardner, with commentary and geometrical exercises, to

which he added, in place of Books XI., X11., a Treatise on Solid

Geometry mostly based on Legendre Lardner compresses the pro

positions by combining the enunciation and the setting-out, and he

gives a vast number of riders and additional propositions in smaller

print. The book had reached a ninth edition by 1846, and an eleventh

by 1855. Among other things, Lardner gives an Appendix “on the

theory of parallel lines,” in which he gives a short history of the

attempts to get over the difficulty of the parallel-postulate, down to

that of Legendre.

1833. T. Perronet Thompson's Geometry without axioms, or the

first Book of Euclid’s Elements with alterations and notes; and an

intercalary boo/e in which the straight line and plane are derived from

properties of the sphere, with an appendix containing notices of methods

proposedfor getting over the dzfiiculty in the twelfth axiom of Euclid.

Thompson (1783—1869) was 7th wrangler 1802, midshipman 1803,

Fellow of Queens’ College, Cambridge, 1804, and afterwards general

and politician. The book went through several editions, but, having

been well translated into French by Van Tenac, is said to have

received more recognition in France than at home.

1845. Robert Potts’ first edition (and one of the best) entitled:

Euclid’s Elements of Geometry chiefly from the text of

Dr Simson with explanatory notes...to which is prefixed an

introduction containing a brief outline of the History of Geometry.

Designed for the use (ff the higher forms in Public Schools and

students in the Universities (Cambridge University Press, and

London, john \V. Parker), to which was added (1847) An

Appendix to the larger edition of Euclid's Elements of Geometry,

containing additional notes on the Elements, a short tract on trans

versals, and hints for the solution of the problems etc.

1862. Todhunter’s edition.

The later English editions 1 will not attempt to enumerate; their

name is legion and their object mostly that of adapting Euclid for school

use, with all possible gradations of departure from his text and order.

IX. SPANISH.

1576. The first six Books translated into Spanish by Rodrigo

Camorano.

1637. The first six Books translated, with notes, by L. Carduchi.

1689. Books I.—v1., XL, X11., translated and explained by jacob

Knesa.
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X. RUSSIAN.

1 7 39. Ivan Astaroff (translation from Latin).

1789. Pr. Suvorofi" and Yos. Nikitin (translation from Greek).

1880. Vachtchenko-Zakhartchenko.

(1817. A translation into Polish by Jo. Czecha.)

XI. SWEDISH.

1744 Marten Stromer, the first six Books; second edition 1748.
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CHAPTER IX.

§1.

IT would not be easy to find a more lucid explanation of the terms

element and elementary, and of the distinction between them, than

is found in Proclus‘, who is doubtless, here as so often, quoting

from Geminus. There are, says Proclus, in the whole of geometry

certain leading theorems, bearing to those which follow the relation of

a principle, all-pervading, and furnishing proofs of many properties.

Such theorems are called by the name of elements; and their function

may be compared to that of the letters of the alphabet in relation to

language, letters being indeed called by the same name in Greek

(a'rotxeia).

The term elementary, on the other hand, has a wider application:

ON THE NATURE OF ELEMENTS.

1 it is applicable to things “which extend to' greater multiplicity, and,

I,’ though possessing simplicity and elegance, have no longer the same

1 dignity as the elements, because their investigation is not of general

use in the whole of the science, e.g. the proposition that in triangles

the perpendiculars from the angles to the transverse sides meet in a

‘ point.”

“Again, the term element is used in two senses, as Menaechmus

says. For that which is the means of obtaining is an element of that

which is obtained, as the first proposition in Euclid is of the second,

and the fourth of the fifth. In this sense many things may even be

said to be elements of each other, for they are obtained from one

another. Thus from the fact that the exterior angles of rectilineal

figures are (together) equal to four right angles we deduce the number

of right angles equal to the internal angles (taken together)’, and

vice 'versa. Such an element is like a lemma. But the term element is

otherwise used of that into which, being more simple, the composite is

divided ; and in this sense we can no longer say that everything is an

element of everything, but only that things which are more of the

nature of principles are elements of those which stand to them in the

relation of results, as postulates are elements of theorems. It is

1 Proclus, Comm. on Earl. 1., ed. Friedlein, pp. 71 sqq.

9 r6 I'Mjaos 16v éwbs 6,000.1‘; law. If the text is right, we must apparently take it as "the

number of the angles equal to right angles that there are inside,” |.e. that are made up by

the internal angles.
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according to this signification of the term element that the elements

found in Euclid were compiled, being partly those of plane geometry,

and partly those of stereometry. In like manner many writers have

drawn up elementary treatises in arithmetic and astronomy.

“Now it is diflicult, in each science, both to select and arrange in

due order the elements from which all the rest proceeds, and into

which all the rest is resolved. And of those who have made the

attempt some were able to put together more and some less; some

used shorter proofs, some extended their investigation to an indefinite

length; some avoided the method of reductio ad absurdum, some

avoided proportion; some contrived preliminary steps directed against

those who reject the principles; and, in a word, many different

methods have been invented by various writers of elements.

" It is essential that such a treatise should be rid of everything

superfluous (for this is an obstacle to the acquisition of knowledge);

it should select everything that embraces the subject and brings it to

a point (for this is of supreme service to science) ; it must have great

regard at once to clearness and conciseness (for their opposites trouble

our understanding); it must aim at the embracing of theorems in

general terms (for the piecemeal division of instruction into the more

partial makes knowledge diificult to grasp). In all these ways

Euclid’s system of elements will be found to be superior to the rest;

for its utility avails towards the investigation of the primordial

figures‘, its clearness and organic perfection are secured by the

progression from the more simple to the more complex and by the

foundation of the investigation upon common notions, while generality

of demonstration is secured by the progression through the theorems

which are primary and of the nature of principles to the things sought.

As for the things which seem to be wanting, they are partly to be

discovered by the same methods, like the construction of the scalene

and isosceles (triangle), partly alien to the character of a selection of

elements as introducing hopeless and boundless complexity, like the

subject of unordered irrationals which Apollonius worked out at

length’, and partly developed from things handed down ‘(in the

elements) as causes, like the many species of angles and of lines.

These things then have been omitted in Euclid, though they have

received full discussion in other works ; but the knowledge of them is

derived from the simple (elements).”

Proclus, speaking apparently on his own behalf, in another place

distinguishes two objects aimed at in Euclid’s Elements. The first

has reference to the matter of the investigation, and here, like a good

Platonist, he takes the whole subject of geometry to be concerned

with the “cosmic figures,” the five regular solids, which in Book XIII.

l 163v dpxmfw O'xfludfwv, by which Proclus probably means the regular polyhedn.

(Tannery, p. 143m).

’ We have no more than the most obscure indications of the character of this work in an

Arabic MS. analysed by Woepcke, Essai d’une restitution de travaux )erdus {Apollonius

sur les quanlit/s irratione/les d'apres des indications lirles d'un manuserit ambe in Me‘moires

presenter d l'acaa'e‘mie des sciences, XIV. 658-710, Paris, I856. Cf. Cantor, Gesc/l. d. [Vat/l.

1,. pp. 348-9: details are also given in my notes to Book X.

8—2



116 INTRODUCTION [011. 1x. § 1

are constructed, inscribed in a sphere and compared with one another.

The second object is relative to the learner; and, from this standpoint,

the elements may be described as “a means of perfecting the learner's

understanding with reference to the whole of geometry. For, starting

from these (elements), we shall be able to acquire knowledge of the

other parts of this science as well, while without them it is impossible

for us to get a grasp of so complex a subject, and knowledge of the

rest is unattainable. As it is, the theorems which are most of the

nature of principles, most simple, and most akin to the first hypotheses

are here collected, in their appropriate order; and the proofs of all

other propositions use these theorems as thoroughly well known, and

start from them. Thus Archimedes in the books on the sphere and

cylinder, Apollonius, and all other geometers, clearly use the theorems

proved in this very treatise as constituting admitted principles‘.”

Aristotle too speaks of elements of geometry in the same sense.

Thus: “in geometry it is well to be thoroughly versed in the

elements’"; “in general the first of the elements are, given the

definitions, e.g. of a straight line and of a circle, most easy to prove,

although of course there are not many data that can be used to

establish each of them because there are not many middle terms’”;

"among geometrical propositions we call those ‘elements’ the proofs of

which are contained in the proofs of all or most of such propositions“;

“(as in the case of bodies), so in like manner we speak of the elements

of geometrical propositions and, generally, of demonstrations; for the

demonstrations which come first and are contained in a variety of

other demonstrations are called elements of those demonstrations...

the term element is applied by analogy to that which, being one and

small, is useful for many purposes‘.”

§2. ELEMENTS ANTERIOR TO EUCLID'S.

The early part of the famous summary of Proclus was no doubt

drawn, at least indirectly, from the history of geometry by Eudemus ;

this is generally inferred from the remark, made just after the mention

of Philippus of Mende, a disciple of Plato, that "those who have

written histories bring the development of this science up to this

point.” We have therefore the best authority for the list of writers of

elements given in the summary. Hippocrates of Chios (H. in second

half of 5th c.) is the first; then Leon, who also discovered diorismi,

put together a more careful collection, the propositions proved in it

being more numerous as well as more serviceable‘. Leon was a little

older than Eudoxus (about 390-337 B.C.) and a little younger than

Plato (429-348 B.C.), but did not belong to the latter's school. The

1 Proclus, pp. 70, 1 —71, 21.

2 Topics v111. 14, 1 3b 23. 3 Topics W11. 3, 1581: 35. ‘ Mctaplt. 998a 15.

5 Metaph. 1014a 35—b 5.

6 Proclus, p. 66, 20 u'nr-re 16v Aéovra xal 1'6. aroixeiu owhimt ‘n; ‘re u-Mjfla xal 'rfi xpclq.

TCW ficucrvnévwv @IL/LEMGTCPOV.
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geometrical text-book of the Academy was written by Theudius of

Magnesia, who, with Amyclas of Heraclea, Menaechmus the pupil of

Eudoxus, Menaechmus’ brother Dinostratus and Athenaeus of Cyzicus

consorted together in the Academy and carried on their investigations

in common. Theudius “ put together the elements admirably, making

many partial (or limited) propositions more general‘." Eudemus

mentions no text-book after that of Theudius, only adding that Her

motimus of Colophon "discovered many of the elements’." Theudius

then must be taken to be the immediate precursor of Euclid, and no

doubt Euclid made full use of Theudius as well as of the discoveries of

Hermotimus and all other available material. Naturally it is not in

Euclid’s Elements that we can find much light upon the state of the

subject when he took it up; but we have another source of informa

tion in Aristotle. Fortunately for the historian of mathematics,

Aristotle was fond of mathematical illustrations; he refers to a con

siderable number of geometrical propositions, definitions etc., in a

way which shows that his pupils must have had at hand some text

book where they could find the things he mentions; and this text-book

must have been that of Theudius. Heiberg has made a most valuable

collection of mathematical extracts from Aristotle‘, from which much

is to be gathered as to the changes which Euclid made in the methods

of his predecessors ; and these passages, as well as others not included

in Heiberg’s selection, will often be referred to in the sequel.

§3. FIRST PRINCIPLES: DEFINITIONS, POSTULATES,

AND AXIOMS.

On no part of the subject does Aristotle give more valuable

information than on that of the first principles as, doubtless, generally

accepted at the time when he wrote. One long passage in the

Posterior Analytics is particularly full and lucid, and is worth quoting

in extenso. After laying it down that every demonstrative science

starts from necessary principles‘, he proceeds‘:

"By first principles in each genus I mean those the truth of which

it is not possible to prove. What is denoted by the first (terms) and

those derived from them is assumed; but, as regards their existence,

this must be assumed for the principles but proved for the rest. Thus

what a unit is, what the straight (line) is, or what a triangle is (must

be assumed); and the existence of the unit and of magnitude must

also be assumed, but the rest must be proved. Now of the premisses

used in demonstrative sciences some are peculiar to each science and

others common (to all), the latter being common by analogy, for of

course they are actually useful in so far as they are applied to the sub

ject-matter included under the particular science. Instances of first

‘ Proclus, p. 67. 14 ml yap rt‘: o'rotxeia KaXGs awéraEev ml rokkcl. 10v nepuair [thumb (P)

Friedlein] Kafiokuub'rspa. él'olmrcv.

2 Proclus, p. 67, 11 16v a-rotxelwr 10AM. dvefipe.

a Malhemalisches zu Ankloleles in Abhandlungm zur Gesch. d. math. Wissenschaf/m,

xvm. Heft (1904), p. 1—49.

4 Anal-post. 1. , 74b 5. “ ibid. 1. to, 76:1 31—77 a 4.
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principles peculiar to a science are the assumptions that a line is of

such and such a character, and similarly for the straight (line); whereas

it is a common principle, for instance, that, if equals be subtracted

from equals, the remainders are equal. But it is enough that each of

the common principles is true so far as regards the particular genus

(subject-matter); for (in geometry) the efi'ect will be the same even if

the common principle be assumed to be true, not of everything, but

only of magnitudes, and, in arithmetic, of numbers.

"Now the things peculiar to the science, the existence of which

must be assumed, are the things with reference to which the science

investigates the essential attributes, e.g. arithmetic with reference to

units, and geometry with reference to points and lines. With these

things it is assumed that they exist and that they are of such and

such a nature. But, with regard to their essential properties, what is

assumed is only the meaning of each term employed: thus arithmetic

assumes the answer to the question what is (meant by) ‘odd’ or

‘even,’ ‘a square’ or ‘a cube,’ and geometry to the question

what is (meant by) ‘the irrational’ or ‘deflection’ or (the so-called)

, ‘verging’ (to a point); but that there are such things is proved by

means of the common principles and of what has already been

demonstrated. Similarly with astronomy. For every demonstrative

science has to do with three things, (I) the things which are assumed

to exist, namely the genus (subject-matter) in each case, the essential

properties of which the science investigates, (2) the common axioms

so-called, which are the primary source of demonstration, and (3) the

properties with regard to which all that is assumed is the meaning of

the respective terms used. There is, however, no reason why some

sciences should not omit to speak of one or other of these things.

Thus there need not be any supposition as to the existence of the

genus, if it is manifest that it exists (for it is not equally clear that

number exists and that cold and hot exist); and, with regard to the

properties, there need be no assumption as to the meaning of terms if

it is clear: just as in the common (axioms) there is no assumption as

to what is the meaning of subtracting equals from equals, because it is

well known. But none the less is it true that there are three things

naturally distinct, the subject-matter of the proof, the things proved,

and the (axioms) from which (the proof starts).

“Now that which is per se necessarily true, and must necessarily be

thought so, is not a hypothesis nor yet a postulate. For demon

stration has not to do with reasoning from outside but with the

reason dwelling in the soul, just as is the case with the syllogism.

It is always possible to raise objection to reasoning from outside,

but to contradict the reason within us is not always possible. Now

anything that the teacher assumes, though it is matter of proof,

without proving it himself, is a hypothesis if the thing assumed is

believed by the learner, and it is moreover a hypothesis, not abso

lutely, but relatively to the particular pupil; but, if the same thing

is assumed when the learner either has no opinion on the subject

or is of a contrary opinion, it is a postulate. This is the difference
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between a hypothesis and a postulate; for a postulate is that which

is rather contrary than otherwise to the opinion of the learner, or

whatever is assumed and used without being proved, although matter

for demonstration. Now definitions are not hypotheses, for they do

not assert the existence or non-existence of anything, while hypotheses

are among propositions. Definitions only require to be understood:

a definition is therefore not a hypothesis, unless indeed it be asserted

that any audible speech is. a hypothesis. A hypothesis is that from

the truth of which, if assumed, a conclusion can be established. Nor

are the geometer's hypotheses false, as some have said : I mean those

who say that ‘you should not make use of what is false, and yet the

geometer falsely calls the line which he has drawn a foot long when

it is not, or straight when it is not straight.’ The geometer bases no

conclusion on the particular line which he has drawn being that which

he has described, but (he refers to) what is illustrated by the figures.

Further, the postulate and every hypothesis are either universal or

particular statements; definitions are neither” (because the subject

is of equal extent with what is predicated of it).

Every demonstrative science, says Aristotle, must start from in

demonstrable principles: otherwise, the steps of demonstration would

be endless. Of these indemonstrable principles some are (a) common

to all sciences, others are (b) particular, or peculiar to the particular

science; (a) the common principles are the axioms, most commonly

illustrated by the axiom that, if equals be subtracted from equals, the

remainders are equal. Coming now to (b) the principles peculiar to

the particular science which must be assumed, we have first the genus

or subject-matter, the existence of which must be assumed, viz. magni

tude in the case of geometry, the unit in the case of arithmetic. Under

this we must assume definitions of manifestations or attributes of the

genus, e.g. straight lines, triangles, deflection etc. The definition in

itself says nothing as to the existence of the thing defined: it only

requires to be understood. But in geometry, in addition to the genus

and the definitions, we have to assume the existence of a few primary

things which are defined, viz. points and lines only: the existence

of everything else, e.g. the various figures made up of these, as

triangles, squares, tangents, and their properties, e.g. incommensur

ability etc., has to be proved (as it is proved by construction and

demonstration). In arithmetic we assume the existence of the unit:

but, as regards the rest, only the definitions, e.g. those of odd, even,

square, cube, are assumed, and existence has to be proved. We have then

clearly distinguished, among the indemonstrable principles, axioms

and definitions. A postulate is also distinguished from a hypothesis,

the latter being made with the assent of the learner, the former

without such assent or even in opposition to his opinion (though,

strangely enough, immediately after saying this, Aristotle gives a

wider meaning to “postulate” which would cover "hypothesis” as well,

namely whatever is assumed, though it is matter for proof, and used

without being proved). Heiberg remarks that there is no trace in

Aristotle of Euclid’s Postulates, and that “postulate” in Aristotle has
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a different meaning. He seems to base this on the alternative

description of postulate, indistinguishable from a hypothesis; but,

if we take the other description in which it is distinguished from a

hypothesis as being an assumption of something which is a proper

subject of demonstration without the assent or against the opinion of

the learner, it seems to fit Euclid’s Postulates fairly well, not only the

first three (postulating three constructions), but eminently also the other

two, that all right angles are equal, and that two straight lines meeting

a third and making the internal angles on the same side of it less than

two right angles will meet on that side. Aristotle's description also

seems to me to suit the “ postulates" with which Archimedes begins

his book On the equilibrium ofplanes, namely that equal weights balance

at equal distances, and that equal weights at unequal distances do not

balance but that the weight at the longer distance will prevail.

Aristotle's distinction also between liypotlzesis and definition, and

between hypothesis and axiom, is clear from the following passage:

“Among immediate syllogistic principles, I call that a thesis which

it is neither possible to prove nor essential for any one to hold who

is to learn anything; but that which it is necessary for any one to

hold who is to learn anything whatever is an axiom: for there are

some principles of this kind, and that is the most usual name by

which we speak of them. But, of t/zeses, one kind is that which

assumes one or other side of a predication, as, for instance, that

something exists or does not exist, and this is a hypothesis; the other,

which makes no such assumption, is a definition. For a definition is

a thesis: thus the arithmetician posits ('rifie-mi) that a unit is that

which is indivisible in respect of quantity; but this is not a hypo

thesis, since what is meant by a unit and the fact that a unit exists

are different things‘.”

Aristotle uses as an alternative term for axioms “common (things),"

'rd. non/d, or “common opinions” (xoivai, 865“), as in the following

passages. “ That, when equals are taken from equals, the remainders

are equal is (a) common (principle) in the case of all quantities, but

mathematics takes a separate department (a'w-oMBoiJa-a) and directs its

investigation to some portion of its proper subject-matter, as e.g. lines

or angles, numbers, or any of the other quantities’." “The common

(principles), e.g. that one of two contradictories must be true, that

equals taken from equals etc., and the like“....” “With regard to the

principles of demonstration, it is questionable whether they belong to

one science or to several. By principles of demonstration I mean the

common opinions from which all demonstration proceeds, e.g. that one

of two contradictories must be true, and that it is impossible for the

same thing to be and not be‘.” Similarly “every demonstrative

(science) investigates, with regard to some subject-matter, the essential

attributes, starting from the common opinions!” We have then here,

as Heiberg says, a sufi‘icient explanation of Euclid's term for axioms,

1 Anal. pm. I. 2, 71a I4—24. ’ Metap/z. I061 b I9—24.

3 Anal. post. I. II, 77 a 30. 4 Metapb. 996b 26—30.

5 Metaplr. 997 a 10—22.
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viz. common notions (Icowai. é'woiai), and there is no reason to suppose

it to be a substitution for the original term due to the Stoics: cf.

Proclus’ remark that, according to Aristotle and the geometers, axiom

and common notion are the same thingl.

Aristotle discusses the indemonstrable character of the axioms

in the Metaphysics. Since “all the demonstrative sciences use the

axioms’,” the question arises, to what science does their discussion

belong’? The answer is that, like that of Being (aria-la), it is the

province of the (first) philosopher‘. It is impossible that there should

be demonstration of everything, as there would be an infinite series of

demonstrations: if the axioms were the subject of a demonstrative

science, there would have to be here too, as in other demonstrative

sciences, a subject-genus, its attributes and corresponding axioms”; thus

there would be axioms behind axioms, and so on continually. The

axiom is the most firmly established of all principles‘. It is ignorance

alone that could lead any one to try to prove the axioms’; the supposed

proof would be a petitio princittii“. If it is admitted that not every

thing can be proved, no one can point to any principle more truly

indemonstrable“. If any one thought he could prove them, he could

at once be refuted; if he did not attempt to say anything, it would

be ridiculous to argue with him: he would be no better than a

vegetable”. The first condition of the possibility of any argument

whatever is that words should signify something both to the speaker

and to the hearer: without this there can be no reasoning with any one.

And, if any one admits that words can mean anything to both hearer

and speaker, he admits that something can be true without demon

stration. And so on“.

It was necessary to give some sketch of Aristotle's view of the

first principles, if only in connexion with Proclus’ account, which is

as follows. As in the case of other sciences, so “the compiler of

elements in geometry must give separately the principles of the

science, and after that the conclusions from those principles, not

giving any account of the principles but only of their consequences.

No science proves its own principles, or even discourses about them:

they are treated as self-evident....Thus the first essential was to dis

tinguish the principles from their consequences. Euclid carries out

this plan practically in every book and, as a preliminary to the whole

enquiry, sets out the common principles of this science. Then he

divides the common principles themselves into hypotheses, postulates,

and axioms. For all these are different from one another: an axiom,

a postulate and a hypothesis are not the same thing, as the inspired

Aristotle somewhere says. But, whenever that which is assumed and

ranked as a principle is both known to the learner and convincing in

itself, such a thing is an axiom, e.g. the statement that things which

are equal to the same thing are also equal to one another. When, on

1 Proclus, p. 124, 8. ~ I 5' Metaph. 997 a 10. _ l

‘4 zlnd. 996b 'z . ‘ 1bm’. 1005a 11-—-b 11. 5 abut. 997a 5—8.

“ ibid. 1005 b 11—17. 7 ibid. 1006a 5. 8 ibid. 1006a 17.

” ibid. 1006a 10. 1° ibia’. 1006a 11—15. ‘1 ibid. 1006a 18 sqq.
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the other hand, the pupil has not the notion of what is told him

which carries conviction in itself, but nevertheless lays it down and

assents to its being assumed, such an assumption is a hypothesis.

Thus we do not preconceive by virtue of a common notion, and

without being taught, that the circle is such and such a figure, but,

when we are told so, we assent without demonstration. When again

what is asserted is both unknown and assumed even without the

assent of the learner, then, he says, we call this a postulate, eg that

all right angles are equal. This view of a postulate is clearly implied

by those who have made a special and systematic attempt to show,

with regard to one of the postulates, that it cannot be assented to by

any one straight off. According then to the teaching of Aristotle, an

axiom, a postulate and a hypothesis are thus distinguished‘.”

We observe, first, that Proclus in this passage confuses hypotheses

and definitions, although Aristotle had made the distinction quite

plain. The confusion may be due to his having in his mind a passage

of Plato from which he evidently got the phrase about “not giving

an account of" the principles. The passage is‘: “I think you know

that those who treat of geometries and calculations (arithmetic) and

such things take for granted (b'n-oOéueuoi) odd and even, figures,

angles of three kinds, and other things akin to these in each subject,

implying that they know these things, and, though using them as

hypotheses, do not even condescend to give any account of them

either to themselves or to others, but begin from these things and

then go through everything else in order, arriving ultimately, by

recognised methods, at the conclusion which they started in search

of.” But the hypothesis is here the assumption, e.g. ‘that there may

be such a thing as length without breadth, henceforward called a line’,’

and so on, without any attempt to show that there is such a thing;

it is mentioned in connexion with the distinction between Plato's

‘superior’ and ‘inferior’ intellectual method, the former of which

uses successive hypotheses as stepping-stones by which it mounts

upwards to the idea of Good.

We pass now to Proclus‘ account of the difference between postu

lates and axioms. He begins with the view of Geminus, according

to which “they differ from one another in the same way as theorems

are also distinguished from problems. For, as in theorems we propose

to see and determine what follows on the premisses, while in problems

we are told to find and do something, in like manner in the axioms

such things are assumed as are manifest of themselves and easily

apprehended by our untaught notions, while in the postulates we

assume such things as are easy to find and effect (our understanding

sufi'ering no strain in their assumption), and we require no complication

of machinery‘."...“ Both must have the characteristic of being simple

1 Proclus, pp. 75, 10—77, a.

1 Republic, v1. 510 C. Cf. Aristotle, Nic. Eth. 1151 a 17.

3 H. Jacksomjournalqfl’hilology, vol. X. p. 144.

‘ Proclus, pp. 178, 11—179, 8. In illustration Proclus contrasts the drawing of a straight

line or a circle with the drawing of a “ single-tum spiral" or of an equilateral triangle, the
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and readily grasped, I mean both the postulate and the axiom; but

the postulate bids us contrive and find some subject-matter (5M7) to

exhibit a property simple and easily grasped, while the axiom bids us

assert some essential attribute which is self-evident to the learner,

just as is the fact that fire is hot, or any of the most obvious things‘.”

Again, says Proclus, “some claim that all these things are alike

postulates, in the same way as some maintain that all things that are

sought are problems. For Archimedes begins his first book on In

equilibrium’ with the remark ‘ I postulate that equal weights at equal

distances are in equilibrium,’ though one would rather call this an

axiom. Others call them all axioms in the same way as some regard

as theorems everything that requires demonstration?’

“Others again will say that postulates are peculiar to geometrical

subject-matter, while axioms are common to all investigation which

is concerned with quantity and magnitude. Thus it is the geometer

who knows that all right angles are equal and how to produce in

a straight line any limited straight line, whereas it is a common notion

that things which are equal to the same thing are also equal to one

another, and it is employed by the arithmetician and any scientific

person who adapts the general statement to his own subject‘.”

The third view of the distinction between a postulate and an axiom

is that of Aristotle above described".

The difficulties in the way of reconciling Euclid’s classification

of postulates and axioms with any one of the three alternative views

are next dwelt upon. If we accept the first view according to which

an axiom has reference to something known, and a postulate to

something done, then the 4th postulate (that all right angles are

equal) is not a postulate; neither is the 5th which states that, if a

straight line falling on two straight lines makes the interior angles

on the same side less than two right angles, the straight lines, if

produced indefinitely, will meet on that side on which are the angles

less than two right angles. On the second view, the assumption that

two straight lines cannot enclose a space, “which even now,” says

Proclus, “some add as an axiom," and which is peculiar to the

subject-matter of geometry, like the fact that all right angles are

equal, is not an axiom. According to the third (Aristotelian) view,

"everything which is confirmed ('rrw-rofi-rat) by a sort of demonstration

spiral requiring more complex machinery and even the equilateral triangle needing a certain

method. " For the geometrical intelligence will say that by conceiving a straight line fixed

at one end but, as regards the other end, moving round the fixed end, and a point moving

along the straight line from the fixed end, I have described the single-turn spiral; for the

end of the straight line describing a circle, and the point moving on the straight line simul

taneously, when they arrive and meet at the same point, complete such a spiral. And again,

if I draw equal circles, join their common point to the centres of the circles and draw a

straight line from one of the centres to the other, I shall have the equilateral triangle.

These thin s then are far from being completed by means of a single act or of a moment’s

thought” p. 180. 8—11).

l Proclus, p. 181, 4—11.

' It is necessary to coin a word to render ivwopporu'bv, which is moreover in the plural.

The title of the treatise as we have it is Equilibria of planes or centres ofg‘ram'gl Ifplaner in

Book I and Equilibria 0 planes in Book 11.

' Proclus, p. 181, 1 13. ‘ ibid. p. 182, 6—14. 5 Pp. 118, 119.
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will be a postulate, and what is incapable of proof will be an axiom 1.”

This last statement of Proclus is loose, as regards the axiom, because

it omits Aristotle's requirement that the axiom should be a self

evident truth, and one that must be admitted by any one who is to

learn anything at all, and, as regards the postulate, because Aristotle

calls a postulate something assumed without proof though it is

“matter of demonstration” (dvroSem-rbu 511), but says nothing of a

quasi-demonstration of the postulates. On the whole I think it is

from Aristotle that we get the best idea of what Euclid understood

by a postulate and an axiom or common notion. Thus Aristotle's

account of an axiom as a principle common to all sciences, which is

self-evident, though incapable of proof, agrees sufficiently with the

contents of Euclid’s common notions as reduced to five in the most

recent text (not omitting the fourth, that “things which coincide are

equal to one another"). As regards the postulates, it must be borne

in mind that Aristotle says elsewhere2 that, “other things being equal,

that proof is the better which proceeds from the fewer postulates or

hypotheses or propositions.” If then we say that a geometer must

lay down as principles, first certain axioms or common notions, and

then an irreducible minimum of postulates in the Aristotelian sense

concerned only with the subject-matter of geometry, we are not far

from describing what Euclid in fact does. As regards the postulates

we may imagine him saying: “Besides the common notions there are

a few other things which I must assume without proof, but which

differ from the common notions in that they are not self-evident.

The learner may or may not be disposed to agree to them; but he

must accept them at the outset on the superior authority of his

teacher, and must be left to convince himself of their truth in the

course of the investigation which follows. In the first place certain

simple constructions, the drawing and producing of a straight line,

and the drawing of a circle, must be assumed to be possible, and with

the constructions the existence of such things as straight lines and

circles; and besides this we must lay down some postulate to form

the basis of the theory of parallels.” It is true that the admission of

the 4th postulate that all right angles are equal still presents a

difi‘iculty to which we shall have to recur.

There is of course no foundation for the idea, which has found

its way into many text-books, that “the object of the postulates is to

declare that the only instruments the use of which is permitted in

geometry are the rule and compass’.”

§ 4. THEOREMS AND PROBLEMS.

“Again the deductions from the first principles,” says Proclus,

“are divided into problems and theorems, the former embracing the

' Proclus, pp. I82, 11—183, 13. 2 Anal. pm. 1. 25, 86a. 33—35.

3 Cf. Lardner’s Euclid : also Todhunter.
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generation, division, subtraction or addition of figures, and generally

the changes which are brought about in them, the latter exhibiting

the essential attributes of each‘.”

“Now, of the ancients, some, like Speusippus and Amphinomus,

thought proper to call them all theorems, regarding the name of

theorems as more appropriate than that of problems to theoretic

sciences, especially as these deal with eternal objects. For there is

no becom'ing ir'I things eternal, so that neither could the problem

have any place with them, since it promises the generation and

making of what has not before existed, e.g. the construction of an

equilateral triangle, or the describing of a square on a given straight

line, or the placing of a straight line at a given point. Hence they

say it is better to assert that all (propositions) are of the same kind,

and that we regard the generation that takes place in them as

referring not to actual making but to knowledge, when we treat things

existing eternally as if they were subject to becoming: in other words,

we may say that everything is treated by way of theorem and not

by way of problem’ (wriv'ra. Qempnparucrbe oiMt' or’! 'rrpoBkmia'rL/aos

)ta/ifirivea'tiai).

"Others on the contrary, like the mathematicians of the school

of Menaechmus, thought it right to call them all problems, describing

their purpose as twofold, namely in some cases to furnish (ropi

a-aa-t9cu) the thing sought, in others to take a determinate object

and see either what it is, or of what nature, or what is its property,

or in what relations it stands to something else.

“In reality both assertions are correct. Speusippus is right

because the problems of geometry are not like those of mechanics,

the latter being matters of sense and exhibiting becoming and change

of every sort. The school of Menaechmus are right also because the

discoveries even of theorems do not arise without an issuing-forth

into matter, by which I mean intelligible matter. Thus forms going

out into matter and giving it shape may fairly be said to be like

processes of becoming. For we say that the motion of our thought

and the throwing-out of the forms in it is what produces the figures

in the imagination and the conditions subsisting in them. It is in

the imagination that constructions, divisions, placings, applications,

additions and subtractions (take place), but everything in the mind is

fixed and immune from becoming and from every sort of change‘."

“Now those who distinguish the theorem from the problem say

that every problem implies the possibility, not only of that which is

predicated of its subject-matter, but also of its opposite, whereas

every theorem implies the possibility of the thing predicated but not

of its opposite as well. By the subject-matter I mean the genus

which is the subject of inquiry, for example, a triangle or a square

or a circle, and by the property predicated the essential attribute,

as equality, section, position, and the like. When then any one

1 Proclus, p. 77, 7—n. 2 ibad. pp. 77, I5—78, 8.

3 the’. pp. 78, 8—79, 2.
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enunciates thus, To inscribe an equilateral triangle in a circle, he states

a problem; for it is also possible to inscribe in it a triangle which

is not equilateral. Again, if we take the enunciation On a given

limited straight line to construct an equilateral triangle, this is a

problem; for it is possible also to construct one which is not equi

lateral. But, when any one enunciates that In isosceles triangles the

angles at the base are equal, we must say that he enunciates a theorem;

for it is not also possible that the angles at the base of isosceles

triangles should be unequal. It follows that, if any one were to use

the form of a problem and say In a semicircle to describe a right angle,

he would be set down as no geometer. For every angle in a semi

circle is right‘.”

"Zenodotus, who belonged to the succession of Oenopides, but

was a disciple of Andron, distinguished the theorem from the problem

by the fact that the theorem inquires what is the property predicated

of the subject-matter in it, but the problem what is the cause of what

effect ('ri'voe bu'roc 'ri éa'riu). Hence too Posidonius defined the one

(the problem) as a proposition in which it is inquired whether a thing

exists or not (ei é'a-rw 1) Ian), the other (the theorem") as a proposition

in which it is inquired what (a thing) is or of what nature (ri éo'nu i7

woiév n); and he said that the theoretic proposition must be put in a

declaratory form, e.g., Any triangle has two sides (together) greater than

the remaining side and In any isosceles triangle the angles at the base

are equal, but that we should state the problematic proposition as if

inquiring whether it is possible to construct an equilateral triangle

upon such and such a straight line. For there is a difference between

inquiring absolutely and indeterminately (awhile ‘re Kai a'opla-rms)

whether there exists a straight line from such and such a point at

right angles to such and such a straight line and investigating which

is the straight line at right angles’.”

“That there is a certain difference between the problem and the

theorem is clear from what has been said; and that the Elements of

Euclid contain partly problems and partly theorems will be made

manifest by the individual propositions, where Euclid himself adds at

the end of what is proved in them, in some cases, ‘that which it was

required to do,’ and in others, ‘that which it was required to prove,’

the latter expression being regarded as characteristic of theorems, in

spite of the fact that, as we have said, demonstration is found in

problems also. In problems, however, even the demonstration is for

the purpose of (confirming) the construction: for we bring in the

demonstration in order to show that what was enjoined has been

done; whereas in theorems the demonstration is worthy of study for

its own sake as being capable of putting before us the nature of the

thing sought. And you will find that Euclid sometimes interweaves

theorems with problems and employs them in turn, as in the first

1 Proclus, pp. 79, 11—80, 5.

a In the text we have 16 6e‘ 1rp6§h1ma answering to 1'6 ,uév without substantive : rpéflkqna

was obviously inserted in error.

' Proclus, pp. 80, 15—81, 4.



c1-1. 1X. §4] THEOREMS AND PROBLEMS 127

book, while at other times he makes one or other preponderate.

For the fourth book consists wholly of problems, and the fifth of

theorems‘.”

Again, in his note on Eucl. 1. 4, Proclus says that Carpus, the

writer on mechanics, raised the question of theorems and problems in

his treatise on astronomy. Carpus, we are told, “says that the class

of problems is in order prior to theorems. For the subjects, the

properties of which are sought, are discovered by means of problems.

Moreover in a problem the enunciation is simple and requires no

skilled intelligence; it orders you plainly to do such and such a

thing, to construct an equilateral triangle, or, given two straight lines, to

cut offrom the greater (a straight line) equal to the lesser, and what is

there obscure or elaborate in these things? But the enunciation of a

theorem is a matter of labour and requires much exactness and

scientific judgment in order that it may not turn out to exceed or

fall short of the truth; an example is found even in this proposition

(1. 4), the first of the theorems. Again, in the case of problems, one

general way has been discovered, that of analysis, by following which

we can always hope to succeed ; it is this method by which the more

obscure problems are investigated. But, in the case of theorems, the

method of setting about them is hard to get hold of since ‘up to our

time,’ says Carpus, ‘no one has been able to hand down a general

method for their discovery. Hence, by reason of their easiness, the

class of problems would naturally be more simple.’ After these

distinctions, he proceeds: ‘Hence it is that in the Elements too

problems precede theorems, and the Elements begin from them; the

first theorem is fourth in order, not because the fifth’ is proved from

the problems, but because, even if it needs for its demonstration none

of the propositions which precede it, it was necessary that they should

be first because they are problems, while it is a theorem. In fact, in

this theorem he uses the common notions exclusively, and in some

sort takes the same triangle placed in different positions; the

coincidence and the equality proved thereby depend entirely upon

sensible and distinct apprehension. Nevertheless, though the demon

stration of the first theorem is of this character, the problems properly

preceded it, because in general problems are allotted the order of

precedence‘.”'

Proclus himself explains the position of Prop. 4 after Props. 1—3

as due to the fact that a theorem about the essential properties of

triangles ought not to be introduced before we know that such a

thing as a triangle can be constructed, nor a theorem about the

equality of sides or straight lines until we have shown, by constructing

them, that there can be two straight lines which are equal to one

another‘. It is plausible enough to argue in this way that Props. 2

and 3 at all events should precede Prop. 4.. And Prop. 1 is used in

1 Proclus, p. 81, 5—42.

‘ 1'6 réurrov. This should apparently be the fourth because in the next words it is

implied that none of the first three propositions are required in provin it.

’ Proclus, pp. 24,1, 19—243, 11. ‘ ibid. pp. 233, 11—134, .
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Prop. 2, and must therefore precede it. But Prop. I showing how to

construct an equilateral triangle on a given base is not important, in

relation to Prop. 4, as dealing with the “production of triangles ” in

general : for it is of no use to say, as Proclus does, that the construc

tion of the equilateral triangle is “common to the three species (of

triangles)‘,” as we are not in a position to know this at such an early

stage. The existence of triangles in general was doubtless assumed as

following from the existence of straight lines and points in one plane

and from the possibility of drawing a straight line from one point to

another.

Proclus does not however seem to reject definitely the view of

Carpus, for he goes on’: “And perhaps problems are in order before

theorems, and especially for those who need to ascend from the arts

which are concerned with things of sense to theoretical investigation.

But in dignity theorems are prior to problems....lt is then foolish to

blame Geminus for saying that the theorem is more perfect than the

problem. For Carpus himself gave the priority to problems in respect

of order, and Geminus to theorems in point of more perfect dignity,”

so that there was no real inconsistency between the two.

Problems were classified according to the number of their possible

solutions. Amphinomus said that those which had a unique solution

(povaxw'c) were called “ ordered ” (the word has dropped out in

Proclus, but it must be 're'ra'yluéua, in contrast to the third kind,

zi'rax'ra); those which had a definite number of solutions “ inter

mediate” (pe'o-a); and those with an infinite variety of solutions “ un

ordered” (Eran-m)‘. Proclus gives as an example of the last the

problem Ta divide a given straight line into l/zree parts in continued

proportion‘. This is the same thing as solving the equations x+y+z=a,

xz =31’. Proclus’ remarks upon the problem show that it was solved,

like all quadratic equations, by the method of “application of areas.”

The straight line a was first divided into any two parts, (x+z) and y,

subject to the sole limitation that (x+z) must not be less than 2],

which limitation is the Stupid/1.69, or condition of possibility. Then

an area was applied to (x-l-z), or (a —y), “falling short by a square

figure” (e’kXeZ'n-ou ei'Sel. 're'rparya'iwp) and equal to the square on y. This

determines x and z separately in terms of a and y. For, if 2 be the

side of the square by which the area (i.e. rectangle) "falls short," we

have {(a —y) —z} z =y’, whence 2z= (a -y) i \/{(a —y)’ — And

)1 may be chosen arbitrarily, provided that it is not greater than a/3.

Hence there are an infinite number of solutions. If)’ =a/3, then, as

Proclus remarks, the three parts are equal.

Other distinctions between different kinds of problems are added

by Proclus. The word “problem,” he says, is used in several senses.

In its widest sense it may mean anything “propounded” ('fl'pO'rGLlIé

,uevov), whether for the purpose of instruction (pafiria'swc) or construc

tion (1rouio'eros). (In this sense, therefore, it would include a theorem.)

1 Proclus, p. 234, 21. - 9 illid. p. 243, I'I—‘l5

" ibid. p. 110, 7—12. ‘ ibid. pp. 210, 16-211, 6.
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But its special sense in mathematics is that of something “propounded

with a view to a theoretic construction‘.”

Again you may apply the term (in this restricted sense) even to

something which is impossible, although it is more appropriately used

of what is possible and neither asks too much nor contains too little in

the shape of data. According as a problem has one or other of these

defects respectively, it is called (1) a problem in excess ('n'Xeol/cié'ov) or

(2) a deficient problem (e’Mtmréq 'n-pbflkqua). The problem in excess

(1) is of two kinds, (a) a problem in which the properties of the

figure to be found are either inconsistent (liable/Sara) or non-existent

(aimirrapx'ra), in which case the problem is called impossible, or (b) a

problem in which the enunciation is merely redundant: an example

of this would be a problem requiring us to construct an equilateral

triangle with its vertical angle equal to two-thirds of a right angle;

such a problem is possible and is called “more than a problem" (ue'ié‘ou

i7 1rpriBMma). The deficient problem (2) is similarly called “less than

a problem” (é'Mwa-ou 1) 'n'po'lgkryua), its characteristic being that

something has to be added to the enunciation in order to convert it

from indeterminateness (dopw-ri’a) to order (ra'fw) and scientific deter

minateness (5pm e’vrw'rnuovucbe): such would be a problem bidding

you “to construct an isosceles triangle,” for the varieties of isosceles

triangles are unlimited. Such “problems” are not problems in the

proper sense (xvplms keyo'neva 1rp0[3>w;',u.a'ra), but only equivocallyi.

§5. THE FORMAL DIVISIONS OF A PROPOSITION.

"Every problem,” says Proclus”, “and every theorem which is

complete with all its parts perfect purports to contain in itself all of

the following elements: enunciation (7rpbraa'is‘). setting-out (é'lcfiea'is),

definition or specification (SLOPLG/MlC), construction or machinery

(Ira-raalcewj), proof (zi'n'bsetftq), conclusion (a'vp'n-e'paaua). Now of

these the enunciation states what is given and what is that which is

sought, the perfect enunciation consisting of both these parts. The

setting-out marks off what is given, by itself, and adapts it before

hand for use in the investigation. The definition or specification

states separately and makes clear what the particular thing is which

is sought. The construction or umc/zinery adds what is wanting to the

datum for the purpose of finding what is sought. The proof draws

the required inference by reasoning scientifically from acknowledged

facts. The conclusion reverts again to the enunciation, confirming

what has been demonstrated. These are all the parts of problems

and theorems, but the most essential and those which are found in all

are enunciation, proof‘, conclusion. For it is equally necessary to know

beforehand what is sought, to prove this by means of the intermediate

steps, and to state the proved fact as a conclusion; it is impossible

to dispense with any of these three things. The remaining parts

are often brought in, but are often left out as serving no purpose.

' Proclus, p. 211, 7-11. ’ ibid. pp. 121, 13-111, 14.

3 ibid. pp. 103, 1—104, 13; 104, 13—205, 8.

H. E. 9
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Thus there is neither setting-out nor definition in the problem of

constructing an isosceles triangle having each of the angles at the

base double of the remaining angle, and in most theorems there

is no construction because the setting-out suifices without any addition

for proving the required property from the data. When then do

we say that the setting-out is wanting? The answer is, when there

is nothing given in the enunciation; for, though the enunciation is

in general divided into what is given and what is sought, this

is not always the case, but sometimes it states only what is sought,

i.e. what must be known or found, as in the case of the problem

just mentioned. That problem does not, in fact, state beforehand

with what datum we are to construct the isosceles triangle having

each of the equal angles double of the remaining angle, but (simply)

that we are to find such a triangle... When, then, the enuncia

tion contains both (what is given and what is sought), in that case

we find both definition and setting-out, but, whenever the datum

'is wanting, they too are wanting. For not only is the setting-out

concerned with the datum, but so is the definition also, as, in the

absence of the datum, the definition will be identical with the

enunciation. In fact, what could you say in defining the object of

the aforesaid problem except that it is required to find an isosceles

triangle of the kind referred to? But that is what the enunciation

stated. If then the enunciation does not include, on the one hand,

what is given and, on the other, what is sought, there is no setting-out

in virtue of there being no datum, and the definition is left out in

order to avoid a mere repetition of the enunciation."

The constituent parts of an Euclidean proposition will be readily

identified by means of the above description. As regards the defi

nition or specification (Siopianés‘) it is to be observed that we have

here only one of its uses. Here it means a closer definition or descrip

tion of the object aimed at, by means of the concrete lines or figures

set out in the Ended“; instead of the general terms used in the enun

ciation; and its purpose is to rivet the attention better, as Proclus

indicates in a later passage ('rpb'rrov 'rwil 1rpoo’sxeiaq s’o'riu ai'nos‘ d

8L0pLG/L69)‘.

The other technical use of the word to signify the limitations to

which the possible solutions of a problem are subject is also described

by Proclus, who speaks of Swpiopoi determining “whether what is

sought is impossible or possible, and how far it is practicable and in

how many ways’”; and the Sta/nape; in this sense appears in Euclid

as well as in Archimedes and Apollonius. Thus we have in Eucl. I.

22 the enunciation “From three straight lines which are equal to

three given straight lines to construct a triangle,” followed imme—

diately by the limiting condition (8topmp6q). “Thus two of the

straight lines taken together in any manner must be greater than the

remaining one." Similarly in VI. 28 the enunciation “To a given

straight line to apply a parallelogram equal to a given rectilineal

1 Proclus, p. 208, ‘ll. 2 ibid. p. 202, 3.
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figure and falling short by a parallelogrammic figure similar to a

given one" is at once followed by the necessary condition of possi

bility: “Thus the given rectilineal figure must not be greater than

that described on half the line and similar to the defect.”

Tannery supposed that, in giving the other description of the

8LOPLO’IL69 as quoted above, Proclus, or rather his guide, was using the

term incorrectly. The Staple-p.15; in the better known sense of the

determination of limits or conditions of possibility was, we are told,

invented by Leon. Pappus uses the word in this sense only. The

other use of the term might, Tannery thought, be due to a confusion

occasioned by the use of the same words (862 81f) in introducing the

parts of a proposition corresponding to the two meanings of the word

8iopwpéc'. On the other hand it is to be observed that Eutocius

distinguishes clearly between the two uses and implies that the differ

ence was well known’. The BLoPm/iéq in the sense of condition of

possibility follows immediately on the enunciation, is even part of it ;

the Stowe-p.69 in the other sense of course comes immediately after the

setting-ant.

Proclus has a useful observation respecting the conclusion of a

proposition“. "The conclusion they are accustomed to make double

in a certain way: I mean, by proving it in the given case and then

drawing a. general inference, passing, that is, from the partial con

clusion to the general. For, inasmuch as they do not make use of

the individuality of the subjects taken, but only draw an angle or a

straight line with a view to placing the datum before our eyes, they

consider that this same fact which is established in the case of the

particular figure constitutes a conclusion true of every other figure of

the same kind. They pass accordingly to the general in order that

we may not conceive the conclusion to be partial. And they are

justified in so passing, since they use for the demonstration the par

ticular things set out, not quzi particulars, but quei typical of the rest.

For it is not in virtue of such and such a size attaching to the angle

which is set out that 1 effect the bisection of it, but in virtue of its

being rectilineal and nothing more. Such and such size is peculiar to

the angle set out, but its quality of being rectilineal is common to all

rectilineal angles. Suppose, for example, that the given angle is a

right angle. If then I had employed in the proof the fact of its being

right, I should not have been able to pass to every species of recti

lineal angle; but, if l make no use of its being right, and only consider

it as rectilineal, the argument will equally apply to rectilineal angles

in general.”

1 La Gibme’lriz gn'rque, p. 149 note. Where 6:2‘ 61‘) introduces the closer description of

the problem we may translate, "it is then required" or “thus it is required" (to construct etc.):

when it introduces the condition of possibility we may translate “thus it is necessary etc."

Heiberg originally wrote 6:? 6B in the latter sense in I. 'n on the authority of Proclus and

Eutocius, and against that of the M55. Later, on the occasion of XI. 23, he observed that he

should have followed the M55. and written 6e? 61‘7 which he found to be, after all, the right

reading in Eutocius (Apollonius, ed. Heiberg, n. p. 178). 6d 6+; is also the expression used

by Diophantus for introducing conditions u.’ possibility.

“ See the passage of Eutocius referred to it last note. 3 Proclus, p. 107, 4—15.

9—2
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§ 6. OTHER TECHNICAL TERMS.

I. Things said to be given.

Proclus attaches to his description of the formal divisions of a

proposition an explanation of the different senses in which the word

given or datum (SeSonéuov) is used in geometry. "Everything that is

given is given in one or other of the following ways, in position, in

ratio, in magnitude, or in species. The point is given in position only,

but a line and the rest may be given in all the senses'.”

The illustrations which Proclus gives of the four senses in which a

thing may be given are not altogether happy, and, as regards things

which are given in position, in magnitude, and in species, it is best,l

think, to follow the definitions given by Euclid himself in his book of

Data. Euclid does not mention the fourth class, things given in ratio,

nor apparently do any of the great geometers.

(1) Given in position really needs no definition; and, when Euclid

says (Data, Def. 4) that “ Points, lines and angles are said to begiven

in position which always occupy the same place,” we are not really

the wiser.

(2) Given in magnitude is defined thus (Data, Def. 1): “Areas,

lines and angles are called given in magnitude to which we can find

equals.” Proclus’ illustration is in this case the following: when, he

says, two unequal straight lines are given from the greater of which

we have to cut off a straight line equal to the lesser, the straight lines

are obviously given in magnitude, “for greater and less, and finite

and infinite are predications peculiar to magnitude." But he does not

explain that part of the implication of the term is that a thing is given

in magnitude only, and that, for example, its position is not given and

is a matter of indifference.

(3) Given in species. Euclid's definition (Data, Def. 3) is:

“ Rectilineal figures are said to be given in species in which the angles

are severally given and the ratios of the sides to one another are

given." And this is the recognised use of the term (cf. Pappus,

passim). Proclus uses the term in a much wider sense for which I am

not aware of any authority. Thus, he says, when we speak of (bisect

ing) a given rectilineal angle, the angle is given in species by the word

rectilineal, which prevents our attempting, by the same method, to

bisect a curvilineal angle! On Eucl. I. 9, to which he here refers, he

says that an angle is given in species when e.g. we say that it is right

or acute or obtuse or rectilineal or “mixed,” but that the actual angle

in the proposition is given in species only. As a matter of fact, we

should say that the actual angle in the figure of the proposition is

given in magnitude and not in species, part of the implication of given

in species being that the actual magnitude of the thing given in species

is indifferent; an angle cannot be given in species in this sense at all.

The confusion in Proclus’ mind is shown when, after saying that a

right angle is given in species, he describes a third of a right angle as

given in magnitude.

' Proclus, p. 705, 13—15.
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No better example of what is meant by given in species, in its

proper sense, as limited to rectilineal figures, can be quoted than the '

given parallelogram in Eucl. VI. 28, to which the required parallelo

gram has to be made similar; the former parallelogram is in fact

given in species, though its actual size, or scale, is indifferent.

(4) Given in ratio presumably means something which is given

by means of its ratio to some other given thing. This we gather from

Proclus’ remark (in his note on I. 9) that an angle may be given in

ratio “as when we say that it is double and treble of such and such an

angle or, generally, greater and less.” The term, however, appears to

have no authority and to serve no purpose. Proclus may have

derived it from such expressions as “in a given ratio” which are

common enough.

2. Lemma.

“The term lemma," says Proclus‘, “is often used of any proposition

which is assumed for the construction of something else: thus it is a

common remark that a proof has been made out of such and such

lemmas. But the special meaning of lemma in geometry is a

proposition requiring confirmation. For when, in either construction

or demonstration, we assume anything which has not been proved but

requires argument, then, because we regard what has been assumed as

doubtful in itself and therefore worthy of investigation, we call it a

lemma’, differing as it does from the postulate and the axiom in being

matter of demonstration, whereas they are immediately taken for

granted, without demonstration, for the purpose of confirming other

things. Now in the discovery of lemmas the best aid is a mental

aptitude for it. For we may see many who are quick at solutions and

yet do not work by method; thus Cratistus in our time was able to

obtain the required result from first principles, and those the fewest

possible, but it was his natural gift which helped him to the discovery.

1 Proclus, pp. 2n, i—zn, 4. _

2 It would appear, says Tannery (p. i5! 11.), that Geminus understood a lemma as being

simply hanflavénevov, something assumed (cf. the passage of Proclus, p. 73, 4,, relating to

Menaechmus’ view of elemenlr): hence we cannot consider ourselves authorised in attributing

to Geminus the more technical definition of the term here given by Proclus, according to

which it is only used of propositions not proved beforehand. This view of a lemma must

be considered as relatively modern. It seems to have had its origin in an imperfection of

method. In the course of a demonstration it was necessary to assume a proposition which

required roof, but the proof of which would. if inserted in the particular place, break the

thread 0 the demonstration: hence it was necessary either to prove it beforehand as a

preliminary proposition or to postpone it to be proved afterwards (dis éEfis fiuxthioe-rai).

When, after the time of Geminus, the progress of original discovery in geometry was arrested,

geometers occupied themselves with the study and elucidation of the works of the great

mathematicians who had preceded them. This involved the investigation of propositions

explicitly quoted or tacitly assumed in the great classical treatises; and naturally it was found

that several such remained to be demonstrated, either because the authors had omitted

them as being easy enough to be left to the reader himself to prove, or because books in

which they were proved had been lost in the meantime. Hence arose a class of comglementary

or auxiliary propositions which were called lemmas. Thus Pappus gives in his ook v11 a

collection of lemmas in elucidation of the treatises of Euclid and Apollonius included in the

so-called “Treasury of Analysis ” (1610s dud-Xvénevor). When Proclus goes on to distinguish

three methods of discovering lemmas, analysis, divirion, and redmtz'o ad abrurdum, he seems

to imply that the principal business of contemporary geometers was the investigation of these

auxiliary propositions.
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Nevertheless certain methods have been handed down. The finest is

the method which by means of analysis carries the thing sought up to

an acknowledged principle, a method which Plato, as they say, com

municated to Leodamas‘, and by which the latter, too, is said to have

discovered many things in geometry. The second is the method of

divisio/fi, which divides into its parts the genus proposed for con

sideration and gives a starting-point for the demonstration by means

of the elimination of the other elements in the construction of what is

proposed, which method also Plato extolled as being of assistance to

all sciences. The third is that by means of the reductio ad absurdnm,

which does not show what is sought directly, but refutes its opposite

and discovers the truth incidentally.”

3. Case.

“The case‘ (1r-rw'o'i¢),” Proclus proceeds‘, “announces different ways

of construction and alteration of positions due to the transposition of

points or lines or planes or solids. And, in general, all its varieties

are seen in the figure, and this is why it is called case, being a trans

position in the construction.”

4. Porism.

“The term porism is used also of certain problems such as the

Porisms written by Euclid. But it is specially used when from what

has been demonstrated some other theorem is revealed at the same

time without our propounding it, which theorem has on this very

account been called a porism (corollary) as being a sort of incidental

gain arising from the scientific demonstration“." Cf. the note on 1. I5.

1 This passage and another from Diogenes Laertius (111. 14, p. 74 ed. Cohet) to the effect

that “ He [Plato] explained (lidfl’fl’dfl-TO) to Leodamas of 'I‘hasos the method of inquiry by

analysis ” have been commonly understood as ascribing to Plato the invention of the method

of analysis; but Tannery points out forcibly (pp. 111, 113) how difficult it is to explain in

what Plato’s discovery could have consisted if analysis be taken in the sense attributed to it

in Pappus, where we can see no more than a series of successive reductions of a problem

until it is finally reduced to a known problem. On the other hand, Proclus’ words about

carrying up the thing sought to “an acknowledged principle ” suggest that what he had in

mind was the process described at the end of Book VI of the Republic by which the dialec

tician (unlike the mathematician) uses hypotheses as stepping-stones up to a principle which

is not hypothetical, and then is able to descend step by step verifying every one of the

hypotheses by which he ascended. This description does not of course refer to mathematical

analysis. but it may have given rise to the idea that analysis was Plato's discovery, since

analysis and synt/lesis following each other are related in the same way as the upward and

the downward progression in the dialectician’s intellectual method. And it may be that

Plato's achievement was to observe the importance, from the point of view of logical rigour,

of the confirmatory synthesis following analysis, and to regularise in this way and elevate

into a completely irrefragable method the partial and uncertain analysis upon which the

works of his predecessors depended.

2 Here again the successive bipartitions of genera into species such as we find in the

Sop/list and Republic have very little to say to geometry, and the very fact that they are here

mentioned side by side with analysis suggests that Proclus confused the latter with the

philosophical method of Rep. v1.

3 Tannery rightly remarks (p. 151) that the subdivision of a theorem or problem into

several cases is foreign to the really classic form ; the ancients preferred, where necessary, to

multiply enunciations. As, however, some omissions necessarily occurred, the writers of

lemmas naturally added separate cases, which in some instances found their way into the text.

A good example is Euclid 1. 7, the second case of which, as it appears in our text-books,

was interpolated. On the commentary of Proclus on this proposition Th. Taylor rightly

remarks that “ Euclid everywhere avoids a multitude of cases.”

4 Proclus, p. 111, 5—~11.

5 Tannery notes however that, so far from distinguishing his corollaries from the con
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5. Objection.

“The objection (Er/emote) obstructs the whole course of the argu

ment by appearing as an obstacle (or crying ‘ halt,’ (ivralrra'io‘a) either

to the construction or to the demonstration. There is this difference

between the objection and the case, that, whereas he who propounds

the case has to prove the proposition to be true of it, he who makes

the objection does not need to prove anything: on the contrary it is

necessary to destroy the objection and to show that its author is
saying what is false‘.’I

That is, in general the objection endeavours to make it appear that

the demonstration is not true in every case; and it is then necessary

to prove, in refutation of the objection, either that the supposed case

is impossible, or that the demonstration is true even for that case. A

good instance is afforded by Eucl. I. 7. The text-books give a second

case which is not in the original text of Euclid. Proclus remarks on

the proposition as given by Euclid that the objection may conceivably

be raised that what Euclid declares to be impossible may after all be

possible in the event of one pair of straight lines falling completely

within the other pair. Proclus then refutes the objection by proving

the impossibility in that case also. His proof then came to be given

in the text-books as part of Euclid’s proposition.

The objection is one of the technical terms in Aristotle’s logic and

its nature is explained in the Prior Analytics". “An objection is a

proposition contrary to a proposition.... Objections are of two sorts,

general or partial.... For when it is maintained that an attribute

belongs to every (member of a class), we object either that it belongs

to none (of the class) or that there is some one (member of the class)

to which it does not belong.”

6. Reduction.

This is again an Aristotelian term, explained in the Prior

Analytics’. It is well described by Proclus in the following passage:

“ Reduction (a'wwywyrj) is a transition from one problem or theorem

to another, the solution or proof of which makes that which is pro

pounded manifest also. For example, after the doubling of the cube

had been investigated, they transformed the investigation into another

upon which it follows, namely the finding of the two means ; and from

that time forward they inquired how between two given straight lines

two mean proportionals could be discovered. And they say that the

first to effect the reduction of difiicult constructions was Hippocrates of

Chios, who also squared a lune and discovered many other things in

geometry, being second to none in ingenuity as regards constructions‘."

clusions of his propositions, Euclid inserts them before the closing words "(being) what it

was required to do ’ or "to prove." In fact the porism-corollary is with Euclid rather a

modified form of the regular conclusion than a separate proposition.

1 Proclus, P. am, I8—23.

“ AnaLprior. II. 26, 69 a 37. 1‘ ibid. II. 15, 69a 20.

‘ Proclus, pp. an, zit—“3. II. This passage has frequently been taken as crediting

Hippocrates with the discovery of the method of geometrical reduction : cf. Taylor (Transla

tion of Proclus, II. p. 16), Allman (p. 4! 11., 5o), Gow (pp. I69, I70). As Tannery remarks

(p. no), if the particular reduction of the duplication problem to that of the two means is
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7. Reductio ad absurdum.

This is variously called by Aristotle “ redm'tia ad absurdum” (1'; sis‘

r6 dSiiua-rov dvrwymryri)‘, “ proof per imparsibile” 8m‘. 'roii a'Suva’Tov

862539 or a'vro'SaEm)“, “proof leading to the impossible” (1'; Gig‘ 1'6

(iSJua'i-ou d'yovcra (in-686419)’. It is part of “proof (starting) from a

hypothesis‘" (e'f t'nrofiéaewq). "All (syllogisms) which reach the

conclusion per impossibi/e reason out a conclusion which is false, and

they prove the original contention (by the method starting) from a

hypothesis, when something impossible results from assuming the

contradictory of the original contention, as, for example, when it is

proved that the diagonal (of a square) is incommensurable because,

if it be assumed commensurable, it will follow that odd (numbers)

are equal to even (numbers)"’." Or again, “proof (leading) to the

impossible difi'ers from the direct (Sew'rucfis) in that it assumes what

it desires to destroy [namely the hypothesis of the falsity of the

conclusion] and then reduces it to something admittedly false, whereas

the direct proof starts from premisses admittedly true“.”

Proclus has the following description of the reductio ad abrurdum.

“Proofs by reductio ad absurdum in every case reach a conclusion

manifestly impossible, a conclusion the contradictory of which is

admitted. In some cases the conclusions are found to conflict with

the common notions, or the postulates, or the hypotheses (from which

we started); in others they contradict propositions previously estab

lished”’...“ Every reductio ad absurdum assumes what conflicts with

the desired result, then, using that as a basis, proceeds until it arrives

at an admitted absurdity, and, by thus destroying the hypothesis,

establishes the result originally desired. For it is necessary to under

stand generally that all mathematical arguments either proceed from

the first principles or lead back to them, as l’orphyry somewhere says.

And those which proceed from the first principles are again of two

kinds, for they start either from common notions and the clearness of

the self-evident alone, or from results previously proved ; while those

which lead back to the principles are either by way of assuming the

principles or by way of destroying them. Those which assume the

principles are called analyses, and the opposite of these are synl/zeses—

for it is possible to start from the said principles and to proceed in

the regular order to the desired conclusion, and this process is syn

thesis—while the arguments which would destroy the principles are

the first noted in history, it is difficult to suppose that it was really the first ; for Hippocrates

must have found instances of it in the Pythagorean geometry. Bretschneider, I think, comes

nearer the truth when he boldly (p. 99) translates: “This reduction ofl/ze aforeraid mn

rtrur/ion is said to have been first given by Hippocrates." The words are irptirrov 6é 95am

161w dropouuévwv 5ta'ypaumirwv ‘rip drwyuryfiv roificraa'flai, which must. literally, be translated

as in the text above; but, when Proclus speaks vaguely of “difiicult constructions,” he

probably means to say simply that “this first recorded instance of a reduction of a difficult

construction is attributed to Hippocrates.”

1 Aristotle. AnaLprior. l. 7, 19 b 5; I. 44, 50 a 30.

find. 1.11, 39 b 31; I. 2 ,45 a 35.

ArmLpust. l. 14, 85 a 1 etc. ‘ AnaLpr-ior. t. 23, 40 b 25.

Anal. prior. 1. 23, 4t a 14. 5 Mia’. ll. 14, 62 b 29.

Proclus, p. 254., '1'1—27.

no

uat:
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called reductiones ad absurdum. For it is the function of this method

to upset something admitted as clear‘.”

8. Analysis and Synthesis.

It will be seen from the note on Eucl. XIII. I that the MSS. of the

Elements contain definitions of Analysis and Synthesis followed by

alternative proofs of XIII. 1—5 after that method. The definitions and

alternative proofs are interpolated, but they have great historical

interest because of the possibility that they represent an ancient

method of dealing with these propositions, anterior to Euclid. The

propositions give properties of a line cut “in extreme and mean ratio,"

and they are preliminary to the construction and comparison of the

five regular solids. Now Pappus, in the section of his Collection dealing

with the latter subject’, says that he will give the comparisons between

the five figures, the pyramid, cube, octahedron, dodecahedron and

icosahedron, which have equal surfaces, “ not by means of the so-called

analytical inquiry, by which some of the ancients worked out the proofs,

but by the synthetical method‘....” The conjecture of Bretschneider

that the matter interpolated in Eucl. XIII. is a survival of investiga

tions due to Eudoxus has at first sight much to commend it‘. In the

first place, we are told by Proclus that Eudoxus “greatly added to

the number of the theorems which Plato originated regarding the

section, and employed in them the method of analysis‘.” It is obvious

that “the section” was some particular section which by the time of

Plato had assumed great importance; and the one section of which

this can safely be said is that which was called the “golden section,”

namely, the division of a straight line in extreme and mean ratio

which appears in Eucl. II. 11 and is therefore most probably Pytha

gorean. Secondly, as Cantor points out“, Eudoxus was the founder

of the theory of proportions in the form in which we find it in Euclid

V., vI., and it was no doubt through meeting, in the course of his

investigations, with proportions not expressible by whole numbers

that he came to realise the necessity for a new theory of proportions

which should be applicable to incommensurable as well as commen

surable magnitudes. The “golden section” would furnish such a case.

And it is even mentioned by Proclus in this connexion. He is

explaining7 that it is only in arithmetic that all quantities bear

“rational” ratios (puns: A6709) to one another, while in geometry there

are “irrational” ones (tipprrroq) as well. “Theorems about sections

like those in Euclid's second Book are common to both [arithmetic

and geometry] except that in which the straight line is cut in extreme

and mean ratio“."

1 Proclus, p. 155, 8—26.

2 Pappus, v. p. 410 sqq- ‘ ibin'. pp. 410, 27—411, 2.

‘ Bretschneider, p. 168. See however Heiberg’s recent suggestion (Parolxpomena zu

Euhlid in Hermes, XXXVIIL, 1903) that the author was Heron. The suggestion is based

on a comparison with the remarks on analysis and synthesis quoted from Heron by an-Nairizi

(ed. Curtze, p. 89) at the beginning of his commentary on Eucl. Book 11. On the whole,

this suggestion commends itself to me more than that of Bretschneider.

‘ Proclus, p. 67, 6. “ Cantor, Gesch. d. Mal/1. 18, p. 241.

7 Proclus, p. 60, 7—9. 8 ibitl. p. 60, ifs—~19.
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The definitions of Analysis and Synt/zesi: interpolated in Eucl.

XIII. are as follows (I adopt the reading of B and V, the only in

telligible one, for the second).

“Analysis is an assumption of that which is sought as if it were

admitted < and the passage > through its consequences to something

admitted (to be) true.

“Synthesis is an assumption of that which is admitted < and the

passage > through its consequences to the finishing or attainment of

what is sought.”

The language is by no means clear and has, at the best, to be

filled out.

Pappus has a fuller account‘:

“The so-called u’vakuépeuoq (‘Treasury of Analysis’) is, to put it

shortly, a special body of doctrine provided for the use of those who,

after finishing the ordinary Elements, are desirous of acquiring the

power of solving problems which may be set them involving (the

construction of) lines, and it is useful for this alone. It is the work

of three men, Euclid the author of the Elements, Apollonius of Perga,

and Aristaeus the elder, and proceeds by way of analysis and synthesis.

“Analysis then takes that which is sought as if it were admitted

and passes from it through its successive consequences to something

which is admitted as the result of synthesis: for in analysis we assume

that which is sought as if it were (already) done (76701169), and we

inquire what it is from which this results, and again what is the ante—

cedent cause of the latter, and so on, until by so retracing our steps

we come upon something already known or belonging to the class of

first principles, and such a method we call analysis as being solution

backwards (dud'n‘aXw M50111).

“ But in synthesis, reversing the process, we take as already done

that which was last arrived at in the analysis and, by arranging in

their natural order as consequences what were before antecedents,

and successively connecting them one with another, we arrive finally

at the construction of what was sought; and this we call synthesis.

“Now analysis is of two kinds, the one directed to searching for

the truth and called t/worctical, the other directed to finding what we

are told to find and called froélematiml. (I) In the Ikeorelz'cal kind

we assume what is sought as if it were existent and true, after which

we pass through its successive consequences, as if they too were true

and established by virtue of our hypothesis, to something admitted:

then (a), if that something admitted is true, that which is sought will

also be true and the proof will correspond in the reverse order to the

analysis, but (b), if we come upon something admittedly false, that

which is sought will also be false. (2) In the problematiml kind we

assume that which is propounded as if it were known, after which we

pass through its successive consequences, taking them as true, up to

something admitted: if then (a) what is admitted is possible and

obtainable, that is, what mathematicians call given, what was originally

proposed will also be possible, and the proof will again correspond in

' Pappus, VII. pp. 634—6.
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reverse order to the analysis, but if (b) we come upon something

admittedly impossible, the problem will also be impossible."

The ancient Analysis has been made the subject of careful studies

by several writers during the last half-century, the most complete

being those of Hankel, Duhamel and Zeuthen ; others by Ofterdinger

and Cantor should also be mentioned‘.

The method is as follows. It is required, let us say, to prove that

a certain proposition A is true. We assume as a hypothesis that A

is true and, starting from this we find that, if A is true, a certain

other proposition B is true; if B is true, then C; and so on until

we arrive at a proposition K which is admittedly true. The object

of the method is to enable us to infer, in the reverse order, that, since

K is true, the proposition A originally assumed is true. Now

Aristotle had already made it clear that false hypotheses might lead

to a conclusion which is true. There is therefore a possibility of error

unless a certain precaution is taken. While, for example, B may be a

necessary consequence of A, it may happen that A is not a necessary

consequence of B. Thus, in order that the reverse inference from the

truth of K that A is true may be logically justified, it is necessary

that each step in the chain of inferences should be unconditionally

convertible. As a matter of fact, a very large number of theorems in

elementary geometry are unconditionally convertible,so that in practice

the difficulty in securing that the successive steps shall be convertible

is not so great as might be supposed. But care is always necessary.

For example, as Hankel says 2, a proposition may not be uncon

ditionally convertible in the form in which it is generally quoted.

Thus the proposition “ The vertices of all triangles having a common

base and constant vertical angle lie on a circle" cannot be converted

into the proposition that “All triangles with common base and vertices

lying on a circle have a constant vertical angle”; for this is only true

if the further conditions are satisfied (I) that the circle passes through

the extremities of the common base and (2) that only that part of the

circle is taken as the locus of the vertices which lies on one side of the

base. If these conditions are added, the proposition is unconditionally

convertible. Or again, as Zeuthen remarks", K may be obtained by

a series of inferences in which A or some other proposition in the

series is only apparentéy used; this would be the case e.g. when the

method of modern algebra is being employed and the expressions on

each side of the sign of equality have been inadvertently multiplied

by some composite magnitude which is in reality equal to zero.

Although the above extract from Pappus does not make it clear

that each step in the chain of argument must be convertible in the

case taken, he almost implies this in the second part of the definition

of Analysis where, instead of speaking of the consequences B, C...

1 Hankel, Zur Gert/n'c/zlz (fer Mal/Irma!!!‘ inAIIlrI/mm und/ilillrla/Irr, 1874, pp. 157—150;

Duhamel, De: mJ/Iwdz: dans le: .rn'mre: dc raz'rormeflzml, Part 1., 3 ed., Paris, 1885, pp. 39—68;

Zeuthen, Gert/lid”: der Alalliemalz‘k im Alarm”: and Aline/all”, i896. pp. 92—104;

Ofterdinger, Beilrdlge zur Gzsc/u'r/lle der gn'er/zirrllm flIal/zmlah'k, Ulm, 1860; Cantor,

Gm'hirlm der Malllematik, 13, pp. 220—2.

'-l Hankel, p. I39. ‘‘ Zeuthen, p. lo3.
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successively following from A, he suddenly changes the expression

and says that we inquire w/zat it is (B)from w/tic/i A follows (A being

thus the consequence of B, instead of the reverse), and then what

(viz. C)’ is the antecedent cause of B; and in practice the Greeks

secured what was wanted by always insisting on the analysis being

confirmed by subsequent syntlzesis, that is, they laboriously worked

backwards the whole way from K to A, reversing the order of the

analysis, which process would undoubtedly bring to light any flaw

which had crept into the argument through the accidental neglect of

the necessary precautions.

Rednctio ad absnrdnm a variety of analysis.

In the process of analysis starting from the hypothesis that a

proposition A is true and passing through B, C... as successive con

sequences we may arrive at a proposition K which, instead of being

admittedly true, is either admittedly false or the contradictory of the

original hypothesis A or of some one or more of the propositions B, C...

intermediate between A and K. Now correct inference from a true

proposition cannot lead to a false proposition ; and in this case there

fore we may at once conclude, without any inquiry whether the

various steps in the argument are convertible or not, that the hypo

thesis A is false, for, if it were true, all the consequences correctly

inferred from it would be true and no incompatibility could arise.

This method of proving that a given hypothesis is false furnishes an

indirect method of proving that a given hypothesis A is true, since we

have only to take the contradictotj/ of A and to prove that it is false.

This is the method of rednctio ad absnrdnm, which is therefore a variety

of analysis. The contradictory of A, or not-A, will generally include

more than one case and, in order to prove its falsity, each of the cases

must be separately disposed of: e.g., if it is desired to prove that a

certain part of a figure is equal to some other part, we take separately

the hypotheses (I) that it is greater, (2) that it is less, and prove

that each of these hypotheses leads to a conclusion either admittedly

false or contradictory to the hypothesis itself or to some one of its

consequences.

Analysis as applied to problems.

It is in relation to problems that the ancient analysis has the

greatest significance, because it was the one general method which

the Greeks used for solving all “the more abstruse problems” (“rd

a'o'atpéa'repa 'rtiw 7rpoB7u7/id1'wu)‘.

We have, let us suppose, to construct a figure satisfying a certain

set of conditions. If we are to proceed at all methodically and not

by mere guesswork, it is first necessary to "analyse” those conditions.

To enable this to be done we must get them clearly in our minds,

which is only possible by assuming all the conditions to be actually

fulfilled, in other words, by supposing the problem solved. Then we

have to transform those conditions, by all the means which practice in

such cases has taught us to employ, into other conditions which are

necessarily fulfilled if the original conditions are, and to continue this

‘ Proclus, p. 142, I6, I7.
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transformation until we at length arrive at conditions which we

are in a position to satisfy‘. In other words, we must arrive at

some relation which enables us to construct a particular part of

the figure which, it is true, has been hypothetically assumed and

even drawn, but which nevertheless really requires to be found in

order that the problem may be solved. From that moment the

particular part of the figure becomes one of the data, and a fresh

relation has to be found which enables a fresh part of the figure

to be determined by means of the original data and the new one

together. When this is done, the second new part of the figure also

belongs to the data; and we proceed in this way until all the parts

of the required figure are found”. The first part of the analysis

down to the point of discovery of a relation which enables

us to say that a certain new part of the figure not belonging

to the original data is given, Hankel calls the transformation; the

second part, in which it is proved that all the remaining parts of

the figure are “given,” he calls the resolution. Then follows the

synthesis, which also consists of two parts, (1) the construction, in

the order in which it has to be actually carried out, and in general

following the course of the second part of the analysis, the resolution ;

(2) the demonstration that the figure obtained does satisfy all the given

conditions, which follows the steps of the first part of the analysis,

the transformation, but in the reverse order. The second part of

the analysis, the resolution, would be much facilitated and shortened

by the existence of a systematic collection of Data such as Euclid’s

book bearing that title, consisting of propositions proving that, if

in a figure certain parts or relations are given, other parts or relations

are also given. As regards the first part of the analysis, the trans

formation, the usual rule applies that every step in the chain must

be unconditionally convertible; and any failure to observe this

condition will be brought to light by the subsequent synthesis.

The second part, the resolution, can be directly turned into the

construction since that only is given which can be constructed by

the means provided in the Elemcnts.

It would be difficult to find a better illustration of the above than

the example chosen by Hankel from Pappus”.

Given a circle ABC and two points D, E exlornal to it, to draw

string/ll lines DB, EBfrom D, E to a point B on l/u’ circle sue/i t/zat,

if DB, EB produccd nzcet l/ze circle again in C, A, AC s/zall be parallel

to DE.

Analysis. _

Suppose the problem solved and the tangent at A drawn, meeting

ED produced in F.

(Part I. Transformation.)

Then, since AC is parallel to DE, the angle at C is equal to the

angle CDE.

But, since FA is a tangent, the angle at C is equal to the angle FAE.

Therefore the angle FAE is equal to the angle CDE, whence A,

B, D, F are concyclic.

1 Zeuthen, p. 93. 2 Hankel, p. r4r. 1‘ Pappus, vtt. pp. 830—1.
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Therefore the rectangle AE, EB is equal to the rectangle FE,

ED.

(Part II. Resolution.)

But the rectangle AE, EB is given, A c

because it is equal to the square on the

tangent from E. ‘

Therefore the rectangle FE, ED is

given ;

and, since ED is given, FE is given (in

length). [Data, 57.]

But FE is given in position also, so F D E

that F is also given. [Data, 27.]

Now FA is the tangent from a given point F to a circle ABC

given in position;

therefore FA is given in position and magnitude. [Data,

And F is given ; therefore A is given.

But E is also given; therefore the straight line AE is given in

position. [Data, 26.]

And the circle ABC is given in position ;

therefore the point B is also given. [Data, 25.]

But the points D, E are also given ;

therefore the straight lines DB, BE are also given in position.

Synthesis.

(Part 1. Construction.)

Suppose the circle ABC and the points D, E given.

Take a rectangle contained by ED and by a certain straight

line EF equal to the square on the tangent to the circle frotn E.

From F draw FA touching the circle in A ; join ABE and then

DB, producing DB to meet the circle at C. join AC.

1 say then that AC is parallel to DE.

(Part II. Demonstration.)

Since, by hypothesis, the rectangle FE, ED is equal to the square

on the tangent from E, which again is equal to the rectangle AE, EB,

the rectangle AE, EB is equal to the rectangle FE, ED.

Therefore A, B, D, F are concyclic,

whence the angle FAE is equal to the angle BDE.

But the angle FAE is equal to the angle ACB in the alternate

segment ;

therefore the angle A CB is equal to the angle BDE.

Therefore A C is parallel to DE.

In cases where a Siopw/iée is necessary, i.e. where a solution is

only possible under certain conditions, the analysis will enable those

conditions to be ascertained. Sometimes the 8iopio-p69 is stated and

proved at the end of the analysis, eg. in Archimedes, 0n the Sphere

and Cylinder, II. 7 ; sometimes it is stated in that place and the proof

postponed till after the end of the synthesis, e.g. in the solution of

the problem subsidiary to ()n the Sphere and Cylinder, II. 4, preserved

in Eutocius’ commentary on that proposition. The analysis should

also enable us to determine the number of solutions of which the

problem is susceptible.
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§7. THE DEFINITIONS.

General. “Real” and “Nomina1" Definitions.

It is necessary, says Aristotle, whenever any one treats of any

whole subject, to divide the genus into its primary constituents, those

which are indivisible in species respectively: e.g. number must be

divided into triad and dyad; then an attempt must be made in this

way to obtain definitions, e.g. of a straight line, of a circle, and of

a right angle‘.

The word for definition is ilpoc. The original meaning of this

word seems to have been “boundary,” “landmark." Then we have

it in Plato and Aristotle in the sense of standard or determining

principle (“id quo alicuius rei natura constituitur vel definitur,”

Index Aristatelicusy; and closely connected with this is the sense of

definition. Aristotle uses both 3pm; and a'pwpciq for definition, the

former occurring more frequently in the Topics, the latter in the

Metaphysics.

Let us now first be clear as to what a definition does not do.

There is nothing in connexion with definitions which Aristotle takes

more pains to emphasise than that a definition asserts nothing as to

the existence or non-existence of the thing defined. It is an answer

to the question what a thing is (11' éO'TL), and does not say t/zat it

is (67:, é'a-n). The existence of the various things defined has to be

proved, except in the case of a few primary things in each science,

the existence of which is indemonstrable and must be assumed among

the first principles of each science ; e.g. points and lines in geometry

must be assumed to exist, but the existence of everything else must

be proved. This is stated clearly in the long passage quoted above

under First Principles”. It is reasserted in such passages as the

following. “ The (answer to the question) what is a man and the

fact that a man exists are different things‘.” “ It is clear that, even

according to the view of definitions now current, those who define

things do not prove that they exist-"'.” “\Ne say that it is by

demonstratioli that we must show that everything exists, except

essence (6i pi] ollo'i’a el’q). But the existence of a thing is never

essence; for the existent is not a genus. Therefore there must be

demonstration that a thing exists. Thus, what is meant by triangle

the geometer assumes, but that it exists he has to prove"." “Anterior

knowledge of two sorts is necessary: for it is necessary to presuppose,

with regard to some things, that they exist; in other cases it is

necessary to understand 101111! the thing described is, and in other

cases it is necessary to do both. Thus, with the fact that one of two

contradictories must be true, we must know that it exists (is true);

1 Anal. past. 11. 13,96b15.

’ Cf. De anima, I. 1, 4,04, a 9, where “ breathing” is spoken of as the Spa: of “ life," and

the many passages in the Politics where the word is used to denote that which gives its

sperial diameter to the several forms of government (virtue being the Jpo: of aristocracy,

wealth of oligarchy, liberty of democracy, 1294 a lo) ; Plato, Nepali/fr, VH1. 55! C.

3 AnaLposl. I. lo, 76 a 3! sqq. ‘ ibid. 1|. 7, 92 b 10.

5 Mia’. 92 h I9. 6 ibid. 92 h n sqq.
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of the triangle we must know that it means such and such a thing; of

the unit we must know both what it means and that it exists‘.” What

is here so much insisted on is the very fact which Mill pointed out

in his discussion of earlier views of Definitions, where he says that

the so-called real definitions or definitions of things do not constitute

a different kind of definition from nominal definitions, or definitions

of names; the former is simply the latter plus something else, namely

a covert assertion that the thing defined exists. “This covert assertion

is not a definition but a postulate. The definition is a mere identical

proposition which gives information only about the use of language,

and from which no conclusion affecting matters of fact can possibly

be drawn. The accompanying postulate, on the other hand, affirms

a fact which may lead to consequences of every degree of importance.

It affirms the actual or possible existence of Things possessing the

combination of attributes set forth in the definition : and this, if true,

may be foundation sufi‘icient on which to build a whole fabric of

scientific truth'." This statement really adds nothing to Aristotle's

doctrine": it has even the slight disadvantage, due to the use of

the word “postulate” to describe “the covert assertion” in all cases,

of not definitely pointing out that there are cases where existence

has to be proved as distinct from those where it must be assumed.

It is true that the existence of a definiend may have to be taken

for granted provisionally until the time comes for proving it; but,

so far as regards any case where existence must be proved sooner

or later, the provisional assumption would be for Aristotle, not a

postulate, but a Izypotlzesis. In modern times, too, Mill's account of

the true distinction between real and nominal definitions had been

fully anticipated by Saccheri‘, the editor of Eur/ides ab omni nact'o

'z’indimtu: (1733), famous in the history of non-Euclidean geometry.

In his Logz'ca Demonstratitla (to which he also refers in his Euclid)

Saccheri lays down the clear distinction between what he calls de

finition“ quid namz'm's or nomina/cs, and dcfiuz'tzbne: quid rei or realm‘,

namely that the former are only intended to explain the meaning

1 Anal. poi-l. I. I, 7! a n sqq. 2 Mill's Syr/em o Logir, Bk. 1. ch. viii.

' It is true that it was in opposition to "the ideas of most 0 the Arislolrliun lagiriaus”

(rather than of Aristotle himself) that Mill laid such stress on his point of view. Cf. his

observation: “ We have already made, and shall often have to repeat, the remark, that the

philosophers who overthrew Realism by no means got rid of the consequences of Realism,

but retained long afterwards, in their own philosophy, numerous propositions which could

only have a rational meaning as art of a Realistic system. It had been handed down from

Aristotle, and probably from ea ier times, as an obvious truth, that the science of geometry

is deduced from definitions. This, so long as a definition was considered to be a proposition

‘unfolding the nature of the thing,’ did well enough. But Hobbes followed and rejected

utterly the notion that a definition declares the nature of the thing, or does anything but

state the meaning ofa name; yet he continued to afiirm as broadly as any of his predecessors

that the dpxal, prinn'pi'a, or original premisses of mathematics. and even of all science, are

definitions; producing the singular paradox that systems of scientific truth, nay, all truths

whatever at which we arrive by reasoning. are deduced from the arbitrary conventions of

mankind concerning the signification of words." Aristotle was guilty of no such paradox;

on the contrary, he exposed it as plainly as did Mill.

‘ This has been fully brought out in two papers by G. Vailati, La feon'a Arirlatelim dz/la

dgfiniziaue (A’z'w'rla a'i I'i'lora/ia e sn'mze aflm', l 3), and 01' an’ opera dimenlicala del

P. Gerolamo San/rm’ (“ Logica DemOnstrativa," l 97) (in It’ivirla Filorzfim, 1903).
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that is to be attached to a given term, whereas the latter, besides

declaring the meaning of a word, affirm at the same time the existence

of the thing defined or, in geometry, the possibility of constructing it.

The definitio quid nominis becomes a definitio quid rei “by means of a

postulate, or when we come to the question whether the thing exists and

it is answered ai’firmatively‘." Dij/initiones quid nominis are in them

selves quite arbitrary, and neither require nor are capable of proof;

they are merely provisional and are only intended to be turned as

quickly as possible into dey‘initiones quid rei, either (I) by means of

a postulate in which it is asserted or conceded that what is defined

exists or can be constructed, e.g. in the case of strazgltt lines and

circles, to which Euclid’s first three postulates refer, or (2) by

means of a demonstration reducing the construction of the figure

defined to the successive carrying-out of a certain number of those

elementary constructions, the possibility of which is postulated. Thus

definitiones quid rei are in general obtained as the result of a series of

demonstrations. Saccheri gives as an instance the construction of a

square in Euclid I. 46. Suppose that it is objected that Euclid had

no right to define a square, as he does at the beginning of the Book,

when it was not certain that such a figure exists in nature; the

objection, he says, could only have force if, before proving and making

the construction, Euclid had assumed the aforesaid figure as given.

That Euclid is not guilty of this error is clear from the fact that

he never presupposes the existence of the square as defined until

after I. 46.

Confusion between the nominal and the real definition as thus de

scribed, i.e. the use of the former in demonstration before it has been

turned into the latter by the necessary proof that the thing defined

exists, is according to Saccheri one of the most fruitful sources of

illusory demonstration, and the danger is greater in proportion to

the “complexity” of the definition, i.e. the number and variety of

the attributes belonging to the thing defined. For the greater is the

possibility that there may be among the attributes some that are

incompatible, i.e. the simultaneous presence of which in a given figure

can be proved, by means of other postulates etc. forming part of the

basis of the science, to be impossible.

The same thought is expressed by Leibniz also. “If,” he says,

“ we give any definition, and it is not clear from it that the idea, which

we ascribe to the thing, is possible, we cannot rely upon the demon

strations which we have derived from that definition, because, if that

idea by chance involves a contradiction, it is possible that even con

tradictories may be true of it at one and the same time, and thus our

demonstrations will be useless. Whence it is clear that definitions

are not arbitrary. And this is a secret which is hardly sufiiciently

known’.” Leibniz’ favourite illustration was the “regular polyhedron

with ten faces,” the impossibility of which is not obvious at first sight.

I "Definitio quid nominis nata est evadere definitio qiuid rei per postulatnnz vel dum

venitur ad quaestionem an est et respondetur aifinnative. _

’ Opuscules etfrag'ments inéditsde Leibniz, Paris, Alcan, I903, p. 431. Quoted by Vailati.

H. E. IO
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It need hardly be added that, speaking generally, Euclid's defini

tions, and his use of them, agree with the doctrine of Aristotle

that the definitions themselves say nothing as to the existence of the

things defined, but that the existence of each of them must be

proved or (in the case of the “ principles”) assumed. In geometry,

says Aristotle, the existence of points and lines only must be as

sumed, the existence of the rest being proved. Accordingly Euclid’s

first three postulates declare the possibility of constructing straight

lines and circles (the only “ lines " except straight lines used in the

Elements). Other things are defined and afterwards constructed and

proved to exist: e.g. in Book I., Def. 20, it is explained what is meant

by an equilateral triangle; then (I. I) it is proposed to construct it,

and, when constructed, it is proved to agree with the definition.

When a square is defined (I. Def. 22), the question whether such a

thing really exists is left open until, in 1.46, it is proposed to construct

it and, when constructed, it is proved to satisfy the definition‘.

Similarly with the right angle (I. Def. IO, and I. 11) and parallels

(I. Def. 23, and I. 27--29). The greatest care is taken to exclude

mere presumption and imagination. The transition from the sub

jective definition of names to the objective definition of things is

made, in geometry, by means of constructions (the first principles of

which are postulated), as in other sciences it is made by means of

experience’.

Aristotle’s requirements in a definition.

We now come to the positive characteristics by which, according

to Aristotle, scientific definitions must be marked.

First, the different attributes in a definition, when taken separately,

cover more than the notion defined, but the combination of them

does not. Aristotle illustrates this by the “triad,” into which enter

the several notions of number, odd and prime, and the last “ in both

its two senses (a) of not being measured by any (other) number (:59

m‘; perpeiatiat dpwpq'i) and (o) of not being obtainable by adding

numbers together” (die In‘; avryxeia'eat éE a’ptdpd‘w), a unit not being a

number. Of these attributes some are present in all other odd

numbers as well, while the last [primeness in the second sense]

belongs also to the dyad, but in nothing but the triad are they all

present‘." The fact can be equally well illustrated from geometry.

Thus, e.g. into the definition of a square (Eucl. 1., Def. 22) there enter

the several notions of figure, four-sided, equilateral, and right-angled,

each of which covers more than the notion into which all enter as

attributes‘.

Secondly, a definition must be expressed in terms of things which

are prior to, and better known than, the things defined‘. This is

1 Trendelenburg. Elemmla Logires Arislotrleaz, § 50.

' Trendelenburg, Erlr'mlerungen zu den Elemental dor an'sloleh'srfien Logik, 3 ed. p. 107.

On construction as proof of existence in ancient geometry cf. H. G. Zeuthen, Die gtomtlrisc/u

Couslruation nls “Existenzbnueis" in drr anlil'm Geometric (in [llaI/umah'sr/n Annalen,

47. Ban ).

‘ Anal. post. II. 13, 96 a 33-b r.

‘ Trendelenburg, Erlo‘utemngm, p. 108. ° Topirs VI. 4, 141 a a6 sqq.
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clear, since the object of a definition is to give us knowledge of the

thing defined, and it is by means of things prior and better known

that we acquire fresh knowledge, as in the course of demonstrations.

But the terms “prior” and “better known " are, as usual susceptible

of two meanings; they may mean (I) absolutely or logically prior and

better known, or (2) better known relatively to us. In the absolute

sense, or from the standpoint of reason, a point is better known than

a line, a line than a plane, and a plane than a solid, as also a unit is

better known than number (for the unit is prior to, and the first

principle of, any number). Similarly, in the absolute sense, a letter is

prior to a syllable. But the case is sometimes different relatively to

us; for example, a solid is more easily realised by the senses than a

plane, a plane than a line, and a line than a point. Hence, while it is

more scientific to begin with the absolutely prior, it may, perhaps, be

permissible, in case the learner is not capable of following the scientific

order, to explain things by means of what is more intelligible to lu'm.

“Among the definitions framed on this principle are those of the

point, the line and the plane; all these explain what is prior by

means of what is posterior, for the point is described as the extremity

of a line, the line of a plane, the plane of a solid.” But, if it is asserted

that such definitions by means of things which are more intelligible

relatively only to a particular individual are really definitions, it will

follow that there may be many definitions of the same thing, one for

each individual for whom a thing is being defined, and even different

definitions for one and the same individual at different times, since at

first sensible objects are more intelligible, while to a better trained

mind they become less so. It follows therefore that a thing should

be defined by means of the absolutely prior and not the relatively

prior, in order that there may be one sole and immutable definition.

This is further enforced by reference to the requirement that a good

definition must state the genus and the dlfl’erentz'ae, for these are

among the things which are, in the absolute sense, better known than,

and prior to, the species (161/ drrkw's 'yuwpmw'répwv real rporépwv 'rofi

el’Souc e’a-riy). For to destroy the genus and the difi’erentia is to

destroy the species, so that the former are prior to the species; they

are also better known, for, when the species is known, the genus and

the differentia must necessarily be known also, e.g. he who knows

“man” must also know “animal” and “ land-animal,” but it does not

follow, when the genus and differentia are known, that the species is

known too, and hence the species is less known than they are‘. It

may be frankly admitted that the scientific definition will require

superior mental powers for its apprehension; and the extent of its

use must be a matter of discretion. So far Aristotle; and we have

here the best possible explanation why Euclid supplemented his

definition of a point by the statement in I. Def. 3 that the extremities of

a line are points and his definition of a surface by 1. Def. 6 to the effect

that the extremities of a surjfaee are lines. The supplementary expla

1 Topia VI. 4, 141 b '15—34.

10—2
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nations do in fact enable us to arrive at a better understanding of the

formal definitions of a point and a line respectively, as is well ex

plained by Simson in his note on Def. I. Simson says, namely, that

we must consider a solid, that is, a magnitude which has length,

breadth and thickness, in order to understand aright the definitions of

a point, a line and a surface. Consider, for instance, the boundary

common to two solids which are contiguous or the boundary which

divides one solid into two contiguous parts; this boundary is a surface.

We can prove that it has no thickness by taking away either solid,

when it remains the boundary of the other; for, if it had thickness, the

thickness must either be a part of one solid or of the other, in which

case to take away one or other solid would take away the thickness

and therefore the boundary itself: which is impossible. Therefore

the boundary or the surface has no thickness. In exactly the same

way, regarding a line as the boundary of two contiguous surfaces, we

prove that the line has no breadth; and, lastly, regarding a point as

the common boundary or extremity of two lines, we prove that a

point has no length, breadth or thickness.

Aristotle on unscientific definitions.

Aristotle distinguishes three kinds of definition which are un

scientific because founded on what is not prior (m) 6'’: 1rpore'pwv). The

first is a definition of a thing by means of its opposite, e.g. of “ good ”

by means of “bad”; this is wrong because opposites are naturally

evolved together, and the knowledge of opposites is not uncommonly

regarded as one and the same, so that one of the two opposites

cannot be better known than the other. It is true that, in some

cases of opposites, it would appear that no other sort of definition is

possible: e.g. it would seem impossible to define double apart from the

half and, generally, this would be the case with things which in their

very nature (Ka0’ ail-rd) are relative terms (7rpdc n 7té'ye'rat), since one

cannot be known without the other, so that in the notion of either the

other must be comprised as well‘. The second kind of definition

which is based on what is not prior is that in which there is a

complete circle through the unconscious use in the definition itself of

the notion to be defined though not of the name’. Trendelenburg

illustrates this by two current definitions, (I) that of magnitude as

that which can be increased or diminished, which is bad because the

positive and negative comparatives “ more ” and “less” presuppose

the notion of the positive “great,” (2) the famous Euclidean definition

of a straight line as that which “lies evenly with the points on itself"

(e’f i’a-ou 'ro'iq s’¢' e'aurfis a'queiots‘ xeZ-nu), where “lies evenly” can only

be understood with the aid of the very notion of a straight line which is

to be defined“. The third kind of vicious definition from that which

is not prior is the definition of one of two coordinate species by means

of its coordinate (dwiSLym/iéuov), e.g. a definition of “odd” as that

which exceeds the even by a unit (the second alternative in Eucl. VII.

Def. 7); for “odd ” and “even ” are coordinates, being dzfxrentzae of

1 Topies VI. 4,, 141 a 11—31. 2 Mid. 142 a 34—b 6.

3 Trendelenburg, Erlz'z'ulemngen, p. u 5.
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number‘. This third kind is similar to the first. Thus, says Tren

delenburg, it would be wrong to define a square as “a rectangle

with equal sides.”

Aristotle's third requirement.

A third general observation of Aristotle which is specially relevant

to geometrical definitions is that “to know wlzat a thing is (1'5 e’a-rw) is

the same as knowing wlzy it is (8L2: 'ri e'a-rw)"_” “ l/V/zat is an eclipse?

A deprivation of light from the moon through the interposition of the

earth. Why does an eclipse take place? Or why is the moon

eclipsed? Because the light fails through the earth obstructing it.

Wlzat is harmony? A ratio of numbers in high or low pitch. Why

does the high-pitched harmonise with the low-pitched? Because

the high and the low have a numerical ratio to one anotheri‘.” “We

seek the cause (11) Sui-n) when we are already in possession of the

fact (76 6n). Sometimes they both become evident at the same time,

but at all events the cause cannot possibly be known [as a cause]

before the fact is known‘." “ It is impossible to know wlzat a thing is

if we do not know that it is“.” Trendelenburg paraphrases: “The

definition of the notion does not fulfil its purpose until it is made

genetic. It is the producing cause which first reveals the essence of

the thing... The nominal definitions of geometry have only a

provisional significance and are superseded as soon as they are made

genetic by means of construction." Eg. the genetic definition of a

parallelogram is evolved from Eucl. I. 3! (giving the construction for

parallels) and 1. 33 about the lines joining corresponding ends of two

straight lines parallel and equal in length. Where existence is proved

by construction, the cause and the fact appear together“.

Again, “it is not enough that the defining statement should set

forth the fact, as most definitions do; it should also contain and

present the cause ; whereas in practice what is stated in the definition

is usually no more than a conclusion (a'u/Mre'paa'pa). For example,

what is quadrature? The construction of an equilateral right-angled

figure equal to an oblong. But such a definition expresses merely the

conclusion. Whereas, if you say that quadrature is the discovery of a

mean proportional, then you state the reason’.” This is better under

stood if we compare the statement elsewhere that "the cause is the

middle term, and this is what is sought in all cases‘*,” and the illustra

tion of this by the case of the proposition that the angle in a semi

circle is a right angle. Here the middle term which it is sought to

establish by means of the figure is that the angle in the semi-circle is

equal to the [calf of two rig/2t angles. We have then the syllogism:

\Vhatever is half of two right angles is a right angle; the angle in a

semi-circle is the half of two right angles; therefore (conclusion) the

angle in a semi-circle is a right angle’. As with the demonstration, so

1 Topics VI. 4, 142 b 7—ro. ' Anal. past. u. z, 90 a 3i.

1‘ AnaLport. n. a, 90 a. i5—zr. 4 ibia'. n. 8, 93 a 17.

'* ibid. 93 a 20. 6 Trendelenburg, Erla‘utemngzn, p. :16.

7 De anima ll. 2, 413 a 13-10. 5 Anal. post. n. z, 90 a 6.

9 ibid. II. n, 94. a 28.
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it should be with the definition. A definition which is to show the

genesis of the thing defined should contain the middle term or cause;

otherwise it is a mere statement of a conclusion. Consider, for

instance, the definition of “quadrature” as “making a square equal in

area to a rectangle with unequal sides.” This gives no hint as to

whether a solution of the problem is possible or how it is solved: but,

if you add that to find the mean proportional between two given

straight lines gives another straight line such that the square on it is

equal to the rectangle contained by the first two straight lines, you

supply the necessary middle term or cause‘.

Technical terms not defined by Euclid.

It will be observed that what is here defined, “quadrature” or

“ squaring” (Te'rpwywvwpds‘), is not a geometrical figure, or an attribute

of such a figure or a part of a figure, but a technical term used to

describe a certain problem. Euclid does not define such things; but

the fact that Aristotle alludes to this particular definition ‘as well as to

definitions of deflection (xexkdafiat) and of_ verging (veéew) seems to

show that earlier text-books included among definitions explanations

of a number of technical terms, and that Euclid deliberately omitted

these explanations from his Elements as surplusage. Later the

tendency was again in the opposite direction, as we see from the much

expanded Definitions of Heron, which, for example, actually include

a definition of a deflected Zine (IceKMo'pe'v'r) rypamui)’. Euclid uses the

passive of Idtt'iv occasionally“, but evidently considered it unnecessary

to explain such terms, which had come to bear a recognised meaning.

The mention too by Aristotle of a definition of verging (vetiew)

suggests that the problems indicated by this term were not excluded

from elementary text-books before Euclid. The type of problem

(veiitnc) was that of placing a straight line across two lines, e.g. two

straight lines, or a straight line and a circle, so that it shall verge to a

given point (i.e. pass through it if produced) and at the same time the

intercept on it: made by the two given lines shall be of given length.

1 Other passages in Aristotle may be quoted to the like effect: e.g. Anal. pm. I. 1,

71 b 9 “We consider that we know a particular thing in the absolute sense, as distinct

from the sophistical and incidental sense, when we consider that we know the cause on

account of which the thing is, in the sense of knowing that it is the cause of that thing and

that it cannot be otherwise,” ibid. I. I 3, 79 a z “ For here to know thefad is the function of

those who are concerned with sensible things, to know the azure is the function of the mathe

matician; it is he who possesses the proofs of the causes, and often he does not know the

fact.” In view of such passages it is diflicult to see how Proclus came to write (p. 202, n)

that Aristotle was the originator (‘APLO‘TOTéAOUS Kardpfarros) of the idea of Amphinomus and

others that geometry does not investigate the cause and the why (16 6a). 1‘). To this Geminus

replied that the investigation of the cause does, on the contrary, appear in geometry. " For

how can it be maintained that it is not the business of the geometer to in uire for what reason,

on the one hand, an infinite number of equilateral polygons are inscribed in a circle, but, on

the other hand, it is not possible to inscribe in a sphere an infinite number of polyhedral

figures, equilateral, equiangular, and made up of similar plane figures? Whose business is it

to ask this question and find the answer to it if it is not that of the geometer? Now when

geometers reason per imparribile they are content to discover the property, but when they

argue by direct proof, if such proof be only artial (hr). #épovr), this does not sufiice forshowing the cause ; if however it is general andJ applies to all like cases, the why (1'6 6“). TI)

is at once and concurrently made evident."

’ Heron, ed. Hultsch, Def. 14, p. 11. 3 e.g. in m. 20 and in Data 89.
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In general, the use of conics is required for the theoretical solution of

these problems, or a mechanical contrivance for their practical

solution‘. Zeuthen, following Oppermann, gives reasons for supposing,

not only that mechanical constructions were practically used by the

older Greek geometers for solving these problems, but that they were

t/zeoretieally recognised as a permissible means of solution when the

solution could not be effected by means of the straight line and circle,

and that it was only in later times that it was considered necessary to

use conics in every case where that was possible‘. Heiberg’ suggests

that the allusion of Aristotle to value‘; perhaps confirms this sup

position, as Aristotle nowhere shows the slightest acquaintance with

conics. I doubt whether this is a safe inference, since the problems

of this type included in the elementary text-books might easily have

been limited to those which could be solved by “plane” methods (i.e.

by means of the straight line and circle). We know, e.g., from Pappus

that Apollonius wrote two Books on plane veuaetq‘. But one thing

is certain, namely that Euclid deliberately excluded this class of

problem, doubtless as not being essential in a book of Elements.

Definitions not afterwards used.

Lastly, Euclid has definitions of some terms which he never after

wards uses, e.g. oblong (e'Tepop'qlct-tq), rhombus, rhomboid, trapezium.

The “oblong” occurs in Aristotle; and it is certain that all these

definitions are survivals from earlier books of Elements.

1 Cf. the chapter on min-m in Tire Works of Archimedes, pp. c—cxxii.

’ Zeuthen, Die Le/zre van den Ix’egelsrlmitlm in; Allerlum, ch. 11, p. 161.

‘ Heiberg, lllalllemalisrlzes zu Arisloleles, p. 16

4 Pappus VII. pp. 670-1.





BOOK I.

DEFINITIONS.

A point is that which has no part.

A line is breadthless length.

The extremities of a line are points.

4. A straight line is a line which lies evenly with the

points on itself.

5. A surface is that which has length and breadth only.

6. The extremities of a surface are lines.

7. A plane surface is a surface which lies evenly with

the straight lines on itself.

8. A plane angle is the inclination to one another of

two lines in a plane which meet one another and do not lie in

a straight line.

9. And when the lines containing the angle are straight,

the angle is called rectilineal.

10. When a straight line set up on a straight line makes

the adjacent angles equal to one another, each of the equal

angles is right, and the straight line standing on the other is

called a perpendicular to that on which it stands.

II. An obtuse angle is an angle greater than a right

angle.

12. An acute angle is an angle less than a right angle.

I3. A boundary is that which is an extremity of any

thing.

-14. A figure is that which is contained by any boundary

or boundaries.

15. A circle is a plane figure contained by one line such

that all the straight lines falling upon it from one point among

tlhose lying within the figure are equal to one another;

L.
\.\l

<.~s~
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16. And the point is called the centre of the circle.

17. A diameter of the circle is any straight line drawn

through the centre and terminated in both directions by the

circumference of the circle, and such a straight line also

bisects the circle.

18. A semicircle is the figure contained by the diameter

and the circumference cut off by it. And the centre of the

semicircle is the same as that of the circle.

19. Rectilineal figures are those which are contained

by straight lines, trilateral figures being those contained by

three, quadrilateral those contained by four, and multi

lateral those contained by more than four straight lines.

20. Of trilateral figures, an equilateral triangle is that

which has its three sides equal, an isosceles triangle that

which has two of its sides alone equal, and a scalene

triangle that which has its three sides unequal.

21. Further, of trilateral figures, a right-angled tri- '

angle is that which has a right angle, an obtuse-angled

triangle that which has an obtuse angle, and an acute

angled triangle that which has its three angles acute.

22. Of quadrilateral figures, a square is that which is

both equilateral and right-angled; an Oblong that which is

right-angled but not equilateral; a rhombus that which is

equilateral but not right-angled; and a rhomboid that which

has its opposite sides and angles equal to one another but is

neither equilateral nor right-angled. And let quadrilaterals

other than these be called trapezia.

23. Parallel straight lines are straight lines which,

being in the same plane and being produced indefinitely in

both directions, do not meet one another in either direction.

.\

POSTULATES. \

Let the following be postulated :

I. To draw a straight line from any point to any point.

2. To produce a finite straight line continuously in a

straight line. ‘

3. To describe a circle with any centre and distance.

4. That all right angles are equal to one another.

/
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5. That, if a straight line falling on two straight lines

make the interior angles on the same side less than two right

angles, the two straight lines, if produced indefinitely, meet

on that side on which are the angles less than the two right

angles.

COMMON NOTIONS. _

I. Things which are equal to the same thing are also

equal to one another.

2. If equals be added to equals, the wholes are equal.

3. If equals be subtracted from equals‘, the remainders

are equal.

[7] 4. Things which coincide with one another are equal to

one another.

[8] 5. The whole is greater than the part.

DEFINITION I.

xflpeidv Early, 01? pipe; otigc'v.

A point is that which has no part.

An exactly parallel use of 'u'pos (e'an') in the singular is found in Aristotle,

Illetaph. 1035 b 32 lu'pos ,uiv 05v e'o'ri xal rm’) c't'Sovs, literally “There is a

part even of the form”; Bonitz translates as if the plural were used, “Theile

giebt es," and the meaning is simply “even the form is divisible (into parts)”

Accordingly it would be quite justifiable to translate in this case “A point is

that which is indivisible into parts.”

Martianus Capella (5th c. A.D.) alone or almost alone translated difi'erently,

“Punctum est cuius pars nihil est,” “a point is that a part of which is nothing.”

Notwithstanding that Max Simon (Euclid und die seehs planimetnsehen Bfither,

Igor) has adopted this translation (on grounds which I shall presently mention),

I cannot think that it gives any sense. If a part of a point is nothing, Euclid

might as well have said that a point is itself “nothing,” which of course he

does not do.

Pre-Euclidean definitions.

It would appear that this was not the definition given in earlier text

books; for Aristotle (Topics v1. 4, 141 b 20), in speaking of “the definitions”

of point, line, and surface, says that they all define the prior by means of the

posterior, a point as an extremity of a line, a line of a surface, and a surface

of a solid.

The first definition of a point of which we hear is that given by the

Pythagoreans (cf. Proclus, p. 95, 21), who defined it as a “monad having

position” or “with position added” (povds 1rpotrAafioiio'a 0e'tnv). It is frequently

used by Aristotle, either in this exact form (cf. De anirna I. 4, 409 a 6) or its

equivalent: e.g. in Metaph. 1016 b 24 he says that that which is indivisible

every way in respect of magnitude and oud magnitude but has not position is

a monad, while that which is similarly indivisible and has position is a point.

Plato appears to have objected to this definition. Aristotle says (Metaph.
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992 a 20) that he objected “to this genus [that of points] as being a geometrical

fiction (ymjcerptxov 8671111), and called a point the beginning of a line (dpxw‘y

ypappfis), while again he frequently spoke of ‘indivisible lines.’” To which

Aristotle replies that even “indivisible lines” must have extremities, so that

the same argument which proves the existence of lines can be used to prove

that points exist. It would appear therefore that, when Aristotle objects to

the definition of a point as the extremity of a line ('ne'pds ypamcfis) as un

scientific (Topics v1. 4, 141 b 21), he is aiming at Plato. Heiberg conjectures

(Mat/zematisclles zu Aristoteles, p. 8) that it was due to Plato’s influence that

the word for “point” generally used by Aristotle (o-rrwni) was replaced by

omu'iov (the regular term used by Euclid, Archimedes and later writers), the

latter term (:nota, a conventional mark) probably being considered more

suitable than 0117;“; (a puncture) which might appear to claim greater reality

for a point.

Aristotle’s conception of a point as that which is indivisible and has

position is further illustrated by such observations as that a point is not a

body (De caclo u. 13, 296 a 17) and has no wag/z! (ibid. 111. r, 299 a 30);

again, we can make no distinction between a point and the place (‘rd-Ros) where

it is (Physics IV. I, 209 a r 1). He finds the usual difficulty in accounting for

the transition from the indivisible, or infinitely small, to the finite or divisible

magnitude. A point being indivisible, no accumulation of points, however far

it may be carried, can give us anything divisible, whereas of course a line is a

divisible magnitude. Hence he holds that points cannot make up anything

continuous like a line, point cannot be continuous with point (01" ydp e’o-nv

e'xtipcvov (Tfl/LEtOV myfcu'ov ‘a tr'rcypfi G'TL‘Y’LfiC, De gen. et corr. I. 2, 3X7 a 10), and

a line IS not made up Of points (01)‘ mi-yxen'cu e’x O'TLYIMBV, Physics IV. 8, 215

b 19). A point, he says, is like the now in time: now is indivisible and is

not a part of time, it is only the beginning or end, or a division, of time, and

similarly a point may be an extremity, beginning or division of a line, but is

not part of it or of magnitude (cf. De caelo III. I, 300 a 14, Physics IV. 11,

220 a 1—21, VI. 1, 231 b 6 sqq.). It is only by motion that a point can

generate a line (De anima I. 4, 409 a 4) and thus be the origin of magnitude.

Other ancient definitions.

According to an-Nairizi (ed. Curtze, p. 3) one “Herundes” (not so far

identified) defined a point as “the indivisible beginning of all magnitudes,”

and Posidonius as “an extremity which has no dimension, or an extremity of

a line.”

Criticisms by commentators.

Euclid's definition itself is of course practically the same as that which

Aristotle's frequent allusions show to have been then current, except that it

omits to say that the point must have position. Is it then sufiicient, seeing

that there are other things which are without parts or indivisible, e.g. the now

in time, and the unit in number? Proclus answers (p. 93, 18) that the point

is the only thing in tlie subject-matter ofgeometry that is indivisible. Relatively

therefore to the particular science the definition is sufiicient. Secondly, the

definition has been over and over again criticised because it is purely negative.

Proclus’ answer to this is (p. 94, IO) that negative descriptions are appropriate

to first principles, and he quotes Parmenides as having described his first and

last cause by means of negations merely. Aristotle too admits that it may

sometimes be necessary for one framing a definition to use negations, e.g. in

defining privative terms such as “blind”; and he seems to accept as proper
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the negative element in the definition of a point, since he says (De anima 1n. 6,

430 b 20) that “the point and every division [e.g. in a length or in a period

of time], and that which is indivisible in this sense, is exhibited as privation

(S'qltoii'rat uis o'rc'pqms)”

Simplicius (quoted by an-Nairizi) says that “a point is the beginning of

magnitudes and that from which they grow ; it is also the only thing which,

having position, is not divisible.” He, like Aristotle, adds that it is by its

motion that a point can generate a magnitude : the particular magnitude can

only be “of one dimension,” viz. a line, since the point does not “spread

itself " (dimittat). Simplicius further observes that Euclid defined a point

negatively because it was arrived at by detaching surface from body, line from

surface, and finally point from line. “Since then body has three dimensions

it follows that a point [arrived at after successively eliminating all three

dimensions] has none oft/1e dimensions, and has no part.” This of course

reappears in modern treatises (cf. Rausenberger, Elementar-geomelrie a'es

Punkles, rler Geraden und der Ebene, 1887, p. 7).

An-Nairizi adds an interesting observation. “ If any one seeks to know

the essence of a point, a thing more simple than a line, let him, in the sensible

world, think of the centre of the universe and the poles.” But there is

nothing new under the sun: the same idea is mentioned, in an Aristotelian

treatise, in controverting those who imagine that the poles have some influence

in the motion of the sphere, “when the poles have no magnitude but are

extremities and points” (De motu animalium 3, 699 a 21).

Modern views.

In the new geometry represented by the excellent treatises which start

from new systems of postulates or axioms, the result of the profound study of

the fundamental principles of geometry during recent years (I need only

mention the names of Pasch, Veronese, Enriques and Hilbert), points come

before lines, but the vain effort to define them a priori is not made; instead

of this, the nearest material things in nature are mentioned as illustrations,

with the remark that it is from them that we can get the abstract idea. Cf.

the full statement as regards the notion of a point in Weber and Wellstein,

Emyelopa'die der elementaren Mat/umatt'k, 11., 1905, p. 9. “This notion is

evolved from the notion of the real or supposed material point by the process

of limits, i.e. by an act of the mind which sets a term to a series of presen

tations in itself unlimited. Suppose a grain of sand or a mote in a sunbeam,

which continually becomes smaller and smaller. In this way vanishes more

and more the possibility of determining still smaller atoms in the grain of

sand, and there is evolved, so we say, with growing certainty, the presentation

of the point as a definite position in space which is one and is incapable of

further division. But this view is untenable; we have, it is true, some idea

how the grain of sand gets smaller and smaller, but only so long as it remains

just visible; after that we are completely in the dark, and we cannot see or

imagine the further diminution. That this procedure comes to an end is

unthinkable ; that nevertheless there exists a term beyond which it cannot go,

we must believe or postulate without ever reaching it. . . . It is a pure

act of will, not of the understanding.” Max Simon observes similarly (Euelid,

p. 25) “The notion ‘point’ belongs to the limit-notions (Grenzbegriffe), the

necessary conclusions of continued, and in themselves unlimited, series of

presentations.” He adds, “The point is the limit of localisation; if this is

more and more energetically continued, it leads to the limit-notion ‘point,’
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better ‘position,’ which at the same time involves a change of notion. Content

of space vanishes, relative position remains. ‘Point’ then, according to our

interpretation of Euclid, is the extremest limit of that which we can still think

of (not observe) as a spatial presentation, and if we go further than that, not

only does extension cease but even relative place, and in this sense the ‘part’

is nothing.” I confess I think that even the meaning which Simon intends to

convey is better expressed by “it has no part” than by “the part is nothing,”

since to take a “part” of a thing in Euclid’s sense of the result of a simple

division, corresponding to an arithmetical fraction, would not be to change

the notion from that of the thing divided to an entirely different one.

DEFINITION 2.

I‘pajtp-i) 8% mixes claim-rt’:

A line is breadthless length.

This definition may safely be attributed to the Platonic School, if not to

Plato himself. Aristotle (Topics v1. 6, I43 b It) speaks of it as open to

objection because it “ divides the genus by negation,” length being necessarily

either breadthless 0r possessed of breadth; it would seem however that the

objection was only taken in order to score a point against the Platonists, since

he says (ibid. 143 b 29) that the argument is “of service only against those

who assert that the genus [so length] is one numerically, that is, those who

assume ideas,” e.g. the idea of length (mind [.LfiKOG) which they regard as a

genus: for if the genus, being one and self-existent, could be divided into

two species, one of which asserts what the other denies, it would be self

contradictory (Waitz).

Proclus (pp. 96, 21—97, 3) observes that, whereas the definition of a point

is merely negative, the line introduces the first “dimension,” and so its

definition is to this extent positive, while it has also a negative element which

denies to it the other “dimensions” (Siam-dam). The negation of both

breadth and depth is involved in the single expression “breadthless” (d1rltarc's),

since everything that is without breadth is also destitute of depth, though the

converse is of course not true.

Alternative definitions.

The alternative definition alluded to by Proclus, [Lc'yeaos id’ Ev Suwmro'v

“ magnitude in one dimension ” or, better perhaps, “ magnitude extended one

way” (since Stain-am: as used with reference to line, surface and solid scarcely

corresponds to our use of “dimension” when we speak of “one,” “two,” or

“three dimensions”), is attributed by an-Nairizi to “Heromides,” who must

presumably be the same as “ Herundes,” to whom he attributes a certain

definition of a point. It appears however in substance in Aristotle, though

Aristotle does not use the adjective SIaam-rév, nor does he apparently use

Buiir-rao-ts except of body as having three “dimensions ” or “having dimension

(or extension) all ways (1réwy),” the “dimensions” being in his view ( 1) up

and down, (2) before and behind, and (3) right and left, and “up" being the

principle or beginning of length, “right” of breadth, and “before "of depth

(De eaelo II. 2, 284 b 24). A line is, according to Aristotle, a magnitude

“divisible in one way only” (ILOVGXfi Suuperév), in contrast to a magnitude

divisible in two ways (Sixfi 8iatpe1-o'v), or a surface, and a magnitude divisible

“in all or in three ways” (mivry Kal- 1-ptx-g“ 8taipe-ro'v), or a body (Metaph.

1016 b 25—27); or it is a magnitude “tontz'nuous one way (or in one

direction)," as compared with magnitudes continuous two ways or three ways,
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which curiously enough he describes as “breadth ” and “depth” respectively

([41’76009 8E 16 ,uEw id; 3v o'uvexis ptfixos, To 8’ e'vrl 81in whiros, To 8' e'1rl 'rpt'a ,Baieos,

Metapll. 1020 a r 1), though he immediately adds that “length ” means a line,

“ breadth ” a surface, and “ depth ” a body.

Proclus gives another alternative definition as “flux of a paint” (bio-ts

mum'ov), i.e. the path of a point when moved. This idea is also alluded to in

Aristotle (De anima I. 4, 409 a 4 above quoted): “they say that a line by its

motion produces a surface, and a point by its motion a line." “This

definition,” says Proclus (p. 97, 8—13), “is a perfect one as showing the

essence of the line: he who called it the flux of a point seems to define it

from its genetic cause, and it is not every line that he sets before us, but only

the immaterial line; for it is this that is produced by the point, which, though

itself indivisible, is the cause of the existence of things divisible.”

Proclus (p. 100, 5—19) adds the useful remark, which, he says, was

current in the school of Apollonius, that we have the notion of a line when we

ask for the length of a road or a wall measured merely as length ; for in that

case we mean something irrespective of breadth, viz. distance in one

“dimension.” Further we can obtain sensible perception of a line if we look

at the division between the light and the dark when a shadow is thrown on

the earth or the moon; for clearly the division is without breadth, but has

length.

Species of “lines.”

After defining the “line” Euclid only mentions one species of line, the

straight line, although of course another species appears in the definition of a

circle later. He doubtless omitted all damfiralion of lines as unnecessary for

his purpose, whereas, for example, Heron follows up his definition of a line by

a division of lines into (I) those which are “ straight” and (2) those which are

not, and a further division of the latter into (a) “circular circumferences,”

(b) “spiral-shaped” (éMKouScIs) lines and (r) “curved” (Kap'lniAaL) lines generally,

and then explains the four terms. Aristotle tells us (Melaplz. 986 a 25) that

the Pythagoreans distinguished straight (c606) and curved (mpmfixov), and this

distinction appears in Plato (cf. Republic x. 602 c) and in Aristotle (cf. “to a

line belong the attributes straight or curved,” Anal. post. I. 4, 7 3 b 19 ; “as in

mathematics it is useful to know what is meant by the terms straight and

curved,” De anima I. r, 402 b 19). But from the class of “curved” lines

Plato and Aristotle separate 08' the weptqsepq's or “circular” as a distinct

species often similarly contrasted with straight. Aristotle seems to recognise

broken lines forming an angle as one line: thus “a line, if it be bent (Kt’Ka'L

pc'v'q), but yet continuous, is called one” (Malay/z. 1016 a 2); “the straight line

is more one than the bent line” (ibid. 1016 a 12). Cf. Heron, Def. 14, “A

broken line (xexAao-pe'vq ypapprl’) so-called is a line which, when produced,

does not meet z'tse{f.”

When Proclus says that both Plato and Aristotle divided lines into those

which are “straight,” “circular” (weptdaepris) or “a mixture of the two,” adding,

as regards Plato, that he included in the last of these classes “those which are

called helicoidal among plane (curves) and (curves) formed about solids, and

such species of curved lines as arise from sections of solids” (p. 104, 1—5),

he appears to be not quite exact. The reference as regards Plato seems to be

to Parmem'des 145 B: “At that rate it would seem that the one must have

shape, either straight or round (o-rpoy-yJAov) or some combination of the two”;

but this scarcely amounts to a formal classification of lines. As regards
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Aristotle, Proclus seems to have in mind the passage (De raelo I. 2, 268 b 17)

where it is stated that “all motion in space, which we call translation (¢opd), is

(in) a straight line, a circle, or a combination of the two; for the first two are

the only simple (motions).”

For completeness it is desirable to add the substance of Proclus’ account

of the classification of lines, for which he quotes Geminus as his authority.

Geminus’ first classification of lines.

This begins (p. 1 r 1, 1—9) with a division of lines into composite (cnivde-ros)

and incomposite (titrévfieros). The only illustration given of the eomposite

class is the “broken line which forms an angle” (17' Kixltao'pc'ln] m2 ymvt'av

1rotoiitm); the subdivision of the ineomposite class then follows (in the text as

it stands the word “composite " is clearly an error for “incomposite ”). The

subdivisions of the incomposite class are repeated in a later passage (pp. 176,

27—177, 2 3) with some additional details. The following diagram reproduces

the efi'ect of both versions as far as possible (all the illustrations mentioned by

Proclus being shown in brackets).

lines

 
I - '1 -

composite Incompostte

(broken line forming an angle)

 
l

forming a figure not formirig a figure

dxmiarmrowfia'tu or

or determinate indeterminate

tbpwnévat nibpwrot

(circle, ellipse, cissoid) and

extending without limit

hr’ diretpov e'xfiahhbyevtu

(straight line, parabola, hyperbola, conchoid)

The additional details in the second version, which cannot easily be shown

in the diagram, are as follows :

(I) Of the lines which extend without limit, some do not form a figure at

all (viz. the straight line, the parabola and the hyperbola); but some first

“come together and form a figure” (i.e. have a loop), “and, for the rest,

extend without limit” (p. 177, 8).

 

As the only other curve, besides the parabola and the hyperbola, which

has been mentioned as proceeding to infinity is the eonehoid (of Nicomedes),

we can hardly avoid the conclusion of Tannery1 that the curve which has a

loop and then proceeds to infinity is a variety of the eonehoid itself. As is

1 Notes pour l’histoz're des hgnes et .rmfaees eourbes dans I'antiquite‘ in Bulletin des stienees

malhém. et astronom. '1 sér. VIII. (I884), pp. 108-9.
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well known, the ordinary conchoid (which was used both for doubling the

cube and for trisecting the angle) is obtained in this way. Suppose any

number of rays passing through a fixed point (the pole) and intersecting a

fixed straight line; and suppose that points are taken on the rays, beyond the

fixed straight line, such that the portions of the rays intercepted between the

fixed straight line and the point are equal to a constant distance (Suia-rqpa),

the locus of the points is a conchoid which has the fixed straight line for

asymptote. If the “distance” a is measured from the intersection of the ray

with the given straight line, not in the direction away from the pole, but

towards the pole, we obtain three other curves according as a is less than,

equal to, or greater than 6, the distance of the pole from the fixed straight 'line,

which is an asymptote in each case. The case in which a > b gives a curve

which forms a loop and then proceeds to infinity in the way Proclus describes.

Now we know both from Eutocius (Comm. on Archimedes, ed. Heiberg, 111.

p. 114) and Proclus (p. 272, 3—7) that Nicomedes wrote on conchoids (in

the plural) and Pappus (1v. p. 244, 18) says that besides the “ first” (used as

above stated) there were “the second, the third and the fourth which are

useful for other theorems.”

(2) Proclus next observes (p. 177, 9) that, of the lines which extend

without limit, some are “asymptotic” (dmijcrrun'ol), namely “those which

never meet, however they are produced,” and some are “symptotic,” namely

“those which will meet sometime”; and, of the “asymptotic” class, some

are in one plane, and others not. Lastly, of the “asymptotic” lines in one

plane, some preserve always the same distance from one another, while others

continually “lessen the distance, like the hyperbola with reference to the

straight line, and the conchoid with reference to the straight line."

Geminus’ second classification.

This (from Proclus, pp. 111, 9—20 and 112, 16—18) can be shown in a

diagram thus:

Incomposite lines

dmfivfierot 'ypawcal

l
 

 

 

r l

simple, tin-M"; mixed, ,uur'r'r';

_ r —4_ 1 l

making a figure indeterminate

o'xij/La rowiida. dépwror

(e.g. circle) (straight line)

I__——_—1_—’I

' lines in planes lines on solids

a! év 101's‘ arepsoi‘:

F— —'1

line meeting itself extending without limit

1') év ar'nf] awnl-ir'rouo'a. 1'; £1" dntpor éxflahltonémy

(e.g. cissoid) J

lines formed by sections lines round solids

al Kart). 1dr roads a1 wepl 'rc‘l. a'repcd.

(e.g. conic sections, s/n'rir curves) (e.g. helix about a sphere or about a cone)

llomoeomeric not ltomocomeric

(cylindrical helix) (all others)

Notes on classes of “lines" and on particular curves.

We will now add the most interesting notes found in Proclus with

reference to the above classifications or the particular curves mentioned.

H. E. II
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1. I-Iomoeomeric lines.

By this term (éuotojuepeis) are meant lines which are alike in all parts, so

that in any one such curve any part can be made to coincide with any other

part. Proclus observes that these lines are only three in number, two being

“simple” and in a plane (the straight line and the circle), and the third

“mixed,” (subsisting) “about a solid,” namely the cylindrical helix. The

latter curve was also called the eoe/zlias or toe/zlion, and its lzomoeomen'e

property was proved by Apollonius in his work mp2 705 Koxttt'ov (Proclus,

p. 105, 5). The fact that there are only three lzomoeomen'c lines was proved

by Geminus, “who proved, as a preliminary proposition, that, if from a point

(iivrri rov aquet'ov, but on p. 251, 4 rich’ (‘vim myptct'ou) two straight lines be drawn

to a homoeomeric line making equal angles with it, the straight lines are

equal” (pp. 112, 1—113, 3, cf. p. 251, 2—19).

2. Mixed lines.

It might be supposed, says Proclus (p. 105, 1 I), that the cylindrical helix,

being homoeomeric, like the straight line and the circle, must like them be

simple. He replies that it is not simple, but mixed, because it is generated by

two unlike motions. Two like motions, said Geminus, e.g. two motions at the

same speed in the directions of two adjoining sides of a square, produce a

simple line, namely a straight line (the diagonal); and again, if a straight line

moves with its extremities upon the two sides of a right angle respectively,

this same motion gives a simple curve (a circle) for the locus of the middle

point of the straight line, and a mixed curve (an ellipse) for the locus of any

other point on it (p. 106, 3—15).

Geminus also explained that the term “ mixed,” as applied to curves, and

as applied to surfaces, respectively, is used in different senses. As applied to

curves, “mixing " neither means simple “putting together” (mivdeo-is) nor

“ blending ” (xpia-ts). Thus the helix (or spiral) is a “ mixed” line, but (I) it

is not “mixed ” in the sense of“ putting together,” as it would be if, say, part

of it were straight and part circular, and (2) it is not mixed in the sense of

“blending,” because, if it is cut in any way, it does not present the appearance

of any simple lines (of which it might be supposed to be compounded, as it

were). The “mixing” in the case of lines is rather that in which the con

stituents are destroyed so far as their own character is concerned, and are

replaced, as it were, by a ellemital combination (Zanv e’v m'rrfi o'uvecfieappéva nit

diKpu. m2 avyxexvjtéva). On the other hand “mixed” surfaces are mixed in

the sense of a sort of “ blending" (Kara! TLVG. mam). For take a cone gene

rated by a straight line passing through a fixed 'point and passing always

through the circumference of a circle: if you cut this by a plane parallel to

that of the circle, you obtain a circular section, and if you cut it by a plane

through the vertex, you obtain a triangle, the “mixed” surface of the cone

being thus cut into simple lines (pp. 1 17, 22-—r 18, 23).

3. Spiric curves.

These curves, classed with conics as being sections of solids, were dis

covered by Perseus, according to an epigram of Eratosthenes quoted by

Proclus (p. 112, 1), which says that Perseus found “three lines upon (or,

perhaps, in addition to) five sections” (rpe't‘; Walpole; e’irl n-évr: ropais).

Proclus throws some light upon these in the following passages:

“Of the spiric sections, one is interlaced, resembling the horsesfetter

(Zmrov n'é811) ; another is widened out in the middle and contracts on each
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side (of the middle), a third is elongated and is narrower in the middle,

broadening out on each side of it” (p. 112, 4—8).

“This is the case with the spirit surfare; for it is conceived as generated

by the revolution of a circle remaining at right angles [to a plane] and turning

about a point which is not its centre [in other words, generated by the revo

lution of a circle about a straight line in its plane not passing through the

centre]. Hence the spire takes three forms, for the centre [of rotation] is

either on the circumference, or within it, or without it. And if the centre of

rotation is on the circumference, we have the continuous spire (ovvexwis), if

within, the infer/and (ipnui-Mypém), and if without, the open (SteXq'e). And

the spiric sections are three according to these three differences” (p. 119,

8—17).

“When the luppapede, which is one of the spiric curves, forms an angle

with itself, this angle also is contained by mixed lines” (p. r27, 1—3).

“ Perseus showed for spirics what was their property (tripe-rope) "

(p. 356, 12).

Thus the spiric surface was what we call a lore, or (when open) an mic/wr

ring. Heron (Def. 98) says it was called alternatively spire (aweipa) or ring

(Kpt’xos); he calls the variety in which “the circle cuts itself,” not “interlaced,”

but “ crossing-itself" (g'lrakka'n'rovo'a).

Tanneryl has discussed these passages, as also did Schiaparelli'. It is clear

that Proclus’ remark that the difl'erence in the three curves which he mentions

corresponds to the difference between the three surfaces is a slip, due perhaps

to too hurried transcribing from Geminus: all three arise from plane sections

of the open anchor-ring. If r is the radius of the revolving circle, a the

distance of its centre from the axis of rotation, a’ the distance of the plane

section (supposed to be parallel to the axis) from the axis, the three curves

described in the first extract correspond to the following cases:

(I) d =a—r. In this case the curve is the luppopedc, of which the

lemniscate of Bernoulli is a particular case, namely that in which a = 2r.

The name fiippapede was doubtless adopted for this one of Perseus’ curves

on the ground of its resemblance to the lu'ppopm'e of Eudoxus, which seems to

have been the curve of intersection of a sphere with a cylinder touching it

internally.

(2) a + r> 11> {1. Here the curve is an oval.

(3) a > d> a — r. The curve is now narrowest in the middle.

Tannery explains the “three lines upon (in addition to) five sections”

thus. He points out that with the open tore there are two other sections

corresponding to

(4) d=az transition from (2) to (3).

(5) a—r>d> o, in which case the section consists of two symmetrical

ovals.

He then shows that the sections of the closed or mnh'nuous tore, corre

sponding to a :1‘, give curves corresponding to (2), (3) and (4) only. Instead

of (r) and (5) we have only a section consisting of two equal circles touching

one another.

On the other hand, the third spire (the inter/Med variety) gives three new

forms, which make a group of three in addition to the first group offive sections.

1 Pour I’ln'rloire dc: h'gnz: :1 nor/are: tour/1e: dam- l'antiyuz'le' in Bulletin dz: .rrz'ences

Irml/r/m. z! arlronom. VIII. (1884), pp. 25—27.

2 Die Iramacmlristllen .Sjfl/uirm de: Eudoxus, der Kallippus und 11¢‘: An'rlolz/es (Ab/land

Iungm zur Gar/r. der Mal/r. r. Heft, r877, pp. r49—r 51.

I I—2
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The difi‘iculty which I see in this interpretation is the fact that, just after

“three lines on five sections” are mentioned, Proclus describes three curves

which were evidently the most important; but these three belong to three of

the five sections of the open tore, and are not separate from them.

4. The cissoid.

This curve is assumed to be the same as that by means of which, according

to Eutocius (Comm. an Arrliimeder, 111. p. 79 sqq.), Diocles in his book ‘n’cpl.

1rvp1'wv (0n burning-glasses) solved the problem of doubling the cube. It is

the locus of points which he found by the following construction. Let AC,

Bl) be diameters at right angles in a circle with centre 0.

Let E, F he points on the quadrants BC, BA respectively such that the

arcs BE, BFare equal.

Draw EG, FH perpendicular to CA. 0

Join AE, and let 1’ be its intersectionwith F11.

The cissoid is the locus of all the

points P corresponding to different posi

tions of E on the quadrant BC and of F

at an equal distance from B along the arc

BA.

A is the point on the curve correspond

ing to the position C for the point E, and

B the point on the curve corresponding

to the position of E in which it coincides

with B.

It is easy to see that the curve extends

in the direction AB beyond B, and that

CK drawn perpendicular to CA is an

asymptote. It may be regarded also as K

having a branch AD symmetrical with

AB, and, beyond D, approaching KC produced as asymptote.

If 0A, 0D are coordinate axes, the equation of the curve is obviously

)"(a+x)=(a—x)“,

where a is the radius of the circle.

There is a cusp at A, and it agrees with this that Proclus should say

(p. 126, 24) that “cissoidal lines converging to one point like the leaves of

ivy—for this is the origin of their name—form an angle.” He makes the

slight correction (p. 128, 5) that it is not two parls of a curve, but one curve,

which in this case makes an angle.

But what is surprising is that Proclus seems to have no idea of the curve

passing outside the circle and having an asymptote, for he several times

speaks of it as a closed curve (forming a figure and including an area): cf.

p. 152, 7, “the plane (area) cut off by the cissoidal line has one bounding

(line), but it has not in it a centre such that all (straight lines drawn to the

curve) from it are equal.” ‘It would appear as if Proclus regarded the cissoid

as formed by thefour symmetrical cissoidal arcs shown in the figure.

Even more peculiar is Proclus’ view of the

  

5. “Single-turn Spiral.”

This is really the spiral of Archimedes traced by a point starting from

the fixed extremity of a straight line and moving uniformly along it, while
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simultaneously the straight line itself moves uniformly in a plane about its fixed

extremity. In Archimedes the spiral has of course any number of turns, the

straight line making the same number of complete revolutions. Yet Proclus,

while giving the same account of the generation of the spiral (p. I80, 8—12),

regards the single-turn spiral as actually stopping short at the point reached

after one complete revolution of the straight line: “it is necessary to know

that extending without limit is not a property of all lines; for it neither

belongs to the circle nor to the cissoid, nor in general to lines which form

figures; nor even to those which do not form figures. For even the single

turn spiral does not extend without limit~for it is eonstruetea' between two

points—nor does any of the other lines so generated do so” (p. 187, 19—25).

It is curious that Pappus (VIII. p. II 10 sqq.) uses the same term povdo'rpoqbos

21m} to denote one turn, not of the spiral, but of the eylindrital helix.

DEFINITION 3.

Ppap/afis 83 ne'pa'ra tr'q'uci'a.

The extremities of a line are points.

It being unscientific, as Aristotle said, to define a point as the “extremity

of a line” (1répas ypaHA-iis), thereby explaining the prior by the posterior,

Euclid defined a point differently; then, as it was necessary to connect a

point with a line, he introduced this explanation after the definitions of both

had been given. This compromise is no doubt his own idea; the same

thing occurs with reference to a surface and a line as its extremity in Def. 6,

and with reference to a solid and a surface as its extremity in In. Def. 2.

We miss a statement of the facts, equally requiring to be known, that a

“division” (Suu'pwts) of a line, no less than its “beginning” or “end,” is a

point (this is brought out by Aristotle: cf. Metaph. I060 b 15), and that

the interseetion of two lines is also a point. If these additional explanations

had been given, Proclus would have been spared the difiiculty which he finds

in the fact that some of the lines used in Euclid (namely infinite straight lines

on the one hand, and circles on the other) have no “extremities.” So also

the ‘ellipse, which Proclus calls by the old name avpeds (“shield”). In the

caselof the circle and ellipse we can, he observes (p. 103, 7), take a portion

bounded by points, and the definition applies to that portion. His rather

far-fetched distinction between two aspects of a circle or ellipse as a line and

as a elosedfigure (thus, while you are describing a circle, you have two extremi

ties at any moment, but they disappear when it is finished) is an unnecessarily

elaborate attempt to establish the literal universality of the “definition,”

which v‘is really no more than an explanation that, if a line has extremities,

those extremities are points.

DEFINITION 4.

E6912‘; ypapp'rf c’o-rw, fins ('5 io'ov ro'is e'da' e'avrfis ("HI-“'01; Kai-rat.

Aastraight line is a line whieh lies evenly with the points on itself.

T e only definition of a straight line authenticated as pro-Euclidean is

that o Plato, who defined it as “that of whieh the middle covers the ends”

(relatively, that is, to an eye placed at either end and looking along the
straig it line). It appears in the Parmenides I 37 E: “straight is whatever has

its mi le in front of (i.e. so placed as to obstruct the view of) both its ends”

\
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(“366 yr 01': tiv 1'5 pe'o'ov tiluqbo'iv ‘roi'v e'o'xa'nrow s’1rr'1rpw0zv Aristotle quotes it in

equivalent terms (Topics v1. 1 1, 148 b 27), 01': 1'6 péoov e'm-rrpoo'fle'i r02; 1répao-w;

and, as he does not mention the name of its author, but states it in combina

tion with the definition of a line as the extremity of a surface, we may assume

that he used it as being well known. Proclus also quotes the definition as

Plato’s in almost identical terms, 1'}: 16. pe'o'a. mi‘; depots e'rrurpoo'gef (p. 109, 21).

This definition is ingenious, but implicitly appeals to the sense of sight and

involves the postulate that the line of sight is straight. (Cf. the Aristotelian

Problems 31, 20, 959 a 39, where the question is why we can better observe

straightness in a row, say, of letters with one eye than with two.) As regards

the straightness of “visual rays,” 641m, cf. Euclid’s own Optics, Deff. 1, 2,

assumed as hypotheses, in which he first speaks of the “ straight lines ” drawn

from the eye, avoiding the word tit/ms, and then says that the figure contained

by the visual rays (dd/as) is a cone with its vertex in the eye.

As Aristotle mentions no definition of a straight line resembling Euclid's,

but gives only Plato’s definition and the other explaining it as the “ extremity

of a surface,” the latter being evidently the current definition in contemporary

textbooks, we may safely infer that Euclid’s definition was a new departure of

his own.

Proclus on Euclid's definition.

Coming now to the interpretation of Euclid’s definition, (156611 ypamnj

c’crrw, fins if io'du rois €¢' c'avrfis a'rycn'ors “Prat, we find any number of slightly

different versions, but none that can be described as quite satisfactory; so 1e

authorities, e.g. Savile, have confessed that they could make nothing of it.

is natural to appeal to Proclus first; and we find that he does in fact give an

interpretation which at first sight seems plausible. He says (p. 109, 8 sq.) at

Euclid “shows by means of this that the straight line alone [of all lil es]

occupies a distance (Kars'xew SlliUT'II/Ml) equal to that between the points 0 it.

For, as far as one of the points is distant from another, so great is the le gth

(“a/.00.) of the straight line of which they are the extremities; and this i the

meaning of lying (‘E Zo'ov to (or with) the points on it” e'f ZO‘OU being hus,

apparently, interpreted as “at” (or “over ") “an equal distance”]. “ ut if 

 

you take two points on the circumference (of a circle) or any other lin , the

distance cut off between them along the line is greater than the in erval

separating them. And this is the case with every line except the straigh line.

Hence the ordinary remark, based on a common notion, that thos who

journey in a straight line only travel the necessary distance, while tho. who

do not go straight travel more than the necessary distance.” (Cf. A ' totle,

De caelo 1. 4, 271 a 13, “we always call the distance of anything the traight

line” drawn to it.) Thus Proclus would interpret somewhat in this w' y: “a

straight line is that which represents extension equal with (the d' tances

separating) the points on it.” This explanation seems to be an attgcmpt to

graft on to Euclid's definition the assumption (it is a )tupfiavéluvuv, not a

definition) of Archimedes (0n the sphere and cylinder 1. ad z'nit.) that “of all

the lines which have the same extremities the straight line isieaStTFQ-Tor this

purpose (‘if i'trov has apparently to be taken as meaning “at an equal dis cc,”

and again “lying at an equal distance” as equivalent to “extending over (or

representing) an equal distance.” This is difiicult enough in itself, but is

seen to be an impossible interpretation when applied to the similar definition

of a plane by Euclid (Def. 7) as a surface “which lies evenly with the straight

lines on itself.” In that connexion Proclus tries to make the same words if i'o’ou
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xeimi mean “extends over an equal area with." He says namely‘ (p. 1 17, 2)

that “if two straight lines are set out " on the plane, the plane surface

“ occupies a space equal to that between the straight lines." But two straight

lines do not determine by themselves any space at all ; it would be necessary

to have a elosed figure with its boundaries in the plane before we could arrive

at the equivalent of the other assumption of Archimedes that “of surfaces

which have the same extremities, if those extremities are in a plane, the plane is

the least [in area].” This seems to be an impossible sense for 68 icon even on

the assumption that it means “at an equal distance” in the present definition.

The necessity therefore of interpreting e'E io'ov similarly in both definitions

makes it impossible to regard it as referring to distanee or lengtlz at all. It

should be added that Simplicius gave the same explanations as Proclus

(an-Nairizi, p. 5).

The language and construction of the definition.

Let us now consider the actual wording and grammar of the phrase fins 65

't'aov rois ¢'¢' éaunjs mmet'ots “frat. As regards the expression if 't'aov we note

that Plato and Aristotle (whose use of it seems typical) commonly have it in

the sense of “on a footing of equality”: cf. 01'. it: Zaov in Plato's Laws 777 D,

919 D; Aristotle, Politics 1259 b 5 £8 i'o'ov :Tvat ,BofiMrat 'r'i'lv ¢150'l-V, “tend to

be on an equality in nature,” Elli. Nie. V111. 12, 1161 a 8 (‘Watson mivres £5

Zaov, “there all are on a footing of equality.” Slightly different are the uses

in Aristotle, Elli. [Vit- X. 8, H78 a 2 5 1151' juiv yap dvayxat'wv xpu'n. Kai. if 't'o'ov

Ecru», “both need the necessaries of life to the same extent, let us say”; Topics 1x.

15, 174 a 32 if 't'a'ou 1rowBv-m 1-1‘7v e'po'mu'tv, “asking the question inditferently”

(i.e. without showing any expectation of one answer being given rather than

another). The natural meaning would therefore appear to be “evenly placed”

(or balanced), “in equal measure,” “ indifferently” or “without bias” one way

or the other. Next, is the dative 102; hp‘ émmjs mma'ots constructed with ('5 law

or with Kai-rat? In the first case the phrase must mean “that which lies evenly

wit/1 (or in respect to) the points on it,” in the second apparently “that which,

in (or by) the points on it, lies (or is placed) evenly (or uniformly)” Max Simon

takes the first construction to give the sense “die Gerade liegt in gleicher

Weise wie ihre Punkte.” If the last words mean “in the same way as (or in

like manner as) its points,” I cannot see that they tell us anything, although

Simon attaches to the words the notion of distance (Abstand) like Proclus.

The second construction he takes as giving “ die Gerade liegt fiir (durch) ihre

Punkte gleichmassig,” “the straight line lies symmetrically for (or through) its

points”; or, if xe'i-rat is taken as the passive of r6017)“, “die Gerade ist durch

ihre Punkte gleichmassig gegeben worden,” “the straight line is symmetrically

determined by its points.” He adds that the idea is here direttion, and that

both direetion and distanee (as between two different given points simply)

would be to Euclid, as later to Bolzano (Betraelztungen fiber einige Gegensta'nde

der Elementargeometrze, 1804, quoted by Schotten, Inltalt und Met/lode des

planimetn'stben Unterriebts, 11. p. 16), primary irreducible notions.

While the language is thus seen to be hopelessly obscure, we can safely

say that the sort of idea which Euclid wished to express was that of a line

which presents the same shape at and relatively to all points on it, without

any irregular or unsymmetrical feature distinguishing one part or side of it

from another. Any such irregularity could, as Saccheri points out (Engel and

Stackel, Die Tlzeorie der Parallellinien von Euklid bis Gauss, 1895, p. 109), be

at once made perceptible by keeping the ends fixed and turning the line about
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them right round; if any two positions were distinguishable, e.g. one being to

the left or right relatively to another, “it would not lie in a uniform manner

between its points.”

A conjecture as to its origin and meaning.

The question arises, what was the origin of Euclid’s definition, or, how

was it suggested to him? It seems to me that the basis of it was really

Plato’s definition of a straight line as “that line the middle of which covers

the ends.” Euclid was a Platonist, and what more natural than that he

should have adopted Plato’s definition in substance, while regarding it as

essential to change the form of words in order to make it independent of any

implied appeal to vision, which, as a physical fact, could not properly find a

place in a purely geometrical definition? I believe therefore that Euclid’s

definition is simply an attempt (albeit unsuccessful, from the nature of the

case) to express, in terms to which a geometer could not object as not being

part of geometrical subject-matter, the same thing as the Platonic definition.

The truth is that Euclid was attempting the impossible. As Pfleiderer

says (Scholia to Euclid), “It seems as though the notion of a straight line,

owing to its simplicity, cannot be explained by any regular definition which

does not introduce words already containing in themselves, by implication,

the notion to be defined (such e.g. are direction, equality, uniformity or

evenness of position, unswerving course), and as though it were impossible, if

a person does not already know what the term straight here means, to teach

it to him unless by putting before him in some way a picture or a drawing of

it.” This is accordingly done in such books as Veronese’s Elementi di

geometria (Part 1., 1904, p. 10): “A stretched string, e.g. a plummet, a ray of

light entering by a small hole into a dark room, are rectilineal objects. The

image of them gives us the abstract idea of the limited line which is called a

reetilineal segment.”

Other definitions.

We will conclude this note with some other famous definitions of a straight

line. The following are given by Proclus (p. 110, 18~23).

r. A line stretched In the utmost, E1r' a'xpov n-mlte'w) -ypap;u7'. This appears

in Heron (Ist c. A.D.) also, with the words “towards the ends” (£1r1 ni 1re'pam)

added. (Heron, ed. Hultsch, Def. 5, p. 8).

2. Part of it ea/mol he in the assumed plane while part is in one higher up

(e'v ,unewporépo). This is a proposition in Euclid (x1. 1).

3. All its parts fit an all (other parts) alike, mivra. m'm'y‘e r5. #e'p'q "aw

("mime €¢app6§ca Heron has this too (Def. 5), but instead of “alike” he

says mxvror'ws, “in all ways,” which is better as indicating that the applied part

may be applied one way or the reverse way, with the same result.

4. That line whiz/z, when its ends remain fixed, Itself remains fixed, 17' 16v

nepdrwv pzvdvrwv Kai. airri) ,rte'vovo‘a. Heron’s addition to this, “ when i! is, as

it were, turned round in the same plane” (oiov iv 1"?) m'mii e’rrt-rre'sq) o-rpnpope'wl),

and his next variation, “and about the same ends having always the same

position,” show that the definition of a straight line as “that which does

not change its position when it is turned about its extremities (or any two

points in it) as poles” was no original discovery of Leibniz, or Saccheri, or

Krafft, or Gauss, but goes back at least to the beginning of the Christian era.

Gauss’ form of this definition was: “The line in which lie all points that,

duringthe revolution of a body (a part of space) about two fixed points,

maintain their position unchanged is called a straight line.” Schotten
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(1. p. 315) maintains that the notion of a straight line and its property of

being determined by two points are unconsciously assumed in this definition,

which is therefore a logical “circle.”

5. That line w/zie/i wit/1 one otller of the same species cannot eomplete a

figure, ii peril. 11')‘; oftoetaoiis p-Llis u'xfipa In‘) (irro'rdoiiaa. This is an obvious

fia-repov-rrpd-repov, since it assumes the notion of a figure.

Lastly Leibniz’ definition should be mentioned: A straight line is one

w/zie/i divides a plane into two Ila/718.5‘ identieal in all out position. Apart from

the fact that this definition introduces the plane, it does not seem to have any

advantages over the definition last but one referred to.

Legendre uses the Archimedean property of a straight line as tlze shortest

distance between two points. Van Swinden observes (Elemente (ler Geometrie,

1834, p. 4), that to take this as the definition involves assuming the proposition

that any two sides of a triangle are greater than the third and proving that

straight lines which have two points in common coincide throughout their

length (cf. Legendre, Elements a'e Géome’trie 1. 3, 8).

The above definitions all illustrate the observation of Unger (Die Geometrie

des Euk/id, 1833): “Straight isa simple notion, and hence all definitions of

it must fail... But if the proper idea of a straight line has once been grasped,

it will be recognised in all the various definitions usually given of it; all

the definitions must therefore be regarded as explanations, and among them

that one is the best from which further inferences can immediately be drawn

as to the essence of the straight line.”

DEFINITION 5.

'E'lrufiaivcm. 81' ('0'1'11', r'i pfixos Kai. 1rAui'ros ,uo'yov Zxa.

A surface is that w/n'elz has length and breadth only.

The word Em¢afve1a was used by Euclid and later writers to denote surfaee

in general, while they appropriated the word i1ri1re8ov for plane surface, thus

making ewzmsov a speeies of the genus €'7fl¢0:V(l0.. A solitary use of E1r1¢dvua

by Euclid when a plane is meant (x1. Def. 1 1) is probably due to the fact that

the particular definition came from an earlier textbook. Proclus (p. 116, 17)

remarks that the older philosophers, including Plato and Aristotle, used the

words £1rt¢aivnu and e’n-im‘b‘ov indifferently for any kind of surface. Aristotle

does indeed use both words for a surface, with perhaps a tendency to use

:fl’LdMil/flll. more than e'wrfireSov for a surface not plane. Cf. Calegones 6, 5 a 1 sq.,

where both words 'are used in one sentence: “You can find a common

boundary at which the parts fit together, a point in the case of a line, and a line

in the case of a surface (e'wulm'vna); for the parts of the surface (i-rrure'Sov) do fit

together at some common boundary. Similarly also in the case of a body you

can find a common boundary, a line or a surface (¢'1rt¢o'.vna), at which the

parts of the body fit together.” Plato however does not use e'mduima at all in

the sense of surface, but only e'm'vrsBov for both surface and plane surfaee.

There is reason therefore for doubting the correctness of the notice in

Diogenes Laertius, 111. 24, that Plato “was the first philosopher to name,

among extremities, the plane surface ” (e'wfireSos c'mdaa'vua).

e'rujxima of course means literally the feature of a body which is apparent

to the eye (imqbawfs), namely the surface.

Aristotle tells us (De sensu 3, 439 a 31) that the Pythagoreans called a

surface Xpom', which seems to have meant skin as well as eolour. Aristotle

explains the term with reference to colour (xpu'i/Ml) as a thing inseparable from

the extremity (1re'pas) of a body. '
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“continuous one way” (e’¢' 2v o'uvzxe's), or “divisible in one way” (povaxfi

SlllLpGTéV), so a surface is a magnitude extended or continuous two ways (é1ri

860), or divisible in two ways (89(1)). As in Euclid a surface has “length and

breadth ” only, so in Aristotle “ breadth” is characteristic of the surface and is

once used as synonymous with it (Metap/l. 1020 a 12), and again “lengths

are made up of long and short, .rurfare: of broad and narrow, and solids (5‘YKOL)

of deep and shallow” (Mefaplz. 1085 a 10).

Aristotle mentions the common remark that a line by its motion produres a

surface (De anima 1. 4, 409 a 4). He also gives the a posterior-i description of

a surface as the “extremity of a solid” (Topies v1. 4, 141 b 22), and as “the

section (Tomi) or division (8tat'peo'ts) of a body ” (Mela/>11. 1060 b 14).

Proclus remarks (p. 114, 20) that we get a notion of a surface when we

measure areas and mark their boundaries in the sense of length and breadth ;

and we further get a sort of perception of it by looking at shadows, since

these have no depth (for they do not penetrate the earth) but only have length

and breadth.

Classification of surfaces.

Heron gives (Def. 75, p. 23, ed. Hultsch) two alternative divisions of

surfaces into two classes, corresponding to Geminus’ alternative divisions of

lines, viz. into (I) {nearly/mite and composite and (2) simple and mixed.

(1) Incomposile surfaces are “those which, when produced, fall into (or

00316566 with) themselves” (50114. e'xflakhdyucvat at'rrai K110‘ e'avrw’v 1n'1r'rovo'w),

i.e. are of continuous curvature, e.g. the sphere.

Composite surfaces are “those which, when produced, cut one another.”

Of composite surfaces, again, some are (a) made up of non-homogeneous

(elements) (e’E rivopotoycvuiiv) such as cones, cylinders and hemispheres, others

to) made up of homogeneous (elements), namely the rectilineal (or polyhedral)

surfaces.

(2) Under the alternative division, simple surfaces are the plane and the

spherical surfaces, but no others; the mixed class includes all other surfaces

whatever and is therefore infinite in variety.

Heron specially mentions as belonging to the mixed class (a) the surface

of cones, cylinders and the like, which are a mixture of plane and circular

(IJ-Lkflll. c'f c'rurédov Kai. 'ncpttpepet'as) and (1)) spiric surfaces, which are “2. mixture

of two circumferences” (by which he must mean a mixture of two circular

elements, namely the generating circle and its circular motion about an axis in

the same plane).

Proclus adds the remark that, curiously enough, mixed surfaces may arise

by the revolution either of simple curves, e.g. in the case of the spire, or of

mixed curves, e.g. the “right-angled conoid” from a parabola, “another

conoid” from the hyperbola, the “oblong” (é-lrr'aqxzq, in Archimedes flap“.

piixcs) and “ fiat ” (hmrAa-ni) spheroids from an ellipse according as it revolves

about the major or minor axis respectively (pp. 1 19, 6—rzo, 2). The bomoeo

merie surfaces, namely those any part of which will coincide with any other

part, are two only (the plane and the spherical surface), not three as in the case

of lines (p. 120, 7).
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DEFINITION 6.

'Errttpavtlas 85 1re'pa1’a YpG/L’LG-L’.

T/ze extremities Qf a surface are lines.

It being unscientific, as Aristotle says, to define a line as the extremity of

a surface, Euclid avoids the error of defining the prior by means of the

posterior in this way, and gives a different definition not open to this

objection. Then, by way of compromise, and in order to show the connexion

between a line and a surface, he adds the equivalent of the definition of a line

previously current as an explanation.

As in the corresponding Def. 3 above, he omits to add what is made

clear by Aristotle (Metaplz. 1060 b 15) that a “division” (8iar’puns) or

“section” (10711)’) of a solid or body is also a surface, or that the common

boundary at which two parts of a solid fit together (Categories 6, 5 a 2)

may be a surface.

Proclus discusses how the fact stated in Def. 6 can be said to be true of

surfaces like that of the sphere “which is bounded (rurépam-at), it is true, but

not by lines.” His explanation (p. 1 16, 8—14) is that “if we take the surface

(of a sphere), so far as it is extended two ways (Brxfi Stuo-m-ni), we shall find

that it is bounded by lines as to length and breadth; and if we consider the

spherical surface as possessing a form of its own and invested with a fresh

quality, we must regard it as having fitted end on to beginning and made

the two ends (or extremities) one, being thus one potentially only, and not in

actuality.”

DEFINITION 7.

'E1rlrrssos ('11'|.¢0:v£ta,. c'o'rw, fins if i'o'ou rails as‘ c'uvrfis clieelaus xc'irai.

A plane surface is a surface wlziclr lies evenly with the straight lines on

itself’.

The Greek follows exactly the definition of a straight line mutatis mutandis,

i.e. with rais...n§0¢[arc for rois...o'17p.slm9. Proclus remarks that, in general,

all the definitions of a straight line can be adapted to the plane surface by

merely changing the genus. Thus, for instance, a plane surface is “a surface

the middle of which covers the ends” (this being the adaptation of Plato's

definition of a straight line). Whether Plato actually gave this as the defini

tion of a plane surface or not, I believe that Euclid’s definition of a plane

surface as lying evenly wit/i t/re straig/zt lines on itself was intended simply to

express the same idea without any implied appeal to vision (just as in the

corresponding case of the definition of a straight line).

As already noted under Def. 4, Proclus tries to read into Euclid’s defini

tion the Archimedean assumption that “ of surfaces which have the same

extremities, if those extremities are in a plane, the plane is the least.” But,

as I have stated, his interpretation of the words seems impossible, although it

is adopted by Simplicius also (see an-Nairizi).

Ancient alternatives.

The other ancient definitions recorded are as follows.

1. The surface ‘lo/lick is stretc/zed to tire utmost (e'1r' dxpov TCTG/Lél'fl): a

definition which Proclus describes as equivalent to Euclid's definition (on

Proclus’ own view of that definition). Cf. Heron, Def. 11, “(a surface) which

is right (and) stretched out” (o'p017‘ mIrm d-n-orcmptévq), words which he _adds to

Euclid's definition.
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2. The least surfaee among all those which have the some extremities.

Proclus is here (p. 1 17, 9) obviously quoting the Archimedean assumption.

3. A surface all the parts of whit/z have the property offitting on (eat/z

other) (Heron, Def. 11).

4. A sulfate sue/l that a straight line fits on all parts of it (Proclus,

p. 1 17, 8), or sue/1 that the straight line fits on it all ways, i.e. however placed

(Proclus, p. 117, 20).

With this should be compared :

“(A plane surfaee is) such that, a straight line pass through two

points on it, the line eoineides wholly with it at every spot, all ways,” i.e. however

placed (one way or the reverse, no matter how), a’); £1ru8¢iv 860 myan’wv dtpnrat

nidiia, Kai dh) adr'rj xara‘. 1rdvra. ro'1rov 1rav'rot'ws €¢ap7ui§rra1 (Heron, Def. II).

This appears, with the words xa-m‘t 1ra'vra 'rdrrov was/Tofu); omitted, in Theon oi

Smyrna (p. 112, 5, ed. Hiller), so that it goes back at least as far as the

rst c. A-D. It is of course the same as the definition commonly attributed to

Robert Simson, and very widely adopted as a substitute for Euclid’s.

This same definition appears also in an-Nairizi (ed. Curtze, p. 10) who,

after quoting Simplicius’ explanation (on the same lines as Proclus’) of the

meaning of Euclid’s definition, goes on to say that “others defined the plane

surface as that in which it is possible to draw a straight line from any point

to any other.”

Difliculties in ordinary definitions.

Gauss observed in a letter to Bessel that the definition of a plane surface

as a swfaee sueh that, if any two points in it be taken, the straight line joining

them lies wholly in the surfate (which, for short, we will call “Simson’s”

definition) contains more than is necessary, in that a plane can be obtained by

simply projecting a straight line lying in it from a point outside the line but also

lying on the plane; in fact the definition includes a theorem, or postulate, as

well. The same is true of Euclid’s definition of a plane as the surface which

“lies evenly with (all) the straight lines on itself,” because it is sufficient for a

definition of a plane if the surface “lies evenly ” with those lines only which

pass through a fixed point on it and each of the several points of a straight line

also lying in it but not passing through the point. But from Euclid’s point

of view it is immaterial whether a definition contains more than the necessary

minimum provided that the existente of a thing possessing all the attributes

contained in the definition is afterwards proved. This however is not done

in regard to the plane. No proposition about the nature of a plane as such

appears before Book x1., although its existence is presupposed in all the

geometrical Books 1.—|v. and v1. ; nor in Book x1. is there any attempt to

prove, e.g. by construction, the existence of a surface conforming to the

definition. The explanation may be that the existence of the plane as defined

was deliberately assumed from the beginning like that of points and lines, the

existence of which, according to Aristotle, must be assumed as principles

unproved, while the existence of everything else must be proved ; and it may

well be that Aristotle would have included plane surfaces with points and

lines in this statement had it not been that he generally took his illustrations

from plane geometry (excluding solid).

But, whatever definition of a plane is taken, the evolution of its essential

properties is extraordinarily difiicult. Crelle, who wrote an elaborate article

Zur Theorie der Elie/re (read in the Academie der Wissenschaften in 1834) of

which account must be taken in any full history of the subject, observes that,
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since the plane is the field, as it were, of almost all the rest of geometry, while

a proper conception of it is necessary to enable Eucl. 1. r to be understood,

it might have been expected that the theory of the plane would have been the

subject of at least the same amount of attention as, say, that of parallels. This

however was far from being the case, perhaps because the subject of parallels

(which, for the rest, presuppose the notion of a plane) is mueh easier than that

of the plane. The nature of the difiiculties as regards the plane have also

been pointed out recently by Mr Frankland (The First Book of Eutlid’s

Elements, Cambridge, 1905): it would appear that, whatever definition is

taken, whether the simplest (as containing the minimum necessary to deter

mine a plane) or the more complex, e.g. Simson’s, some postulate has to be

assumed in addition before the fundamental properties, or the truth of the

other definitions, can be established. Crelle notes the same thing as regards

Simson’s definition, containing more than is necessary. Suppose a plane in

which lies the triangle ABC. Let AD join the vertex A

to any point D on BC, and BE the vertex B to any A E

point E on CA. Then, according to the definition, AD

lies wholly in the plane of the triangle; so does BE. A

But, if both AD and BE are to lie wholly in the one B D 0

plane, AD, BE must intersect, say at F: if they did not,

there would be two planes in question, not one. But the fact that the lines

intersect and that, say, AD does not pass above or below BE, is by no

means self-evident.

Mr Frankland points out the similar difiiculty as regards the simpler

definition of a plane as the surface generated by a straight

line passing always through a fixed point and always

intersecting a fixed straight line. Let OPP’, OQQ'

drawn from 0 intersect the straight line X at P, Q

respectively. Let R be any third point on X: then it

needs to be proved that 01? intersects P’Q’ in some

point, say R’. Without some postulate, however, it is

not easy to see how to prove this, or even to prove that P'Q' intersects X.

Crelle's essay. Definitions by Fourier, Deahna, Becker.

Crelle takes as the standard of a good definition that it shall be, not only as

simple as possible, but also they best adapted for deducing, with the aid of the

simplest possible principles, further properties belonging to the thing defined.

He was much attracted by a very lucid definition, clue, he says, to Fourier,

according to which a plane is formed by the aggregate of all the straight lines

whieh, passing through one point on a straight line in spate, are perpendieular

to that straight line. (This is really no more than an adaptation from Euclid’s

proposition x1. 5, to the effect that, if one of four concurrent straight lines be

at right angles to each of the other three, those three are in one plane, which

proposition is also used in Aristotle, llleteorologz'ra 111. 3, 373 a 13.) But

Crelle confesses that he had not been able to deduce the necessary properties

from this and had had to substitute the definition, already mentioned, of a

plane as the surfaee eontaining, throughout their whole length, all the straight

lines passing through a fixed point and also interseeting a straight line in space;

and he only claims to have proved, after a long series of propositions, that the

“ Fourier ”- or “ perpendicular ”-surface and the plane of the other definition

just given are identical, after which the properties of the “ Fourier ”-surface

can be used along with those of the plane. The advantage of the Fourier

definition is that it leads easily, by means of the two propositions that
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triangles are equal in all respects (1) when two sides and the included angle

are respectively equal and (2) when all three sides are respectively equal, to the

property expressed in Simson’s definition. But Crelle uses to establish these

two congruence-theorems a number of propositions about equal angles, supp/e

menlary angles, right angles, grealer and less angles; and it is difiicult to

question the soundness of Schotten’s criticism that these notions in themselves

really presuppose that of a plane. The difficulty due to Fourier’s use of

the word “perpendicular,” if that were all, could no doubt be got over. Thus

Deahna in a dissertation (Marburg, 1837) constructed a plane as follows.

Presupposing the notions of a straight line and a sphere, he observes that, if a

sphere revolve about a diameter, all the points of its surface which move

describe closed curves (circles). Each of these circles, during the revolution,

moves along itself, and one of them divides the surface of the sphere into two

congruent parts. The aggregate then of the lines joining the centre to the

points of this circle forms the plane. Again, J. K. Becker (Die Element: der

Geomeln'e, r877) pointed out that the revolution of a right angle about one

side of it produces a conical surface which differs from all other conical

surfaces generated by the revolution of other angles in the fact that file

particular (one roina'de: will: [/18 [one vertical/y opposite to if: this characteristic

might therefore be taken in order to get rid of the use of the right angle.

W. Bolyai and Lobachewsky.

Very similar to Dcahna’s equivalent for Fourier’s definition is the device

of W. Bolyai and Lobachewsky (described by Frischauf, Elemen/e der

abso/ulen Gmmelrie', 1876). They worked upon a fundamental idea first

suggested, apparently, by Leibniz. Briefly stated, their way of evolving a

plane and a margin line was as follows. Conceive an infinite number of

pairs of concentric spheres described about two fixed points in space, 0, O’,

as centres, and with equal radii, gradually increasing: these pairs of equal

spherical surfaces intersect respectively in homogeneous curves (circles), and

the “Inbegriff" or aggregate of these curves of intersection forms a plane.

If A be a point on one of these circles (k say), suppose points 11!, 1V’ to start

simultaneously from A and to move in opposite directions a! the same speed

till they meet at 8, say: B then is “opposite " to A, and A, B divide the

circumference into two equal halves. If the points A, B be held fast and the

whole system be turned about them until 0 takes the place of 0', and 0' of

O, the circle .4! will occupy the same position as before (though turned a

different way). Two opposite points, P, Q say, of each of the other circles

will remain stationary during the motion as well as A, B: the “ Inbegrifi‘" or

aggregate of all such points which remain stationary forms a straight line. It

is next observed that the plane as defined can be generated by the revolution

of the straight line about 00', and this suggests the following construction

for a plane. Let a circle as one of the curves of intersection of the pairs of

spherical surfaces be divided as before into two equal halves at A, B. Let the

arc ADE be similarly bisected at D, and let C be the

middle point of A11’. This determines a straight line CD

which is then defined as “perpendicular” to AB. The revo

lution of CD about AB generates a plane. The property A 3

stated in Simson’s definition is then proved by means of the

congruence-theorems proved in Eucl. I. 8 and i. 4. The

first is taken as proved, practically by considerations of

symmetry and homogeneity. If two spherical surfaces, not necessarily equal,

with centres 0, O’ intersect, A and its “opposite” point B are taken as

D



l. DEF. 7] NOTE ON DEFINITION 7 :75

before on the curve of intersection (a circle) and, relatively to 00’, the point

A is taken to be convertible with B or any other point on the homogeneous

curve. The second (that of Eucl. 1. 4) is established by simple application.

Rausenberger objects to these proofs on the grounds that the first assumes

that the two spherical surfaces intersect in one single curve, not in several,

and that the second compares angles: a comparison which, he says, is possible

only in a plane, so that a plane is really presupposed. Perhaps as regards

the particular comparison of angles Rausenberger is hypercritical ; but it is

difficult to regard the supposed proof of the theorem of Eucl. 1. 8 as sufi‘iciently

rigorous (quite apart from the use of the uniform motion of points for the

purpose of bisecting lines).

Simson’s property is proved from the two congruence-theorems thus.

Suppose that AB is “perpendicular” (as defined by Bolyai) to two generators

C111, CN of a plane, or suppose CA1, CN respectively to make with AB two

angles congruent with one another. It is enough to prove that, if P be any

point on the straight line MN, then CP, just as

much as C111, CN respectively, makes with AB two

angles congruent with one another and is therefore

a generator. We prove successively the congruence

of the following pairs of triangles: N

A C1”, BCAI C P

A CJV, BCZV M

AMZV, BMN

AMP, BMP B

A CP, BCP, '

whence the angles A C1’, BCP are congruent.

Other views.

Enriques and Amaldi (Elementi di geometria, Bologna, 1905), Veronese

(in his Elementi) and Hilbert all assume as a postulate the property stated in

Simson’s definition. But G. Ingrami (Elementi (ti geometria, Bologna, 1904)

proves it in the course of a remarkable series of closely argued proposition

based upon a much less comprehensive postulate. He evolves the theory of

the plane from that of a triangle, beginning with a triangle as a mere t/zree-side

(trilatero), i.e. a frame, as it were. His postulate relates to the three-ride and

is to the effect that each “ (rectilineal) segment” joining a vertex to a point of

the opposite side meets every segment similarly joining each of the other two

vertices to the points of the sides opposite to them respectively, and, con

versely, if a point be taken on a segment joining a vertex to a point of the

opposite side, and if a straight line be drawn from another vertex to the point

on the segment so taken, it will if produced meet the opposite side. A

triangle is then defined as the figure formed by the aggregate of all the

segments joining the respective vertices of a three-side to points on the

opposite sides. After a series of propositions, Ingrami evolves a plane as the

figure formed by tile “ half straight-lines ” whit/l projeet from an internal point

of the triangle the point: of the perimeter, and then, after two more theorems,

proves that a plane is determined by any three of its points which are not in

a straight line, and that a straight line zolzie/z has two pointi- in a plane has all

its point: in it.

The argument by which Bolyai and Lobachewsky evolved the plane is

of course equivalent to the definition of a plane as the locus of all point:

equidistant from two fixed point: in .Waee.
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Leibniz in a letter to Giordano defined a plane as I/Iat surface which

divides spare into two rongruent parts. Adverting to Giordano’s criticism that

you could conceive of surfaces and lines which divided space or a plane into

two congruent parts without being plane or slraigllt respectively, Beez (Uber

EuklidLte/ie and Mklil-Euklidzkelze Geomelrie, 1888) pointed out that what was

wanted to complete the definition was the further condition that the two

congruent spaces could be slid along well oIlIer without the surfaces ceasing

to coincide, and claimed priority for his completion of the definition in this

way. But the idea of all l/ze ports of a plane fitting exactly on all otlzerports

is ancient, appearing, as we have seen, in Heron, Def. I 1.

DEFINITIONS 8, 9.

8, 'Erri-iresos 82 ywvt'a e'crrlv 1; iv e'm'ire'srp 8150 ypa‘uptbv tifl'TOfLéVmV dltlvriluuv

Kai. p1‘) hr’ (with; KEL/AéWDV 1rpoq tilt/Milt“ 115v 7pa,up.u'iv xM'o'Ls.

9. 'O'mv 8E ai 1repts’xovo'at rip’ 'ywvt'av 'ypalulml ei'ilis'iat u'xnv, €t,)0\iyp0+lp-0G

Kakcfrut 1i ymw'a.

8. A plane angle is fire inelination to one anol/zer of two lines in a plane

'w/u'r/z meet one anol/zer and do no! lie in a straight’ line.

9. And when {he lines ronfaining {lie angle are s/raiglll, the angle is rolled

rectilineal.

The phrase “not in a straight line” is strange, seeing that the definition

purports to apply to angles formed by curves as well as straight lines. We

should rather have expected eonlinuous (ovvex'ris) with one another; and

Heron takes this to be the meaning, since he at once adds an explanation as

to what is meant by lines not being continuous (01’; awexzis). It looks as though

Euclid really intended to define a rertilineal angle, but on second thoughts,

as a concession to the then common recognition of curvilineal angles, altered

“ straight lines ” into “lines” and separated the definition into two.

I think all our evidence suggests that Euclid’s definition of an angle as

inelination (Mime) was a new departure. The word does not occur in

Aristotle; and we should gather from him that the idea generally associated

with an angle in his time was rather deflation- or breaking of lines (Mame) : cf.

his common use of K‘Kluifl'fltu and other parts of the verb Mia’, and also his

reference to one bent line forming an angle (rilv xtxawte’mv xal é'Xommv ywvt'av,

Melap/l. ror6 a I3).

Proclus has a long and elaborate note on this definition, much of which

(pp. 121, 12—126, 6) is apparently taken direct from a work by his master

Syrianus (6 wipe'repos Kaa'qyqtuiv). Two criticisms contained in the note need

occasion no difiiculty. One of these asks how, if an angle be an inclination,

one inclination can produce two angles. The other (p. 128, z) is to the effect

that the definition seems to exclude an angle formed by one and the same

curve with itself, e.g. the complete n'ssoid [at what we call the “ cusp ” or the

curve known as the Iniopopede (horse-fetter) [shaped like a lemniscate. But

such an “angle” as this belongs to higher geometry, which Euclid may well

be excused for leaving out of account in any case.

Other ancient definitions: Apollonius, Plutarch, Carpus.

Proclus’ note records other definitions of great interest. Apollonius

defined an angle as a eontrading of a smfaee or a solid a! one point under a

oroken line or surfaee (o’viaym'y'il £1n¢aveias fi o'rspeoi} 1rpos e'vl. mytu'cp rim‘)

Kexkaopévy 7pamij fi e‘1ri¢avet'q), where again an angle is supposed to be

formed by one broken line or surface. Still more interesting, perhaps, is the

definition by “those who say that [he first distance under the point (Ta 1rpd$row
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Side-mac. aim) TO mjlse'iov) is the angle. Among these is Plutarch, who insists

that Apollonius meant the same thing; for, he says, there must be some first

distance under the breaking (or deflection) of the including lines or surfaces,

though, the distance under the point being continuous, it is impossible to

obtain the actual first, since every distance is divisible without limit” (e'rr‘

é'rrstpov). There is some vagueness in the use of the word “ distance” (Sate-mute) ;

thus it was objected that “ if we anyhow separate off the first” (distanee being

apparently the word understood) “and draw a straight line through it, we get

a triangle and not one angle.” In spite of the objection, I cannot but see in

the idea of Plutarch and the others the germ of a valuable conception in

infinitesimals, an attempt (though partial and imperfect) to get at the rate

of dn/ergenee between the lines at their point of meeting as a measure of the

angle between them.

A third view of an angle was that of Carpus of Antioch, who said “that

the angle was a quantity (noo'tiv), namely a distanee (Saio'riypta) between the

lines or surfaces containing it. This means that it would be a distance (or

divergence) in one sense (c'qS’ 2v Starruis), although the angle is not on that

account a straight line. For it is not everything extended in one sense (11‘: £49 3v

8tao-ra-ro'v) that is a line.” This very phrase “ extended one way” being held

to define a line, it is natural that Carpus’ idea should have been described as

the greatest possible paradox ('n'tiv'rwv 1rapa8oéérarov). The difiiculty seems to

have been caused by the want of a difi'erent technical term to express a new

idea; for Carpus seems undoubtedly to have been anticipating the more

modern idea of an angle as representing diz/ergenee rather than distance, and to

have meant by é¢' ‘s‘v in one sense (rotationally) as distinct from one way or in

one dimension (linearly).

To what category does an angle belong?

There was much debate among philosophers as to the particular category

(according to the Aristotelian scheme) in which an angle should be placed;

is it, namely, a quantum (woo-0'11), qua/e (7704.611) or relation (rpo's rt)?

1. Those who put it in the category of quantity argued from the fact that

a plane angle is divided by a line and a solid angle by a surface. Since, then,

it is a surface which is divided by a line, and a solid which is divided by

a surface, they felt obliged to conclude that an angle is a surface or a solid, and

therefore a magnitude. But homogeneous finite magnitudes, e.g. plane

angles, must bear a ratio to one another, or one must be capable of being

multiplied until it exceeds the other. This is, however, not the case with a

rectilineal angle and the horn-like angle (xeparoetSrjs), by which latter is meant

the “angle” between a circle and a tangent to it, since (Eucl. 111. 16) the

latter “angle” is less than any rectilineal angle Whatever. The objection, it

will be observed, assumes that the two sorts of angles are homogeneous.

Plutarch and Carpus are classed among those who, in one way or other, placed

an angle among magnitudes; and, as above noted, Plutarch claimed Apollonius

as a supporter of his view, although the word eontrae/ion (of a surface or solid)

used by the latter does not in itself suggest magnitude much more than Euclid’s

inclination. It was this last consideration which doubtless led “ Aganis,” the

“friend ” (socius) apparently of Simplicius, to substitute for Apollonius’

wording “ a quantity whieh has dimensions and the extremities of which arrive

at one point” (an~Nairizi, p. 13).

2. Eudemus the Peripatetic, who wrote a whole work on the angle, main

tained that it belonged to the category of quality. Aristotle had given as his

fourth variety of quality “figure and the shape subsisting in each thing, and,

H. E- 12
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besides these, straightness, curvature, and the like” (Categories 8, 10 a 11).

He says that each individual thing is spoken of as qua/e in respect of its form,

and he instances a triangle and a square, using them again later on (ihrd. 1 1 a 5)

to show that it is not all qualities which are susceptible of more and less, again,

in Physies 1. 5, 188 a 25 angle, straight, eirtular are called kinds of figure.

Aristotle would no doubt have regarded defieetion (xexMo-Oat) as belonging to

the same category with straightness and curvature (xapmrltd‘nys). At all events,

Eudemus took up an angle as having its origin in the breaking or deflection

(scholars) of lines: deflection, he argued, was quality if straightness was, and that

which has its origin in quality is itself quality. Objectors to this view argued

thus. If an angle be a quality (#0167718) like heat or cold, how can it be bisected,

say? It can in fact be divided; and, if things of which divisibility is an

essential attribute are varieties of quantum and not qualities, an angle cannot

be a quality. Further, the more and the less are the appropriate attributes of

quality, not the equal and the unequal; if therefore an angle were a quality,

we should have to say of angles, not that one is greater and another smaller,

but that one is more an angle and another less an angle, and that two angles

are not unequal but dissimilar (liVd/LOLOL). As a matter of fact, we are told by

Simplicius, 5 38, 21, on Arist. De rae/o that those who brought the angle under

the category of qua/e did call equal angles similar angles ; and Aristotle

himself speaks of similar angles in this sense in De eaelo 296 b 20, 311 b 34.

3. Euclid and all who called an angle an inclination are held by Syrianus

to have classed it as a relation ('rrpds n). Yet Euclid certainly regarded angles

as magnitudes ; this is clear both from the earliest propositions dealing

specifically with angles, e.g. 1. 9, 13, and also (though in another way) from

his describing an angle in the very next definition and always as ron/ained

(mptexopém) by the two lines forming it (Simon, Eutlid, p. 28).

Proclus (i.e. in this case Syrianus) adds that the truth lies between these

three views. The angle partakes in fact of all those categories: it needs the

quantity involved in magnitude, thereby becoming susceptible of equality,

inequality and the like; it needs the quality given it by its form, and lastly

the relation subsisting between the lines or planes bounding it.

Ancient classification of “angles.”

An elaborate classification of angles given by Proclus (pp. 126, 7-1 27, 16)

may safely be attributed to Geminus. In order to show it by a diagram it

Angles

f_—J—'—\

on surfaces in solids

(to arepeair)

_ r— —~———_—-1

on sample surfaces on mixed surfaces

(e.g. cones, cylinders)

7.

on planes on spherical surfaces
1 

 

I l I

made by simple lines made by “mixed" lines by one of each

(e.g. the angle made by a (e.g. the angle formed by an

curve, such as the oissoia' ellipse and its axis or by

and hippopeo'e, with itself) an ellipse and a circle)
I

l l l

line-line line-circumf. circumf.-circumf.

r— -L—n r 4‘1 1

line-convex line-concave convex-convex concave-concave mixed, or

(e.g. angle of a e.g. hornJil-e (linoleum-at) (d/L¢£KOI.>\Ol) convex-concave

semicircle) (KQ‘PGTOELBTIF) or “scraper-like” (e.g. those of

(Eua-rpoeifieis) lunes)
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will be necessary to make a convention about terms. Angles are to be under

stood under each class, “line-circumference ” means an angle contained by a

straight line and an arc of a circle, “line-convex” an angle contained by a

straight line and a circular arc with convexity outrtrards, and so on in every

case.

Definitions of angle classified.

As for the point, straight line, and plane, so for the angle, Schotten gives

a valuable summary, classification and criticism of the different modern views

up to date ([nhalt und Methade des planimetrzsehen Unterriehts, 11., 1893,

pp. 94—183) ; and for later developments represented by Veronese reference

may be made to the second article (by KAmaldi) in Questiom' riguardanti

la geometria elementare (Bologna, 1900) already referred to.

With one or two exceptions, says Schotten, the definitions of an angle may

be classed in three groups representing generally the following views:

1. The angle is the difference of diree'ttbn between two straight lines. (With

this group may be compared Euclid’s definition of an angle as an inclination.)

2. The angle is the quantity 0r amount (0r the measure) of the ratation

neeessarj' to bring one of its sides from its own position to that of the other side

wit/taut its moving out of the plane eantaiuing hath.

3. The angle is the portion of a plane ineluded between two straight lines in

the plane whit/1 meet in a paint (or two rays issuingfrom the point).

It is remarkable however that nearly all of the text-books which give

definitions different from those in group 2 add to them something pointing to

a connexion between an angle and rotation: a striking indication that the

essential nature of an angle is closely connected with rotation, and that a good

definition must take account of that connexion.

The definitions in the first group must be admitted to be tautologous, or

tircular, inasmuch as they really presuppose some conception of an angle.

Direttion (as between two given points) may no doubt be regarded as a primary

notion; and it may be defined as “the immediate relation of two points which

the ray enables us to realise” (Schotten). But “a (tirertion is no intensive

magnitude, and therefore two directions cannot have any quantitative

difference” (Biirklen). Nor is direction susceptible of differences such as

those between qualities, e.g. colours. Direction is a singular entity: there

cannot be difl‘erent sarts or degrees of direction. If we speak of “a dlferent

direction,” we use the word equivocally ; what we mean is simply “another”

direction. The fact is that these definitions of an angle as a difi‘erence of

direction unconsciously appeal to something outside the notion of direction

altogether, to some conception equivalent to that of the angle itself.

\

Recent Italian views.

The second group of definitions are (says Amaldi) based on the idea of the

rotation of a straight line or ray in a plane about a point: an idea which,

logically formulated, may lead to a convenient method of introducing the

angle. But it must be made independent of metric conceptions, or of the

conception of eongruenee, so as to bring out first the notion of anangle, and

afterwards the notion of equal angles.

The third group of definitions satisfy the condition of not including metric

conceptions; but they do not entirely correspond to our intuitive conception

of an angle, to which we attribute the character of an entity in one dimension

(as Veronese says) with respect to the ray as element, or an entity in two

l2——2
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diténsions with reference to points as elements, which may be called an angular

seeton. The defect is however easily remedied by considering the angle as

“the aggregate of the rays issuing from the vertex and comprised in the angular

sector.” \

' Proceeding to consider the principal methods of arriving at the logical

formulation of the first superficial properties of the plane from which a

definition of the angle may emerge, Amaldi distinguishes two points of view

(1) the genetic, (2)‘the aetual.

(I) From the first point of view we consider the elaster of straight lines

or rays (the aggregate of 'all the straight lines in a plane passing through a

point, or of all the rays with their extremities in that point) as generated by

the movement of a straight line or ray in the plane, about a point. This leads

to the postulation of a elosed order, or eireular disposition, of the straight lines

or rays in a cluster. Next comes the connexion subsisting between the

disposition of any two clusters whatever in one plane, and so on.

(2) Starting from the point of view of the aetual, we lay the foundation

of the definition of an angle in the division of the plane into two parts (half

planes) by tile strazglzt line. Next, two straight lines (a, o) in the plane, inter

secting at a point 0, divide the plane into four regions which are called

angular seetors (convex) ; and finally the angle (no) or (6a) may be defined as

the aggregate of the rays issuing from O and lielonging to the angular seetor

wlzie/t lzas a and bfor sides.

Veronese’s procedure (in his Elementi) is as follows. He begins with the

first properties of the plane introduced by the following definition.

The figure given by all the straight lines joining the points of a straight

line r to a point .P outside it and by

the parallel to r through Pis called a r

eluster of straight lines, a eluster of rays, ’$

or a plane, according as we consider

the element of the figure itself to be the

straight line, the ray terminated at P, P T

or a point.

[It will be observed that this method of producing a plane involves using

the parallel to r. This presents no difiiculty to Veronese because he has

previously defined parallels, without reference to the plane, by means of reflex

or opposite figures, with respect to a point 0: “two straight lines are called

parallel, if one of them contains two points opposite to (or the reflex of) two

points of the other with respect to the middle point of a common transversal

(of the two lines)” He proves by means of a postulate that the parallel r’

does belong to the plane Pr. Ingrami avoids the use of the parallel by

defining a plane as “the figure formed by the half straight lines which project

from an internal point of a triangle (i.e. a point on a line joining any vertex of

a three-side to a point of the opposite side) the points of its perimeter,” and

then defining a duster of rays as “the aggregate of the half straight lines in a

plane starting from a given point of the plane and passing through the points

of the perimeter of a triangle containing the point.”]

Veronese goes on to the definition of an angle. “ We (all an angle a part

of a [taster of rays, bounded 11)) two rays (as the segment is a part of a straight

line bounded by two joints).

“An angle of tile eluster, t/ze oounding rays of wlzirlt are opposite, is eat/ea’ a

flat, angle."

Then, after a postulate corresponding to postulates which he lays down for
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a redilineal segment and for a strazg/zt line, Veronese proves that allflat angles

are equal to one another.

 

  

a b

Hence he concludes that “the cluster of rays is a homogeneous linear

system in which the element is the ray instead of the joint. The cluster

being a homogeneous linear system, all the propositions deduced from

[Veronese’s] Post. 1 for the straight line apply to it, e.g. that relative to

the sum and difference of the segments: it is only necessary to substitute

the ray for the point, and the angle for the segment."

DEFINITIONS Io, II, 12.

Io. 'Orav SE niacin. ("Ir' H3061" o'raaeia'a 'rds c'daeffis 'ywvt'as i011; ditlvq'hat:

wot-ii, 6,001; ém-rs'pa ru'iv i'o'wv ymvuliv 3011', real 1; €¢corni<vfa u’sge'ia KriQc-ros Kalteirat,

s'da' fiv €¢EIUTYIKUL

I I. 'Apflltcia 'ywvt'a. e'o‘rlv 1; [I.(LZQW 6p6i7's.

I 2. 'Ofeia 8E 17' e'ltoio'o'wv 6p0fis.

Io. When a strazgltt line set up on a strazg/It line makes the adjacent angles

equal to one anotlier, ear/z of tile equal angles is right, and the straight line

standing on tlte otlzer is called a perpendicular to tlzat on w/zie/z it stands.

1 I. An obtuse angle is an angle greater tlzan a rig/it angle.

I 2. An acute angle is an angle less tlzan a rig/ii angle.

€¢s§fis is the regular term for adjaeent angles, meaning literally “ (next) in

order.” I do not find the term used in Aristotle of angles, but he explains its

meaning in such passages as P/iysies w. I, 231 b 8: “those things are (next)

in order which have nothing of the same kind (ovyyevés) between them.”

milicros, perpendicular, means literally letfall : the full expression is perpen

dicular straigltl line, as we see from the enunciation of Eucl. I. II, and the

notion is that of a straight line let fall upon tlte smjfaee of Ilze earth, a pluma

line. Proclus (p. 283, 9) tells us that in ancient times the perpendicular was

called gnomon-wise (Kara 'yvuip0va), because the gnomon (an upright stick) was

set up at right angles to the horizon.

The three kinds of angles are among the things which according to the

Platonic Socrates (Republic v1. 510 c) the geometer assumes and argues from,

declining to give any account of them because they are obvious. Aristotle

discusses the priority of the right angle in comparison with the acute (Metap/z.

1084 b 7): in one way the right angle is prior, i.e. in being defined (5n

dime-rat) and by its notion (11; A679), in another way the acute is prior, i.e. as

being a part, and because the right angle is divided into acute angles ; the

acute angle is prior as matter, the right angle in respect of firm ; cf. also

Metajb/t. 1035 b 6, “the notion of the right angle is not divided into
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that of an acute angle, but the reverse; for, when defining an acute angle,

you make use of the right angle.” Proclus (p. 133, 15) observes that it is by

the perpendicular that we measure the heights of figures, and that it is by

reference to the right angle that we distinguish the other rectilineal angles,

which are otherwise undistinguished the one from the other.

The Aristotelian Problem: (16, 4, 9r 3 b 36) contain an expression perhaps

worth quoting. The question discussed is why things which fall on the

ground and rebound make “ similar" angles with the surface on both sides of

the point of impact; and it is observed that “the right angle is the limit

(Bpos) of the opposite angles,” where however “opposite” seems to mean, not

“ supplementary” (or acute and obtuse), but the equal angles made with the

surface on opposite sides of the perpendicular.

Proclus, after his manner, remarks that the statement that an angle less

than a right angle is acute is not true without qualification, for (1) the horn-like

angle (between the circumference of a circle and a tangent) is less than a

right angle, since it is less than an acute angle, but is not an acute angle, while

(2) the “angle of a semicircle” (between the arc and a diameter) is also less

than a right angle, but is not an acute angle.

The existmre of the right angle is of course proved in I. 1 1.

DEFINITION I3.

Opos e'a-rt'v, 5 Two’; c’o-n 1re'pas.

A boundary is t/mt which i: an extremity 0f anything.

Aristotle also uses the words dpos and 1répae as synonymous. Cf. De gm.

animal. II. 6, 745 a 6, 9, where in the expression “limit of magnitude” first

one and then the other word is used.

Proclus (p. I 36, 8) remarks that the word boundary is appropriate to the

origin of geometry, which began from the measurement of areas of ground

and involved the marking of boundaries.

DEFINITION I4.

EXfi/wi 30-11 1'!) inro' 111109 1; Two)!’ dpmv Trcptexo'pwm'.

A figure is l/mt w/u'c/z is mntainea' by any boundary or boundaries.

Plato in the Mmo observes that rouna'ness(o--rpoyyv)\61wyc) or the round is a

“figure,” and that 112: straight and many other things are so too; he then

inquires what there is common to all of them, in virtue of which we apply the

term “figure” to them. His answer is (76 A): “ with reference to every

figure I say that that in wink/1 the solid terminates (mine, a’; 8 n‘) o'repcov

mpat'vet) is a figure, or, to put it briefly, a figure is (1)! rxtrmzity of a solid.”

The first observation is similar to Aristotle’s in the Physics I. 5, 188 a 25,

where angle, strazlg/zt, and rirzular are mentioned as genera of figure. In the

Categarie: 8, IO a I I, “ figure ” is placed with straightness and curvedness in

the category of quality. Here however “figure” appears to mean strap:

(aopqbq') rather than “ figure ” in our sense. Coming nearer to “figure” in our

sense, Aristotle admits that figure is “a sort of magnitude" (Dr anima III. I,

425 a 18), and he distinguishes plane figures of two kinds, in language not

unlike Euclid’s, as [ordained by straight and circular lines respectively: “every

plane figure is either rectilineal or formed by circular lines (flipubepéypap/LOV),

and the rectilineal figure is contained by several lines, the circular by one

line ” (Dz rue/0 II. 4, 286 b 13). He is careful to explain that a plane is not a
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figure, nor a figure a plane, but that a plane figure constitutes one notion and

is a species of the genus figure (Anal. post. u. 3, 90 b 37). Aristotle does not

attempt to define figure in general, in fact he says it would be useless: “ From

this it is clear that there is one definition of soul in the same way as there is

one definition of figure; for in the one case there is no figure except the

triangle, quadrilateral, and so on, nor is there any soul other than those above

mentioned. A definition might be constructed which should apply to all

figures but not specially to any particular figure, and similarly with the

species of soul referred to. [But such a general definition would serve no

purpose} Hence it is absurd here as elsewhere to seek a general definition

which will not be properly a definition of anything in existence and will not

be applicable to the particular irreducible species before us, to the neglect of

the definition which is so applicable” (De anima u. 3, 414 b 20—28).

Comparing Euclid’s definition with the above, we observe that by intro

ducing boundary (dpos) he at once excludes the straight which Aristotle classed

as figure ; he doubtless excluded angle also, as we may judge by (I) Heron's

statement that “neither one nor two straight lines can complete a figure,”

(2) the alternative definition of a straight line as “that which cannot with

another line of the same species form a figure,” (3) Geminus’ distinction

between the line which forms a figure (axnparmrotofiaa) and the line which

extends indefinitely (éar' d'n-upov éxlBaMope'v'q), which latter term includes a

hyperbola and a parabola. Instead of calling figure an extremz'ig' as

'Plato did in the expression “extremity (or limit) of a solid,” Euclid

describes a figure as t/lat w/u'e/t has a boundary or boundaries. And lastly,

in spite of Aristotle’s objection, he does attempt a general definition to

cover all kinds of figure, solid and plane. It appears certain therefore that

Euclid’s definition is entirely his own.

Another view of a figure, recalling that of Plato in Menu 7t’, A, is attributed

by Proclus (p. 143, 8) to Posidonius. The latter regarded the figure as the

eonfining extremity or limit (n-c’pa: a-vyKM'iov), “ separating the notion of figure

from quantity (or magnitude) and making it the cause of definition, limitation,

and int/aria?! (roii uipt'rrdat xai 1rc1rcpa'00at Kai ‘His 1r¢pLoXfis)...POSid0niuS thus

seems to have in view only the boundary placed round from outside, Euclid

the whole content, so that Euclid will speak of the circle as a figure in

respect of its whole plane (surface) and of its inclusion (from) without, whereas

Posidonius (makes it‘ a figure) in respect of its circumference...Posidonius

wished to explain the notion of figure as itself limiting and ronfining magnitude.”

Proclus observes that a logical and refining critic might object to Euclid’s

definition as defining the genus from the species, since that which is enclosed

by one boundary and that which is enclosed by several are both species of

figure. The best answer to this seems to be supplied by the passage of

Aristotle's De anima quoted above.

DEFINITIONS 15, 16.

I5. KIiKAOS e'u'ri. o'xfifm ém'rcsov rim-o pu'is ypamu'js ruptcxdpevov xahs'irat

1rcpt¢épcw], 1pc‘); fill d4; éyos o'flpetlo'u 16v c’v-ros 1'05 0' 'paros xelpe'vwv m'io'qu ai

1rpoo'1rt'1rrovo'at (13060.1. [1rpos rviv 'roi mixkov 1rspt¢épuav i'mu dhhikats cio't'v.

16. Ke'v'rpov 8E 'roii Kv'KAov To amnion’ xaMZ-riu.

I 5. A circle is a planefigure mntained by one line sue/z that all the straight

line: falling upon itfrom one point among tlmse lying wit/zit: tllefigure are equal

to one anatlzer ;

r 6. AIn! [lie/mint is taller! the centre of tile tire/e.
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The words 1‘; mad-rat 1r¢pi¢ép¢u1, “ which is called the circumference,” and

apt‘); 'r'ilv mi) mixltov 7r£pt¢ép€m|', “to the circumference of the circle,” are

bracketed by Heiberg because, although the M55. have them, they are

omitted in other ancient sources, viz. Proclus, Taurus, Sextus Empiricus and

Boethius, and Heron also omits the second gloss. The recently discovered

papyrus Herculanensis No. 1061 also quotes the definition without the words

in question, confirming Heiberg’s rejection of them (see Heiberg in Hermes

xxxv111., 1903, p. 47). The words were doubtless added in view of the

occurrence of the word “circumference” in Deff. 17, 18 immediately

following, without any explanation. But no explanation was needed. Though

the word mpube'paa does not occur in Plato, Aristotle uses it several times

(1) in the general sense of (on/our without any special mathematical signification,

(2) mathematically, with reference to the rainbow and the circumference, as

well as an arc, of a circle. Hence Euclid was perfectly justified in employing

the word in Deff. 17, 18 and elsewhere, but leaving it undefined as being a

word universally understood and not involving in itself any mathematical

conception. It may be added that an-Nairizi had not the bracketed words

in his text; for he comments on and tries to explain Euclid’s omission to

define the circumference.

The definition itself contained nothing new in substance. Plato (Parme

m'des r37 E) says: “ Round is, I take it, that the extremes of which are every

way equally distant from the middle” (orpo'yy'u'ltov ye’ mni £011. mil-m, or’: (iv 16.

Eo'xa'ra raw-ax!) aim‘) roii pc'o'ov io'ov diréxy). In Aristotle we find the following '

expressions: “the circular (1rspt4upéypaapov) plane figure bounded by one

line” (De raelo 11. 4, 286 b 13-16); “the plane equal (i.e. extending equally

all ways) from the middle” (é-rn'mSw 16 3x roii ,uéimv Zoov), meaning a

circle (It’hetorie 111. 6, 1407 b 27); he also contrasts with the circle “any

other figure which has. not the lines from the middle equal, as for example an

egg-shaped figure ” (De mela 11. 4, 287 a 19). The word “centre” (xévrpov)

was also regularly used: cf. Proclus’ quotation from the “oracles” (ltd-yin),

“the centre from which all (lines extending) as far as the rim are equal.”

The definition as it stands has no genetic character. It says nothing as to

the existence or non-existence of the thing defined or as to the method of

constructing it. It simply explains what is meant by the word “circle,” and

is a provisional definition which cannot be used until the existence of circles

is proved or assumed. Generally, in such a case, existence is proved by

actual construction; but here the possibility of constructing the circle as

defined, and consequently its existence, are postulated (Postulate 3). A genetir

definition might state that a circle is the figure described when a straight line,

always remaining in one plane, moves about one extremity as a fixed point

until it returns to its first position (so Heron, Def. 29).

Simplicius indeed, who points out that the distance between the feet of a

pair of compasses is a straight line from the centre to the circumference, will

have it that Euclid intended by this definition to show how to construct a

circle by the revolution of a straight line about one end as centre; and an

Nairizi points to this as the explanation (1) of Euclid’s definition of a circle

as a plane figure, meaning the whole surface bounded by the circumference,

and not the circumference itself, and (2) of his omission to mention the

“circumference," since with this construction the circumference is not drawn

separately as a line. But it is not necessary to suppose that Euclid himself

did more than follow the traditional view; for the same conception of the

circle as a planefigure appears, as we have seen, in Aristotle. While, however,
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Euclid is generally careful to say the “eirewnferenee of a circle " when he means

the circumference, or an arc, only, there are cases where “circle” means

“circumference of a circle,” e.g. in III. 10: “A circle does not cut a circle

in more points than two.”

Heron, Proclus and Simplicius are all careful to point out that the centre

is not the only point which is equidistant from all points of the circumference.

The centre is the only point in t/zeplane oft/1e eirele (“lying within the figure,”

as Euclid says) of which this is true; any point not in the same plane which

is equidistant from all points of the circumference is a pole. If you set up a

“gnomon ” (an upright stick) at the centre of a circle (i.e. a line through the

centre perpendicular to the plane of the circle), its upper extremity is a pole

(Proclus, p. 153, 3); the perpendicular is the locus of all such poles.

DEFINITION 17.

Aui/urpos SE -roi‘v nixkov io'riv (50:20’. ‘HS 8a‘; 'roii xc'v'rpov fi-ypc'wj Kai. 1rcpa'rov

pe'v'q id; s'xci'rcpa rd uc'p'q {mo 1'17; 101'} nixltov 1rcpt¢eprias, ii'rts Klll. 8t'xa rc'pvu 'rc‘w

K‘IiKAOV,

A diameter if llze (ire/e is any straight line drawn tllrouglt t/le rentre and

terminated in [lot/1 diree/ions by Me eireuny‘erenee oft/1e eirele, and sue]: a straig/It

line also ln'seets tlze (ire/e.

The last words, literally “which (straight line) also bisects the circle,”

are omitted by Simson and the editors who followed him. But they are

necessary even though they do not “belong to the definition” but only

express a property of the diameter as defined. For, without this explanation,

Euclid would not have been justified in describing as a semi-circle'a portion

of a circle bounded by a diameter and the circumference cut oil' by it.

Simplicius observes that the diameter is so called because it passes through

the whole surface of a circle as if measuring it, and also because it divides the

circle into two equal parts. He might however have added that, in general, it

is a line passing through a figure where it is widest, as well as dividing it

equally: thus in Aristotle n‘: ma. suiptfpov Ka'pcva, “things diametrically

situated” in space, are at their maximum distance apart. Diameter was the

regular word in Euclid and elsewhere for the diameter of asouare, and also

of a parallelogram; diagonal (Srayuivtos) was a later term, defined by Heron

(Def. 68) as the straight line drawn from an angle to an angle.

Proclus (p. 157, 10) says that Thales was the first to prove that a circle is

bisected by its diameter; but we are not told how he proved it. Proclus gives

as the reason of the property “the undeviating course of the straight line

through the centre” (a simple appeal to symmetry), but adds that, if it is

desired to prove it mathematically, it is only necessary to imagine the diameter

drawn and one part of the circle applied to the other; it is then clear that

they must coincide, for, if they did not, and one fell inside or outside the

other, the straight lines from the centre to the circumference would not all be

equal: which is absurd.

Saccheri’s proof is worth quoting. It depends on three “Lemmas”

immediately preceding, (1) that two straight lines cannot enclose a space,

(2) that two straight lines cannot have one and the same segment common,

(3) that, if two straight lines meet at a point, they do not touch, but cut one

another, at it.

“Let MDHZVKM be a circle, A its centre, MN a diameter. Suppose
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the portion MNKM of the circle turned about the fixed points ill, 1V, so

that it ultimately comes near to or coincides with the remaining portion

MNHD/V.

“Then (i) the whole diameter MAN, with all

its points, clearly remains in the same position,

since otherwise two straight lines would enclose a

space (contrary to the first Lemma).

“ (ii) Clearly no point Kof the circumference

NKM falls within or outside the surface enclosed

by the diameter MANand the other part, NHDIII,

of the circumference, since otherwise, contrary to

the nature of the circle, a radius as AK would be

less or greater than another radius as All.

“ (iii) Any radius MA can clearly be rectilineally produced only along a

single other radius AlV, since otherwise (contrary to the second Lemma) two

lines assumed straight, e.g. MA/V, MAI], would have one and the same

common segment.

“ (iv) All diameters of the circle obviously cut one another in the centre

(Lemma 3 preceding), and they bisect one another there, by the general

properties of the circle.

“From all this it is manifest that the diameter MAN divides its circle

and the circumference of it just exactly into two equal parts, and the same

may be generally asserted for every diameter whatsoever of the same circle;

which was to be proved.” ‘

Simson observes that the property is easily deduced from III. 31 and 24;

for it follows from III. 3t that the two parts of the circle are “similar

segments” of a circle (segments containing equal angles, III. Def. II), and

from III. 24 that they are equal to one another.

  

DEFINITION I8.

'Hnunixlttov 8E, c'o'rt To 1rcpiexdpevov trxiipa. inro' ‘re 'rfis Slll/LéTPOU Kai. 1'15;

droltalnflavonc'v'qs inr' ai'rrfis nepubcpst'as. Ke'v'rpov 8? ‘mi: 'q'ptxvxlu'ov 15 mini, 3

Kai roii nixhov io'riv.

A semicircle is the figure contained by t/ze diameter and tlze circnrnfercnce cut

of by it. And the centre of Me semicircle is tlze same as that (ft/1e circle.

The last words, “And the centre of the semicircle is the same as that

of the circle,” are added from Proclus to the definition as it appears in the

M55. Scarburgh remarks that a semicircle has no centre, properly speaking,

and thinks that the words are not Euclid's, but only a note by Proclus. I am

however inclined to think that they are genuine, if only because of the very

futility of an observation added by Proclus. He explains, namely, that the

semicircle is the only plane figure that has its centre on its perimeter (l), “ so

that you may conclude that the centre has three positions, since it may be

within the figure, as in the case of a circle, or on the perimeter, as with the

semicircle, or outside, as with some conic lines (the single-branch hyperbola

presumably)” !

Proclus and Simplicius point out that, in the order adopted by Euclid for

these definitions of figures, the first figure taken is that bounded by one line

(the circle), then follows that bounded by two lines (the semicircle), then the

triangle, bounded by three lines, and so on. Proclus, as usual, distinguishes



I. DEFF. 18-2I] NOTES ON DEFINITIONS I7—2I I87

different kinds of figures bounded by two lines (pp. I59, 14-160, 9). Thus

they may be formed

(I) by circumference and circumference, e.g. (a) those forming angles, as

a lune (1-6 pqvoaSc's) and the figure included by two arcs with convexities

outward, and (b) the angle-less ((iyuil/Lov), as the figure included between two

concentric circles (the coronal) ;

(2) by circumference and straight line, e.g. the semicircle or segments of

circles (iii/128“ is a name given to those less than a semicircle);

(3) by “ mixed" line and “mixed” line, e.g. two ellipses cutting one

another;

(4) by “mixed” line and circumference, e.g. intersecting ellipse and

circle;

(5) by “mixed” line and straight line, e.g. half an ellipse.

Following Def. 18 in the MSS. is a definition of a segment af a circle which

was obviously interpolated from III. Def. 6. Proclus, Martianus Capella and

Boethius do not give it in this place, and it is therefore properly omitted.

DEFINITIONS I9, 20, 21.

19. Ex-rfua-ra. tilotiypaflpd (‘a-‘rt 1'5. inn‘) (Iwetu'iv 1rcptzxdpcva, rpt'akevpa [42V

11). I'm?) 'rptu'iv, rc-rpu'rMvpa 8% 1'5. inn) 'reo'rra'puw, 1roltt§1rhcvpa 8% ‘rd. I‘nrb Irltudvwv fi

'rco'aa'pwv zfiona'iv 1rcptcxo'neva.

20. Tu'iv 82 'rpurltcv'pwv o’xmwirwv Zmi'rrkcvpov pin 'rpt'ywvo'v (‘011 H‘) the 'rpcis

iio'as ixov 1rltevpais, to'oo'xekis 8E 11‘) file 8150 ,w'vas {was Zxov rkevpais, o'xaMp/t‘w SE

n‘) 15.; rpe'is a'vt'o'ovs Zxov abcvpois.

21. 'E'rt 8E 1'03!’ rpurhetipmv o'xmmirmv dpgoyuivtov ,ILEv rpt'ywvo’v (‘an 16 Zxov

6P0?" ymviav, dpBAvyuivtov 8E rt‘) E'Xov alpflkeiav ywviav, tifvyoivtov 8% To 1119 'rpe't‘s

65:61; e'xov ywvt'as.

19. Rectilineal figures are those which are contained by straight lines,

trilateral figures being,r thase contained by three, quadrilateral thase contained by

four, and multilateral those contained by more than fizur straight lines.

20. 0f trilateralfigures, an equilateral triangle is that which has its three

sides equal, an isosceles triangle that which has two of its sides alone equal, and

a scalene triangle that which has its three sides unequal.

21. Further, of trilateralfigures, a right—angled triangle is that which has

a right angle, an obtuse-angled triangle that which has an obtuse angle, and an

acute-angled triangle that which has its thrre angles acute.

I9.

The latter part of this definition, distinguishing three-sided, fiIur-sirlcd and

many-sided figures, is probably due to Euclid himself, since the words

rpt'rrkcvpov, re'rpai'lrhcvpov and 'n'othiakevpov do not appear in Plato or Aristotle

(only in one passage of the Mechanics and of the Prablems respectively does

even 'rnpa'n-Mvpov, quadrilateral, occur). By his use Of 'rcrpa'altzvpov,

quadrilateral, Euclid seems practically to have put an end to any ambiguity

in the use by mathematicians of the word ferpri-ymvov, literally “four-angled

(figure),” and to have got it restricted to the square. Cf. note on Def. 22.

20.

[sosceles (ivoaxeltn's, with equal legs) is used by Plato as well as Aristotle.

Scalene (axuavlvée, with the varient axaAqv'q's) is used by Aristotle of a triangle

with no two sides equal: cf. also Tim. Locr. 98 B. Plato, Euthyphro I2 I),
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0

applies the term “ scalene ” to an odd number in contrast to “isosceles ” used

of an even number. Proclus (p. 168, 24) seems to connect it with aKdZw, to

limp; others make it akin to O'KOlUJlS, crooked, aslant. Apollonius uses the

same word “ scalene " of an oblique circular cone.

Triangles are classified, first with reference to their sides, and then with

reference to their angles. Proclus points out that seven distinct species of

triangles emerge: (1) the equilateral triangle, (2) three species of isoseeles

triangles, the right-angled, the obtuse-angled and the acute-angled, (3) the

same three varieties of sealene triangles.

Proclus gives an odd reason for the dual classification according to sides

and angles, namely that Euclid was mindful of the fact that it is not every

triangle that is trilateral also. He explains this statement by reference

(p. 165, 22) to a figure which some called llarblike (a'tK18oc181js) while

Zenodorus called it hollow-angled (Kotkayuivtos). Proclus mentions it again

in his note on 1. 22 (p. 328, 21 sqq.) as one of the paradoxes of geometry,

observing that it is seen in the figure of that proposition. This “triangle” is

merely a quadrilateral with a re-entrant angle; and the idea that

it has only three angles is due to the non-recognition of the

fourth angle (which is greater than two right angles) as being an

angle at all. Since Proclus speaks of the four-sided triangle as

“one of the paradoxes in geometry,” it is perhaps not safe to

assume that the misconception underlying the expression existed

in the mind of Proclus alone; but there does not seem to be any evidence

that Zenodorus called the figure in question a triangle (cf. Pappus, ed.

Hultsch, pp. 1154, 1206).

DEFINITION 22.

To'iv 8E 'rerparrltnipwv axnulirmv rcrpriywvov ‘new e'o’rw, 6 imirhcvpdv ‘re’ @1711.

Kai tipeoyuimov, E'rcpdu-qxss 8c’, 3 6P0070‘1'LOV ,uc'v, oinr Zarinltwpov 8e’, iui/ifios 3:’, (‘i

io'drlteupov ILGIV, OI’JK dpt9o-yuivwv 3c’, polifionsis 8% 16 Tire rinsvavriov 1rlkevptis re Kai.

yuwt'as i'o'as dkhl'ltats Zxov, 0 oiire ioziirltevpdv io’rw mire dpaoyuivwv- 16. 8E 1rap1‘1.

raii'ra. rerpdwltevpa. 'rpa-n'ezm Kaltu'aew.

Of quadrilateralfigures, a square is tlzat 1olziolz is bot/z equilateral and rig/zl

angled; an oblong t/Ial u/llielz is right-angled out not equilateral ,- a rhombus

tlzat wlzir/l is equilateral llut not right-angled ; and a rhomboid tlzat 'uI/zieli has

its opposite sides and angles equal to one anotlrer but is neilller equilateral nor

rlgllt'angled. Ano’ let quadrilaterals ot/ier tlmn tlzese lie called trapezia.

rerpa'ywvov was already a square with the Pythagoreans (cf. Aristotle,

Metaplz. 986 a 26), and it is so most commonly in Aristotle; but in De anirna

11. 3, 414 b 31 it seems to be a quadrilateral, and in Metap/l. 1054 b 2,

“equal and equiangular rcrpdywva,” it cannot be anything else but quadri

lateral if “equiangular” is to have any sense. Though, by introducing

'r:'rp11'1r)\¢vp0v for any quadrilateral, Euclid enabled ambiguity to be avoided,

there seem to be traces of the older vague use of rerpriywwv in much later

writers. Thus Heron (Def. 104) speaks of a cube as “contained by six equi

lateral and equiangular rerpafywvu” and Proclus (p. 166, 10) adds to his

remark about the “four-sided triangle” that “you might have re-rpa'ywva with

more than the four sides,” where re-rpaiywva can hardly mean squares.

é'repdpnyxcs, oblong (with sides of diferent lei/gill), is also a Pythagorean term.

The word right-angled (6p007uivwv) as here applied to quadrilaterals

must mean rectangular (i.e,, practically, having all its angles right angles);

for, although it is tempting to take the word in the same sense for a
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square as for a triangle (i.e. “ having one right angle”), this will not do in the

case of the oblong, which, unless it were stated that three of its angles are

right angles, would not be sufliciently defined.

If it be objected, as it was by Todhunter for example, that the definition

of a square assumes more than is necessary, since it is sufficient that, being

equilateral, it should have one right angle, the answer is that, as in other cases,

the superfluity does not matter from Euclid’s point of view ; on the contrary,

the more of the essential attributes of a thing that could be included in its

definition the better, provided that the existence of the thing defined and its

possession of all those attributes is proved before the definition is actually

used; and Euclid does this in the case of the square by construction in 1. 46,

making no use of the definition before that proposition.

The word rhombus (fiépfios) is apparently derived from fic'pfiw, to turn

round and round, and meant among other things a spinning-top. Archimedes

uses the term solid rhombus to denote a solid figure made up of two right

cones with a common circular base and vertices turned in opposite directions.

We can of course easily imagine this solid generated by spinning ; and, if the

cones were equal, the section through the common axis would be a plane

rhombus, which would also be the apparent form of the spinning solid to the

eye. The difi‘iculty in the way of supposing the plane figure to have been

named after the solid figure is that in Archimedes the cones forming the solid

are not necessarily equal. It is however possible that the solid to which the

name was originally given was made up of two equal cones, that the plane

rhombus then received its name from that solid, and that Archimedes, in

taking up the old name again, extended its signification (cf. J. H. T. Muller,

Beitrdge zur Terminologie der grieehisehen Mathematiher, 1860, p. 20).

Proclus, while he speaks of a rhombus as being like a shaken, i.e. deformed,

square, and of a rhomboid as an oblong that has been moved, tries to explain

the rhombus by reference to the appearance of a spinning square (rerpdywvov

fiopflotiluvov).

It is true that the definition of a rhomboid says more than is necessary in

describing it as having its opposite sides and angles equal to one another.

The answer to the objection is the same as the answer to the similar objection

to the definition of a square.

Euclid makes no use in the Elements of the oblong, the rhombus, the

rhomboid, and the trapezium. The explanation of his inclusion of definitions

of the first three is no doubt that they were taken from earlier text~books.

From the words “let quadrilaterals other than these be called trapezia,” we

may perhaps infer that this was a new name or a new application of an old

name.

As Euclid has not yet defined parallel lines and does not anywhere

define a parallelogram, he is not in a position to make the more elaborate

classification of quadrilaterals attributed by Proclus to Posidonius and

appearing also in Heron's Definitions. It may be shown by the following

diagram, distinguishing seven species of quadrilaterals.

 
Quadrilaterals

paralleldgrams non-parallelogram

r~_'-—————1 _ r—L———-_-—-|

rectangular non-rectangular two sides parallel no sides parallel

(trapezium) (trapezoid)

_l__
:- |————'—---1 _ _ r-—_ _ -——--| _

square oblong rhombus rhomboid Isosrelrs trapezium sralene trapezium
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It will be observed that, while Euclid in the above definition classes as

trapezia all quadrilaterals other than squares, oblongs, rhombi, and rhomboids,

the word is in this classification restricted to quadrilaterals having two sides

(only) parallel, and trapezoid is used to denote the rest. Euclid appears to

have used trapezium in the restricted sense of a quadrilateral with two sides

parallel in his book nepi Suupéaewv (on divisions of figures). Archimedes

uses it in the same sense, but in one place describes it more precisely as a

trapezium with its two sides parallel. .

DEFINITION 23.

HapuiM'qAoi cio'tv et'roei'at, ai-ru/cs iv rip ai'irq'i im'lre'stp about Kai e’xflakltdpevat

sis darnpov id)‘ Exa'rspa. 1a ne'pw] s'1ri pnyse'rcpa. mnurim'ouow Marianas.

Parallel straight lines are straigllt lines 'wlziell, being in the same plane and

being produeed indefinitely in bot/i directions, do not meet one anotlzer in either

dime/ion.

Hapa'oUtrjltos (alongside one another) written in one word does not appear

in Plato ; but with Aristotle it was already a familiar term.

u’; ti'n'upov cannot be translated “to infinity” because these words might

seem to suggest a region or place infinitely distant, whereas eis d'mtpov, which

seems to be used indifi'erently with e’1r' lifl'ttpuv, is adverbial, meaning “without

limit,” i.e. “indefinitely.” Thus the expression is used of a magnitude being

“infinitely divisible,” or of a series of terms extending without limit.

In bot/t direm'ons, £4! Exdnpa r6. ,aéprj, literally “towards both the parts”

where “parts” must be used in the sense of “regions” (cf. Thuc. ll. 96).

It is clear that with Aristotle the general notion of parallels was that of

straight lines wlne/z do not meet, as in Euclid: thus Aristotle discusses the

question whether to think that parallels do meet should be called a

geometrical or an ungeometrical error (Anal. post. I. 12, 77 b 22), and (more

interesting‘still in relation to Euclid) he observes that there is nothing

surprising in different hypotheses leading to the same error, as one might

conclude that parallels meet by starting from the assumption, either (a) that

the interior (angle) is greater than the exterior, or (b) that the angles of a

triangle make up more than two right angles (Anal. prior. Il. I7, 66 a II).

Another definition is attributed by Proclus to Posidonius, who said that

“parallel lines are those w/zie/z, (being) in one plane, neitller eonverge nor diverge,

but have all tlze perpendiculars equal wlziefi are drawn from the points of one

line to t/te otlter, while such (straight lines) as make the perpendiculars less and

less continually do converge to one another; for the perpendicular is enough

to define (t‘nnZew tiara-rat) the heights of areas and the distances between lines.

For this reason, when the perpendiculars are equal, the distances between the

straight lines are equal, but when they become greater and less, the interval is

lessened, and the straight lines converge to one another in the direction in

which the less perpendiculars are ” (Proclus, p. I76, 6—17).

Posidonius’ definition, with the explanation as to distances between straight

lines, their convergence and divergence, amounts to the definition quoted by

Simplicius (an-Nairizi, p. 2 5, ed. Curtze) which described straight lines as

parallel zulzen they are produred indefinitely bot/l ways, the distanee between

tlmn, or Me perpendienlar drawn from either (y' t/zem to the other, is always

equal and not dzfiv-ent. To the objection that it should be proved that the

distance between two parallel lines is the perpendicular to them Simplicius
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replies that the definition will do equally well if all mention of the perpen

dicular be omitted and it be merely stated that the distance remains equal,

although “for proving the matter in question it is necessary to say that one

straight line is perpendicular to both” (an-Nairizi, ed. Besthorn-Heiberg, p. 9).

He then quotes the definition of “the philosopher Aganis ”: “Parallel

straight lines are straight lines, situated in the same plane, the distance between

which, they are produced indefinitely in both directions at the same time, is

everywhere the same." (This definition forms the basis of the attempt of

“Aganis” to prove the Postulate of Parallels.) On the definition Simplicius

remarks that the words “situated in the same plane” are perhaps unnecessary,

since, if the distance between the lines is everywhere the same, and one does

not incline at all towards the other, they must for that reason be in the same

plane. He adds that the “distance” referred to in the definition is the

shortest line which joins things disjoined. Thus, between point and point,

the distance is the straight line joining them ; between a point and a straight

line or between a point and a plane it is the perpendicular drawn from the point

to the line or plane; “as regards the distance between two lines, that distance

is, if the lines are parallel, one and the same, equal to itself at all places on

the lines, it is the shortest distance and, at all places on the lines, perpendicular

to both” (illid. p. re).

The same idea occurs in a quotation by Proclus (p. 177, II) from

Geminus. As part of a classification of lines which do not meet he observes:

“_ Of lines which do not meet, some are in one plane with one another, others

not. Of those which meet and are in one plane, some are always the some _

distance from one another, others lessen the distance continually, as the hyper

bola (approaches) the straight line, and the conchoid the straight line (i.e. the

asymptote in each case). For these, while the distance is being continually

lessened, are continually (in the position of) not meeting, though they converge

to one another ; they never converge entirely, and this is the most paradoxical

theorem in geometry, since it shows that the convergence of some lines is non

convergent. But of lines which are always an equal distance apart, those

which are straight and never'make the (distance) between them smaller, and

which are in one plane, are parallel.”

Thus the equidtstance-theory of parallels (to which we shall return) is very

fully represented in antiquity. I seem also to see traces in Greek writers of a

conception equivalent to the vicious direction-theory which has been adopted

in so many modern text-books. Aristotle has an interesting, though obscure,

allusion in Anal. prior. II. 16, 65 a 4 to a petitio princzpii committed by “those

who think that they draw parallels" (or “establish the theory of parallels,”

which is a possible translation of 12:; 1rapaJUt1jAouc 7pti¢flV>2 “for they un

consciously assume such things as it is not possible to demonstrate if parallels

do not exist.” It is clear from this that there was a vicious circle in the then

current theory of parallels; something which depended for its truth on the

properties of parallels was assumed in the actual proof of those properties,

e.g. that the three angles of a triangle make up two right angles. This is not

the case in Euclid, and the passage makes it clear that it was Euclid himself

who got rid of the peh'tio princtjbii in earlier text-books by formulating and

promising before I. 29 the famous Postulate 5, which Inust ever be regarded

as among the most epoch-making achievements in the domain of geometry.

But one of the commentators on Aristotle, Philoponus, has a note on the

above passage purporting to give the specific character of the petitio principii

alluded to; and it is here that a direction-theory of parallels may be hinted at,
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whether Philoponus is or is not right in supposing that this was what Aristotle

had in mind. Philoponus says: “The same thing is done by those who draw

parallels, namely begging the original question; for they will have it that it is

possible to draw parallel straight lines from the meridian circle, and they

assume a point, so to say, falling on the plane of that circle and thus they

draw the straight lines. And what was sought is thereby assumed; for he

who does not admit the genesis of the parallels will not admit the point

referred to either.” What is meant is, I think; somewhat as follows. Given

a straight line and a point through which a parallel to it is to be drawn, we

are to suppose the given straight line placed in the plane of the meridian.

Then we are told to draw through the given point another straight line in the

plane of the meridian (strictly speaking it should be drawn in a plane parallel

to the plane of the meridian, but the idea is that, compared with the size of

the meridian circle, the distance between the point and the straight line is

negligible); and this, as I read Philoponus, is supposed to be equivalent to

assuming a very distant point in the meridian plane and joining the given

point to it. But obviously no ruler would stretch to such a point, and the

objector would say that we cannot really direct a straight line to the assumed

distant point except by drawing it, without more ado, parallel to the given

straight line. And herein is the [ntitio principii. I am confirmed in seeing

in Philoponus an allusion to a direction-theory by a remark of Schotten on a

similar reference to the meridian plane supposed to be used by advocates of

that theory. Schotten is arguing that direction is not in itself a conception

such that you can predicate one direction of two different lines. “If any one

should reply that nevertheless many lines can be conceived which all have the

direction from north to south,” he replies that this represents only a nominal,

not a real, identity of direction.

Coming now to modern times, we may classify under three groups

practically all the different definitions that have been given of parallels

(Schotten, op. cit. II. p. 188 sqq.).

(1) Parallel straight lines hone no point conunon, under which general

conception the following varieties of statement may be included:

(a) they do not cut one another,

(b) they meet at infinity, or

(c) they have a common point at infinity.

(2) Parallel straight lines have the same, or like, direction or directions,

under which class of definitions must be included all those which introduce

transversals and say that the parallels make equal angles with a transversal.

(3) Parallel straight lines have the distance between then: constant;

with which group we may connect the attempt to explain a parallel as the

geometrical locus of allpoints which are equidistantfrom a straight line.

But the three points of view have a good deal in common ; some of them

lead easily to the others. Thus the idea of the lines having no point common

led to the notion of their having a common point at infinity, through the

influence of modem geometry seeking to embrace different cases under one

conception ; and then again the idea of the lines having a common point at

infinity might suggest their having the same direction. The “non-secant”

idea would also naturally lead to that of equidistance ( 3), since our

observation shows that it is things which come nearer to one another that

tend to meet, and hence, if lines are not to meet, the obvious thing is to see

that they shall not come nearer, i.e. shall remain the same distance apart.
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We will now take the three groups in order.

(I) The first observation of Schotten is that the varieties of this group

which regard parallels-as (a) meeting at infinity or (a) having a common

point at infinity (first mentioned apparently by Kepler, 1604, as a “fagon de

parler” and then used by Desargues, 1639) are at least unsuitable definitions

for elementary text-books. How do we know that the lines cut or meet at

infinity? We are not entitled to assume either that they do or that they do

not, because “infinity” is outside our field of observation and we cannot verify

either. As Gauss says (letter to Schumacher), “Finite man cannot claim to

be able to regard the infinite as something to be grasped by means of ordinary

methods of observation.” Steiner, in speaking of the rays passing through a

point and successive points of a straight line, observes that as the point of

intersection gets further away the ray moves continually in one and the same

direction (“nach einer und derselben Richtung hin”) ; only in one position,

that in which it is parallel to the straight line, “there is no real culling”

between the ray and the straight line ; what we have to say is that the ray is

“directed towards the infinz'le/y distant paint on the slrallg/zt line.”_ It is true

that higher geometry has to assume that the lines do meet at infinity: whether

such lines exist in nature or not does not matter (just as we deal with “straight

lines” although there is no such thing as a straight line). But if two lines do

not cut at any finite distance, may not the same thing be true at infinity also?

Are lines conceivable which would not cut even at infinity but always remain

at the same distance from one another even there? Take the case of a line

of railway. Must the two rails meet at infinity so that a train could not stand

on them there (whether we could see it or not makes no difference)? It

seems best therefore to leave to higher geometry the conception of infinitely

distant points on a line and of two straight lines meeting at infinity, like

imaginary points of intersection, and, for the purposes of elementary geometry,

to rely on the plain distinction between “parallel” and “cutting ” which

average human intelligence can readily grasp. This is the method adopted

by Euclid in his definition, which of course belongs to the group (I) of

definitions regarding parallels as non-secant.

It is significant, I think, that such authorities as Ingrami (Elementi di

geomelrr'a, 1904) and Enriques and Amaldi (Elemmli di gear/ulna, 1905),

after all the discussion of principles that has taken place of late years, give

definitions of parallels equivalent to Euclid’s: “those straight lines in a plane

which have not any point in common are called parallels.” Hilbert adopts

the same point of view. Veronese, it is true, takes a different line. In his

great work fibndamm/i di geomelrz'a, 1891, he had taken a ray to be parallel to

another when a point at infinity on the second is situated on the first; but he

appears to have come to the conclusion that this definition was unsuitable for

his Elemeuti. He avoids however giving the Euclidean definition of parallels

as “straight lines in a plane which, though produced indefinitely, never meet,”

because “no one has ever seen two straight lines of this sort,” and because

the postulate generally used in connexion with this definition is not evident in

the way that, in the field of our experience, it is evident that only one straight

line can pass through two points. Hence he gives a different definition, for

which he claims the advantage that it is independent of the plane. It is

based on a definition of figures “opposite to one another with respect to a

point” (or reflex figures). “Two figures are opposite to one another with

respect to a point 0, e.g. the figures ABC and A’B'C’ ..., if to every point

of the one there corresponds one sole point of the other, and if the segments

5.1:. 13
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0A, OB, 0C, joining the points of one figure to O are respectively equal

and opposite to the segments 0A’, OB’, 0C’, joining to O the corresponding

points of the second ”: then, a transversal of two straight lines being any

segment having as its extremities one point of one line and one point of the

other, “two straight lines are rolled parallel if one 4 them eontains two points

opposite to two points of the other with respect to the middle point of a common

transnersal.” It is true, as Veronese says, that the parallels so defined and the

parallels of Euclid are in substance the same; but it can hardly be said that

the definition gives as good an idea of the essential nature of parallels as does

Euclid’s. Veronese has to prove, of course, that his parallels have no point in

common, and his “Postulate of Parallels” can hardly be called more evident

than Euclid’s: “If two straight lines are parallel, they are figures opposite to

one another with respect to the middle points of all their transversal segments.”

(2) The direction-theory.

The fallacy of this theory has nowhere been more completely exposed

than by C. L. Dodgson (Eur/id and his modern Rivals, 1879). According to

Killing (Ex'nfit'hrung in die Grundlagen der Geometrie, 1. p. 5) it would appear

to have originated with no less a person than Leibniz. In the text-books

which employ this method the notion of direttion appears to be regarded as a

primary, not a derivative notion, since no definition is given. But we ought

at least to know how the same direction or like directions can be recognised

when two different straight lines are in question. But no answer to this

question is forthcoming. The fact is that the whole idea as applied to non

coincident straight lines is derived from knowledge of the properties of

parallels; it is a case of explaining a thing by itself. The idea of parallels

being in the same direction perhaps arose from the conception of an angle as

a dgfierenee of direction (the hollowness of which has already been exposed);

sameness of direction for parallels follows from the same “difference of

direction” which both exhibit relatively to a third line. But this is not

enough. As Gauss said (Werke, 1v. p. 365), “If it [identity of direction] is

recognised by the equality of the angles formed with one third straight llne,

we do not yet know without an antecedent proof whether this same equality

will also be found in the angles formed with a fourth straight line ” (and any

number of other transversals); and in order to make this theory of parallels

valid, so far from getting rid of axioms such as Euclid’s, you would have to

assume as an axiom what is much less axiomatic, namely that “straight lines

which make equal corresponding angles with a certain transversal do so with

any transversal ” (Dodgson, p. 10:).

(3) In modern times the conception of parallels as eouidzstant straight

lines was practically adopted by Clavius (the editor of Euclid, born at

Bamberg, 1537) and (according to Saccheri) by Borelli (Euelides restitutns,

1658) although they do not seem to have defined parallels in this way.

Saccheri points out that, before such a definition can be used, it has to

be proved that “the geometrical locus of points equidistant from a straight

line is a straight line.” To do him justice, Clavius saw this and tried to

prove it: he makes out that the locus is a straight line according to the

definition of Euclid, because “it lies evenly with respect to all the points

on it ” ,' but there is a confusion here, because such “evenness” as the locus

has is with respect to the straight line from which its points are equidistant,

and there is nothing to show that it possesses this property with respect

to itself. In fact the theorem cannot be proved without a postulate.
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POSTULATE I.

'Ht'r‘rl'o’aw uimi wall-rd: (117/“[011 E1ri 'm'iv o'q/Lrl'ov ei’ioc'iav ypappriv ui'yayziiv,

Let the following be postulated : to draw a straight line from any paint to

any point.

From any point to any point. In general statements of this kind

the Greeks did not say, as we do, “any point," “any triangle” etc., but

“every point,” “every triangle” and the like. Thus the words are here

literally “from every point to every point.” Similarly the first words of

Postulate 3 are “with 6216):)’ centre and distance," and the enunciation, e.g., of

1. x8 is “In every triangle the greater side subtends the greater angle.”

It will be remembered that, according to Aristotle, the geometer must in

general assume w/mt a thing is, or its definition, but must prove that it is,

i.e. the existence of the thing corresponding to the definition: only in the case

of the two most primary things, points and lines, does he assume, without

proof, both the definition and the existence of the thing defined. Euclid has

indeed no separate assumption afiirming the existence ofpoints such as we find

nowadays in text-books like those of Veronese, Ingrami, Enriques, “there exist

distinct points” or “there exist an infinite number of points.” But, as re

gards the only lines dealt with in the Elements, straight lines and circles,

existence is asserted in Postulates 1 and 3 respectively. Postulate I however

does much more than (I) postulate the existence of straight lines. It is

( 2) an answer to a possible objector who should say that you cannot, with the

imperfect instruments at your disposal, draw a mathematical straight line at all,

and consequently (in the words of Aristotle, Anal. post. l. 10, 76 b 41) that

the geometer uses false hypotheses, since he calls a line a foot long when it is

not or straight when it is not straight. It would seem (if Gherard’s translation

is right) that an-Nairizi saw that one purpose of the Postulate was to refute

this criticism: “the utility of the first three postulates is (to ensure) that the

weakness of our equipment shall not prevent (scientific) demonstration”

(ed. Curtze, p. 30). The fact is, as Aristotle says, that the geometer’s demon

stration is not concerned with the particular imperfect straight line which he

has drawn, but with the ideal straight line of which it is the imperfect

representation. Simplicius too indicates that the object of the Postulate is

rather to enable the drawing of a mathematical straight line to be imagined

than to assert that it can actually be realised in practice: “he would be a

rash person who, taking things as they actually are, should postulate the

drawing of a straight line from Aries to Libra.”

There is still something more that must be inferred from the Postulate

combined with the definition of a straight line, namely (3) that the straight

line joining two points is unique: in other words that, 1)’ two strazlg/zl line:

(“rectilineal segments,” as Veronese would call them) have the same extremities,

tlzey must eaineide throughout their length. The omission of Euclid to state

this in so many words, though he assumes it in I. 4, is no doubt answerable for

the interpolation in the text of the equivalent assumption that two straight

lines eammt enelose a space, which has constantly appeared in M55. and editions

of Euclid, either among Axioms or Postulates. That Postulate 1 included it,

by conscious implication, is even clear from Proclus’ words in his note on r. 4

(p. 2 39, 16): “therefore two straight lines do not enclose a space, and it was

with knowledge of this fact that the writer of the Elements said in the first of

his Postulates, to draw a straight line from any paint to any paint, implying

that it is one straight line which would always join the two points, not two.”

13—2
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Proclus attempts in the same note (p. 239) to prove that two straight lines

cannot enclose a space, using as his basis the definition of the diameter of a

circle and the theorem, stated in it, that any diameter divides the circle into

two equal parts.

Suppose, he says, A CB, ADB to be two straight lines enclosing a space.

Produce them (beyond B) indefinitely. With centre B

and distance AB describe a circle, cutting the lines so

produced in E E respectively. E

Then, since ACBF; ADBE are both diameters

cutting off semi-circles, the arcs AE, AEF are equal: A

which is impossible. Therefore etc.

It will be observed, however, that the straight lines F

produced are assumed to meet the circle given in two

different points E, F; whereas, for anything we know,

E, F might coincide and the straight lines have three common points. The

proof is therefore delusive.

Saccheri gives a different proof. From Euclid’s definition of a straight

line as that which lies evenly with its points he infers that, when

such a line is turned about its two extremities, which remain fixed, X

all the points on it must remain throughout in the same position, and

cannot take up different positions as the revolution proceeds. “In B 0

this view of the straight line the truth of the assertion that two

straight lines do not enclose a space is obviously involved. In fact, 8 c

if two lines are given which enclose a space, and of which the two

points A and X are the common extremities, it is easily shown that A

neither, or else only one, of the two lines is straight.”

It is however better to assume as a postulate the fact, inseparably

connected with the idea of a straight line, that there exists only one strode/rt

line t'ontaining 1100 given points, or, two .rtraig/zt lines lraz'e two point: in

eo/n/non, tile)’ eoz'nez'de throng/rout.

POSTULATE 2.

Kai. 1re1repaa'pe'v17v u’rfic'iav xa-rir. 1'5 mnIeXEs hr’ (fieet'as e'xflattefv.

To pron/nee a finite straight line continuously in a stroller/It line.

I translate 1rc-rrepuape'vnv by finite, because that is the received equivalent,

and because any alternative word such as limited, terminated, if applied to a

straight line, would equally fail to express what modern Italian geometers aptly

call a rertz'tineal segment, that is, a straight line having two extremities.

Just as Post. I asserting the possibility of drawing a straight line from any

one point to another must be held to declare at the same time that the

straight line so drawn is unique, so Post. 2 maintaining the possibility of

producing a finite straight line (a “rectilineal segment ") continuously in a

straight line must also be held to assert that the straight line can only be

produced in one way at either end, or that the produced part in either

direction is unique; in other words, that two straight lines eannot Izave a

common segment. This latter assumption is not expressly appealed to by

Euclid until XI. 1. But it is needed at the very beginning of Book I. Proclus

(p. 214, 18) says that Zeno of Sidon, an Epicurean, maintained that the very

first proposition I. I requires it to be admitted that “two straight lines cannot

have the same segments”; otherwise AC, BC might meet before they arrive

at C and have the rest of their length common, in which case the actual

triangle formed by them and AB would not be equilateral. The assumption

that two straight lines cannot have a common segment is certainly necessary

in l. 4, where one side of one triangle is placed on that side of the other
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triangle which is equal to it, and it is inferred that the two coincide throughout

their length : this would by no means follow if two straight lines could have a

common segment. Proclus (p. 215, 24), while observing that Post. 2 clearly

indicates that the produced portion must be one, attempts to prove it, but

unsuccessfully. Both he and Simplicius practically

use the same argument. Suppose, says Proclus,

that the straight lines AC, AD have AB as a

common segment. With centre .6’ and radius BA

describe a circle (Post. 3) meeting AC, AD in

C, D. Then, since ABC is a straight line through

the centre, ABC is a semi-circle. Similarly, ABD

being a straight line through the centre, AED is a

semi-circle. Therefore ABC is equal to AED:

which is impossible.

Proclus observes that Zeno would object to this proof as really depending

on the assumption that “two circumferences (of circles) cannot have one

portion common”; for this, he would say, is assumed in the common proof

by superposition of the fact that a circle is bisected by a diameter, since that

proof takes it for granted that, if one part of the circumference cut off by the

diameter, when applied to the other, does not coincide with it, it must neces

sarily fall either entire/y outside or entirely inside it, whereas there is nothing

to prevent their coinciding, not altogether, but in part only; and, until you

really prove the bisection of a circle by its diameter, the above proof is not

valid. Posidonius is represented as having derided Zeno for not seeing that

the proof of the bisection of a circle by its diameter goes on just as well if the

circumferences fail to coincide in part only. But the true objection to the

proof above given is that the proof of the bisection of a circle by any diameter

itself assumes that two straight lines cannot have a common segment; for, if

we wish to- draw the diameter of a circle which has its extremity at a given point

of the circumference we have to join the latter point to the centre (Post. I) and

then to produre the straight line so drawn till it meets the circle again (Post. 2),

and it is necessary for the proof that the produced part shall be unique.

Saccheri adopted the proper order when he gave, first the proposition that

two straight lines cannot have a common segment, and after that the

proposition that any diameter of a circle bisects the circle and its circumference.

Saccheri’s proof of the former is very interesting as showing the thorough

ness of his method, if not at the end entirely convincing. It is in five stages

which I shall indicate shortly, giving the full argument of the first only.

Suppose, if possible, that AX is a common segment of both the straight

lines AXB, AXC, in one plane, produced beyond

X. Then describe about X as centre, with radius

X3 or XC, the arc BMC, and draw through X to

any point on it the straight line XM

(i) I maintain that, with the assumption

made, the line AXM is also a strazlglzl line w/u't/z

is drawn from the point A to the point X and pro

dua'd beyond X.

For, if this line were not straight, we could draw

another straight line AM which for its part would

be straight. This straight line will either (a) cut one

of the two straight lines XB, XC in a certain point

K or (b) enclose one of them, for instance X3, in

the area bounded by AX, XIII and APLM
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But the first alternative (a) obviously contradicts the foregoing lemma [that

two straight lines cannot enclose a space], since in that case the two lines

AXK, ATK, which by hypothesis are straight, would enclose a space.

The second possibility (1)) is at once seen to involve a similar absurdity.

For the straight line XB must, when produced beyond B, ultimately meet

APLM in a point L. Consequently the two lines AXBL, APL, which by

hypothesis are straight, would again enclose a space. If however we were to

assume that the straight line XB produced beyond 1)’ will ultimately meet

either the straight line XM or the straight line XA in another point, we should

in the same way arrive at a contradiction.

From this it obviously follows that, on the assumption made, the line

AXMis itself the straight line which was drawn from the point A to the point

M; and that is what was maintained.

The remaining stages are in substance these.

(ii) If the straight line AXB, regarded as rigid, revolves about AX as axis,

it mnnot assume two more positions in the same plane, so tllat, for example, in

one position XB should eoineide wit/i XC, and in Me other with XM.

[This is proved by considerations of symmetry. AXB cannot be altogether

“similar or equal to” AXC, if viewed from the same side (left or right) of

both : otherwise they would coincide, which by hypothesis they do not. But

there is nothing to prevent AXB viewed from one side (say the left) being

“ similar or equal to ” AXC viewed from the other side (i.e. the right), so that

AXB ean, without any change, be brought into the position AXC.

AXB cannot however take the position of the other straight line AXM as

well. If they were like on one side, they would coincide; if they were like on

opposite sides, AXllI, AXC would be like on the same side and therefore

coincide]

(iii) The other positions of AXB during the revolution must be above or

below the original plane.

(iv) It is next maintained that there is a point D on the are BC sue/1 t/mt,XD is drawn, AXl) is not only a straia/zt line out is sue/z t/zat were/edfrom Me 14!

side it is exactly “similar or equal " to 70/10! it is when viewedfrom the rig/1t side.

[First, it is proved that points 11!, F can be found on the arc, corresponding

in the same way as B, C do, but nearer together, and of course AX/ll, AXF

are both straight lines.

Secondly, similar corresponding points can be found still nearer together.

and so on continually, until either (a) we come to one point D such that AXD

is exaetly like itself when the rig/z! and ldt sides are eompared, or (b) there are

two ultimate points of this sort Ill, E so that {lot}: AXlll, AXF have this

property.

T/zirdly, (6) is ruled out by reference to the definition of a straight line.

Hence (a) only is true, and there is only one point D such as described]

(v) Lastly, Saccheri concludes that the straight line AXD so determined

“is alone a straight line, and. the immediate prolongation from A beyond X to

D,” relying again on the definition of a straight line as “lying evenly.”

Simson deduced the. proposition that two straight lines eannot 11(17'! a

common segment as a corollary from I. 11; but his argument is a complete

petitio pn'neipii, as shown by Todhunter in his note on that proposition.

Proclus (p. 217, ro) records an ancient proof also based on the proposition

1. II. Zeno, he says, propounded this proof and then criticised it.
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Suppose that two straight lines AC, AD have a common segment AB, and

let BE be drawn at right angles to A C. .

Then the angle EBC is right.

If then the angle EBD is also right, the two

angles will be equal : which is impossible.

.If the angle EBD is not right, draw BF at right

angles to AD; therefore the angle FBA is right.

But the angle EBA is right.

Therefore the angles EBA, FBA are equal :

which is impossible.

Zeno objected to this, says Proclus, because it assumed the later pro

position I. n for its proof. Posidonius said that there was no trace of such

a proof to be found in the text-books of Elements, and that it was only invented

by Zeno for the purpose of slandering contemporary geometers. Posidonius

maintains further that even this proof has something to be said for it. There

must be some straight line at right angles to each of the two straight lines A C,

AD (the very definition of right angles assumes this): “suppose than it happens

ta [m the straight line we have set up.” Here then we have an ancient instance

of a defence of hypothetical construm'on, but in such apologetic terms (“it is

possible to say something even for this proof”) that we may conclude that in

general it would not have been accepted by geometers of that time as a

legitimate means of proving a proposition.

Todhunter proposed to deduce that two strata/z! lines cannot have a

tor/mum segment from r. 13. But this will not serve either, since, as before

mentioned, the assumption is really required for r. 4.

It is best to make it a postulate.

  

POSTULATE 3.

Kai 1ruv1'i Ke'wptp Kai statrnipan xiixkov 'ypa'dzeveat.

To drscrilie a tin/e will: (my tent)? and dis/ante.

In this case Euclid’s text has the passive of the verb: “a circle can be

drawn”; Proclus however has the active (ypu’ipat) as Euclid has in the first

two Postulates.

Dis/ante, Sladfli/MITL. This word, meaning “ distance ” quite generally (cf.

Arist. Melapll. 1055 a 9 “it is between extremities that distance is greatest,”

ibid. 1056 a 36 “ things which have something between them, that is, a certain

distance”), and also “distance” in the sense of “dimension” (as in “space

has three dimensions, length, breadth and depth,” Arist. P/zysz'rs iv. 1, 209 a 4),

was the regular word used for describing a circle with a certain radius, the

idea being that each point of the circumference was at that distance from the

centre (cf. Arist. Meteorologist: m. 5, 376 b 8: “if a circle be drawn...with

distance MfI ”). The Greeks had no word corresponding to radius: if they

had to express it, they said “(straight lines) drawn from the centre” (of. e'x 'roii

xévrpov, Eucl. Ill. Def. I and Prop. 26; Mteoro/ogim n. 5, 362 b 1 has the full

phrase mi ('1: 'ro'ii Kévrpov uiydpsval ypaptpat').

Mr Frankland observes that it would be remarkable if, unlike Postulatcs 1

and 2, this Postulate implied merely what it says, that a circle can be drawn

with any centre and distance. We may regard it, if we please, as helping to the

complete delineation of the Space which Euclid’s geometry is to investigate

formally. The Postulate has the effect of removing any restriction upon the

size of the circle. It may (r) be indefinitely small, and this implies that space

is continuous, not discrete, with an irreducible minimum distance between
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contiguous points in it. (2) The circle may be indefinitely large, which

implies the fundamental hypothesis of infinitude of space. This last assumed

characteristic of space is essential to the proof of I. 16, a theorem not

universally valid in a space which is unbounded in extent but finite in size. It

would however be unsafe to suppose that Euclid foresaw the use to which his

Postulate might thus be put, or formulated it with such an intention.

Pos'ruLATE 4.

Kai. min-as 'rc‘ts 6,2061; ymw'a: i'o'as oiMrfAats (Tl'at.

That all right angles are equal to one another.

While this Postulate asserts the essential truth that a right angle is a

determinate magnitude so that it really serves as an invariable standard by

which other (acute and obtuse) angles may be measured, much more than

this is implied, as will easily be seen from the following consideration. If the

statement is to be proved, it can only be proved by the method of applying one

pair of right angles to another and so arguing their equality. But this method

would not be valid unless on the assumption of the invariahility offigures,

which would therefore have to be asserted as an antecedent postulate. Euclid

preferred to assert as a postulate, directly, the fact that all right angles are

equal; and hence his postulate must be taken as equivalent to the principle of

z‘nvarz'ahi/fly offigures or its equivalent, the homogeneity of spate.

According to Proclus, Geminus held that this Postulate should not be

classed as a postulate but as an axiom, since it does not, like the first three

Postulates, assert the possibility of some eonstruetion but expresses an essential

property of right angles. Proclus further observes (p. 188, 8) that it is not a

postulate in Aristotle’s sense either. (In this I think he is wrong, as explained

above.) Proclus himself, while regarding the assumption as axiomatic (“the

equality of right angles suggests itself even by virtue of our common notions”),

is prepared with a proof, if such is asked for.

Let ABC, DEF be two right A D

angles.

If they are not equal, one of them G

must be the greater, say ABC. ‘

Then, if we apply DE to AB, EF H i
will fall within ABC, as 86. /B O E

Produce CB to H Then, since

ABC is a right angle, so is ABIY, and the two an les are e ual a ri ht anglebeing by definition equal to its adjacent angle). g q g

Therefore the angle ABH is greater than the angle ABG.

Producing GB to K, we have similarly the two angles ABK, ABG both

right and equal to one another; whence the angle ABH is less than the angle

ABG.

But it is also greater: which is impossible.

Therefore etc.

A defect in this proof is the assumption that CB, GB can each be

produced only in one way, and that BK falls outside the angle ABE

Saccheri’s proof is more careful in that he premises a third lemma in

addition to those asserting (I) that two straight lines

 

cannot enclose a space and (2) that two straight lines A x ~——E

cannot have a common segment. The third lemma is : ; —\—

If two straight lines AB, CXD meet one another at an 6

intermediate point X, they do not touch at that point, but 0

cut one another.
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Suppose now that DA standing on BAC makes the two angles DAB,

DAC equal, so that each is a right angle by the definition.

Similarly, let LH form with the straight line I‘HM the right angles LHE

LHM.

Let DA, HL be equal; and sup- D L

pose the whole of the second figure

so laid upon the first that the point

H falls on A, and L on D.

Then the straight line FHM will "\
 

(by the third lemma) not tour/1 the ‘ _\ M
straight line BC at A ; it will either B A \\\C F H

(a) coincide exactly with BC, or M

(ll) rut it so that one of its extremities, as B; will fall above [BC] and the

other, 11!, below it.

If the alternative (a) is true, we have already proved the exact equality of

all rectilineal right angles.

Under alternative (b) we prove that the angle LHE being equal to the

angle DAII'; is less than the angle DAB or DA C, and a fortiori less than the

angle DAM or LHM : which is contrary to the hypothesis.

[I-I]ence (a) is the only possible alternative, so that all right angles are

equaL

Saccheri adds that it makes no difference if the angle DAF diverges

infimtely little from the angle DAB. This would equally lead to a conclusion

contradicting the hypothesis.

It will be observed that Saccheri speaks of “the exact equality of all

reetflineal right angles.” He may have had in mind the remark of Pappus,

quoted by Proclus (p. 189, r 1), that the converse of

this postulate, namely that an angle which is equal A

to a right angle is also right, is not necessarily true,

unless the former angle is reetilineal. Suppose two

equal straight lines BA, BC at right angles to one

another, and semi-circles described on BA, BC

respectively as AEB, BBC in the figure. Then,

since the semi-circles are equal, they coincide if

applied to one another. Hence the “angles” a c

EBA, DBC are equal. Add to each the “angle "

ABD ; and it follows that the lunular angle EBD is equal to the right angle

ABC. (Similarly, if BA, BC be inclined at an acute or obtuse angle, instead

of at a right angle, we find ajnnular angle equal to an acute or obtuse angle.)

This is one of the curiosities which Greek commentators delighted in.

Veronese, Ingrami, and Enriques and Amaldi deduce the fact that all

rig/1t angles are equal from the equivalent fact that all flat angles are equal,

which is either itself assumed as a postulate or immediately deduced from some

other postulate.

Hilbert takes quite a difi'erent line. He considers that Euclid did wrong

in placing Post. 4 among “axioms.” He himself, after his Group in. of

Axioms containing six relating to congruence, proves several theorems about

the congruence of triangles and angles, and then deduces our Postulate. _

As to the rairon d’étre and the place of Post. 4 one thing is quite certain.

It was essential from Euclid's point of view that it should come before Post. 5,

since the condition in the latter that a certain pair of angles are together less

than two right angles would be useless unless it were first made clear ‘that

right angles are angles of determinate and invariable magnitude.
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PosruLATE 5.

Kai iiw uls 8150 ei'iact'as n'igei'a c’Iuri-rr'rovoa rim (‘was not c'1ri 15. aim). ‘ll-{[11] yuwt'as

81in openly c'Mio-o'ovaq wolf), ixfiahhope'l'ae 1119 860 niacin: in‘ ti'frapor' o'vfnrt'm'cw,

(‘if til pc'pr] sic-iv a1 'ru'iw 815v opediw c'ltaio'a'oves.

T/lal, a s/razlg/z/ linefallingr on 1700 slrailglll lines make l/le interlin- angles

on 111: .rame side less llzan lwo rig/ll angler, Me 1200 slraiglil lines, if [trot/urea’

indefinitely, meet on l/ml ride on w/u'e/l are l/ze angles IFS-f lllan l/ze hm rig/ll

angles.

Although Aristotle gives a clear idea of what he understood by a [rosin/ale,

he does not give any instances from geometry; still less has he any allusion

recalling the particular postulates found in Euclid. We naturally infer that

the formulation of these postulates was Euclid’s own work. There is a more

positive indication of the originality of Postulate 5, since in the passage (Anal.

prior. 11. 16, 65 a 4) quoted above in the note on the definition of parallels he

alludes to some [)etilio prinzifiii involved in the theory of parallels current in

his time. This reproach was removed by Euclid when he laid down this

epoch-making Postulate. When we consider the countless successive attempts

made through more than twenty centuries to prove the Postulate1 many of

them by geometers of ability, we cannot but admire the genius of the man

who concluded that such a hypothesis, which he found necessary to the

validity of his whole system of geometry, was really indemonstrable.

From the very beginning, as we know from Proclus, the Postulate was

attacked as such, and attempts were made to prove it as a theorem or to get

rid of it by adopting some other definition of parallels; while in modern times

the literature of the subject is enormous. Riccardi(Sagg1'o di una oiolxografia

Eur/idea, Part 1v., Bologna, r890) has twenty quarto pages of titles of mono

graphs relating to Post. 5 between the dates 1607 and 1887. Max Simon

(Ueoer die Enlwicklung der Elemenlar-geomelrie im XIX. fa/zr/mndrrl, 1906)

notes that he has seen three new attempts, as late as 189: (a century after

Gauss laid the foundation of non-Euclidean geometry), to prove the theory of

parallels independently of the Postulate. Max Simon himself (pp. 53-6r)

gives a large number of references to books or articles on the subject and

refers to the copious information, as to contents as well as names, con

tained in Schotten’s ln/zalt und Met/lode des planinzelrisr/zen Unlerrie/llr, II.

pp. 183—332. _ _ t

This note Wlll include some account of or alluslon to a few of the most

noteworthy attempts to prove the Postulate. Only those of ancient times, as

being less generally accessible, will be described at any length; shorter

references must suffice in the case of the modern geometers who have made

the most important contributions to the discussion of the Postulate and have

thereby, in particular, contributed most towards the foundation of the non

Euclidean geometries, and here I shall make use principally of the valuable

Article 6, Sulla leoria delle para/lele e sulle geometrie non-eurlidee (by Roberto

Bonola), in Queslioni fIkIlflTdafl/X' la geometria elemenlare (pp. 143—222).

Proclus (p. 19x, 21 sqq.) states very clearly the nature of the first

objections taken to the Postulate.

“This ought even to be struck out of the Postulates altogether; for it is a

theorem involving many difficulties, which Ptolemy, in a certain book, set

himself to solve, and it requires for the demonstration of it a number

of definitions as well as theorems. And the converse of it is actually

proved by Euclid himself as a theorem.\ It may be that some would be
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deceived and would think it proper to place even the assumption in question

among the postulates as afi'ording, in the lessening of the two right angles,

ground for an instantaneous belief that the straight lines converge and meet.

To such as these Geminus correctly replied that we have learned from the

very pioneers of this science not to have any regard to mere plausible imagin

ings when it is a question of the reasonings to be included in our geometrical

doctrine. For Aristotle says that it is as justifiable to ask scientific proofs of

a rhetorician as to accept mere plausibilities from a geometer; and Simmias is

made by Plato to say that he recognises as quacks those who fashion for

themselves proofs from probabilities. So in this case the fact that, when the

right angles are lessened, the straight lines converge is true and necessary;

but the statement that, since they converge more and more as they are pro

duced, they will sometime meet is plausible but not necessary, in the absence

of some argument showing that this is true in the case of straight lines. For

the fact that some lines exist which approach indefinitely, but yet remain

non-secant (do-iipmwrot), although it seems improbable and paradoxical, is

nevertheless true and fully ascertained with regard to other species of lines.

May not then the same thing be possible in the case of straight lines which

happens in the case of the lines referred to? Indeed, until the statement in

the Postulate is clinched by proof, the facts shown in the case of other lines

may direct our imagination the opposite way. And, though the controversial

arguments against the meeting of the straight lines should contain much that

is surprising, is there not all the more reason why we should expel from our

body of doctrine this merely plausible and lmreasoned (hypothesis)?

“It is then clear from this that we must seek a proof of the present

theorem, and that it is alien to the special character of postulates. But how

it should be proved, and by what sort of arguments the objections taken to

it should be removed, we must explain at the point where the writer of the

Elements is actually about to recall it and use it as obvious. It will be

necessary at that stage to show that its obvious character does not appear

independently of proof, but is turned by proof into matter of knowledge.”

Before passing to the attempts of Ptolemy and Proclus to prove the

Postulate, I should note here that Simplicius says (in an-Nairizi, ed. Besthorn

Heiberg, p. r 19, ed. Curtze, p. 65) that this Postulate is by no means manifest,

but requires proof, and accordingly “Abthiniathus " and Diodorus had

already proved it by means of many different propositions, while Ptolemy also

had explained and proved it, using for the purpose Eucl. l. 1;, r5 and 16 (or

18). The Diodorus here mentioned may be the author of the Annlemma on

which Pappus wrote a commentary. It is difificult even to frame a conjecture

as to who “Abthiniathus” is. In one place in the Arabic text the name

appears to be written “Anthisathus ” (H. Suter in Zeitse/irift fiir Mat/z. und

P/zysik, xxxv1u., hist. litt. Abth. p. 194). It has occurred to me whether he

might be Peithon, a friend of Serenus of Antinoeia (Antinoupolis) who was

long known as Serenus of Antissa. Serenus says (De seetione eylindri, ed.

Heiberg, p. 96): “Peithon the geometer, explaining parallels in a work of his,

was not satisfied with what Euclid said, but showed their nature more cleverly

by an example; for he says that parallel straight lines are such a thing as we

see on walls or on the ground in the shadows of pillars which are made when

either a torch or a lamp is burning behind them. And, although this has only

been matter of nnrriment to every one, I at least must not deride it, for the

respect I have for the author, who is my friend.” If Peithon was known as

“of Antinoeia” or “of Antissa,” the two forms of the mysterious name might

perhaps be an attempt at an equivalent,‘ but this is no more than a guess.
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Simplicius adds in full and word for word the attempt of his “friend” or

his “ master Aganis ” to prove the Postulate.

Proclus returns to the subject (p. 365, 5) in his note on Eucl. I. 29. He

says that before his time a certain number of geometers had classed as a

theorem this Euclidean postulate and thought it matter for proof, and he then

proceeds to give an account of Ptolemy’s argument.

Noteworthy attempts to prove the Postulate.

Ptolemy.

We learn from Proclus (p. 365, 7—11) that Ptolemy wrote a book on the

proposition that “straight lines drawn from angles less than two right angles

meet if produced,” and that he used in his “ proof” many of the theorems in

Euclid preceding 1. 29. Proclus excuses himself from reproducing the early

part of Ptolemy’s argument, only mentioning as one of the propositions

proved in it the theorem of Eucl. l. 28 that, if two straight lines meeting a

transversal make the two interior angles on the same side equal to two right

angles, the straight lines do not meet, however far produced.

I. From Proclus’ note on I. 28 (p. 362, 14 sq.) we know that Ptolemy

proved this somewhat as follows.

Suppose that there are two straight lines AB, CD, and that EFGIY,

meeting them, makes the angles BFG, FGD equal to two right angles.

I say that AB, CD are parallel, that is, they

are non-secant.

For, if possible, let FB, GD meet at K.

Now, since the angles BFG, FGD are

equal to two right angles, while the four

angles AFG, BFG, FGD, FGC are together

equal to four right angles,

the angles AFG, FGC are equal to two

right angles.

“If tllerefore FB, GD, wlzen tlze interior angles are equal to two rig/1t

angles, meet at K, t/ze straight lines FA, GC will also meet If [WW/2161?]; for the

angles AFG, CGFare also equal to two right angles.

“Therefore the straight lines will either meet in both directions or in

neither direction, if the two pairs of interior angles are both equal to two right

angles.

“Let, then, FA, GC meet at L.

“Therefore the straight lines LABK, LCDK enclose a space: which is

impossible.

“Therefore it is not possible for two straight lines to meet when the

interior angles are equal to two right angles. Therefore they are parallel.”

[The argument in the words italicised would be clearer if it had been

shown that the two interior angles on one side of EH are severally equal to the

two interior angles on the other, namely BFG to CG1“ and FGD to AFG ;

whence, assuming FB, GD to meet in K, we can take the triangle KFG and

place it (e.g. by rotating it in the plane about 0 the middle point of FG) so

that FG falls where GF is in the figure and GD falls on FA, in which case

FB must also fall on GC; hence, since FB, GD meet at K. .GC and FA

must meet at a corresponding point L. Or, as Mr Frank'and does, we may

substitute for F6 21 straight line MN through 0 the middle point of FG

drawn perpendicular to one of the parallels, say AB. Then, since the two

triangles OMB, ONG have two angles equalfilzespectively, namely FOM to

  

/
/
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GON (r. 15) and OFM to OGJV, and one side OF equal to one side OG, the

triangles are congruent, the angle ONG is a right angle, and MN is perpen

dicular to both AB and CD. Then, by the same method of application,

MA, NC are shown to form with MNa triangle MALCN congruent with

the triangle NDKB/ll, and MA, NC meet at a point L corresponding to K.

Thus the two straight lines would meet at the two points K, L. This is what

happens under the Riemann hypothesis, where the axiom that two straight

lines cannot enclose a space does not bold, but all straight lines meeting in

one point have another point common also, and e.g. in the particular figure‘

just used K, L are points common to all perpendiculars to AIM If we

suppose that K, L are not distinct points, but one point, the axiom that two

straight lines cannot enclose a space is not contradicted]

II. Ptolemy now tries to prove r. 29 without using our Postulate, and

then deduces the Postulate from it (Proclus, pp. 365, 14—367, 27).

The argument to prove I. 29 is as follows.

The straight line which cuts the parallels must make the sum of the

interior angles on the same side equal to, greater

than, or less than, two right angles. A F B

“Let AB, CD be parallel, and let FG meet

them. I say (I) that FG does not make the

interior angles on the same side greater than two 0 G

right angles.

“For, if the angles AFG, CGF are greater than two right angles, the

remaining angles BFG, DGF are less than two right angles.

“ But the same two angles are also greater than two right angles ; for AF,

CG are no more parallel than FB,‘ GD, so that, If the straight line fallingr on

A 1*‘, CG makes the interior angles greater than two right angles, the straight line

falling on FB, GD will also make the interior angles greater than two right

angles.

“But the same angles are also less than two right angles; for the four

angles AFG, CGE BFG, DGF are equal to four right angles:

which is impossible.

“Similarly (2) we can show that the straight line falling on the parallels

does not make the interior angles on the same side less than two right angles.

“ But (3), if it makes them neither greater nor less than two right angles,

it can only make the interior angles on the same side equal to two right

angles.”

D

III. Ptolemy deduces Post. 5 thus:

Suppose that the straight lines making angles with a transversal less than

two right angles do not meet on the side on which those angles are.

Then, a fortiorz', they will not meet on the other side on which are the

angles greater than two right angles.

Hence the straight lines will not meet in either direction; they are there

fore parallel.

But, if so, the angles made by them with the transversal are equal to two

right angles, by the preceding proposition (= 1. 29).

Therefore the same angles will be both equal to and less than two right

angles: '

which is impossible.

Hence the straight lines will meet.
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IV. Ptolemy lastly enforces his conclusion that the straight lines will

meet on tlze side on wlu'eli are the angles less tlzan two rig/2t angles by recurring

to the a fortiori step in the foregoing proof.

Let the angles AFG, CGF in the accompanying figure be together less

than two right angles. '

Therefore the angles BFG, DGF are greater

than two right angles.

We have proved that the straight lines are not

non-secant.

If they meet, they must meet either towards

A, C, or towards B, D.

(r) Suppose they meet towards B, D, at K.

Then, since the angles AFG, CGFare less than

two right angles, and the angles AFG, GFB are

equal to two right angles, take away the common angle ABC, and

the angle CGF is less than the angle BBC;

that is, the exterior angle of the triangle KFG is less than the interior and

opposite angle BFG :

which is impossible.

Therefore AB, CD do not meet towards B, D.

(2) But they do meet, and therefore they must meet in one direction or

the other:

therefore they meet towards A, B, that is, on the side where are the

angles less than two right angles. '

The flaw in Ptolemy's argument is of course in the part of his proof of

1. 29 which I have italicised. As Proclus says, he is not entitled to assume

that, if AB, CD are parallel, whatever is true of the interior angles on one

side of FG (i.e. that they are together equal to, greater than, or less than, two

right angles) is necessarily true at the same time of the interior angles on the

other side. Ptolemy justifies this by saying that FA, GC are no more parallel

in one direction than FB, GD are in the other: which is equivalent to the

assumption that through any point only one parallel can be drawn to a given

straiglzt line. That is, he assumes an equivalent of the very Postulate he is

endeavouring to prove.

  

Proclus.

Before passing to his own attempt at a proof, l’roclus (p. 368, 26 sqq.)

examines an ingenious argument (recalling somewhat the famous one about

Achilles and the tortoise) which appeared to show that it was impossible for

the lines described in the Postulate to meet.

Let AB, CD make with AC the angles BA C, ACD together less than

two right angles.

Bisect AC at E and along AB, CD A F K B

respectively measure AF, CG so that each

is equal to AB. E

Bisect FG at H and mark 06' BK,

GL each equal to FH; and so on. c G L D

Then AF, CG will not meet at any _ .

point on F6; for, if that were the case, two sides of a triangle would be

together equal to the third: which is impossible.
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Similarly, AB, CD will not meet at any point on KL; and “proceeding

like this indefinitely, joining the non-coincident points, bisecting the lines so

drawn, and cutting off from the straight lines portions equal to the half of

these, they say they thereby prove that the straight lines AB, CD will not

meet anywhere."

It is not surprising that Proclus does not succeed in exposing the fallacy

here (the fact being that the process will indeed be endless, and yet the straight

lines will intersect within a finite distance). . But Proclus’ criticism contains

nevertheless something of value. He says that the argument will prove too

much, since we have only to join AG in order to see that straight lines making

some angles which are together less than two right angles do in fact meet,

namely AG, CG. “Therefore it is not possible to assert, without some definite

limitation, that the straight lines produced from angles less than two right

angles do not meet. On the contrary, it is manifest that some straight lines,

when produced from angles less than two right angles, do meet, although the

argument seems to require it to be proved that this property belongs to all

such straight lines. For one might say that, the lessening of the two right

angles being subject to no limitation, will: sue]: and sue/z an amount of

lessening the straight lines remain non-seeanl, but will! an amount of lessening

in exeess of lliis llzey meet (p. 371, 2 —10).”

[Here then we have the germ of such an idea as that worked out by

Lobachewsky, namely that the straight lines issuing from a point in a plane

can be divided with reference to a straight line lying in that plane into two

classes, “secant” and “non-secant,” and that we may define as parallel the

two straight lines which divide the secant from the non-secant class]

Proclus goes on (p. 371, to) to base his own argument upon “an axiom

such as Aristotle too used in arguing that the universe is finite. For, iffrom

one point two margin lines filrming an angle be produced indefinitely, tlze dislanee

(Suio'rao'ts, Arist. Side-nun) between the said slraiglzt lines produced indefinitely

will exceed any finite magnitude. Aristotle at all events showed that, if the

straight lines drawn from the centre to the circumference are infinite, the

interval between them is infinite. For, if it is finite, it is impossible to

increase the distance, so that the straight lines (the radii) are not infinite.

Hence the straight lines, when produced indefinitely, will be at a distance from

one another greater than any assumed finite magnitude.”

This is a fair representation of Aristotle’s argument in De axe/o 1. 5, 271

b 28, although of course it is not a proof of what Proclus assumes as an

axiom.

This being premised, Proclus proceeds (p. 371, 24):

I. “I say that, if any straight line cuts one of two parallels, it will cut

the other also.

“For let AB, CD be parallel, and let EFG cut AB; I say that it will cut

CD also.

“For, since BF, F6 are two straight lines from E

one point 1*, they have, when produced indefinitely, A B

a distance greater than any magnitude, so that it will F

also be greater than the interval between the parallels. 6

Whenever therefore they are at a distance from one C—_———_D

another greater than the distance between the parallels,

FG will cut CD.

“ Therefore etc.”
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II. “Having proved this, we shall prove, as a deduction from it, the

theorem in question.

“ For let AB, CD be two straight lines, and let EF falling on them make

the angles BEF, DFE less than two right angles.

“I say that the straight lines will meet on that Al E

side on which are the angles less than two right K B

angles.

“For, since the angles BEE DFE are less 0 F 0

than two right angles, let the angle HEB be equal

to the excess of two right angles (over them), and let HE be produced to K.

“Since then EF falls on K11, CD and makes the two interior angles

HEF, DFB equal to two right angles,

the straight lines HK, CD are parallel.

“And AB cuts KH; therefore it will also cut CD, by what was before

shown.

“Therefore AB, CD will meet on that side on which are the angles less

than two right angles.

“Hence the theorem is proved.”

Clavius criticised this proof on the ground that the axiom from which

it starts, taken from Aristotle, itself requires proof. He points out that, just

as you cannot assume that two lines which continually approach one another

will meet (witness the hyperbola and its asymptote), so you cannot assume

that two lines which continually diverge will ultimately be so far apart that a

perpendicular from a point on one let fall on the other will be greater than

any, assigned distance; and he refers to the eone/zoid of Nicomedes, which

continually approaches its asymptote, and therefore continually gets farther

away from the tangent at the vertex; yet the perpendicular from any point on

the curve to that tangent will always be less than the distance between the

tangent and the asymptote. Saccheri supports the objection.

Proclus’ first proposition is open to the objection that it assumes that two

“ parallels ” (in the Euclidean sense) or, as we may say, two straight lines

which have a common perpendicular, are (not necessarily equidistant, but)

so related that, when they are produced indefinitely, the perpendicular from a

point of one upon the other remains finite.

This last assumption is incorrect on the hyperbolic hypothesis; the

“axiom” taken from Aristotle does not hold on the elliptic hypothesis.

Nasiraddin at-‘I‘flsi.

The Persian-born editor of Euclid, whose date is izor—r 274, has three

lemmas leading up to the final proposition. 'I‘heir content is substantially as

follows, the first lemma being apparently assumed as evident.

I. (a) If AB, CD be two straight lines such that successive perpen

diculars, as BF, G11, KL, from points on AB to CD always make with AB

unequal angles, which are always acute on the side towards B and always

obtuse on the side towards A, then the lines AB,

CD, so long as’ they do not cut, approach continually K G E_/A

nearer 1n the direction of the acute angles and diverge B

continually in the direction of the obtuse angles, and

the perpendiculars diminish towards B, D, and in

crease towards A, C. D L H F_c

(b) Conversely, if the perpendiculars so drawn

continually become shorter in the direction of B, D, and longer in the
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direction of A, C, the straight lines AB, CD approach continually nearer in

the direction of B, D and diverge continually in the other direction; also

each perpendicular will make with AB two angles one of which is acute and

the other is obtuse, and all the acute angles will lie in the direction towards

B, D, and the obtuse angles in the opposite direction.

[Saccheri points out that even the first part (a) requires proof. As

regards the converse (h) he asks, why should not the successive acute angles

made by the perpendiculars with AB, while remaining acute, become greater

and greater as the perpendiculars become smaller until we arrive at last at a

perpendicular which is a common perpendicular to hath lines? If that happens,

all the author’s efforts are in vain. And, if you are to assume the truth of the

statement in the lemma without proof, would it not, as Wallis said, be as

easy to assume as axiomatic the statement in Post. 5 without more adoP]

II. If AC, BD he drawn from the extremities of AB at right angles to it

and on the same side, and [1‘ AC, BD he made equal to one another and CD he

joined, each of the angles ACD, BDC will he fight, and D

CD will he equal to AB. c

The first part of this lemma is proved by reduetio ad

ahsurdum from the preceding lemma. If, e.g., the angle

A CD is not right, it must either be acute or obtuse. B A

Suppose it is acute ; then, by lemma 1, AC is greater

than BD, which is contrary to the hypothesis. And so on.

The angles ACD, BDC being proved to be right angles, it is easy to

prove that AB, CD are equal.

[It is of course assumed in this “proof” that, if the angle ACD is acute,

the angle BDC is obtuse, and vise versa.]

 
 

 

III. In any triangle the three angles are together equal to two right angles.

This is proved for a right-angled triangle by means of the foregoing lemma,

the four angles of the quadrilateral ABCD of that lemma being all right angles.

The proposition is then true for any triangle, since any triangle can be divided

into two right-angled triangles.

IV. Here we have the final “proof” of Post. 5. Three cases are

distinguished, but it is enough to show the case where one of the interior

angles is right and the other acute.

Suppose AB, CD to be two straight lines met by FCE making the angle

ECD a right angle and the angle CEB

an acute angle.

Take any point G on EB, and draw

GH perpendicular to EC.

Since the angle CEG is acute, the

perpendicular GH will fall on the side of

E towards D, and will either coincide

with CD or not coincide with it. In the F NFL K H E

former case the proposition is proved. A

If GH does not coincide with CD

but falls on the side of it towards F,‘ CD, being within the triangle formed by

the perpendicular and by CE, EG, must cut EG. [An axiom is here used,

namely that, if CD be produced far enough, it must pass outside the triangle

and therefore cut some side, which must be EB, since it cannot be the

perpendicular (l. 27), or CE.]

Lastly, let GH fall on the side of CD towards E.

H. E. 14
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Along HC set of? HK, KL etc., each equal to E1], until we get the first

point of division, as Al, beyond C.

Along GB set ofl' G1V, N0 etc., each equal to EG, until EP is the same

multiple of EG that EM is of EH. ,

Then we can prove that the perpendiculars from IV, 0, P on EC fall 0

the points K, L, M respectively.

For take the first perpendicular, that from IV, and call it NS.

Draw EQ at right angles to EH and equal to GA’, and set 05 SR along

SNalso equal to G11. Join QG, GR.

Then (second lemma) the angles EQG, QGHare right, and QG = E11.

Similarly the angles SRG, RGH are right, and RG=SH

Thus RGQ is one straight line, and the vertically opposite angles NGR,

EGQ are equal. The angles NRG, EQG are both right, and NG = GE, by

construction.

Therefore (I. 26) RG = GQ;

whence SH= HE : K17, and S coincides with K.

We may proceed similarly with the other perpendiculars.

Thus PM is perpendicular to FE. Hence CD, being parallel to MP and

within the triangle PME, must cut E1’, if produced far enough.

John Wallis.

As is well known, the argument of Wallis (1616-1703) assumed as a

postulate that, given a figure, another figure is possihlc whiz/z is similar lo the

given one and of any size who/ever. In fact Wallis assumed this for In'angles

only. He first proved (1) that, if a finite straight line is placed on an infinite

straight line, and is then moved in its own direction as far as we please,

it will always lie on the same infinite straight line, (2) that, if an angle be

moved so that one leg always slides along an infinite straight line, the angle

will remain the same, or equal, (3) that, if two straight lines, cut by a third,

make the interior angles on the same side less than two right angles, each

of the exterior angles is greater than the opposite

interior angle (proved by means of l. 13). ,3 D B

(4) If AB, CD make, with AC, the interior

angles less than two right angles, suppose AC
(with AB rigidly attached to it) to move along F ,7 a c A E

AF to the position (17, such that a coincides

with C. If AB then takes the position a3, a3 lies entire/y outside CD (proved

by means of (3) above).

(5) With the same hypotheses, the straighl line aB, or AB, during its

motion, and before a rear/us C, must cut the straight line CD.

(6) Here is enunciated the postulate stated above.

(7) Postulate 5 is now proved thus.

Let AB, CD be the straight lines which make, with the infinite straight

line ACF meeting them, the interior angles

BA C, DCA together less than two right angles. P.‘\

Suppose AC (with AB rigidly attached to ‘it) to move along ACF until AB takes the

position of 41,8 cutting CD in 1r.

Then, aC1r being a triangle, we can, by

the above postulate, suppose a triangle drawn

on the base CA similar to the triangle 1161!‘.

Let it be ACP.

[Wallis here interposes a defence of the hypothetical construction]
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Thus CP and AP meet at P ; and, as by the definition of similar figures

the angles of the triangles PCA, 1rCa are respectively equal, the angle PCA

being equal to the angle 1rCa and the angle PA C to the angle 1raC or BA C,

it follows that CP, AP lie on CD, AB produced respectively.

Hence AB, CD meet on the side on which are the angles less than two

right angles.

[The whole gist of this proof lies in the assumed postulate as to the

existence of similar figures; and, as Saccheri points out, this is equivalent to

unconditionally assuming the “hypothesis of the right angle,” and consequently

Euclid’s Postulate 5.]

Gerolamo Saccheri.

The book Euelides ab omni naezzo m'nelieatus (r733) by Gerolamo Saccheri

(r667—r733), a Jesuit, and professor at the University of Pavia, is now

accessible (I) edited in German by Engel and Stackel, Die T/zeorie der

Parallellinien non Euklid ois auf Gauss, 1895, pp. 41—136, and (2) in an

Italian version, abridged but annotated, L’Buelide emendato del I’. Gerolamo

Saeelreri, by G. Boccardini (Hoepli, Milan, 1904). It is of much greater

importance than all the earlier attempts to prove Post. 5 because Saccheri

was the first to contemplate the possibility of hypotheses other than that of

\lEIuclid, and to work out a number of consequences of those hypotheses.

e was therefore a true precursor of Legendre and of Lobachewsky, as

Beltrami called him (1889), and, it might be added, of Riemann also. For,

as Veronese observes (Fondarnenti di geonzetria, p. 570), Saccheri obtained

a glimpse of the theory of parallels in all its generality, while Legendre,

Lobachewsky and G. Bolyai excluded a priori, without knowing it, the “ hypo

thesis of the obtuse angle,” or the Riemann hypothesis. Saccheri, however,

was the victim of the preconceived notion of his time that the sole possible

geometry was the Euclidean, and he presents the curious spectacle of a man

laboriously erecting a structure upon new foundations for the very purpose of

demolishing it afterwards; he sought for contradictions in the heart of the

systems which he constructed, in order to prove thereby the falsity of his

hypotheses. ‘

For the purpose of formulating his hypotheses he takes a plane quadri

lateral ABDC, two opposite sides of which, AC, BD,

are equal and perpendicular to a third AB. Then the c

angles at C and D are easily proved to be equal. On ~.

the Euclidean hypothesis they are both right angles;

but apart from this hypothesis they might be both

obtuse, or both acute. To the three possibilities, which

Saccheri distinguishes by the names (I) tlze lzypotlzesis of

tlze rig/1t angle, (2) fire lgpotlzesis of Me obtuse angle and

(3) Ike lzypotllesis of the acute angle respectively, there cg‘

group of theorems; and Saccheri’s point of view is t’

be completely proved if the consequences which foll

hypotheses comprise results inconsistent with one anc

Among the most important of his propositions are ti

(1) If tlre hypothesis of tlze rig/rt angle, or of tlie ootu

angle is proved true in a single ease, it is true in every t

vr., vn.

( 2) )Aeeording as t/ze liypotlresis of tire rig/It angle,

ae'ute angle is true, the sum of tlze tliree angles of a trio

than, or less tlzan two rig/it angles. (Prop. ix.)
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(3) From the existenee of a single triangle in which the sum of the angles is

equal to, greater than, or less than two right angles the truth of the hypothesis

of the right angle, obtuse angle, or acute angle respeelioely follows. (Prop. xv.)

These propositions involve the following: If in a single triangle the sum

of the angles is equal to, greater than, or less than two right angles, then any

triangle has the sum of its angles equal lo, greater than, or less than 1700 right

angles respectively, which was proved about a century later by Legendre for

the two cases only where the sum is equal to or less than two right angles.

The proofs are not free from imperfections, as when, in the proofs of

Prop. X". and the part of Prop. Xlll. relating to the hypothesis of the obtuse

angle, Saccheri uses Eucl. 1. 18 depending on I. 16, a proposition which is

only valid on the assumption that straight lines are infinite in length ; for this

assumption itself does not hold under the hypothesis of the obtuse angle

(the Riemann hypothesis).

The hypothesis of the acute angle takes Saccheri much longer to dispose

of, and this part of the book is less satisfactory; but it contains the following

propositions afterwards established anew by Lobachewsky and Bolyai, viz.:

(4) Two straight lines in a plane (even on the hypothesis of the acute

angle) either have a ro/nmon perpendicular, or must, pro/lured in one and the

same direetion, either intersert once at a finite distance or at least eontinually

approaeh one another. (Prop. XXIII.)

(5) [n a cluster of rays issuing from a point there exist always (on the

hypothesis of the acute angle) tn'o deter/Innate straight lines which separate the

straight lines whieh inlerseet a fixed straight line from those rohieh do no!

interseet it, ending with and including the straight line whirh has a eo/nrnon

perpendicular with the fixed straight line. (Props. xxx, xxxr, xxxn.)

Lambert.

A dissertation by G. S. Kluge], Conatuunipraeeipnorunl theoriamparallehzru/n

denlonstra/uli reeensio (r 763), contained an examination of some thirty “ demon

strations” of Post. 5 and is remarkable for its conclusion expressing, apparently

for the first time, doubt as to its demonstrability and observing that the

certainty which we have in us of the truth of the Euclidean hypothesis is

not the result of a series of rigorous deductions but rather of experimental

observations. It also had the greater merit that it called the attention of '

johann Heinrich Lambert (1728-1777) to the theory of parallels. His

Theo ' allels was written in 1766 and published after his death by

' d C. Hindenburg ; it is reproduced by Engel and Stackel

2—208 .

t of Lambert’s tract is devoted to the discussion of the same

s Saccheri’s, the hypothesis of the rig/It angle being for

hat of the obtuse angle the seeond, and that of the acute

I thesis; and, with reference to a quadrilateral with three

'1- Lambert starts (that is, one of the halves into which

.‘accheri’s quadrilateral), the three hypotheses are the

.?fourth angle is a right angle, an obtuse angle, or an

'Y

ch further than Saccheri in the deduction of new

seeond and third hypotheses. The most remarkable is

  

_.

‘tyne triangle, under the second and third hypotheses, is

.ylrenee between the sum of the three angles and two right
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Thus the numerical expression for the area of a triangle is, under the

tln'rd hypothesis

A=k(1r—A~B-C) ......................... ..(r),

and under the second hypothesis

A=k(A+B+C-1r)......................... ..(2),

where k is a positive constant.

A remarkable observation is appended (§ 82) : “ In connexion with this it

seems to be remarkable that the second hypothesis holds if splieriml instead of

plane triangles are taken, because in the former also the sum of the angles is

greater than two right angles, and the excess is proportional to the area of the

triangle.

“It appears still more remarkable that what I here assert of spherical

triangles can be proved independently of the difficulty of parallels.”

This discovery that the second hypothesis is realised on the surface of a

sphere is important in view of the development, later, of the Riemann

hypothesis (1854).

Still more remarkable is the following prophetic sentence: “I am almost

inclined to draw the conclusion that tlze'third hypothesis arises wit/z an imaginary

splzerical surface ” (cf. Lobachewsky’s Géome’trie imaginaire, 183 7).

No doubt Lambert was confirmed in this by the fact that, in the formula

(2) above, ‘which, for kzrz, represents the area of a spherical triangle, if

r~/— r is substituted for r, and r~°=k, we obtain the formula (I).

Legendre.

No account of our present subject would be complete without a full

reference to what is of permanent value in the investigations of Adrien Marie

Legendre (1 752—1833) relating to the theory of parallels, which extended over

the space of a generation. His difl‘erent attempts to prove the Euclidean

hypothesis appeared in the successive editions of his Elements de Géome'trie

from the first (1794) to the twelfth (1823), which last may be said to contain

his last word on the subject. Later, in 1833, he published, in the Mémoires

de l’Acade'mie Royale des Sciences, x11. p. 367 sqq., a collection of his different

proofs under the title Réflexions sur diflrentes manieres de démontrer la tlléorie

des parallel/es. His exposition brought out clearly, as Saccheri had done, and

kept steadily in view, the essential connexion between the theory of parallels

and the sum of the angles of a triangle. In the first edition of the Elements

the proposition that the sum of the angles of a triangle is equal to two rig/it

angles was proved analytically on the basis of the assumption that the choice

of a unit of length does not affect the correctness of the proposition to be

proved, which is of course equivalent to Wallis’ assumption of tlze existence of

similar figures. A similar analytical proof is given in the notes to the twelfth

edition. In his second edition Legendre proved Postulate 5 by means of the

assumption that, given three points not in a straiglit line, there exists a arc/e

passing throng/1 all t/rree. In the third edition (1800) he gave the proposition

that the sum of the angles Qf a triangle is not greater tlzan two right angles;

this proof, which was geometrical, was replaced later by another, the best

known, depending on a construction like that of Euclid I. 16, the continued

application of which enables any number of successive triangles to be evolved

in which, while the sum of the angles in each remains always equal to the

sum of the angles of the original triangle, one of the angles increases and the

sum of the other two diminishes continually. But Legendre found the proof

of the equally necessary proposition that the sum of the angles of a triangle is
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not less than two right angles to present great difficulties. He first observed

that, as in the case of spherical triangles (in which the sum of the angles is

greater than two right angles) the excess of the sum of the angles over two

right angles is proportional to the area of the triangle, so in the case of

rectilineal triangles, if the sum of the angles is less than two right angles by a

certain deficit, the deficit will be proportional to the area of the triangle.

Hence if, starting from a given triangle, we could construct another triangle

in which the original triangle is contained at least In times, the deficit of this

new triangle will be equal to at least or times that of the original triangle, so

that the sum of the angles of the greater triangle will diminish progressively

as m increases, until it becomes zero or negative: which is absurd. The

whole difficulty was thus reduced to that of the construction of a triangle

containing the given triangle at least twice; but the solution of even this

simple problem requires it to be assumed (or proved) that through a given

point within a given angle less than two-thirds of a right angle we can always

draw a straight line which shall meet hath sides of the angle. This is however

really equivalent to Euclid’s Postulate. The proof in the'course of which the

necessity for the assumption appeared is as follows.

It is required to prove that the sum of the angles of a triangle cannot be

less than two right angles.

Suppose A is the least of the three angles of a triangle ABC. Apply to

the opposite side BC a triangle DBC, equal to

the triangle ACB, and such that the angle E

DBC is equal to the angle ACB, and the angle

DCB to the angle ABC; and draw any straight D 3

line through D cutting AB, AC produced in

E, E

If now the sum of the angles of the triangle F c A

ABC is less than two right angles, being equal

to 2R-8 say, the sum of the angles of the triangle DBC, equal to the

triangle ABC, is also 2R—8.

Since the sum of the three angles of the remaining triangles DEB, FDC

respectively cannot at all events be greater than two right angles [for Legendre’s

proofs of this see below], the sum of the twelve angles of the four triangles in

the figure cannot he greater than

41? + (2R —- 8) + (21? — 8), i.e. 81?— 28.

Now the sum of the three angles at each of the points B, C, D is 21?.

Subtracting these nine angles, we have the result that the three angles of

the triangle AEF cannot he greater than 2)?— 28.

Hence, if the sum of the angles of the triangle ABC is less than two right

angles by 8, the sum of the angles of the larger triangle AEF is less than two

right angles by at least 28.

We can continue the construction, making a still larger triangle from AEE

and so on.

But, however small 8 is, we can arrive at a multiple 2"8 which shall exceed

any given angle and therefore 21? itself; so that the sum of the three angles

of a triangle sufficiently large would be zero or even less than zero : which is

absurd.

Therefore etc.

The difiiculty caused by the necessity of making the above-mentioned

assumption made Legendre abandon, in his ninth edition, the method of the
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editions from the third to the eighth and return to Euclid’s method pure and

simple.

But again, in the twelfth, he returned to the plan of constructing any

number of successive triangles such that the sum of the three angles in all of

them remains equal to the sum of the three angles of the original triangle,

but two of the angles of the new triangles become smaller and smaller, while

the third becomes larger and larger; and this time he claims to prove in one

proposition that the sum of the three angles of the original triangle is equal to

two right angles by continuing the construction of new triangles indqfinitely

and compressing the two smaller angles of the ultimate triangle into nothing,

while the third angle is made to become a flat angle at the same time. The

construction and attempted proof are as follows.

Let ABC be the given triangle; let AB be the greatest side and BC the

least; therefore C is the greatest angle and A the least.

From A draw AD to the middle point of BC, and produce AD to C’,

making AC’ equal to AB.

Produce AB to B’, making AB’ equal to twice AD.

The triangle AB’C’ is then such that the sum of its three angles is equal

to the sum of the three angles of the triangle ABC.

  

A Ks K' B’ B"

For take AK along AB equal to AD, and join C’K.

Then the triangles ABD, AC'K have two sides and the included angles

respectively equal, and are therefore equal in all respects ; and C'K is equal to

BD or DC.

Next, in the triangles B'C’K, ACD, the angles B’KC', ADC are equal,

being respectively supplementary to the equal angles AKC’, ADB ; and the

two sides about the equal angles are respectively equal;

therefore the triangles B’C’K, A CD are equal in all respects.

Thus the angle AC'19’ is the sum of two angles respectively equal to the

angles B, C of the original triangle; and the angle A in the original triangle

is the sum of two angles respectively equal to the angles at A and B’ in the

triangle AB’C’.

It follows that the sum of the three angles of the new triangle AB’C’ is

equal to the sum of the angles of the triangle ABC.

Moreover, the side AC’, being equal to AB, and therefore greater than

AC, is greater than B’ C’ which is equal to AC.

Hence the angle C'AB’ is less than the angle AB’ C’; so that the angle

C’AB' is less than liA, where A denotes the angle CAB of the original

trian le. ‘
[Igt will be observed that the triangle AB’ C’ is really the same triangle as

the triangle AEB obtained by the construction of Eucl. I. :6, but differently

placed so that the longest side lies along AB]

By taking the middle point D’ of the side B’C' and repeating the same

construction, we obtain a triangle AB"C" such that ( I) the sum of its three

angles is equal to the sum of the three angles of ABC, (2) the sum of the
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two angles C"AB", AB'C" is equal to the angle C’AB’ in the preceding

triangle, and is therefore less than )A, and (3) the angle C”AB'' is less than

half the angle C'AB’, and therefore less than '}A.

' Continuing in this way, we shall obtain a triangle Abe such that the sum of

two angles, those at A and h, is less than %,A, and the angle at e is greater

than the corresponding angle in the preceding triangle.

If, Legendre argues, the construction be continued indefinitely so that

;;A becomes smaller than any assigned angle, the point e ultimately lies on

Ah, and the sum of the three angles of the triangle (which is equal to the sum

of the three angles of the original triangle) becomes identical with the angle

at e, which is then aflat angle, and therefore equal to two right angles.

This proof was however shown to be unsound (in respect of the final

inference) by J. P. W. Stein in Gergonne’s Annales de Mathe'matiques xv.,

I824, PP-_ 17—79

We will now reproduce shortly the substance of the theorems of Legendre

which are of the most permanent value as not depending on a particular

hypothesis as regards parallels.

I. The sum of the three angles of a triangle cannot he greater than two

right angles.

This Legendre proved in two ways.

(i) Firstprooffin the third edition of the Bléments).

Let ABC be the given triangle, and ACfa straight line.

Make CE equal to AC, the angle DCE equal to the angle BAC, and DC

equal to AB. Join DE.

Then the triangle DCE is equal to the triangle BAC in all respects.

If then the sum of the three angles of the triangle ABC is greater than

A C E G J

2R, the said sum must be greater than the sum of the angles BCA, BCD,

DCE, which sum is equal to 2K.

Subtracting the equal angles on both sides, we have the result that

the angle ABC is greater than the angle BCD.

But the two sides AB, BC of the triangle ABC are respectively equal to

the two sides DC, CB of the triangle BCD.

Therefore the base AC is greater than the base BD (Eucl. l. 24).

Next, make the triangle FEG (by the same construction) equal in all

respects to the triangle BAC or DCE ; and we prove in the same way that

CB (or AC) is greater than DE

And, at the same time, BD is equal to Di; because the angles BCD,

DEF are equal.

Continuing the construction of further triangles, however small the

difference between AC and BD is, we shall ultimately reach some multiple
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of this difference, represented in the figure by (say) the difference between

the straight line A] and the composite line BDFHK, which will be greater

than any assigned length, and greater therefore than the sum of AB and 1K.

Hence, on the assumption that the sum of the angles of the triangle ABC

is greater than 21?, the broken line ABDFHK] may be less than the straight

line Aj: which is impossible.

Therefore etc.

(2) Proof substituted later. _

If possible, let 2R + a. be the sum of the three angles of the triangle ABC,

of which A is not greater than either of the

others. 0 D

Bisect BC at If, and produce AH to D,

making HD equal to AH; join BD. H

Then the triangles AHC, DHB are equal in

all respects (1. 4) ; and the angles CAH, ACHare

respectively equal to the angles BBB‘, BBB’. B

It follows that the sum of the angles of the

triangle ABD is equal to the sum of the angles of the original triangle, i.e.

to 21? + 0..

And one of the angles DAB, ADB is either equal to or less than half the

angle CAB.

Continuing the same construction with the triangle ADB, we find a third

triangle in which the sum of the angles is still 2R+a, while one of them is

equal to or less than (L CAB)/4.

Proceeding in this way, we arrive at a triangle in which the sum of the

angles is 2R+ a, and one of them is not greater than (L CAB)/2".

And, if n is sufficiently large, this will be less than a. ; in which case we

should have a triangle in which two angles are together greater than two right

angles: which is absurd.

Therefore a is equal to or less than zero.

(It will be noted that in both these proofs, as in Eucl. I. 16, it is taken for

granted that a straiglzt line is infinite in length and does not return into itself,

which is not true under the Riemann hypothesis.)

II. On the assumption that the sum of the angles of a triangle is less

than two right angles, if a triangle is made up of two otbers, t/ze “ deficit” of tbe

former is equal to tbe sum of tbe “ defieits ” ofthe others.

In fact, if the sums of the angles of the component triangles are 21? — n,

2R—fl respectively, the sum of the angles of the whole triangle is

(2R—a)+(2R—B)- 2R: 2R-(¢+p).

III. 1f the sum of tile tllree angles of a triangle is equal to two rig/It

angles, tlze same is true qf all triangles obtained by subdividing it by straight

lines drawnfrom a vertex to meet the apposite side.

Since the sum of the angles of the triangle ABC is equal to 21?, if the

sum of the angles of the triangle ABD were 21? - a, it

would follow that the sum of the angles of the triangle A

ADC must be 2R+a, which is absurd (by I. above).

IV. If in a tna'ngle the sum of tlzetllree angles is

equal ta two ng/u angles, a quadrilateral ean always be

ranstrueted with four right angles andfour equal sides 8 0

exeeerling in lengt/s any assigned rertillneal segment.

Let ABC be a triangle in which the sum of the angles is equal to two
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right angles. We can assume ABC to be an isosceles right-angled triangle

because we can reduce the case to this by making subdivisions of ABC by

straight lines through vertices (as in Prop. Ill. above).

Taking two equal triangles of this kind and placing their hypotenuses

together, we obtain a quadrilateral with four right angles and four equal

sides.

Putting four of these quadrilaterals together, we obtain a new quadrilateral

0f the same kind but with its sides double of those of the first quadrilateral.

After n such operations we have a quadrilateral with four right angles and

four equal sides, each being equal to 2" times the side AB.

The diagonal of this quadrilateral divides it into two equal isosceles right

angled triangles in each of which the sum of the angles is equal to two right

angles.

Consequently, from the existence of one triangle in which the sum of the

three angles is equal to two right angles it follows that there exists an isosceles

right-angled triangle with sides greater than any assigned rectilineal segment

and such that the sum of its three angles is also equal to two right angles.

V. If the sum (f the three angles if one triangle is equal to two right

angles, the sum of the three angles of any other triangle is also equal to two

right angles.

It is enough to prove this for a right-angled triangle, since any triangle can

be divided into two right-angled triangles.

Let ABC be any right-angled triangle. 0‘

If then the sum of the angles of any one

triangle is equal to two right angles, we can

construct (by the preceding Prop.) an isosceles

right-angled triangle with the same property and

with its perpendicular sides greater than those of

ABC.

Let A'B'C' be such a triangle, and let it be

applied to ABC, as in the figure.

Applying then Prop. lll. above, we deduce

first that the sum of the three angles of the A’ A Bis’)

triangle ABC’ is equal to two right angles, and

next, for the same reason, that the sum of the three angles of the original

triangle ABC is equal to two right angles.

  

VI. If in any one triangle the sum of the three angles is less than two

right angles, the sum of the three angles of any other triangle is also less than

two right angles.

This follows from the preceding theorem.

(It will be observed that the last two theorems are included among those

of Saccheri, which contain however in addition the corresponding theorem

touching the case where the sum of the angles is greater than two right

angles.)

We come now to the bearing of these propositions upon Euclid’s Postulate

5 ; and the next theorem is

VII. 1]’ the sum of the three angles of a triangle is equal to two right

angles, through any [mint in a plane there can only he drawn one parallel to a

given straight line.



1. P051‘. 5] NOTE ON POSTULATE 5 219

For the proof of this we require the following

LEMMA. 1! is always possible, through a point P, 10 draw a straight line

whirl: slzall make, will: a given straight line (r), an (mg/z less I/mu any assigned

angle.

Let Q be the foot of the perpendicular from Pupon r.

Let a segment QR be taken on r,

on either side of Q, such that QR is P 8

equal to PQ.

Join PR, and mark off the segment \

RR’ equal to PR; join PR’. \

If 0: represents the angle QPR or w

the angle QRP, each of the equal a R " R’

angles RPR', RR'1’ is not greater

than (0/ 2.

Continuing the construction, we obtain, after the requisite number of

operations, a triangle PR“.1 R,l in which each of the equal angles is equal to

or less than w/z".

Hence we shall arrive at a straight line PR" which, starting from Pand

meeting r, makes with r an angle as small as we please.

‘To return now to the Proposition. Draw from P the straight line s

perpendicular to PQ.

Then any straight line drawn from P which meets r in R will form equal

angles with r and s, since, by hypothesis, the sum of the angles of the triangle

PQR is equal to two right angles.

And since, by the Lemma, it is always possible to draw through Pstraight

lines which fomi with r angles as small as we please, it follows that all the

straight lines through P, except s, will meet r. Hence s is the only parallel

to r that can be drawn through P.

The history of the attempts to prove Postulate 5 or something equivalent

has, now been brought down to the parting of the ways. The further

developments on lines independent of the Postulate, beginning with

Schweikart (1780—1857), Taurinus (r794——1874), Gauss (1777—1855),

Lobachewsky (r 793—1856), J. Bolyai (1802—1860), Riemann (1826— I866),

belong to the history of non-Euclidean geometry, which is outside the scope

of this work. I may refer the reader to the full article Sulla Ieoria dell:

para/[ale e sulle geomelrie non-euclidee by R. Bonola in Questiani rrlguardanli

Ia gzomelria elemenlare, 1900, of which I have made considerable use in the

above, to the same author's La geomdria non-eudidea, Bologna, 1906, to the

first volume of Killing’s Einffi/zrung' in die Grundlagm der Geometrie,

Paderborn, 1893, to P. Mansion’s Premiers prim'zpes a’e me’tagéométrie, and

P. Barbarin’s La géomélrie nan-Euclidicnne, Paris, 1902, to the historical

summary in Veronese’s Fondamenli di geomelria, 1891, p. 565 sqq., and (for

original sources) to Engel and Stackel, Die Tlzeorie der Parallel/mien van

Euklid bis auf Gauss, r895, and Urkundm zur Gesclliclzle der nidll-Euklidzlsrlun

Geometric, l. (Lobachewsky), 1899, and II. (Wolfgang und Johann Bolyai).

I will only add that it was Gauss who first expressed a conviction that the

Postulate could never be proved ;' this he stated distinctly, first in a review in

the Gb'tlingisdle gelellrle Anza'gen, 20 April 1816, and secondly in a letter to

Bessel of 27 January, 1829. The actual indemonstrability of the Postulate was

proved by Beltrami (1868) and by Hoiiel (No/e sur l’impossiailité dc démantrer

par une :onstrudion plane 1: prinafe de la tlle'arie des para/[Hes dit Paslulalum

d’Eur/ide in Battaglini’s Giamale di malaria/idle, VHL, 1870, pp. 84—89).
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Alternatives for Postulate 5.

It may be convenient to collect here a few of the more noteworthy

substitutes which have from time to time been formally suggested or tacitly

assumed.

(I) Through a given point only one parallel can be drawn to a given

straight line or, Two straight lines which interseet one another eannot both be

parallel to one and the same straight line.

This is commonly known as “ Playfair’s Axiom,” but it was of course not

a new discovery. It is distinctly stated in Proclus’ note to Eucl. I. 3 r.

(I a) If a straight line interseet one of two parallels, it will intersect the

other also (Proclus).

(r h) Straight lines parallel to the same straight line are parallel to one

another.

The forms (I a) and (r h) are exactly equivalent to (I).

(2) There exist straight lines everywhere equidistant from one another

(Posidonius and Geminus); with which may be compared Proclus’ tacit

assumption that Parallels remain, throughout their length, at a finite distanee

from one another.

(3) There exists a triangle in which the sum of the three angles is equal to

two right angles (Legendre).

(4) Given anyfigure, there exists a figure similar to it of any size we please

(Wallis, Carnot, Laplace).

Saccheri points out that it is not necessary to assume so much, and that it

is enough to postulate that there exist two unequal triangles with equal angles.

(5) Through any point within an angle less than tzt'o-thirds Q)‘ a right angle

a straight line can always be drawn which meets both sides of the angle

(Legendre).

With this may be compared the similar axiom of Lorenz (Grundriss der

reinen und angewandten Mathematih, 1791): Every straight line through a

point within an angle must meet one of the sides (1 the angle.

(6) Given any threepoints not in a straight line, there exists a are/e passing

through them (Legendre, W. Bolyai).

(7) “If 1 could prove that a reetilineal triangle is possible the eontent oj’

whirh is greater than any given area, 1 am in a position to prove perfettly

rigorously the whole ofgeometry” (Gauss, in a letter to W. Bolyai, 1799).

Cf. the proposition of Legendre numbered IV. above, and the axiom of

Worpitzky: There exists no triangle in ‘Ill/[it'll every angle is as small as we

please.

(8) If in a quadrilateral three angles are right angles, thefourth angle is

a right angle also (Clairaut, r 741).

(9) If two straight lines are parallel, they are figures opposite to (or the

reflex of) one another with respect to the middle points of all their transversal

segments (Veronese, Elementi, 1904).

Or, Two parallel straight lines interayfit, on every transversal whirh passes

through the middle point ofa segment included between them, another segment

the middle point qf whieh is the middle point of the first (Ingrami, Elementi,

1904).

Veronese and Ingrami deduce immediately Playfair’s Axiom.
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AXIOMS OR COrVJlON NOTIONS.

In a paper Sllf I’aullleulzl-ilé do: axiomes rl’Euclz'de in the Bulletin der

m'ence: mat/zémaliques e! aslrononu'r/uer, 2e sér. VIII., 1884, p. 162 sqq., Paul

Tannery maintained that the Common jVolz'ons (including the first three) were

not in Euclid’s work but were interpolated later. The following are his main

arguments. (I) If Euclid had set about distinguishing between indemon

strable principles (0) common to all demonstrative sciences and (o) peculiar

to geometry, he would, says Tannery, certainly not have placed the common

principles second and the special principles (the Postulates) first. (2) If the

Common Nolions are Euclid’s, this designation of them must be his too; for he

must have used some name to distinguish them from the Postulates and, if he

had used another name, such as Axioms, it is impossible to imagine why that

name was changed afterwards for a less suitable one. The word é'wota.

(nolion), says Tannery, never signified a notion in the sense of a proposill'on,

but a notion of some oojcol; nor is it found in any technical sense in Plato

and Aristotle. (3) Tannery’s own view was that the formulation of the

Common Notion: dates from the time of Apollonius, and that it was inspired

by his work relating to the Elements (we know from Proclus that Apollonius

tried to prove the Common Nolions). This idea, Tannery thought, was

confirmed by a “fortunate coincidence” furnished by the occurrence of the

word Zwow. (notion) in a quotation by Proclus (p. 100, 6): “we shall agree

with Apollonius when he says that we have a notion (é'vvowv) of a line when

we order the lengths, only, of roads or walls to be measured.”

In reply to argument (1) that it is an unnatural order to place the purely

geometrical Postulates first, and the Common Notions, which are not peculiar

to geometry, last, it may be pointed out that it would surely have been a still

more awkward arrangement to give the Definitions first and then to separate

from them, by the interposition of the Common Notions, the Postulates, which

are so closely connected with the Definitions in that they proceed to postulate

the existence of certain of the things defined, namely straight lines and circles.

(2) Though it is true that e'vl'om. in Plato and Aristotle is generally a

notion of an oojert, not of afoot or' proposition, there are instances in Aristotle

where it does mean a notion of a fact : thus in the Elli. M'r. IX. 1 1, 1 171 a3:

he speaks of “the notion (or consciousness) t/zal frzlend: sympathise” (r; Zwota

'roii o'vvakye'iw rm‘): darkens) and again, b 14, of “the notion (or consciousness)

that they are pleased at his good fortune.” It is true that Plato and Aristotle

do not use the word in a technical sense; but neither was there apparently in

Aristotle’s time any fixed technical term for what we call “axioms,” since he

speaks of them variously as “the so-called axioms in mathematics,” “the so

called common axioms,” “the common (things) ” (To. mini), and even “the

common opinions” (Kowai 8615M). I see therefore no reason why Euclid should

not himself have given a technical sense to “Common Notions,” which is at

least a distinct improvement upon “common opinions.”

(3) The use of Ewoul in Proclus’ quotation from Apollonius seems to me

to be an unfortunate, rather than a fortunate, coincidence from Tannery’s point

of view, for it is there used precisely in the old sense of the notion of an

objed (in that case a line).

No doubt it is difiicult to feel certain that Euclid did himself use the term

Common [Vol/om‘, seeing that Proclus’ commentary generally speaks of Axioms.

But even Proclus (p. 194, 8), after explaining the meaning of the word

“axiom,” first as used by the Stoics, and secondly as used by “Aristotle and
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the geometers,” goes on to say: “For in their view (that of Aristotle and the

geometers) axiom and earn/non nation are the same thing.” This, as it seems

to me, may be a sort of apology for using the word “axiom” exclusively in

what has gone before, as if Proclus had suddenly bethought himself that he

had described both Aristotle and the geometers as using the one term

“axiom,” whereas he should have said that Aristotle spoke of “axioms," while

“the geometers” (in fact Euclid), though meaning the same thing, called them

Common jvotions. It may be for a like reason that in another passage (p. 76,

16), after quoting Aristotle’s view of an “axiom,” as distinct from a postulate

and a hypothesis, he proceeds: “For it is not by virtue of a common notion

that, without being taught, we preconceive the circle to be such and such a

figure.” If this view of the two passages just quoted is correct, it would

strengthen rather than weaken the case for the genuineness of Common Notions

as the Euclidean term.

Again, it is clear from Aristotle’s allusions to the “common axioms in

mathematics ” that more than one axiom of this kind had a place in the text

books of his day; and as he constantly quotes the particular axiom that, 1)

equals be taken from equals, the remainders are equal, which is Euclid’s Common

Nation 3, it would seem that at least the first three Common Notions were

adopted by Euclid from earlier text-books. It is, besides, scarcely credible

that, if the Common JVotions which Apollonius tried to prove had not been

introduced earlier (e.g. by Euclid), they would then have been interpolated as

axioms and not as propositions to be proved. The line taken by Apollonius

is much better explained on the assumption that he was directly attacking

axioms which he found already admitted into the Elements.

Proclus, who recognised the five Common Notions given in the text, wams

us, not only against the error of unnecessarily multiplying the axioms, but

against the contrary error of reducing their number unduly (p. 196, 15), “as

Heron does in enunciating three only; for it is also an axiom that the whole is

greater than tlzepart, and indeed the geometer employs this in many places for

his demonstrations, and again that things wlu'elz eoineide are equal.”

Thus Heron recognised the first three of the Common Nations; and this

fact, together with Aristotle’s allusions to “common axioms” (in the plural),

and in particular to our Common Nation 3, may satisfy us that at least the first

three Common Notions were contained in the Elements as they left Euclid’s

hands.

COMMON NOTION r.

a. 'rq'i aim?’ io'a. Kai dkkriltots e'o’riv i'rra.

lu'ngs wbielz are equal to the same t/iing are also equal to one anotlzer.

Aristotle throughout emphasises the fact that axioms are self-evident truths,

which it is impossible to demonstrate. If, he says, any one should attempt to

prove them, it could only be through ignorance. Aristotle therefore would

undoubtedly have agreed in Proclus’ strictures on Apollonius for attempting

to prove the axioms. Proclus gives (p. 194, 25), as a specimen

of these attempted proofs by Apollonius, that of the first of the

Common Iva/ions. “Let A be equal to B, and the latter to C;

I say that A is also equal to C. For, since A is equal to B, it A B c

occupies the same space with it ; and since B is equal to C, it

occupies the same space with it.

Therefore A also occupies the same space with C.”

Proclus rightly remarks (p. 194, 22) that “the middle term is no more
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intelligible (better known, yvwptuuirrepov) than the conclusion, if it is not

actually more disputable.” Again (p. 195, 6), the proof assumes two things,

(1) that things which “occupy the same space” (rdrros) are equal to one

another, and (2) that things which occupy the same space with one and the

same thing occupy the same space with one another; which is to explain the

obvious by something much more obscure, for space is an entity more

unknown to us than the things which exist in space. -

Aristotle would also have objected to the proof that it is partial and not

general (xu06Aov), since it refers only to things which can be supposed to

occupy a space (or take up room), whereas the axiom is, as Proclus says

(p. 196, 1), true of numbers, speeds, and periods of time as well, though of

course each science uses axioms in relation to its own subject-matter only.

COMMON NOTIONS 2, 3.

, ,. .. ,, . . - . t .,
2 Kat (‘av LF'QLSI'LG'G. fporr'rtey, TCLAOAI‘I- (any £00..’ I i g

3. Kat HIV Il'n'o to’wv Ltra “@4110”, 1'0. KaraAemo/tcva crrrw tau.

2. If equals be added to equals, tlze wlmles are equal.

3. [f equals [)8 sublraelrdfi'olu equals, t/re remainders are equal.

These two Common Notions are recognised by Heron and Proclus as

genuine. The latter is the axiom which is so favourite an illustration with

Aristotle.

Following them in the MSS. and editions there came four others of the

same type as 1—3. Three of these are given by Heiberg in brackets; the

fourth he omits altogether.

The three are 1

(a) If equals be added 10 unequals, tlze wlmles are unequal.

(J) Tlzings which are double of l/ze same thing are equal to one auutlzer.

‘ (t) T/u'ngs u'lzz'r/l are llalves of llle same thing are equal lo ane anal/(er.

The fourth, which was placed between (a) and ((1), was:

(d) If equals be sub/fueledfrom unequals, llle remainders are unequal.

Proclus, in observing that axioms ought not to be multiplied, indicates

that all should be rejected which follow from the five admitted by him and

appearing in the text above (p. 155). He mentions the second of those just

quoted (b) as one of those to be excluded, since it follows from Common

Notion r. Proclus does not mention (a), (c) or (d); an-Nairizi gives (a), (d), (b)

and (c), in that order, as Euclid’s, adding a note of Simplicius that “three

axioms (sententiae acceptae) only are extant in the ancient manuscripts, but

the number was increased in the more recent.”

(a) stands self-condemned because “unequal” tells us nothing. It is easy

to see what is wanted if we refer to l. 17, where the same angle is added to a

greater and a less, and it is inferred that the first sum is greater than the second.

So far however as the wording of (a) is concerned, the addition of equal to

grealer and less might be supposed to produce less and greater respectively. If

therefore such an axiom were given at all, it should be divided into two.

Heiberg conjectures that this axiom may have been taken from the commentary

of Pappus, who had the axiom about equals added to unequals quoted below

(e); if so, it can only be an unskilful adaptation of some remark of Pappus, for

his axiom (e) has some point, whereas (a) is useless.

As regards (b), I agree with Tannery in seeing no sufficient reason why, if
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we reject it (as we certainly must), the words in 1. 47 “ But things which are

double of equals are equal to one another” should be condemned as an

interpolation. If they were interpolated, we should have expected to find the

same interpolation in I. 42, where the axiom is laeilly assumed. I think

it quite possible that Euclid may have inserted such words in one case and

left them out in another, without necessarily implying either that he was

quoting a formal Common Nolion of his own or that he had not included

among his Common Notions the particular fact stated as obvious.

The corresponding axiom (e) about the llalz'es of equals can hardly be

genuine if (b) is not, and Proclus does not mention it. Tannery acutely

observes however that, when Heiberg, in 1. 37, 38, brackets words stating that

“the halves of equal things are equal to one another” on the ground that

axiom (e) was interpolated (although before 'l‘heon’s time), and explains that

Euclid used Common Notion 3 in making his inference, he is clearly mistaken.

For, while axiom (b) is an obvious inference from Common Nation 2, axiom (e)

is not an inference from Common Nation 3. Tannery says, in a note, that (e)

would have to be established by reduelio ad absurdum with the help of axiom

(b), that is to say, of Common Notion 2. But, as the hypothesis in the reduelio

ad absurdum would be that one of the halves is grealer than the other, and it

would therefore be necessary to prove that the one whole is greater than the

other, while axiom (b) or Common Notion 2 only refers to equals, a little

argument would be necessary in addition to the reference to Common Notion 2.

I think Euclid would not have gone through this process in order to prove (e),

but would have assumed it as equally obvious with (b).

Proclus (pp. [97, 6—198, 5) definitely rejects two other axioms of the

above kind given by Pappus, observing that, as they follow from the genuine

axioms, they are rightly omitted in most copies, although Pappus said,that

they were “ on record” with the others (avvavaypd¢w0al) :

(e) If uneouals be added lo eouals, t/ze dlfierenee between Ille wlloles is equal

lo llze diferenee between llze addedparts ; and

(f) 1f equals be added 10 unequals, tlze difirenee between llle wlw/es is equal

10 llze diflrenee between llte original uneouals.

Proclus and Simplicius (in an-Nairizi) give proofs of both. The proof of

the former, as given by Simplicius, is as follows :

Let AB, CD be equal magnitudes; and let Eb’, FD be

added to them respectively, EB being greater than FD.

I say that AE exceeds CF by the same difi‘erence as that by

which BE exceeds DR 8 D

Cut off from BE the magnitude BG equal to DF.

Then, since AE exceeds A G by GE, and AG is equal to CF

and BG to DE

AE exceeds CF by the same difference as that by which BE

exceeds DE

0 .n

> 0

COMMON NOfI‘ION 4.

Kai 'ra. éfiappo'covra in’ mnlta Zo'a olM'q'koLs c’o'fl'w.

Tlu'ngs wlu'elz coincide will: one anal/ier are equal to one anollzer.

The word €¢ap,u.é§¢tv, as a geometrical term, has a difi'erent meaning

according as it is used in the active or in the passive. In the passive,

E¢apa6§m0ae it means “to be applied to ” without any implication that the

applied figure will exactly fit, or coincide with, the figure to which it is applied;

on the other hand the active s'dmpaélew is used intransitively and means “to
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fit exactly,” “to coincide with.” In Euclid and Archimedes idaapluocuv lS

constructed with £111’ and the accusative, in Pappus with the dative.

On Common Notion 4 Tannery observes that it is incontestably geometrical

in character, and should therefore have been excluded from the Common

Notions; again, it is difficult to see why it is not accompanied by its converse,

at all events for straight lines (and, it might be added, angles also), which

Euclid makes use of in r. 4. As it is, says Tannery, we have here a definition

of geometrical equality more or less sufficient, but not a real axiom.

It is true that Proclus seems to recognise this Common Notion and the next

as proper axioms in the passage (p. 196, 15—21) where he says that we should

not cut down the axioms to the minimum, as Heron does in giving only three

axioms; but the statement seems to rest, not upon authority, but upon an

assumption that Euclid would state explicitly at the beginning all axioms

subsequently used and not reducible to others unquestionably included. Now

in I. 4 this Common Notion is not quoted; it is simply inferred that “the base

BC will coincide with E1", and will lie equal to it.” The position is therefore

the same as it is in regard to the statement in the same proposition that, “if

the base BC does not coincide with El‘; two slrazlglzl line: will enclose a span’:

which is impossible”; and, if we do not admit that Euclid had the axiom that

“two straight lines cannot enclose a space,” neither need we infer that he had

Common Notion 4. I am therefore inclined to think that the latter is more

likely than not to be an interpolation.

It seems clear that the Common Notion, as here formulated, is intended

to assert that superposition is a legitimate way of proving the equality of two

figures which have the necessary parts respectively equal, or, in other words,

to serve as an axiom of zongruenre. '

The phraseology of the propositions, -e.g. 1. 4 and 1. 8, in which Euclid

employs the method indicated, leaves no room for doubt that he regarded one

figure as actually moved and plaml upon the other. Thus in I. 4 he says,

“The triangle ABC being applied (e’rpapluolopévov) to the triangle DEE and

the point A being plated (nfiquévov) upon the point D, and the straight line

AB on DE, the point B will also coincide with E because AB is equal to

DE ”; and in I. 8, “ If the sides BA, AC do not coincide with ED, DF, but

fall beside them (take a different position, 1rapaAAdEovrnv), then” etc. At the

same time, it is clear that Euclid disliked the method and avoided it wherever

he could, e.g. in I. 26, where he proves the equality of two triangles which have

two angles respectively equal to two angles and one side of the one equal to

the corresponding side of the other. It looks as though he found the method

handed down by tradition (we can hardly suppose that, if Thales proved that

the diameter of a circle divides it into two equal parts, he would do so by any

other method than that of superposition), and followed it, in the few cases

where he does so, only because he had not been able to see his way to a

satisfactory substitute. But seeing how much of the Elements depends on l. 4,

directly or indirectly, the method can hardly be regarded as being, in Euclid,

of only subordinate importance; on the contrary, it is fundamental. Nor, as

a matter of fact, do we find in the ancient geometers any expression of doubt

as to the legitimacy of the method. Archimedes uses it to prove that any

spheroidal figure cut by a plane through the centre is divided into two equal

parts in respect of both its surface and its volume; he also postulates in

Equilibrium of Plants 1. that “when equal and similar plane figures coincide

if applied to one another, their centres of gravity coincide also.”

Killing (Exnflillrung in die Grundlagen der Geomelrie, 11. pp. 4, 5)

n. 1:. r5
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contrasts the attitude of the Greek geometers with that of the philosophers,

who, he says, appear to have agreed in banishing motion from geometry

altogether. In support of this he refers to the view frequently expressed by

Aristotle that mathematics has to do with immovable objects (a'xt'v'rjra), and that

only where astronomy is admitted as part of mathematical science is motion

mentioned as a subject for mathematics. Cf. Metap/z. 989 b 32 “ For mathe

matical objects are among things which exist apart from motion, except such

as relate to astronomy”; Metap/z. 1064 a 30 “Physics deals with things

which have in themselves the principle of motion; mathematics is a theoretical

science and one concerned with things which are stationary (,aévov-ra) but not

separable” (sc. from matter); in P/zysr'rs 11. 2, 193 b 34 he speaks of the

subjects of mathematics as “in thought separable from motion.”

But I doubt whether in Aristotle’s use of the words “immovable,” “with

out motion” etc. as applied to the subjects of mathematics there is any

implication such as Killing supposes. We arrive at mathematical concepts

by abstraction from material objects; and just as we, in thought, eliminate

the matter, so according to Aristotle we eliminate the attributes of matter as

such, e.g. qualitative change and motion. It does not appear to me that the

use of “immovable ” in the passages referred to means more than this. I do

not think that Aristotle would have regarded it as illegitimate to move a

geometrical figure from one position to another; and I infer this from a

passage in De [ac/o 1n. 1 where he is criticising “those who make up every

body that has an origin by putting together planes, and resolve it again into

planes.” The reference must be to the Timaeus (54 B sqq.) where Plato

evolves the four elements in this way. He begins with a right-angled triangle

in which the hypotenuse is double of the smaller side; six of these put together

in the proper way produce one equilateral triangle. Making solid angles with

(a) three, (6) four, and (t) five of these equilateral triangles respectively, and

taking the requisite number of these solid angles, namely four of (a), six of (b)

i and twelve of (o) respectively, and putting them together so as to form regular

solids, he obtains (a)‘a tetrahedron, (B) an octahedron, (7) an icosahedron

respectively. For the fourth element (earth), four isosceles right-angled triangles

are first put together so as to form a square, and then six of these squares are

put together to form a cube. Now, says Aristotle (299 b 2 3), “it is absurd that

planes should only admit of being put together so as to touch in a line; for just

as a line and a line are put together in both ways, lengthwise and breadthwise,

so must a plane and a plane. A line can be combined with a line in the sense

of being a line superposed, and not added”; the inference being that a plane can

be superposed on aplane. Now this is precisely the sort of motion in question

here; and Aristotle, so far from denying its permissibility, seems to blame

Plato for not using it. Cf. also P/zysivs v. 4, 228 b 25, where Aristotle speaks

of “the spiral or other magnitude in which any part will not coincide with

any other part,” and where superposition is obviously contemplated.

Motion without deformation.

It is well known that Helmholtz maintained that geometry requires us to

assume the actual existence of rigid bodies and their free mobility in space,

whence he inferred that geometry is dependent on mechanics.

Veronese exposed the fallacy in this (Fondamenti d1‘ geometria, pp. xxxv—

xxxvi, 2 39—240 note, 615~7), his argument being as follows. Since geometry

is concerned with empty space, which is immovable, it would be at least strange

if it was necessary to have recourse to the real motion of bodies for a definition,
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and for the proof of the properties, of immovable space. We must distinguish

the intuitive principle of motion in itself from that of motion wit/zout deforma

tion. Every point of a figure which moves is transferred to another point in

space. “Without deformation ” means that the mutual relations between the

points of the figure do not change, but the relations between them and other

figures do change (for if they did not, the figure could not move). Now

consider what we mean by saying that, when the figure A has moved from

the position A, to the position A2, the relations between the points of A in

the position A2 are unaltered from what they were in the position A" are the

same in fact as if A had not moved but remained at A,. We can only say

that, judging of the figure (or the body with its physical qualities eliminated)

by the impressions it produces in us during its movement, the impressions

produced in us in the two different positions (which are in time distinct)

are equal. In fact, we are making use of the notion of equality between two

distinct figures. Thus, if we say that two bodies are equal when they

can be superposed by means of movement wit/rout deformation, we are com

mitting a petitio prinalbii. The notion of the equality of spaces is really prior

to that of rigid bodies or of motion without deformation. Helmholtz supported

his view by reference to the process of measurement in which the measure

must be, at least approximately, a rigid body, but the existence of a rigid body

as a standard to measure by, and the question how we discover two equal

spaces to be equal, are matters of no concern to the geometer. The method

of superposition, depending on motion without deformation, is only of use as

a practical test; it has nothing to do with the tbeory of geometry.

Compare an acute observation of Schopenhauer (Die Welt als PVi/le, 2 ed.

1844, II. p. 130) which was a criticism in advance of Helmholtz’ theory: “I

am surprised that, instead of the eleventh axiom [the Parallel-Postulate], the

eighth is not rather attacked: ‘Figures which coincide (sich decken) are

equal to one another.’ For eoineidenee (das Sichdecken) is either mere

tautology, or something entirely empirical, which belongs, not to pure intuition

(Anschauung), but to external sensuous experience. It presupposes in fact

the mobility of figures ; but that which is movable in space is matter and

nothing else. Thus this appeal to coincidence means leaving pure space, the

sole element of geometry, in order to pass over to the material and empirical.”

Mr Bertrand Russell observes (Eneyelopaedza Brz'tannz'oa, Suppl. Vol. 4,

1902, Art. “Geometry, non-Euclidean ”) that the apparent use of motion here

is deceptive; what in geometry is called a motion is merely the transference

of our attention from one figure to another. Actual superposition, which is

nominally employed by Euclid, is not required; all that is required is the

transference of our attention from the original figure to a new one defined by

the position of some of its elements and by certain properties which it shares

with the original figure.

If the method of superposition is given up as a means of defining theoreti

cally the equality of two figures, some other definition of equality is necessary.

But such a definition can be evolved out of empirical or praetiral observation

of the result of superposing two material representations of figures. This is

done by Veronese (Elementi di geometria, 1904) and Ingrami (Elementi di

geometna, 1904). Ingrami says, namely (p. 66):

“If a sheet of paper be folded double, and a triangle be drawn upon it

and then cut out, we obtain two triangles superposed which we in practice call

equal. If points 4, B, C, D be marked on one of the triangles, then,

when we place this triangle upon the other (so as to coincide with it), we see

15—2
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that each of the particular points taken on the first is superposed on one

particular point of the second in such a way that the segments AB, A C, AD,

BC, BD, CD, are respectively superposed on as many segments in the

second triangle and are therefore equal to them respectively. In this way we

justify the following

“Definition of equality.

“Any two figures whatever will be called equal when to the points of one

the points of the other can be made to correspond unz'weally [i.e. every one

point in one to one dislinet point in the other and vice versa] in such a way

that the segments which join the points, two and two, in one figure are

respectively equal to the segments which join, two and two, the corresponding

points in the other.”

Ingrami has of course previously postulated as known the signification of

the phrase equal (reetz'lineal) segments, of which we get a frat/ital notion when

we can place one upon the other or can place a third movable segment

successively on both.

New systems of Congruence-Postulates.

In the third Article of Questiom' rzguara’anti la geoulelria elementare, 1900,

pp. 65—82, a review is given of three different systems: (I) that of Pasch in

Vorlesungen filer neuere Geomelrz'e, 1882, p. ror sqq., (2) that of Veronese

according to the fibndamenti dz' geomeln'a, 1891, and the li‘lernenlz~ taken

together, (3) that of Hilbert (see Grundlagen der Geomelrie, 1903, pp. 7~—15').

These systems differ in the particular conceptions taken by the three

authors as primary. (1) Pasch considers as primary the notion of congruence

or equally between any figures wlu'elz are made up qf a finite number ofpoints

only. The definitions of congruent segments and of congruent angles have to

be dedueed in the way shown on pp. 68——9 of the Article referred to, after

which Eucl. I. 4 follows immediately, and Eucl. l. 26 (r) and l. 8 by a

method recalling that in Eucl. I. 7, 8. -

(2) Veronese takes as primary the conception of congruence between

segments (rectilineal). The transition to congruent angles, and thence to

lriangles is made by means of the following postulate:

“Let AB, AC and A'B', A'C’ be two pairs of straight lines intersecting

at A, A’, and let there be determined upon them the congruent segments

AB, A'B' and the congruent segments AC, A'C';

then, if BC, B'C' are congruent, the two pairs of straight lines are con

gruent.”

(3) Hilbert takes as primary the notions of congruence between nu;

segments and angles.

It is observed in the Article referred to that, from the theoretical stand

point, Veronese’s system is an advance upon that of Pasch, since the idea of

congruence between segments is more simple than that of congruence between

any figures; but, didactically, the development of the theory is more compli

cated when we start from Veronese’s system than when we start from that of

Pasch.

The system of Hilbert ofi'ers advantages over both the others from the

point of view of the teaching of geometry, and I shall therefore give a short

account of his system only, following the Article above quoted.

we
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Hilbert’s system.

The following are substantially the Postulates laid down.

(I) If one segment is congruent with another, the second is also congruent

with the first.

(2) If an angle is congruent with another angle, the second angle is also

congruent with the first.

(3) Two segments congruent with a third are congruent with one another.

(4) Two angles congruent with a third are congruent with one another.

(5) Any segment AB is congruent with itself, independently of its sense.

This we may express symbolically thus :

ABEABEBA.

(6) Any angle (ab) is congruent with itse“ independently of its sense.

This we may express symbolically thus:

(ab) E (ab) 5 (ba).

(7) On any straight line r', startingfrom any one of its points A’, and on

each side of it respectively, there exists one and only one segment congruent with a

segment AB belonging to the straight line r.

(8) Given a my a, issuingfrom a point 0, in any plane which contains it

and on each of the two sides of it, there exists one and only one my b issuing

from 0 such that the angle (ab) is congruent with a given angle (a'b').

(9) [f AB, BC are two consecutive segments of the same straight line r

(segments, that is, having an extremity and no other point common), and A'B',

B'C' two consecutive segments on another straight line r’, and AB EA'B',

BC 5 BC’, then

.4 CE A'C'.

(to) If (ab), (be) are two consecutive angles in the same plane 1r (angles,

that is, having the vertex and one side common), and (ab), (b'c') two consecu

tive angles in another plane 1r’, and if (ab) E (a’b'), (bc) : (b'c’), then

(ac) : (tie).

(it) If two triangles have two sides and the included angles respectively

congruent, they have also their third sides congruent as well as the angles

opposite to the congruent sides respectively.

As a matter of fact, Hilbert’s postulate corresponding to (It) does not

assert the equality of the third sides in each, but only the equality of the two

remaining angles in one triangle to the two remaining angles in the other

respectively. He proves the equality of the third sides (thereby completing

the theorem of Eucl. 1. 4) by rcductio

aa' absurdum thus. Let ABC, A'B'C' A A’

be the two triangles which have the -

sides AB, AC respectively congruent

with the sides A'B', A’C’ and the

included angle at A congruent with

the included angle at A’.

Then, by I-Iilbert’s own postulate, the angles ABC, A'B’C’ are congruent,

as also the angles ACB, A'C’B'.

If BC is not congruent with BC’, let D be taken on B'C' such that BC,

B’D are congruent, and join A’D.

  

8 C B’ D O’
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Then the two triangles ABC, A'B'D have two sides and the included

angles congruent respectively; therefore, by the same postulate, the angles

BA C, B’A'D are congruent.

But the angles BA C, B’A'C' are congruent; therefore, by (4) above, the

angles B'A’C', B’A'D are congruent : which is impossible, since it contradicts

(8) above.

Hence BC, BC’ cannot but be congruent.

Eucl. r. 4 is thus proved ; but it seems to be as well to include all of that

theorem in the postulate, as is done in (I r) above, since the two parts of it are

equally suggested by empirical observation of the result of one superposition.

A proof similar to that just given immediately establishes Eucl. l. 26(1),

and Hilbert next proves that

If two angles ABC, A'B'C' are eongruent will: one another, t/zeir supple

menlary angles CBD, C'B'D' are also mngruent with one another.

We choose A, D on one of the straight lines forming the first angle, and

A’, D’ on one of those forming the second angle, and again C, C’ on the other

C C’

A B D A’ B’ D’

straight lines forming the angles, so that A'B' is congruent with AB, C'B'

with CE, and D’B’ with D1)’.

The triangles ABC, A'B'C' are congruent, by (11) above; and AC is

congruent with A'C', and the angle CAB with the angle C'A’B’.

Thus, AD, A’D’ being congruent, by (9), the triangles CAD, C'A’D' are

also congruent, by (r r);

whence CD is congruent with C'D', and the angle ADC with the angle

A'D’ C’.

Lastly, by (11), the triangles CDB, C'D'B' are congruent, and the angles

CBD, C'B’D' are thus congruent.

Hilbert’s next proposition is that

Given that the angle (h, k) in the plane a is mngruenl will: the angle (h’, k’)

in tlze plane a’, and that l is a llalf-ray in the plane a starting from the vertex

of the angle (h, k) and lying within that angle, tlzere always exists a half-ray l'

in tile seeond plane a’, starting from the vertex 0f the angle (h', k’) and lying

within that angle, sue/z tlzat

(h, 1) 5(11', 1’), and _(k, l) E (k’, 1’).

If 0, 0’ are the vertices, we choose points A, B on ll, k, and points A’, B’

on ll’, k’ respectively, such that 0A, O’A' are congruent and also OB, 0’8'.

 

0 h

  

The triangles OAB, O’A'B' are then congruent; and, if I meets AB in C,

we can determine C' on A'B' such that A'C’ is congruent with A C.

Then 1' drawn from 0' through C’ is the half-ray required.
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The congruence of the angles (ll, 1), (11’, 1) follows from (It) directly, and

that of (k, l) and (k', /) follows in the same way after we have inferred by

means of (9) that, AB, AC being respectively congruent with A’B', A’C’, the

difference BC is congruent with the difference B’C'.

It is by means of the two propositions just given that Hilbert proves that

All rig/rt angles are oongruent wit/1 one another.

_ Let the angle BAD be congruent with its adjacent angle CAD, and

likewise the angle B'A'D’ congruent with its adjacent angle C’A 'D’. All four

angles are then right angles.

D,

B A O B’ A’ C’

If the angle B’A'D’ is not congruent with the angle BAD, let the angle

with AB for one side and congruent with the angle B’A’D’ be the angle

BAD”, so that AD" falls either within the angle BAD or within the angle

DA C. Suppose the former.

By the last proposition but one (about adjacent angles), the angles

B'A’D’, BAD” being congruent, the angles C’A’D’, CAD" are congruent.

Hence, by the hypothesis and postulate (4) above, the angles BAD",

CAD” are also congruent.

And, since the angles BAD, CAD are congruent, we can find within the

angle CAD a half-ray CAD'” such that the angles BAD”, CAD’” are

congruent, and likewise the angles DAD", DAD’” (by the last proposition).

But the angles BAD”, CAD" were congruent (see above); and it

follows, by (4), that the angles CAD", CAD’" are congruent: which is

impossible, since it contradicts postulate

Therefore etc.

Euclid I. 5 follows directly by applying the postulate (I r) above to ABC,

ACB as distinct triangles.

Postulates (9), (to) above give in substance the proposition that “the

sums or differences of segments, or of

 

angles, respectively equal, are equal.” A A’

Lastly, Hilbert proves Eucl. I. 8 by

means of the theorem of Eucl. r. 5 and

the proposition just stated as applied to B c

angles. 3’ C’

ABC, A'B’ C’ being the given triangles

with three sides respectively congruent,

we suppose an angle CBA” to be deter- A"

mined, on the side of BC opposite to A,

congruent with the angle A'B’C', and we make BA” equal to A'B’.

The proof is obvious, being equivalent to the alternative proof often given

in our text-books for Eucl. 1. 8.
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COMMON NOTION 5.

[(0-2 To riltov roii pc'povs ne'lo'v [c'o'rw].

The whole is greater than the part.

Proclus includes this “axiom ” on the same ground as the preceding one.

I think however there is force in the objection which Tannery takes to it,

namely that it replaces a dlf'erent expression in Eucl. I. 6, where it is stated

that “the triangle BBC will be equal to the triangle A CB, the less to the

greater: whieh is absur .” The axiom appears to be an abstraction or

generalisation substituted for an immediate inference from a geometrical

figure, but it takes the form of a sort of definition of whole and part. The

probabilities seem to be against its being genuine, notwithstanding Proclus’

approval of it.

Clavius added the axiom that the whole is the equal to the sum of its parts.

OTHER AxioMs INTRODUCED AFTER EUCLID’S TIME.

[9] Two straight lines do not ene'lose (or eontain) a spate.

Proclus (p. :96, 21) mentions this in illustration of the undue multiplication

of axioms, and he points out, as an objection to it, that it belongs to the

subject matter of geometry, whereas axioms are of a general character, and

not peculiar to any one science. The real objection to the axiom is that it is

unnecessary, since the fact which it states is included in the meaning of

Postulate 1. It was no doubt taken from the passage in I. 4, “if...the base

BC does not coincide with EB; two straight lines will enclose a spare: whieh

is impossible”; and we must certainly regard it as an interpolation, notwith

standing that two of the best MSS. have it after Postulate 5, and one gives it

as Common 1Votion 9.

Pappus added some others which Proclus objects to (p. 198, 5) because

they are either anticipated in the definitions or follow from them.

(g) All the parts of a plane, or of a straight line, roinoide with one another.

(h) A point divides a line, a line a surfaee, and a surface a solid; on which

Proclus remarks that everything is divided by the same things as those by

which it is bounded.

An-Nairizi (ed. Besthorn-Heiberg, p. 31, ed. Curtze, p. 38) in his version

of this axiom, which he also attributes to Pappus, omits the reference to

solids, but mentions planes as a particular case of surfaces.

“(11) A surfaee cuts a surfaee in a line;

(B) Z)’ two surfaees whieh out one another are plane, they cut one another

in a straight line ,

(y) A line outs a line in a point (this last we need in the first proposition).” '

(k) Magnitudes are suseeyfitible of the infinite (or unlimited) both by way of

addition and by way of sueoessive diminution, but in both eases potentially only

(15 d'rretpov e'v 'rois Ite-ye'gscrt'v e'o'rw Kai rfi 1rpoat9e'o'ct Kai 'rfi e'rrtxaeatps'a'a, Svva'ua

8E e'xaf'repov).

An-Nairizi's version of this refers to straight lines and plane surfaces only:

“as regards the straight line and the plane surfaee, in eonsequenee of their

evenness, it is possible to produce them indefinitely.

This “axiom” of Pappus, as quoted by Proclus, seems to be taken directly

from the discussion of n‘) Jmtpov in Aristotle, Physies In. 5—8, even to the

wording, for, while Aristotle uses the term division (Suu'pwus) most frequently

as the antithesis of addition (min/0:019), he occasionally speaks of subtraetion

(ci.¢flt'[)((H-S) and diminution (eaOat'perns). Hankel (Zur Gesehiehte der Mathe

matih im Alterthum and Alittelalter, 1874, pp. rig—120) gave an admirable
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summary of Aristotle’s views on this subject; and they are stated in greater

detail in Gorland, Arz'stoleles und die Malliematik, Marburg, 1899, pp. I 5 7—

183. The infinite or unlimited (u'hmpov) only exists potentially (Suva'pu), not

in actuality (c'vcpyeia). The infinite is so in virtue of its endlessly changing

into something else, like day or the Olympic Games (P/zys. Ill. 6, 206 a 15—25).

The infinite is manifested in different forms in time, in Man, and in the

division of magnitudes. For, in general, the infinite consists in something new

being continually taken, that something being itself always finite but always

different. Therefore the infinite must not be regarded as a particular thing

(168: 11), as man, house, but as being always in course of becoming or decay,

and, though finite at any moment, always different from moment to moment.

But there is the distinction between the forms above referred to that, whereas

in the case of magnitudes what is once taken remains, in the case of time and

Man it passes or is destroyed but the succession is unbroken. The case of

addition is in a sense the same as that of division; in the finite magnitude the

former takes place in the converse way to the latter ; for, as we see the finite

magnitude divided ad injim‘lum, so we shall find that addition gives a sum

tending to a definite limit. I mean that, in the case of a finite magnitude,

you may take a definite fraction of it and add to it (continually) in the same

ratio; if now the successive added terms do not include one and the same

magnitude whatever it is [i.e. if the successive terms diminish in geometrical

progression], you will not come to the end of the finite magnitude, but, if the

ratio is increased so that each term does include one and the same magnitude

whatever it is, you will come to the end of the finite magnitude, for every

finite magnitude is exhausted by continually taking from it any definite

fraction whatever. Thus in no other sense does the infinite exist, but only

in the sense just mentioned, that is, potentially and by way of diminution

(206 a 25—b 13). And in this sense you may have potentially infinite

addition, the process being, as we say, in a manner, the same as with division

ad infi/u'lum: for in the case of addition you will always be able to find some

thing outside the total for the time being, but the total will never exceed every

definite (or assigned) magnitude in the way that, in the direction of division,

the result will pass every definite magnitude, that is, by becoming smaller

than it. The infinite therefore cannot exist even potentially in the sense of

exceeding every finite magnitude as the result of successive addition (206 b

16-22). It follows that the correct view of the infinite is the opposite of

that commonly held: it is not that which has nothing outside it, but that

which always has something outside it (206 b 33-207 a r).

Contrasting the case of number and magnitude, Aristotle points out that

(I) in number there is a limit in the direction of smallness, namely unity, but

none in the other direction: a number may exceed any assigned number

however great; but (2) with magnitude the contrary is the case: you can find

a magnitude smaller than any assigned magnitude, but in the other direction

there is no such thing as an infinite magnitude (207 b r—5). The latter

assertion he justified by the following argument. However large a thing can

be potentially, it can be as large actually. But there is no magnitude

perceptible to sense that is infinite. Therefore excess over every assigned

magnitude is an impossibility; otherwise there would be something larger

than the universe (ot’ipavés) (207 b 17—21).

Aristotle is aware that it is essentially of physical magnitudes that he is

speaking. He had observed in an earlier passage (Pliys. m. 5, 204 a 34) that

it is perhaps a more general inquiry that would be necessary to determine

\
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whether the infinite is po§sible in mathematics, and in the domain of thought

and of things which have ‘no magnitude; but he excuses himself from entering

upon this inquiry on the ground that his subject is physics and sensible

objects. He returns however to the bearing of his conclusions on mathematics

in m. 7, 207 b 27 : “my argument does not even rob mathematicians of their

study, although it denies the existence of the infinite in the sense of actual

existence as something increased to such an extent that it cannot be gone

through (dsttét'ffl‘fov); for, as it is, they do not even need the infinite or use

it, but only require that the finite (straight line) shall be as long as they please;

and another magnitude of any size whatever can be cut in the same ratio as

the greatest magnitude. Hence it will make no difference to them for the

purpose of demonstration.”

Lastly, if it should be urged that the infinite exists in thought, Aristotle

replies that this does not involve its existence in fact. A thing is not greater

than a certain size because it is conceived to be so, but because it is; and

magnitude is not infinite in virtue of increase in thought (208 a 16—2 2).

Hankel and Gorland do not quote the passage about an infinite series of

magnitudes (206 b 3—13) included in the above paraphrase; but I have

thought that mathematicians would be interested in the distinct expression of

Aristotle’s view that the existence of an infinite series the terms of which are

magnitudes is impossible unless it is convergent, and (with reference to

Riemann’s developments) in the statement that it does not matter to geometry

if the straight line is not infinite in length, provided that it is as long as we

please.

Aristotle’s denial of even the potential existence of a sum of magnitudes

which shall exceed every definite magnitude was, as he himself implies, in

conflict with the lemma or assumption used by Eudoxus (as we infer from

Archimedes) to prove the theorem about the volume of a pyramid. The

lemma is thus stated by Archimedes (Quadrature of a parabola, preface):

“ The excess by which the greater of two unequal areas exceeds the less can,

if it be continually added to itself, be made to exceed any assigned finite

area.” We can therefore well understand why, a century later, Archimedes

felt it necessary to justify his own use of the lemma as he does in the same

preface: “The earlier geometers too have used this lemma: for it is by its

help that they have proved that circles have to one another the duplicate

ratio of their diameters, that spheres have to one another the triplicate ratio

of their diameters, and so on. And, in the result, each of the said theorems

has been accepted no less than those proved without the aid of this lemma.”

Principle of continuity.

The use of actual construction as a method of proving the existence of

figures having certain properties is one of the characteristics of the Elements.

Now constructions are effected by means of straight lines and circles drawn

in accordance with Postulates 1—3 ; the essence of them is that such straight

lines and circles determine by their intersections other points in addition to

those given, and these points again are used to determine new lines, and so on.

This being so, the existence of such points of intersection must be postulated

or proved in the same way as that of the lines which determine them. Yet

there is no postulate of this character expressed in Euclid except Post. 5.

This postulate asserts that two straight lines meet if they satisfy a certain

condition. The condition is of the nature of a 8topurpn§s (discrimination, or

condition of possibility) in a problem; and, if the existence of the point of
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intersection were not granted, the solutions of problems in which the points of

intersection of straight lines are used would not in general furnish the required

proofs of the existence of the figures to be constructed.

But, equally with the intersections of straight lines, the intersections of

circle with straight line, and of circle with circle, are used in constructions.

Hence, in addition to Postulate 5, we require postulates asserting the actual

existence of points of intersection of circle with straight line and of circle

with circle. In the very first proposition the vertex of the required equilateral

triangle is determined as one of the intersections of two circles, and we need

therefore to be assured that the circles will intersect. Euclid seems to assume

it as obvious, although it is not so; and he makes a similar assumption in

i. 22. It is true that in the latter case Euclid adds to the enunciation that

two of the given straight lines must be together greater than the third; but

there is nothing to show that, if this condition is satisfied, the construction is

always possible. In 1. 12, in order to be sure that the circle with a given

centre will intersect a given straight line, Euclid makes the circle pass through

a point on the side of the line opposite to that where the centre is. It appears

therefore as if, in this case, he based his inference in some way upon the

definition of a circle combined with the fact that the point within it called

the centre is on one side of the straight line and one point of the circumference

on the other, and, in the case of two intersecting circles, upon similar con

siderations. But not even in Book 111., where there are several propositions

about the relative positions of two circles, do we find any discussion of the

conditions under which two circles have two, one, or no point common.

The deficiency can only be made good by the Principle of Continuity.

Killing (Einfiillrung in die Grundlagm der Gmmetrz'e, 11. p. 43) gives the

following forms as sufficient for most purposes.

(a) Suppose a line belongs entirely to a figure which is divided into two

parts; then, if the line has at least one point common with each part, it must

also meet the boundary between the parts; or

(b) If a point moves in a figure which is divided into two parts, and if it

belongs at the beginning of the motion to one part and at the end of the

motion to the other part, it must during the motion arrive at the boundary

between the two parts.

In the Questioni rtlguardanti la geometria elementarc, Article 4 (pp. 83-101),

the principle of continuity is discussed with special reference to the Postulate

of Dedekind, and it is shown, first, how the Postulate may be led up to and,

secondly, how it may be applied for the purposes of elementary geometry.

Suppose that in a segment A3 of a straight line a point C determines

two segments A C, CB. If we consider the point C as belonging to only one

of the two segments AC, CB, we have a division of the segment AB into

two parts with the following properties.

1. Every point of the segment AB belongs to one of the two parts.

2. The point A belongs to one of the two parts (which we will call the

first) and the point B to the other; the point C may belong indifferently to

one or the other of the two parts according as we choose to premise.

3. Every point of the first part precedes every point of the second in the

order AB of the segment.

(For generality we may also suppose the case in which the point C falls at

A or at B. Considering C, in these cases respectively, as belonging to the

first or the second part, we still have a division into parts which have the

properties above enunciated, one part being then a single point A or B.)
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Now, considering carefully the inverse of the above proposition, we see

that it agrees with the idea which we have of the continuity of the straight

line. Consequently we are induced to admit as a postulate the following.

If a segment of a straight line AB is divided into two parts so that

(1) every point of the segment AB belongs to one of the parts,

( 2) the extremity A belongs to the first/tart and B to the second, and

(3) any point whatever of the first part precedes any point whatever of the

seeondpart, in the order AB of the segment,

there exists a point C of the segment AB (whith may belong either to one

part or to the other) suth that every point of AB that preeedes C belongs to the

firstpart, and every point of AB that follows C belongs to the seeond part in

the division original/y assumed.

(If one of the two parts consists of the single point A or B, the point C

is the said extremity A or B of the segment.)

This is the Postulate of Dedekind, which was enunciated by Dedekind

himself in the following slightly different form (Stetigheit and irrationale Zahlen,

1872, new edition 1905, p. 11).

“ If all points of a straight line fall into two elasses such that every point of

thefirst [loss lies to the left of every point of the serond thus, there exists one and

only one point whirh pro/lures this division of all the points into two (losses, this

division of the straight line into two parts.”

The above enunciation may be said to correspond to the intuitive notion

which we have that, if in a segment of a straight line two points start from

the ends and describe the segment in opposite senses, they meet in a point.

The point of meeting might be regarded as belonging to both parts, but for

the present purpose we must regard it as belonging to one only and subtracted

from the other part.

Application of Dedehind’s postulate to angles.

If we consider an angle less than two right angles bounded by two rays

a, b, and draw the straight line connecting A, a point on a, with B, a point

on b, we see that all points on the finite segment AB correspond univocally to

all the rays of the angle, the point corresponding to any ray being the point

in which the ray cuts the segment AB; and if a ray be supposed to move

about the vertex of the angle from the position a to the position b, the

corresponding points of the segment AB are seen to follow in the same

order as the corresponding rays of the angle (ab).

Consequently, if the angle (ab) is divided into two parts so that

(1) each ray of the angle (ab) belongs to one of the two parts,

(2) the outside ray a belongs to the first part and the ray b to the second,

(3) any ray whatever of the first part precedes any ray whatever of the

second part,

the corresponding points of the segment AB determine two parts of the

segments such that

(I) every point of the segment AB belongs to one of the two parts,

(2) the extremity A belongs to the first part and B to the second,

(3) any point whatever of the first part precedes any point whatever of

the second.

But in that case there exists a point C of AB (which may belong to one

or the other of the two parts) such that every point of AB that precedes C

belongs to the first part and every point of AB that follows C belongs to the

second part.
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Thus exactly the same thing holds of e, the ray corresponding to C, with

reference to the division of the angle (ab) into two parts.

It is not diflficult to extend this to an angle (ab) which is either flat or

greater than two right angles; this is done (Bonola, 01>. eit. pp. 87—88) by

supposing the angle to be divided into two, (ad), (db), each less than two

right angles, and considering the three cases in which

(I) the ray dis such that all the rays that precede it belong to the first

part and those which follow it to the second part,

(2) the ray d is followed by some rays of the first part,

(3) the ray d is preceded by some rays of the second part.

Applieation to eireular ares.

If we consider an arc AB of a circle with centre 0, the points of the arc

correspond univocally, and in the same order, to the rays from the point 0

passing through those points respectively, and the same argument by which

we passed from a segment of a straight line to an angle can be used to make

the transition from an angle to an arc. '

Intersections of a straight line with a circle.

It is possible to use the Postulate of Dedekind to prove that

If a straight line has one point inside and one point outside a eirele, it has

two points eommon with the eirele.

For this purpose it is necessary to assume (1) the proposition with reference

to the perpendicular and obliques drawn from a given point to a given straight

line, namely that of all straight lines drawn from a given point to a given

straight line the perpendicular is the shortest, and of the rest (the obliques)

that is the longer which has the longer projection upon the straight line, while

those are equal the projections of which are equal, so that for any given

length of projection there are two equal obliques and two only, one on each

side of the perpendicular, and (2) the proposition that any side of a triangle

is less than the sum of the other two.

Consider the circle (C) with centre 0, and a straight line (r) with one

point A inside and one point B outside the

circle.

By the definition of the circle, if R is

the radius,

0A < R, OB > R.

Draw 0P perpendicular to the straight

line r.

Then OP< 0A, so that OP is always

less than R, and P is therefore within the

circle C.

Now let us fix our attention on the finite segment AB of the straight

line r. It can be divided into two parts, (r) that containing all the points H

for which OH<R (i.e. points inside C), and (2) that containing all the

points K for which 0K 2 R (points outside C or on the circumference of C).

Thus, remembering that, of two obliques from a given point to a given

straight line, that is greater the projection of which is greater, we can assert

that all the points of the segment PB which precede a point inside C are

inside C, and those which follow a point on the circumference of C or outside

C are outside C.

Hence, by the Postulate of Dedekind, there exists on the segment PB a
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point M such that all the points which precede it belong to the first part and

those which follow it to the second part.

I say that M is common to the straight line r and the circle C, or

OM: R.

For suppose, e.g., that OM< R.

There will then exist a segment (or length) a less than the difference

between R and 0111.

Consider the point M’, one of those which follow 11!, such that MM’ is

equal to 0-.

Then, because any side of a triangle is less than the sum of the other two,

OM’ < OM+ MM’.

But OM+MM’=OM+¢<R,

whence OM’<R,

which is absurd.

A similar absurdity would follow if we suppose that OM > R.

Therefore OM must be equal to R.

It is immediately obvious that, corresponding to the point Mon the segment

PB which is common to r and C, there is another point on r which has the

same property, namely that which is symmetrical to M with respect to P.

And the proposition is proved.

Intersections of two circles.

We can likewise use the Postulate of Dedekind to prove that

If in a given plane a a'rtle C lzas onepoint X inside and one point Y outside

anotller eirele C’, tlze two tire/es intersect in two points.

We must first prove the following

Lemma.

If 0, O’ are the centres of two circles C, C’, and R, R’ their radii

respectively, the straight line 00’ meets the circle C in two points A, B, one

of which is inside C’ and the other outside it.

Now one of these points must fall (I) on the prolongation of 00

beyond 0 or (2) on 00’ itself or (3) on the

prolongation of 00’ beyond 0’.

(1) First, suppose A to lie on 00 pro

duced.

Then A0’=AO+00’=R+ OO' ....But, in the triangle 00’ Y,

O’ Y< O Y+ OO',

and, since O’Y> R’, O Y= R,

R’ < R + 00'.

It follows from (a) that AO’ > R’; and A

therefore lies outside C’.

(2) Secondly, suppose A to lie on

00’

  

nfiiOU=OA+AU=R+A0m@)

From the triangle 00’X we have

00<0X+0x

and, since 0X=R, O’X <R’, it follows

that

  

OU<R+R,

whence, by (B), A O’ < R’, so that A lies inside C’.
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(3) Thirdly, suppose A to lie on 00’ produced.

Then R: 0/1 : 00' + O'A .......And, in the triangle 00’X,

OX< 00’ + O’X,

that is R < 00’ + O’X,

whence, by ('y),

00' + O’A < 00’ + OX,

0!‘ O’A < O’X, .

and A lies inside C’.

It is to be observed that one of the two points A, B is in the position of

case (r) and the other in the position of either case (2) or case (3) : whence

we must conclude that one of the two points A, B is inside and the other

outside the circle C’.

Proof of theorem.

The circle C is divided by the points A, B into two semicircles. Consider

one of them, and suppose it to be

described by a point moving from A

to B.

Take two separate points P, Q

on it and, to fix our ideas, suppose

that P precedes Q.

Comparing the triangles OO’P,

00’ Q, we observe that one side 00'

is common, OP is equal to 0Q, and

the angle P00’ is less than the angle

Q00’.

Therefore 0'P< O'Q.

Now, considering the semicircle APQB as divided into two parts, so that

the points of the first part are inside the circle C’, and those of the second

part on the circumference of C’ or outside it, we have the conditions necessary

for the applicability of the Postulate of Dedekind (which is true for arcs of

circles as for straight lines) ; whence there exists a point M separating the two

parts.

I say that O’M: R’.

For, if not, suppose 011! < R’.

If then 0' signifies the difference between R’ and 0’111, suppose a point M’,

which follows 111, taken on the semicircle such that the chord MM’ is not

greater than 0' (for a way of doing this see below).

Then, in the triangle 0'MM’,

0’M’<0'M+MM’<0’M+0',

and therefore 0’M’ < R’.

It follows that M’, a point on the arc MB, is inside the circle C’:

which is absurd.

Similarly it may be proved that O’M is not greater than R.

Hence 0'M= R.

[To find a point M’ such that the chord MM’ is not greater than a, we

may proceed thus.

Draw from Ma straight line MP distinct from 0.4!, and cut off MP on it

equal to a/ 2.
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Join OP, and draw another radius 'OQ such that the angle POQ is equal

to the angle MOP.

The intersection, M’, of 0Q with the

circle satisfies the required condition.

For MM’ meets 0P at right angles

in S.

Therefore, in the right-angled triangle

MSP, MS is not greater than MP (it is

less, unless MP coincides with MS, when

it is equal). '

Therefore MS is not greater than 0/ 2, so that MM’ is not greater than on]

  

___,,_,_.____’,_—-_-~_‘



BOOK I. PROPOSITIONS.

PROPOSITION 1.

On a given finite straight line to construct an equilateral

triangle.

Let AB be the given finite straight line.

Thus it is required to con

5 struct an equilateral triangle on

the straight line AB.

With centre A and distance

AB let the circle BCD be

described; [Post. 3]

10 again, with centre B and dis

tance BA let the circle ACB

be described; [Post. 3]

and from the point C, in which the circles cut one another, to

the points A, B let the straight lines CA, CB be joined.

  

[Post. 1]

15 Now, since the point A is the centre of the circle CDB,

AC is equal to AB. [Def. 15]

Again, since the point B is the centre of the circle CAB,

BC is equal to BA. [Defi 15]

But CA was also proved equal to AB ;

20 therefore each of the straight lines CA, CB is equal to AB.

And things which are equal to the same thing are also

equal to one another; [C. N. 1]

therefore CA is also equal to CB.

Therefore the three straight lines CA, AB, BC are

25 equal to one another.

_ n. E. 16
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Therefore the triangle ABC is equilateral; and it has

been constructed on the given finite straight line AB.

(Being) what it was required to do.

I. On a given finite straight line. The Greek usage differs from ours in that the

definite article is employed in such a phrase as this where we have the indefinite. éirl rfis

600d”): cl'ldelas rerepaauévqs, “on the given finite straight line,” i.e. the finite straight line

which we choose to take.

3. Let AB be the given finite straight line. To be strictly literal we should have to

translate in the reverse order “let the given finite straight line be the (straight line) AB";

but this order is inconvenient in other cases where there is more than one datum, e.g. in the

setting-out of l. 2, “let the given point be A, and the given straight line BC," the awkward

ness arising from the omission of the verb in the second clause. Hence I have, for cleamess’

sake, adopted the other order throughout the book.

8. let the circle BCD be described. Two things are here to be noted, (1) the elegant

and practically universal use of the perfect passive imperative in constructions, ye'ypdtpaw

meaning of course "let it have been described " or “suppose it described," (a) the impossi

bility of expressing shortly in a translation the force of the words in their original order.

xbxkos 7e7p<i¢0w 6 EPA means literally “let a circle have been described, the (circle, namely,

which I denote by) BCD.” Similarly we have lower down “let straight lines, (namely) the

(straight lines) CA, CB, be joined,” e'nefebxfiwaav ei/Oe'iai al I‘A, I‘B. There seems to be

no practicable alternative, in English, but to translate as I have done in the text.

13. from the point C.... Euclid is careful to adhere to the phraseology of Postulate 1'

except that he speaks of "joining ” (éirefebxfiwactv) instead of "drawing ” (-ypct¢ew). He

does not allow himself to use the shortened expression “let the straight line FC be joined”

(without mention of the points F, C) until I. 5.

20. each of the straight lines CA, CB, éKa-répa 16w I‘A, PB and 24. the three

straight lines CA, AB, BC. 0.! 'rpeis al I‘A, AB, HI‘. I have, here and in all similar

expressions, inserted the words “straight lines” which are not in the Greek. The possession

of the inflected definite article enables the Greek to omit the words, but this is not possible

in English’. and it would scarcely be English to write “each of CA, CB” or “the three CA.

AB, BC.

It is a commonplace that Euclid has no right to assume, without pre

mising some postulate, that the two circles will meet in a point C. To

supply what is wanted we must invoke the Principle of Continuity (see note

thereon above, p. 235). It is sufiicient for the purpose of this proposition and

of I. 22, where there is a similar tacit assumption, to use the form of postulate

suggested by Killing. “If a line [in this case e.g. the circumference ACE]

belongs entirely to a figure [in this case a plane] whieh is divided into two parts

[namely the part enclosed within the circumference of the circle BCD and

the part outside that circle], and if the line has at least one point eommon with

eaeh part, it must also meet the boundary between the parts [i.e. the circum

ference ACE must meet the circumference BC1)].”

Zeno’s remark that the problem is not solved unless it is taken for granted

that two straight lines cannot have a common segment has already been

mentioned (note on Post. 2, p. 196). Thus, if AC, BC meet at F before

reaching C, and have the part FC common, the triangle obtained, namely

FAB, will not be equilateral, but FA, FB will each be less than AB. But

Post. 2 has already laid it down that two straight lines cannot have a common

segment.

Proclus devotes considerable space to this part of Zeno’s criticism, but

satisfies himself with the bare mention of the other part, to the effect that it

is also necessary to assume that two eirmmferenees (with different centres)

cannot have a common part. That is, for anything we know, there may be

any number of points C common to the two circumferences ACE, BCD. It

is not until 111. 10 that it is proved that two circles cannot intersect in more
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points than two, so that we are not entitled to assume it here. The most we

can say is that it is enough for the purpose of this proposition if one equilateral

triangle can be found with the given base; that the construction only gives

two such triangles has to be left over to be proved subsequently. And indeed

we have not long to wait; for 1. 7 clearly shows that on either side of the

base AB only one equilateral triangle can be described. Thus 1. 7 gives us

the number of solutions of which the present problem is susceptible, and it

supplies the same want in 1. 22 where a triangle has to be described with

three sides of given length; that is, 1. 7 furnishes us, in both cases, with one

of the essential parts of a complete 8t0pl0’F-69, which includes not only the

determination of the conditions of possibility but also the number of solutions

(ii-waxes"; e’yxwpd‘, Proclus, p. 202, 5). This view of 1. 7 as supplying an

equivalent for 111. 10 absolutely needed in 1. 1 and 1. 22 should serve to correct

the idea so common among writers of text-books that 1. 7 is merely of use as a

lemma to Euclid’s proof of 1. 8, and therefore may be left out if an alternative

proof of that proposition is adopted.

Agreeably to his notion that it is from 1. 1 that we must satisfy ourselves

that isosceles and scalene triangles actually exist, as well as equilateral triangles,

Proclus shows how to draw, first a particular isosceles triangle, and then a

scalene triangle, by means of the figure of the proposition. To make an

isosceles triangle he produces AB in both directions to meet the respective

circles in D, E, and then describes

circles with A, B as centres and AE, F

BD as radii respectively. The result is

an isosceles triangle with each of two

sides double of the third side. T0 make

an isosceles triangle in which the equal

sides are not so related to the third side

but have any given length would require

the use of 1. 3 ; and there is no object in

treating the question at all in advance of

1. 22. An easier way of satisfying our

selves of the existence of some isosceles

triangles would surely be to conceive any

two radii of a circle drawn and their

extremities joined.

There is more point in Proclus’ construction of a stalene triangle. Suppose

AC to be a radius of one of the two '

  

circles, and D a point on AC lying in c

that portion of the circle with centre A

which is outside the circle with centre B. t

Then, joining BD, as in the figure, we ‘

have a triangle which obviously has all its

sides unequal, that is, a sealene triangle.

The above two constructions appear in

an-Nairizi’s commentary under the name

of Heron; Proclus does not mention his

source.

In addition to the above construction

.for a scalene triangle (producing a triangle in which the “given” side is

greater than one and less than the other of the two remaining sides), Heron

has two others showing the other two possible cases, in which the “given ”

side is (1) less than, (2) greater than, either of the other two sides.

16-:
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PROPOSITION 2.

T0 place at a given pain! (as an exlremz'ty) a sirazlg/zt line

equal 10 a given straight line.

Let A be the given point, and BC the given straight line.

Thus it is required to place at the point A (as an extremity)

5 a straight line equal to the given

straight line BC.

From the point A to the point B

let the straight line AB be joined ;

[Post 1]

and on it let the equilateral triangle

IO DAB be constructed. [1 1]

Let the straight lines AB, BF-be

produced in a straight line with DA,

  

DB; [Post 2]

with centre B and distance BC let the

[5 circle CGH be described; [Post. 3]

and again, with centre D and distance DG let the circle GKL

be described. [Post 3]

Then, since the point B is the centre of the circle C611,

BC is equal to BC.

20 Again, since the point D is the centre of the circle GKL.

DL is equal to DG.

And in these DA is equal to DB;

therefore the remainder AL is equal to the remainder

BG. [CN- 3]

25 But BC was also proved equal to B6;

therefore each of the straight lines AL, BC is equal

to BC.

And things which are equal to the same thing are also

equal to one another; [CM 1]

therefore AL is also equal to BC.

Therefore at the given point A the straight line AL is

placed equal to the given straight line BC.

(Being) what it was required to do.

30

r. (as an extremity). I have inserted these words because “to place a straight line

a! a given point " (1rp6s n‘? 600évn amueltp) is not quite clear enough, at least in English.

10. Let the straight lines AE, BF be produced.... It will be observed that in this

first application of Postulate a, and again in I. 5, Euclid speaks of the continuation of the

straight line as that which is produced in such cases, éxfirfihfiofiwa'av and rpoa'exfieflhfio'fiuaav

meaning little more than drawing straight lines “ in a straight line with " the given straight

lines. The first place in which Euclid uses phraseology exactly corresponding to ours when
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speakin of a straight line being produced is in 1. 16 : “let one side of it, BC, be produced

to D " rpoirsxfizfllt-r’po’fiw cu'rroii pic. wheupd. 1'; Bl‘ éirl 16 A).

22. the remainder AL...the remainder BG. The Greek expressions are Mun‘; 7'1

AA and Xourfi 'rfi BH, and the literal translation would be “AL (or BG) remaining,”

but the shade of meaning conveyed by the position of the definite article can hardly be

expressed in English.

This proposition gives Proclus an opportunity, such as the Greek

commentators revelled in, of distinguishing a multitude of rarer. After

explaining that those theorems and problems are said to have taxes which

have the same force, though admitting of a number of different figures, and

preserve the same method of demonstration while admitting variations of

position, and that cases reveal themselves in the constructzbn, he proceeds to

distinguish the cases in this problem arising from the different positions

which the given point may occupy relatively to the given straight line. It may

be (he says) either (1) outside the line or (2) on the line, and, if (1), it may be

either (a) on the line produced or (b) situated obliquely with regard to it; if

( 2), it may be either (a) one of the extremities of the line or (b) an intermediate

point on it. It will be seen that Proclus’ anxiety to subdivide leads him to

give a “case,” (2) (a), which is useless, since in that “case” we are given

what we are required to find, and there is really no problem to solve. As

Savile says, “ qui quaerit ad B punctum ponere rectam aequalem 15 By rectae,

quaerit quod datum est, quod nemo faceret nisi forte insaniat.”

Proclus gives the construction for (2) (b) following Euclid’s way of taking

G as the point in which the circle with centre B intersects DBprodured, and

then proceeds to “cases,” of which there are still more, which result from the

different ways of drawing the equilateral triangle and of producing its sides.

This last class of “cases” he subdivides into three according as AB is

(1) equal to, (2) greater than or (3) less than BC. Here again “ case ” (1) serves

no purpose, since, if AB is equal to BC, the problem is already solved. But

Proclus’ figures for the other two cases are worth giving, because in one of

them the point G is on BD produced beyond D, and in the other it lies on

BD itself and there is no need to produce any side of the equilateral triangle.

  

A glance at these figures will show that, if they were used in the proposition,

each of them would require a slight modification in the wording (r) of the

construction, since BD is in one case produced beyond D instead of B and

in the other case not produced at all, (2) of the proof, since BG, instead of

being the difference between DC and DB, is in one case the sum of DG and

DB and in the other the difference between DB and DG.



246 BOOK I , [1. 2, 3

Modern editors generally seem to classify the cases according to the

possible variations in the construction rather than according to differences in

the data. Thus Lardner, Potts, and Todhunter distinguish eight cases due

to the three possible alternatives, (1) that the given point may be joined to

either end of the given straight line, (2) that the equilateral triangle may then

be described on either side of the joining line, and (3) that the side of the

equilateral triangle which is produced may be produced in either direction.

(But it should have been observed that, where AB is greater than BC, the

third alternative is between producing DB and not producing it at all.) Potts

adds that, when the given point lies either on the line or on the line produced,

the distinction which arises from joining the two ends of the line with the

given point no longer exists, and there are only four cases of the problem

(I think he should rather have said solutions).

To distinguish a number of cases in this way was foreign to the really

classical manner. Thus, as we shall see, Euclid’s method is to give one case

only, for choice the most diflicult, leaving the reader to supply the rest for

himself. Where there was a real distinction between cases, sufficient to

necessitate a substantial difference in the proof, the practice was to give

separate e/zuneiations and proofs altogether, as we may see, e.g., from the

Com'ts and the De sedz'one ratiom's of Apollonius.

Proclus alludes, in conclusion, to the error of those who proposed to solve

!. 2 by describing a circle with the given point as centre and with a distance

equal to BC, which, as he says, is a petz'tio prina'piz'. De Morgan puts the

matter very clearly (Supplementary Remarks on the first six Books of Eur/id’:

Elements in the Companion to the Almanae, 1849, p. 6). We should “insist,”

he says, “here upon the restrictions imposed by the first three postulates,

which do not allow a circle to be drawn with a compass-carried distance;

suppose the compasses to close of themselves the moment they cease to touch

the paper. These two propositions [1.‘ 2, 3] extend the power of construction

to what it would have been if at! the usual power of the compasses had been

assumed; they are mysterious to all who do not see that postulate iii does

not ask for every use of the tam/asses.” _

PROPOSITION 3.

Given two unequal strazjg/zt lines, to cut of from the

greater at strazlg/zt line equal to Me

less. _°___

Let AB, C be the two given un

equal straight lines, and let AB be D

the greater of them.

Thus it is required to cut off from E

AB the greater a straight line equal

to C the less.

At the point A let AD be placed F

equal to the straight line C; [I- 2]

and with centre A and distance AD let the circle DEF be

described. [Post. 3]
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Now, since the point A is the centre of the circle DEF,

AE is equal to AD. [Def. 15]

But C is also equal to AD.

Therefore each of the straight lines AE, C is equal to

AD; so that A5 is also equal to C. [C.lv'. 1]

Therefore, given the two straight lines AB, C, from AB

the greater AE has been cut off equal to C the less.

(Being) what it was required to do.

Proclus contrives to make a number of “cases” out of this proposition

also, and gives as many as eight figures. But he only produces this variety by

practically incorporating the construction of the preceding proposition, instead

of assuming it as we are entitled to do. If Prop. 2 is assumed, there is really

only one “case ” of the present proposition, for Potts’ distinction between two

cases according to the particular extremity of the straight line from which the

given length has to be cut 05' scarcely seems to be worth making.

PROPOSITION 4.

If two triangles have the two sides equal to two sides

respeetively, and have the angles eontained hy the equal straight

lines equal. they will also have the hase equal to the base, the

triangle will he equal to the triangle, and the remaining angles

5 will he equal to the remaining angles respectively, namely those

which the equal sides suhtend.

Let ABC, DEF be two triangles having the two sides

' AB, AC equal to the two sides DE, DE respectively, namely

AB to DE and AC to DF, and the angle BAC equal to the

mangle EDF.

I say that the base BC is also equal to the base EF, the

triangle ABC will be equal to the triangle DEF, and the

remaining angles will be equal to the remaining angles

respectively, namely those which the equal sides subtend, that

15 is, the angle ABC to the angle DEF, and the angle ACB

to the angle DFE. '

For, if the triangle ABC be A

applied to the triangle DEF,

and if the point A be placed

20 on the point D

and the straight line AB B c E F

on DE,

then the point B will also coincide with E, because AB is

equal to DE.
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25 Again, AB coinciding with DB,

the straight line AC will also coincide with DF, because the

angle BAC is equal to the angle EDF;

hence the point C will also coincide with the point F,

because AC is again equal to DF.

30 But B also coincided with E;

hence the base BC will coincide'with the base BF.

[For if, when B coincides with E and C_with F, the base

BC does not coincide with the base BF, two straight lines

will enclose a space : which is impossible.

35 Therefore the base BC will coincide with

BF] and will be equal to it. [CM 4]

Thus the whole triangle ABC will coincide with the

whole triangle DEF,

and will be equal to it.

40 And the remaining angles will also coincide with the

remaining angles and will be equal to them,

the angle ABC to the angle DEF,

and the angle ACB to the angle DFE.

Therefore etc.

45 (Being) what it was required to prove.

1—3. It is a fact that Euclid’s enunciations not infre uently leave something to be

desired in point of clearness and precision. Here he spea s of the triangles having “the

angle equal to the angle, namely the angle contained by the equal straight lines " (rljv 'ywvlav

rfi yuwtn l’o'nv Exp rijv i'nrb 161w l'a'wv efiOstGv 1reptexouévnv), only one of the two angles being

described in the latter expression (in the accusative), and a similar expression in the dative

being left to be understood of the other angle. It is curious too that, after mentioning two

“sides," he speaks of the angles contained by the equal “slraig/zt lines,” not “sides. " It

may be that he wished to adhere scrupulously, at the outset, to the phraseology of the

definitions, where the angle is the inclination to one another of two lines or straight lines.

Similarly in the enunciation of 1. 5 he speaks of producing the equal " straight lines” as if_to

keep strictly to the wording of Postulate '2.

2. respectively. I agree with Mr H. M. Taylor (Euelid, p. ix) that it is best to

abandon the traditional translation of “each to each," which would naturally seem to imply

that all the four magnitudes are equal rather than (as the Greek éxarépa. éxa'répa does) that

one is e ual to one and the other to the other.

3. t e base. Here we have the word base used for the first time in the Elements.

Proclus explains it (p. 236, 12—15) as meaning (1), when no side of a triangle has been

mentioned before, the side “ which is on a level with the sight " (rho 1,06: 13'] 61kt xetuémv),

and (2), when two sides have already been mentioned, the third side. Proclus thus avoids

the mistake made by some modern editors who explain the term exclusively with reference to

the case where two sides have been mentioned before. That this is an error is proved (1) by

the occurrence of the term in the enunciations of 1. 37 etc. about triangles on the same base

and equal bases, (2) by the application of the same term to the bases of parallelograms in

1. 35 etc. The truth is that the use of the term must have been suggested by the practice of

drawing the particular side horizontally, as it were, and the rest of the figure above it. The

base of a figure was therefore spoken of, primarily, in the same sense as the base of anything
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else, e.g. of a pedestal or column; but when, as in l. 5, two triangles were compared

occupying other than the normal positions which gave rise to the name, and when two sides

had been previously mentioned, the base was, as Proclus says, necessarily the third side.

6. subtend. bro-relvew t'rn-é, “to stretch under,” with accusative.

9. the angle BAC. The full Greek expression would be 1'] {mo 16» BA, AI‘ weptexottévn

‘yuwla, “the angle contained by the (straight lines) BA, AC.” But it was a common practice

of Greek geometers, e.g. of Archimedes and Apollonius (though not apparently of Euclid), to

use the abbreviation al BAI‘ for 0.1 BA, AI‘, “the (straight lines) BA, AC." Thus, on

reptexoaém being dropped, the expression would become first 1', t'nrb 163v BAI‘ 'ytovla, then

‘b inrb BAI‘ yuvla, and finally 1'1 t'nrb BAI‘, without 7min, as we regularly find it in Euclid.

[7. if the triangle be applied to..., 13. coincide. The difference between the

technical use of the passive Goupaéfeodat “to be app/121100),” and of the active é¢apptbfew

“to coincide (with) ” has been noticed above (note on Common [Voh'on 4, pp. 124—5).

32. [For if, when B coincides...36. coincide with EF]. Heiberg(Para/1'pomenazu

Eukh'd in Hermes, xXXvllL, 1905, p. 56) has pointed out, as a conclusive reason for regarding

these words as an early interpolation, that the text of an-Nairizi (Codex Leidensis 399, h ed.

Besthorn-Heiberg, p. 55) does not give the words in this place but after the conclusion Q.E.D.,

which shows that they constitute a .tr/m/z'um only. They were doubtless added by some

commentator who thought it necessary to explain the immediate inference that, since B

coincides with E and C with F, the straight line BC coincides with the straight line EF,

an inference which really follows from the definition of a straight line and Post. I; and no

doubt the Postulate that “Two straight lines cannot enclose a space” (afterwards placed

among the Common Nations) was interpolated at the same time.

44. Therefore etc. Where (as here) Euclid’s (one/min’! merely repeats the enunciation

word for word, I shall avoid the repetition and write “ Therefore etc." simply.

In the note on Common Notion 4 I have already mentioned that Euclid

obviously used the method of superposition with reluctance, and I have given,

after Veronese for the most part, the reason for holding that that method is

not admissible as a theoretical means of proving equality, although it may be

of use as a practical test, and may thus furnish an empirical basis on which to

found a postulate. Mr Bertrand Russell observes (Principle: of Mallzcmalirs

1. p. 405) that Euclid would have done better to assume I. 4 as an axiom, as

is practically done by Hilbert (Grand/agar: der Geomelrie, p. 9). It may be

that Euclid himself was as well aware of the objections to the method as are

his modern critics; but at all events those objections were stated, with almost

equal clearness, as early as the middle of the 16th century. Peletarius

(Jacques Peletier) has a long note on this proposition ([1: Euclidis Elementa

geometrica demonstrah'onum libri sex, I 557), in which he observes that, if

superposition of lines and figures could be assumed as a method of proof, the

whole of geometry would be full of such proofs, that it could equally well have

been used in I. 2, 3 (thus in I. 2 we could simply have supposed the line taken

up and placed at the point), and that in short it is obvious how far removed the

method is from the dignity of geometry. The theorem, he adds, is obvious in

itself and does not require proof; although it is introduced as a theorem, it

would seem that Euclid intended it rather as a definition than a theorem, “for

I cannot think that two angles are equal unless I have a conception of what

equality of angles is." Why then did Euclid include the proposition among

theorems, instead of placing it among the axioms? Peletarius makes the best

excuse he can, but concludes thus: “ Huius itaque propositionis veritatem non

aliunde quam a communi iudicio petemus ; cogitabimusque figuras figuris

superponere, Mechanicum quippiam esse: intelligere verb, id demum esse

Mathematicum.” ,

Expressed in terms of the modern systems of congruence-Axioms referred

to in the note on Common Notion 4, what Euclid really assumes amounts to

the following :

(1) On the line DE, there is a point E, on either side of D, such that AB

is equal to DE.
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(2) On either side of the ray DE there is a ray DF such that the angle

EDF is equal to the angle BA C.

It now follows that on DF there is a point B such that DF is equal

to AC.

And lastly (3), we require an axiom from which to infer that the two

remaining angles of the triangles are respectively equal and that the bases are

equal.

1 have shown above (pp. 229—230) that Hilbert has an axiom stating the

equality of the remaining angles simply, but proves the equality of the bases.

Another alternative is that of Pasch ( Vor/esungen filler neuere Geometrie,

p. 109) who has the following “ Grundsatz”:

If two figures AB and FGH are given (FGH not being contained in a

straight length), and AB, BC are congruent, and if a plane surface be laid

through A and B, we can specify in this plane surface, produced if necessary,

two points C, D, neither more nor less, such that the figures ABC and ABD

are congruent with the figure FGfI, and the straight line CD has with the

straight line AB or with AB produced one point common.

I pass to two points of detail in Euclid’s proof:

(1) The inference that, since B coincides with E, and C with E the

bases of the triangles are wholly coincident rests, as expressly stated, on the

impossibility of two straight lines enclosing a space, and therefore presents no

difiiculty.

But (2) most editors seem to have failed to observe that at the very

beginning of the proof a much more serious assumption is made without any

explanation whatever, namely that, if A be placed on D, and AB on DE, the

point B will coincide with B, because AB is equal to DB. That is, the

converse of Common [Votz'on 4 is assumed for straight lines. Proclus merely

observes, with regard to the converse of this Common Notion, that it is only

true in the case of things “of the same form” (6,1.oe181'i), which he explains as

meaning straight lines, arcs of one and the same circle, and angles “ contained

by lines similar and similarly situated” (p. 241, 3—8).

Savile however saw the difliculty and grappled with it in his note on the

Common Notion. After stating that all straight lines with two points common

are congruent between them (for otherwise two straight lines would enclose a

space), he argues thus. Let there be two straight lines AB, DE, and let A be

placed on D, and AB on DB. Then B will coincide with E. For, if not,

let B fall somewhere short of E or beyond E ; and in either case it will follow

that the less is equal to the greater, which is impossible.

Savile seems to assume (and so apparently does Lardner who gives the

same proof) that, if the straight lines be “applied,” B will fall somewhere on

DE or DE produced. But the ground for this assumption should surely be

stated; and it seems to me that it is necessary to use, not Postulate 1 alone,

nor Postulate 2 alone, but both, for this purpose (in other words to assume,

not only that two straight liner cannot enclore a space, but also that two straight

lines cannot have a common segment). For the only safe course is to place A

upon D and then turn AB about D until some point on AB intermediate

between A and B coincides with some point on DE. In this position AB and

DE have two points common. Then Postulate 1 enables us to infer that the

straight lines coincide between the two common points, and Postulate 2 that

they coincide beyond the second common point towards B and E. Thus the

straight lines coincide throughout so far as both extend; and Savile’s argument

then proves that B coincides with E.
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PROPOSITION 5.

1n isosceles triangles the angles at the base are equal to one

another, and, the equal strazght lines he produced further,

the angles under the hase will he equal to one another.

Let ABC be an isosceles triangle having the side AB

5 equal to the side AC;

and let the straight lines BD, CE be produced further in a

straight line with AB, AC. [Post. 2]

I say that the angle ABC is equal to the angle ACB, and

the angle CBD to the angle BCE.

to Let a point F be taken at random A

on B0;

from AB the greater let AG be cut off

equal to AF the less ; [1. 3]

and let the straight lines FC, GB be joined.

[Post. I]

15 Then, since AF is equal to AG and

AB to AC,

the two sides FA, AC are equal to the

two sides GA, AB, respectively ;

and they contain a common angle, the angle FAG.

20 Therefore the base FC is equal to the base GB,

and the triangle AFC is equal to the triangle AGB,

and the remaining angles will be equal to the remaining angles

respectively, namely those which the equal sides subtend,

, that is, the angle ACF to the angle ABG,

25 and the angle AFC to the angle AGB. [1. 4]

And, since the whole AF is equal to the whole AG,

and in these AB is equal to AC,

the remainder BF is equal to the remainder CG.

But FC was also proved equal to GB;

30 therefore the two sides BF, FC are equal to the two sides

CG, GB respectively ;

and the angle BFC is equal to the angle CGB,

while the base BC is common to them ;

therefore the triangle BFC is also equal to the triangle CGB,

35 and the remaining angles will be equal to the remaining
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4o

45

angles respectively, namely those which the equal sides

subtend ;

therefore the angle FBC is equal to the angle GCB,

and the angle BCF to the angle CBG.

Accordingly, since the whole angle ABC was proved

equal to the angle ACF,

and in these the angle CBG is equal to the angle BCF,

the remaining angle ABC is equal to the remaining angle

ACB ;

and they are at the base of the triangle ABC.

But the angle FBC was also proved equal to the angle GCB;

and they are under the base.

Q. E. I).

Cf. note on the similar

Therefore etc.

1. the equal straight lines (meaning the equal sides).

expression in Prop. 4, lines 2, 3.

IO. Let a point F be taken at random on BD, elMtpflw £12 11“): BA ruxbv owl/“Tor 16 Z,

where rvxbv a'rmeiov means “ a chance point.”

17. the two sides FA, AC are equal to the two sides GA, AB respectively, 6:50

at ZA, AI‘ 6W2 ra'is HA, AB lam elalv éKa-répa. e'xarépg. Here, and in numberless later

passages, I have inserted the word “sides” for the reason given in the note on I. 1, line 20.

It would have been permissible to supply either " straight lines” or “sides "; but on the

whole “sides " seems to be more in accordance with the phraseology of I. 4.

33. the base BC is common to them, i.e., apparently, common to the angles, as

the 0.171631! in fldmr at'n't'bv row-h can only refer to yuwla. and 'yuwla preceding. Simson wrote

"and the base BC is common to the two triangles BFC, (.‘GB”; Todhunter left out these

words as being of no use and tending to perplex a beginner. But Euclid evidently chose

to quote the conclusion of I. 4 exactly; the first phrase of that conclusion is that the bases

(of the two triangles) are equal, and, as the equal bases are here the same base, Euclid

naturally substitutes the word “common” for “equal."

48. As “ (Being) what it was required to rove" (or “do ”) is somewhat long, I shall

henceforth write the time-honoured “Q. E. D.’ and “Q. E. F." for direp {Jet Beiftu and birep

{6n rotfiaat.

According to Proclus (p. 250, 20) the discoverer of the fact that in any

isosceles triangle the angles at the base are equal was Thales, who however

is said to have spoken of the angles as being similar, and not as being equal.

(Cf. Arist. De rue/0 IV. 4, 31 I b 34 1rp$s (‘)IILOLIGS 'ywvt'as ¢aivcrat ¢epo',u.evov where

equal angles are meant.)

A pro-Euclidean proof of I. 5.

One of the most interesting of the passages in Aristotle indicating differences

between Euclid’s proofs and those with which Aristotle was familiar, in other

words, those of the text-books immediately preceding Euclid’s, has reference to

the theorem of 1. 5. The passage (Anal. Priar. 1. 24, 41 b r3—22) is so

important that I must quote it in full. Aristotle is illustrating the fact that in

any syllogism one of the propositions must be afiirmative and universal

(mflékov). “This,” he says, “is better shown in the case of geometrical

propositions” (e'v mi; Staypdpuaaw), e.g. the proposition that the angles at the

base of an isosreles triangle are equal.

“For let A, B be drawn [i.e. joined] to the centre.
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“If, then, we assumed (I) that the angle AC [i.e. A + C] is equal to the

angle BD [i.e. B +0] without asserting generally

that the angles of semieireles are equal, and again

(2) that the angle C is equal to the angle D without

making the further assumption that the two angles of

all segments are equal, and if we then inferred, lastly,

that, since the whole angles are equal, and equal

angles are subtracted from them, the angles which

remain, namely E, F; are equal, we should commit

a petitio prina'pii.”

Some peculiarities of phraseology will be observed

in this passage.

(1) A, B are said to be drawn (q’yoévat) to the centre (of the circle of

which the two equal sides are radii) as if A, B were not the angular points but

the sides or the radii themselves. There is at least one parallel for this in

Euclid (cf. iv. 4).

(2) “The angle AC” is the angle which is the sum of A and C, and A

means here the angle at A of the isosceles triangle shown in the figure, and

afterwards spoken of by Aristotle as E, while C is the “mixed ” angle between

AB and the circumference of the smaller segment cut off by it.

(3) The “angle of a semicircle” (i.e. the “angle” between the diameter

and the circumference, at the extremity of the diameter) and the “angle of a

segment” appear in Euclid Ill. 16 and HI. Def. 7 respectively, obviously as

survivals from earlier text-books.

But the most significant facts to be gathered from the extract are that in

the textbooks which preceded Euclid’s “ mixed ” angles played a much more

important part than they do with Euclid, and, in particular, that at least two

propositions concerning such angles appeared quite at the beginning, namely

the propositions that the (mixed) angles of semieireles are equal and that the two

(mixed) angles of any segment of a eirele are equal. The wording of the first

of the two propositions is vague, but it does not necessarily mean more than

that the two (mixed) angles in one semicircle are equal, and I know of no

evidence going to show that it asserts that the angle of any one semicircle is

equal to the angle of any other semicircle (of different size). It is quoted in

the same form, “because the angles of semicircles are equal,” in the Latin

translation from the Arabic of Heron’s Catoptriea, Prop. 9 (Heron, Vol. 11.,

Teubner, p. 334), but it is only inferred that the different radii of one circle

make equal “angles” with the circumference ; and in the similar proposition

of the Pseudo-Euclidean C'atoptriea (Euclid, Vol. vn., p. 294) angles of the

same sort in one circle are said to be equal “because they are (angles) of

a semicircle.” Therefore the first of the two propositions may be only a

particular case of the second.

But it is remarkable enough that the second proposition (that the two

“angles of” any segment of a eirele are equal) should, in earlier text-books, have

been placed before the theorem of Eucl. l. 5. We can hardly suppose it to

have been proved otherwise than by the superposition of the semicircles into

which the circle is divided by the diameter which bisects at right angles the

base of the segment; and no doubt the proof would be closely connected with

that of Thales’ other proposition that any diameter of a circle bisects it, which

must also (as Proclus indicates) have been proved by superposing one of the

two parts upon the other.

It is a natural inference from the passage of Aristotle that Euclid’s proof of
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1. 5 was his own, and it would thus appear that his innovations as regards

order of propositions and methods of proof began at the very threshold of the

subject.

Proof without producing the sides.

In this proof, given by Proclus (pp. 248, 22——24(), 19), D and E are taken

on AB, AC, instead of on AB, A Cprodua'd, so that A D, AE are equal. The

method of proof is of course exactly like Euclid’s, but it does not establish the

equality of the angles beyond the base as well.

Pappus’ proof.

Proclus (pp. 249, 20—250, 12) says that Pappus proved the theorem in a

still shorter manner without the help of any construction whatever.

This very interesting proof is given as follows:

“ Let ABC be an isosceles triangle, and AB equal to A

A C.

Let us conceive this one triangle as two triangles, and let

us argue in this way.

Since AB is equal to AC, and AC to AB,

the two sides AB, AC are equal to the two sides AC, AB.

And the angle BAC is equal to the angle CAB, for it is B C

the same.

Therefore all the corresponding parts (in the triangles) are equal, namely

BC to BC,

the triangle ABC to the triangle ABC (i.e. ACB),

the angle ABC to the angle ACB,

and the angle ACB to the angle ABC,

(for these are the angles subtended by the equal sides AB, A C.

Therefore in isosceles triangles the angles at the base are equal.”

This will no doubt be recognised as the foundation of the alternative

proof frequently given by modern editors, though they do not refer to Pappus.

But they state the proof in a different form, the common method being to

suppose the triangle to be taken up, turned over, and placed again upon itself‘,

after which the same considerations of congruence as those used by Euclid in

I. 4 are used over again. There is the obvious difficulty that it supposes the

triangle to be taken up and at the same time to remain where it is. (Cf.

Dodgson’s humorous remark upon this, Eur/id and 111': modern Rivals, p. 47.)

Whatever we may say in justification of the proceeding (e.g. that the triangle

may be supposed to leave a trace), it is really equivalent to assuming the

construction (hypothetical, if you will) of another triangle equal in all respects

to the given triangle; and such an assumption is not in accordance with

Euclid’s principles and practice. '

It seems to me that the form given to the proof by Pappus himself is by far

the best, for the reasons (I) that it assumes no construction of a second

triangle, real or hypothetical, (2) that it avoids the distinct awkwardness

involved by a proof which, instead of merely quoting and applying the result

of a previous proposition, repeats, with reference to a new set of data, the

process by which that result was established. If it is asked how we are to

realise Pappus’ idea of two triangles, surely we may answer that we keep to one

triangle and merely view it in two aspects. If it were a question of helping a

beginner to understand this, we might say that one triangle is the triangle
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looked at in front and that the other triangle is the same triangle looked at

from behind ; but even this is not really necessary.

Pappus’ proof, of course, does not include the proof of the second part of

the proposition about the angles under the base, and we should still have to

establish this much in the same way as Euclid does.

Purpose of the second part of the theorem.

An interesting question arises as to the reason for Euclid’s insertion of the

second part, to which, it will be observed, the converse proposition 1. 6 has

nothing corresponding. As a matter of fact, it is not necessary for any

subsequent demonstration that is to be found in the original text of Euclid,

but only for the interpolated second case of 1. 7; and it was perhaps not

unnatural that the undoubted genuineness of the second part of 1. 5 convinced

many editors that the second case of 1. 7 must necessarily be Euclid's also.

Proclus’ explanation, which must apparently be the right one, is that the

second part of 1. 5 was inserted for the purpose of fore-arming the learner

against a possible objection (Eva-mots), as it was technically called, which might

be raised to 1. 7 as given in the text, with one case only. The objection would,

as we have seen, take the specific ground that, as demonstrated, the theorem

was not conclusive, since it did not cover all possible cases. From this point

of view, the second part of 1. 5 is useful not only for 1. 7 but, according to

Proclus, for 1. 9 also. Simson does not seem to have grasped Proclus’

meaning, for he says: “And Proclus acknowledges, that the second part of

Prop. 5 was added upon account of Prop. 7 but gives a ridiculous reason for

it, ‘that it might afford an answer to objections made against the 7th,’ as if the -

case of the 7th which is left out were, as he expressly makes it, an objection

against the proposition itself.”

PROPOSITION 6.

If in a triangle two angles an equal to one anot/zer, tlze

‘ sz'a'es wlzic/z snotencl t/ze equal angles will also n equal to one

anot/ter.

Let ABC be a triangle having the angle ABC equal to

the angle ACB;

I say that the side AB is also equal to the A

side A C. o

For, if AB is unequal to AC, one of them is

greater.

Let AB be greater; and from AB the

greater let DB be cut off equal to AC the less ;

let DC be joined.

Then, since DB is equal to AC,

and BC is common,

the two sides DB, BC are equal to the two sides AC,

CB respectively ;
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and the angle DBC is equal to the angle ACB;

therefore the base DC is equal to the base AB,

and the triangle DBC will be equal to the triangle ACB,

the less to the greater:

which is absurd. _

Therefore AB is not unequal to AC;

it is therefore equal to it.

Therefore etc.

Q. E. D.

Euclid assumes that, because D is between A and B, the triangle DBC

is less than the triangle ABC. Some postulate is necessary to justify this

tacit assumption; considering an angle less than two right angles, say the

angle ACB in the figure of the proposition, as a cluster of rays issuing from

C and bounded by the rays CA, CB, and joining AB (where A, B are any

two points on CA, CB respectively), we see that to each successive ray taken

in the direction from CA to CB there corresponds one point on AB in which

the said ray intersects AB, and that all the points on AB taken in order from

A to B correspond univocally to all the rays taken in order from CA to

CB, each point namely to the ray intersecting AB in the point.

We have here used, for the first time in the Elements, the method of

reduetz'o aa' al'surdum, as to which I would refer to the section above (pp. 136,

140) dealing with this among other technical terms.

This proposition also, being the eonverse of the preceding proposition,

brings us to the subject of

Geometrical Conversion.

This must of course be distinguished from the logical conversion of a

proposition. Thus, from the proposition that all isosceles triangles have the

angles opposite to the equal sides equal, log/ea! conversion would only enable

us to conclude that some triangles with two angles equal are isosceles. Thus

I. 6 is the geometrical, but not the logical, converse of r. 5. On the other

hand, as De Morgan points out (Companion to the Almanae, 1849, p. 7), r. 6 is

a purely logzeal deduction from I. 5 and I. 18 taken together, as is r. 19 also.

For the general argument see the note on 1. 19. For the present proposition

it is enough to state the matter thus. Let X denote the class of triangles

which have the two sides other than the base equal, Y the class of triangles

which have the base angles equal; then we may call non-X the class of

triangles having the sides other than the base unequal, non-Y the class of

triangles having the base angles unequal.

Thus we have

All X is Y, [1. 5]

All non-X is non-Y; [1. 18]

and it is a purely logical deduction that

All Y is X. [1. 6]

According to Proclus (p. 252, 5 sqq.) two forms of geometrical eonoersion

were distinguished. '

(1) The leading form (1rpo'qyovue'v17), the conversion par exeellenee Kupt'ms
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IIlWLGTPO¢flI), is the complete or simple conversion in which the hypothesis

and the conclusion of a theorem change places exactly, the conclusion of the

theorem being the hypothesis of the converse theorem, which again establishes,

as its conclusion, the hypothesis of the original theorem. The relation between

the first part of 1. 5 and 1. 6 is of this character. In the former the hypothesis

is that two sides of a triangle are equal and the conclusion is that the angles

at the base are equal, while the converse (1. 6) starts from the hypothesis that

two angles are equal and proves that the sides subtending them are equal.

(2) The other form of conversion, which we may call partial, is seen

in cases where a theorem starts from two or more hypotheses combined into

one enunciation and leads to a certain conclusion, after which the converse

theorem takes this conclusion in substitution for one of the hypotheses of

the original theorem and from the said conclusion along with the rest of the

original hypotheses obtains, as its conclusion, the omitted hypothesis of the

original theorem. 1. 8 is in this sense a converse proposition to 1. 4 ; for 1. 4

takes as hypotheses (1) that two sides in two triangles are respectively equal,

(2) that the included angles are equal, and proves (3) that the bases are equal,

while 1. 8 takes (1) and (3) as hypotheses and proves (2) as its conclusion. It

is clear that a conversion of the leading type must be unique, while there

may be many partial conversions of a theorem according to the number of

hypotheses from which it starts.

Further, of convertible theorems, those which took as their hypothesis

the genus and proved a property were distinguished as the leading theorems

(1rpo1n/mipcva), while those which started from the property as hypothesis

and described, as the conclusion, the genus possessing that property were the

converse theorems. 1. 5 is thus the leading theorem and 1. 6 its converse,

since the genus is in this case taken to be the isosceles triangle.

Converse of second part of I. 5.

Why, asks Proclus, did not Euclid convert the setond part of 1. 5 as well?

He suggests, properly enough, two reasons: (1) that the second part of 1. 5

itself is not wanted for any proof occurring in the original text, but is only put

in to enable ohjedions to the existing form of later propositions to be met,

whereas the converse is not even wanted for this purpose ; (2) that the converse

could be deduced from 1. 6, if wanted, at any time after we have passed 1. 13,

which can be used to prove that, if the angles formed by producing two sides

of a triangle beyond the base are equal, the base angles themselves are equal.

Proclus adds a proof of the converse of the second part of 1. 5, i.e. of the

proposition that, if the angles formed by producing two

sides of a triangle beyond the base are equal, the triangle

is isosceles; but it runs to some length and then only

effects a reduction to the theorem of I. 6 as we have it.

As the result of this should hardly be assumed, a better

proof would be an independent one adapting Euclid’s

own method in 1. 6. Thus, with the construction of 1. 5,

we first prove by means of 1. 4 that the triangles BFC,

CGB are equal in all respects, and therefore that EC is

equal to GB, and the angle BFC equal to the angle CGB.

Then we have to prove that AB AG are equal. If they

are not, let AF be the greater, and from FA cut off FH equal to GA.

Join C11.

n. 1-;. l7
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10 AD, DB be constructed on the same straight

Then we have, in the two triangles HFC, .4 GB,

two sides HF; FC equal to two sides AG, GB

and the angle HFC equal to the angle AGB.

Therefore (I. 4) the triangles HFC, AGB are equal. But the triangles

BFC, CGB are also equal.

Therefore (if we take away these equals respectively) the triangles HBC,

ACB are equal: which is impossible.

Therefore AF; AG are not unequal.

Hence AF is equal to AG and, if we subtract the equals BE CG respec

tively, AB is equal to A C.

This proof is found in the commentary of an-Nairizi (ed. Besthorn-Heiberg,

p. 61; ed. Curtze, p. 50).

Alternative proofs of I. 6.

Todhunter points out that I. 6, not being wanted till 11. 4, could be

postponed till later and proved by means of I. 26. Bisect the angle BA C

by a straight line meeting the base at D. Then the triangles ABD, ACD

are equal in all respects.

Another method depending on I. 26 is given by an-Nairizi after that

proposition.

Measure equal lengths BD, CE along the sides BA, CA. A

Join BE, CD.

Then [1. 4] the triangles DBC, ECB are equal in all

respects; D E

therefore EB, DC are equal, and the angles BBC, CDB

are equal.

The supplements of the latter angles are equal [1. I 3],

and hence the triangles ABE, ACD have two angles equal respectively and

the side BE equal to the side C1).

Therefore [1. 26] AB is equal to AC.

0

PROPOSITION 7.

Given two straight lines constructed on a straight line

(from its extremities) and meeting in a point, there cannot he

constructed on the same straight line (from its extremities),

mm’ on the same side of it, two other straight lines meeting in

5 anotherpoint and equal to the former two respectively, namely

each to that which has the same extremity with it.

For, if possible, given two straight lines AC, CB con

structed on the straight line AB and meeting

at the point C, let two other straight lines C D

line AB, on the same side of it, meeting in

another point D and equal to the former two

respectively, namely each to that which has A a

the same extremity with it, so that CA is

,5 equal to DA which has the same extremity A with it, and
FA'\A__.<I
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CB to DB which has the same extremity B with it; and let

CD be joined.

Then, since AC is equal to AD,

the angle ACD is also equal to the angle ADC; [1. 5]

20 therefore the angle ADC is greater than the angle DCB ;

therefore the angle CDB is much greater than the angle

DCB.

Again, since CB is equal to DB,

the angle CDB is also equal to the angle DCB.

25 But it was also proved much greater than it:

which is impossible.

Therefore etc. Q. E. D.

1—6. In an English translation of the enunciation of this proposition it is absolutely

necessary, in order to make it intelligible, to insert some words which are not in the Greek.

The reason is partly that the Greek enunciation is itself very elliptical, and partly that some

words used in it conveyed more meaning than the corresponding words in English do.

Particularly is this the case with oi‘! rrvo'raflfioovrat e'irl “there shall not be constructed u on,”
since o'uwla-nwflat is the regular word for constructing a triangle in particular. Thus a (Efleek

would easily understand o'uo'raO-ha'ovmt e‘irl as meaning the construction of two lines firming

a triangfe an a given straight line as base; whereas to “construct two straight lines on a

straight line" is not in English sufficiently definite unless we explain that they are drawn

from the and: of the straight line to meet at a point. I have had the less hesitation in putting

in the words “from its extremities” because they are actually used by Euclid in the somewhat

similar enunciation of t. at.

How impossible a literal translation into English is, if it is to convey the meaning of the

enunciation intelligibly, will be clear from the following attempt to render literally: “On the

same straight line there shall not be constructed two other straight lines equal, each to each,

to the same two straight lines, (terminating) at different points on the same side, having the

same extremities as the original straight lines” (érl r7): m'n'fis (Mela: 560 mi‘: ut'rrais eiifielats

dMm 6&0 6:30:22“. fo'at éxa'répa émrépa m5 a'W'TaG-ha'ov'rat 1rp6r 6AM‘: Kat 6AM: o'mtelq: éirl ‘rd adrd

Mm ‘rd. at’rrd. I'épa'ra. Exowat ‘refs 85 6px;]! amateur).

The reason why Euclid allowed himself to use, in this enunciation, language apparently

so obscure is no doubt that the phraseology was traditional and therefore, vague as it was,

had a conventional meaning which the contemporary geometer well understood. This is

proved, I think, by the occurrence in Aristotle (zlletmralogim 1H. 5, 376 a z sqq.) of the very

same, evidently technical, expressions. Aristotle is there alluding to the theorem given by

Eutocius from Apollonius’ Plane Loci to the effect that, if H, [1' be two fixed points and M

such a variable point that the ratio of A”! to MK is a given ratio (not one of equality), the

locus of M is a circle. (For an account of this theorem see note on W. 3 below.) Now

Aristotle says “The lines drawn up from H, K in this ratio cannot be constructed to two

rliflerent points of the semicircle A ” (at of» dirt) 16w HK dllll'Ydl-LEVGL ‘flu/1M1‘. év rolhtp rq'i

Mytp or’; autr-raOfio'oWrat 'roi) £4)’ 1.,’; A imutwrklov ‘r96: dXXo Kai dkko armefor).

If a paraphrase is allowed instead of a translation adhering as closely as possible to the

original, Simson's is the best that could be found, since the fact that the straight lines form

triangh: on the same base is really conveyed in the Greek. Simson's enunciation is, Upon

the same base, and on the same side of it, there cannot be two triangle: that have their rider

which are terminated in one extremity qf the has: equal to one another, and likzwrlre those

which are tzrminaled at the other extra/lily. Th. Taylor (the translator of Proclus) attacks

Simson's alteration as “indiscreet" and as detracting from the beauty and accuracy of

Euclid’s enunciation which are enlarged upon by Proclus in his commentary. Yet, when

Taylor says " Whatever difficulty learners may find in conceiving this proposition abstractedly

is easily removed by its exposition in the figure,” he really gives his case away. The fact is

that Taylor, always enthusiastic over his author, was nettled by Simson’s shghting remarks

on Proclus’ comments on the proposition. Simson had said, with reference to Proclus’

explanation of the bearing of the second part of l. 5 on I. 7, that it was not “worth while

r7—z
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to relate his trifles at full length," to which Taylor retorts “But Mr Simson was no

philosopher; and therefore the greatest part of these Commentaries must be considered by

him as trifles, from the want of a philosophic genius to comprehend their meaning, and

a taste superior to that of a were mathematician, to discover their beauty and elegance."

10. It would be natural to insert here the step “but the angle ACD is greater than the

angle BCD. [C. IV. 5.1"

11. much greater, literally “greater by much” ("no aeigrwv). Simson and those who

follow him translate: “nun/1 more III!!! is the angle BDC greater than the angle BCD,"

but the Greek for this would have to be 1roMq'i (or new) uahhbv e'an...;1.el{wv. 10AM; iuihhov,

however, though used by Apollonius, is not, apparently, found in Euclid or Archimedes.

Just as in 1. 6 we need a Postulate to justify theoretically the statement that

CD falls within the angle ACB, so that the triangle DBC is'less than the

triangle ABC, so here we need Postulates which shall satisfy us as to the

relative positions of CA, CB, CD on the one hand and of DC, DA, DB

on the other, in order that we may be able to infer that the angle BDC is

greater than the angle ADC, and the angle ACD greater than the angle BCD.

De Morgan (op. cit. p. 7) observes that 1. 7 would be made easy to

beginners if they were first familiarised, as a common notion, with “if two

magnitudes be equal, any magnitude greater than the one is greater than any

magnitude less than the other.” I doubt however whether a beginner would

follow this easily ; perhaps it would be more easily apprehended in the form

“if any magnitude A is greater than a magnitude B, the magnitude A is

(a fortiori) greater than any magnitude less than B or than any magnitude

equal to B.”

It has been mentioned already (note on 1. 5) that the second case of 1. 7

given by Simson and in our text-books generally is not in the original text

(the omission being in accordance with Euclid’s general practice of giving

only one case, and that the most difiicult, and leaving the others to be worked

out by the reader for himself). The second case is given by Proclus as the

answer to a possible objection to Euclid’s proposition, which should assert that

the proposition is not proved to be universally true, since the proof given does

not cover all possible cases. Here the objector is supposed to contend that

what Euclid declares to be impossible may still be possible if one pair of lines

lie wholly within the other pair of lines; and the second part of 1. 5 enables

the objection to be refuted.

If possible, let AD, DB be entirely within the triangle formed by AC,

CB with AB, and let AC be equal to AD and BC

to BD.

Join CD, and produce AC, AD to E and F.

Then, since AC is equal to AD,

the triangle ACD is isosceles,

and the angles BCD, FDC under the base are equal.

But the angle ECD is greater than the angle BCD ;

therefore the angle BDC is also greater than the angle

BCD.

  

Therefore the angle BDC is greater by far than the angle BCD. ‘

Again, since DB is equal to CB,

the angles at the base of the triangle BDC are equal, [1 . 5]

that is, the angle BDC is equal to the angle BCD.

Therefore the same angle BDC is both greater than and equal to the a gle

BCD: which is impossible.

The case in which D falls on AC or BC does not require proof.
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I have already referred (note on I. r) to the mistake made by those

editors who regard I. 7 as being of no use except to prove I. 8. What I. 7

proves is that if, in addition to the base of a triangle, the length of the side

terminating at each extremity of the base is given, only one triangle satisfying

these conditions can be constructed on one and the same side of the given

base. Hence not only does 1. 7 enable us to prove r. 8, but it supplements

l. r and I. 22 by showing that the constructions of those propositions give one

triangle only on one and the same side of the base. But for I. 7 this could

not be proved except by anticipating III. 10, of which therefore I. 7 is the

equivalent for Book I. purposes. Dodgson (Euclid and his modern Rivals,

pp. r94—5) puts it in another way. “It [1. 7] shows that, of all plane figures

that can be made by hingeing rods together, the three-sided ones (and these

only) are rigid (which is another way of stating the fact that there cannot be

two such figures on the same base). This is analogous to the fact, in relation

to solids contained by plane surfaces hinged together, that any such solid is

rigid, there being no maximum number of sides. And there is a close analogy

between I. 7, 8 and Ill. 23, 24. These analogies give to geometry much of its

beauty, and I think that they ought not to be lost sight of.” It will therefore

be apparent how ill-advised are those editors who eliminate I. 7 altogether and

rely on Philo’s proof for r. 8.

Proclus, it may be added, gives (pp. 268, 19—269, 10) another explanation

of the retention of I. 7, notwithstanding that it was apparently only required

for r. 8. It was said that astronomers used it to prove that three successive

eclipses could not occur at equal intervals of time, i.e. that the third could not

follow the second at the same interval as the second followed the first ; and it

was argued that Euclid had an eye to this astronomical application of the

proposition. But, as we have seen, there are other grounds for retaining the

proposition which are quite sufficient of themselves.

PROPOSITION 8.

If two triangles have the two sides equal to two sides

respettioely, and have also the hase equal to the hase, they will

also have the angles equal whieh are contained by the equal

straight lines.

5 Let ABC, DBF be two triangles having the two sides

AB, AC equal to the two sides

DB, DF respectively, namely

AB to DB, and AC to DF; and

let them have the base BC equal

to to the base BF;
I say that the angle BAC is c F

also equal to the angle BDF. B E

For, if the triangle ABC be

applied to the triangle DBF, and if the point B be placed on

15 the point B and the straight line BC on BF,

the point C will also coincide with F,

because BC is equal to BF.

A D o



262 BOOK I [1. 8

Then, BC coinciding with BF,

BA, AC will also coincide with ED, DF;

20 for, if the base BC coincides with the base EF, and the sides

BA, AC do not coincide with ED, DF but fall beside them

as EG, GF,

then, given two straight lines constructed on a straight

line (from its extremities) and meeting in a point, there will

as have been constructed on the same straight line (from its

extremities), and on the same side of it, two other straight

lines meeting in another point and equal to the former

two respectively, namely each to that which has the same

extremity with it.

30 But they cannot be so constructed. [1. 7]

Therefore it is not possible that, if the base BC be applied

to the base EF, the sides BA, AC should not coincide with

ED, DF ;

they will therefore coincide,

35 so that the angle BAC will also coincide with the angle

EDF, and will be equal to it.

If therefore etc. Q. E. D.

19. BA, AC. The text has here“ BA, CA."

11. fall beside them. The Greek has the future, wapaMdEoi-m. 1rapa>0tdrru means

“to pass by without touching,” " to miss” or “to deviate.”

As pointed out above (p. 2 57) I. 8 is a partial converse of I. 4.

It is to be observed that in I. 8 Euclid is satisfied with proving the equality

of the vertical angles and does not, as in l. 4, add that the triangles are equal,

and the remaining angles are equal respectively. The reason is no doubt (as

pointed out by Proclus and by Savile after him) that, when once the vertical

angles are proved equal, the rest follows from I. 4, and there is no object in

proving again what has been proved already.

Aristotle has an allusion to the theorem of this proposition in Mleomlogira

in. 3, 373 a 5—16. He is speaking of the rainbow and observes that, if equal

rays be reflected from one and the same point to one and the same point, the

points at which reflection takes place are on the circumference of a circle.

“For let the broken lines ACB, AFB, ADB be all reflected from the point

A to the point B (in such a way that) AC, AF; AD are all equal to one

another, and the lines (terminating) at B, i.e. CB, FB, DB, are likewise all

equal; and let AEB be joined. It follows that the mangle: are equal; for

they are upon the equal (base) AEB.”

Heiberg (Mal/zemahkr/zes zu Aristotle/es, p. 18) thinks that the form of the

conclusion quoted is an indication that in the corresponding proposition to

Eucl. i. 8, as it lay before Aristotle, it was maintained that the lrz'angles were

equal, and not only the angles, and “we see here therefore, in a clear example,

how the stones of the ancient fabric were recut for the rigid structure of his
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Elements.” I do not, however, think that this inference from Aristotle's

language as to the form of the pre-Euclidean proposition is safe. Thus if we,

nowadays, were arguing from the data in the passage of Aristotle, we should

doubtless infer directly that the triangles are equal in all respects, quoting I. 8

alone. Besides, Aristotle’s language is rather careless, as the next sentences

of the same passage show. “Let perpendiculars,”

he says, “ be drawn to AEB from the angles, CE

from C, FE from F and DE from D. These, then,

are equal; for they are all in equal triangles, and 3

1n one plane; for all of them are perpendicular

to AEB, and they meet at one point E. There

fore the (line) drawn (through c, F, D) will be a D

circle, and its centre (will be) E.” Aristotle should

obviously have proved that the three perpendiculars will meet at one point E

on AEB before he spoke of drawing the perpendiculars CE, FE, DE.

This of course follows from their being “in equal triangles” (by means of

Eucl. l. 26); and then, from the fact that the perpendiculars meet at one

point on AB, it can be inferred that all three are in one plane.

Philo’s proof of I. 8.

This alternative proof avoids the use of I. 7, and it is elegant; but it is

inconvenient in one respect, since three cases have to be distinguished.

Proclus gives the proof in the following order (pp. 266, 15—268, 14).

Let ABC, DEF be two triangles having the sides AB, AC equal to the

sides DE, DE respectively, and the base BC equal to the base EE

Let the triangle ABC be applied to the triangle DEE so that B is placed

on E and BC on ER but so that A falls on the opposite side of EF from D,

taking the position G. Then C will coincide with i; since BC is equal to

EF

C

>

Now FG will either be in a straight line with DE or make an angle with

it, and in the latter case the angle will either be inferior (Kat-n‘; rt‘» (‘t/10's) to the

figure or exlerz'or (KO-Tl‘l. 1t‘) e’m-o’s).

I. Let FG be in a straight line with A D

DE

Then, since DE is equal to EC, and

DFG is a straight line, B o E F

DEG is an isosceles triangle, and the

angle at D is equal to the angle at G.

[i' 5]’ G

II. Let DE .FG form an angle z'nlerior to the figure.

Let DG be joined.

Then, since DE, EG are equal, A

the angle EDG is equal to the angle

EGD. : i

Again, since DFis equal to FG, E F

the angle EDG is equal to the angle B c

FGD.

Therefore, by addition, 0

the whole angle EDF is equal to the

whole angle EGE ‘

O
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III. Let DE FG form an angle exterior to the figure.

Let DG be joined.

The proof proceeds as in the last case, A

except that subtraction takes the place of

addition, and 4

the remaining angle EDF is equal to the B c E

remaining angle BGF

Therefore in all three cases the angle

EDF is equal to the angle BGE that is, G

to the angle BA C.

It will be observed that, in accordance with the practice of the Greek

geometers in not recognising as an “ angle ” any angle not less than two right

angles, the re-entrant angle of the quadrilateral DBGF is ignored and the angle

DFG is said to be outside the figure.

Paorosrrrou 9.

To hiseet a given rectilineal angle.

Let the angle BAC be the given rectilineal angle.

It is then required to bisect it. A

Let a point D be taken at random on AB;

let AB be cut off from AC equal to AD; [1. 3]

let DB be joined, and on DB let the equilateral D E

triangle DBF be constructed ; c
let AF be joined. B F

I say that the angle BAC has been bisected by the

straight line AF.

For, since AD is equal to AB,

and AF is common,

the two sides DA, AF are equal to the two sides

BA, AF respectively.

And the base DF is equal to the base BF;

therefore the angle DAF is equal to the angle BAF.

[L 8]

Therefore the given rectilineal angle BAC has been

bisected by the straight line AF. Q. E. F.

It will be observed from the translation of this proposition that Euclid

does not say, in his description of the construction, that the equilateral triangle

should be constructed on the side of DE opposite to A ; he leaves this to be

inferred from his figure. There is no particular value in Proclus’ explanation

as to how we should proceed in case any one should assert that he could not

recognise the existence of any space below DB. He supposes, then, the

equilateral triangle described on the side of DB ‘towards A, and hence has to

consider three cases according as the vertex of the equilateral triangle falls

on A, above A 01‘ below it- The S€092fd and third cases do not differ

/
,r
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substantially from Euclid’s. In the first case, where ADE is the equilateral

triangle constructed on DE, take any point F on AD, and from AE cut off

AG equal to AF Join DG, EF meeting in H; and A

join AH. Then AH is the bisector required.

Proclus also answers the possible abjedion that

might be raised to Euclid’s proof on the ground that F

it assumes that, if the equilateral triangle be described

on the side of DE opposite to A, its vertex F will lie

within the angle BA C. The objector is supposed to

argue that this is not necessary, but that F might fall 0

either on one of the lines forming the angle or outside B

it altogether. The two cases are disposed of thus. C

Suppose F to fall as shown in the two figures below respectively.

Then, since FD is equal to FE,

the angle FDE is equal to the angle FED.

Therefore the angle CED is greater than the angle FDE ; and, in the

second figure, a fortz'orz', the angle CED is greater than the angle BDE.

But, since ADE is an isosceles triangle, and the equal sides are produced,

A

F C

B

the angles under the base are equal,

i.e., the angle CED is equal to the angle BDE.

But the angle CED was proved greater: which is impossible.

Here then is the second case in which, in l’roclus’ view, the second part

of I. 5 is useful for refuting objections.

  

On this proposition Proclus takes occasion (p. 271, 15~19) to emphasize

the fact that the given angle must be rectilineal, since the bisection of any sort

of angle (including angles made by curves with one another or with straight

lines) is not matter for an elementary treatise, besides which it is questionable

whether such bisection is always possible. “Thus it is difficult to say

whether it is possible to bisect the so-called horn-like angle ” (formed by the

circumference of a circle and a tangent to it).

Trisection of an angle.

Further it is here that Proclus gives us his valuable historical note about

the Insertion of any acute angle, which (as well as the division of an angle in

any given ratio) requires resort to other curves than circles, i.e. curves of the

species which, after Geminus, he calls “mixed.” “This,” he says (p. 272,

i—i 2), “is shown by those who have set themselves the task of trisecting such

a given rectilineal angle. For Nicomedes trisected any rectilineal angle by

means of the mnr/zoidal lines, the origin, order, and properties of which he

has handed down to us, being himself the discoverer of their peculiarity.

Others have done the same thing by means of the guadratn'res of Hippias

and Nicomedes, thereby again using ‘mixed’ curves. But others, starting

from the Archimedean spirals, cut a given rectilineal angle in a given ratio.”
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(a) Trisection by means of the conchoid.

I have already spoken of the conchoid of Nicomedes (note on Def. 2,

pp. réo—r); it remains to show how it could be used for trisecting an

angle. Pappus explains this (Iv. pp. 274—5) as follows.

Let ABC be the given acute angle, and from any point A in AB draw

A C perpendicular to BC.

 

 

 

F A E

O

O

B 0

 

Complete the parallelogram FBCA and produce FA to a point B such

that, if BE be joined, BE intercepts between A C and AE a length DE equal

to twice AB.

I say that the angle BBC is one-third of the angle ABC.

For, joining A to G, the middle point of DE, we have the three straight

7 lines AG, DG, EG equal, and the angle AGD is double of the angle AED

or EBC.

But DE is double of AB;

therefore AG, which is equal to DG, is equal to AB.

Hence the angle AGD is equal to the angle ABG.

Therefore the angle ABD is also double of the angle EBC ;

so that the angle BBC is one-third of the angle ABC.

So far Pappus, who reduces the construction to the drawing of BE so

that DE shall be equal to twice AB.

This is what the conchoid constructed with B as pole, A Cas directrix, and

distance equal to twice AB enables us to do; for that conchoid cuts AB in

the required point E.

(6) Use of the quadratn'x.

The plural quadratrices in the above passage is a Hellenism for the

singular quadratrix, which was a curve discovered by I-Iippias of Elis about

420 me. According to Proclus (p. 356, n) Hippias proved its properties;

and we are told (I) in the passage quoted above that Nicomedes also

investigated it and that it was used for trisecting an angle, and (2) by Pappus

(iv. pp. 250, 33—2 52, 4) that it was used by Dinostratus and Nicomedes and

some more recent writers for squaring the circle, whence its name. It is

described thus (Pappus W. p. 252).

Suppose that ABCD is a square and BED a quadrant of a circle with

centre A.

Suppose (I) that a radius of the circle moves a "

uniformly about A from the position AB to the E

position AD, and (2) that in the same time the

line BC moves uniformly, always parallel to itself, F

and with its extremity B moving along BA, from N

the position BC to the position AD. p K

Then the radius AE and the moving line BC

determine at any instant by their intersection a

point R

The locus of F is the quadratrix. l H M G D
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The property of the curve is that, if is any point, the arc BED is

to the arc ED as AB is to F157.

In other words, if 4a is the angle FAD, p the radius vector AFand a the

side of the square, _

(p m ¢>/a I we»

Now the angle EAD can not only be tn'sedrd but divided in any given

ratz'a by means of the quadratrix (Pappus IV. p. 286).

For let FH be divided at K in the given ratio.

Draw KL parallel to AD, meeting the curve in L; join AL and produce

it to meet the circle in 1V.

Then the angles EAN, NAD are in the ratio of FK to K11, as is easily

proved.

(6) Use of the spiral of Arr/n'medes.

The trisection of an angle, or the division of an angle in any ratio, by

means of the spiral of Arr/zimedes is of course an equally simple matter.

Suppose any angle included between the two radii vectores 0A and OB of the

spiral, and let it be required to cut the angle A0B in a given ratio. Since

the radius vector increases proportionally with the angle described by the

vector which generates the curve (reckoned from the original position of the

vector coinciding with the initial line to the particular position assumed), we

have only to take the radius vector 0B (the greater of the two 0A, OB),

mark 05' 0C along it equal to 0A, cut CB in the given ratio (at D say), and

then draw the circle with centre 0 and radius OD cutting the spiral in E.

Then OE will divide the angle A0B in the required manner.

PROPOSITION 10.

To éz'sett a given finite strazig/zt lz'ne.

Let AB be the given finite straight line.

Thus it is required to bisect the finite straight line AB.

Let the equilateral triangle ABC be
constructed on it, [1.1] c

and let the angle ACB be bisected by the

straight line CD; [1. 9]

I say that the straight line AB has

been bisected at the point D.

For, since AC is equal to CB, A o B

and CD is common,

the two sides AC, CD are equal to the two sides BC,

CD respectively ;

and the angle ACD is equal to the angle BCD ;

therefore the base AD is equal to the base BD. [1. 4]

Therefore vthe given finite straight line AB has been

bisected at D. Q. E. F.
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Apollonius, we are told (Proclus, pp. 279, 16— 280, 4), bisected a straight

line AB by a construction like that of 1. 1.

With centres A, B, and radii AB, BA respec- c

tively, two circles are described, intersecting in

C, D. Joining CD, AC, CB, AD, DB, Apol

lonius proves in two steps that CD bisects AB.

(1) Since, in the triangles ACD, BCD,

two sides AC, CD are equal to two sidesBC, CD,

and the bases AD, BD are equal, '

the angle ACD is equal to the angle

BCD. [1. 8]

(2) The latter angles being equal, and AC being equal to CB, while CE

is common,

the equality of AE, EB follows by l. 4.

The objection to this proof is that, instead of assuming the bisection of

the angle A CB, as already effected by I. 9, Apollonius goes a step further

back and embodies a construction for bisecting the angle. That is, he

unnecessarily does over again what has been done before, which is open to

objection from a theoretical point of view.

Proclus (pp. 277, 25—279, 4) warns us against being moved by this

proposition to conclude that geometers assumed, as a preliminary hypothesis,

that a line is not made up of indivisible parts (e'tf lifI-(P‘SV). This might be

argued thus. If a line is made up of indivisibles, there must be in a finite

line either an odd or an even number of them. If the number were odd,

it would be necessary in order to bisect the line to bisect an indivisible (the

odd one). In that case therefore it would not be possible to bisect a straight

line, if it is a magnitude made up of indivisibles. But, if it is not so made

up, the straight line can be divided ad z'nfinilum or without limit (e'1r' ti'mtpov

Statpe'irat). Hence it was argued (¢atn'v), says Proclus, that the divisibility

of magnitudes without limit was admitted and assumed as a geometrical

principle. To this he replies, following Geminus, that geometers did indeed

assume, by way of a common notion, that a continuous magnitude, i.e. a

magnitude consisting of parts connected together (O’Uv'lfll-fléllwv), is divisible

(Suuperév). But z'nfini/e divisibility was not assumed by them; it was prowl!

by means of the first principles applicable to the case. “For when,” he

says, “they prove that the incommensurable exists among magnitudes, and

that it is not all things that are commensurable with one another, what

else will any one say that they prove but that every magnitude can be

divided for ever, and that we shall never arrive at the indivisible, that

is, the least common measure of the magnitudes? This then is matter of

demonstration, whereas it is an axiom that everything continuous is divisible.

so that a finite continuous line is divisible. The writer of the Elements

bisects a finite straight line, starting from the latter notion, and not from any

assumption that it is divisible without limit.” Proclus adds that the proposition

may also serve to refute Xenocrates’ theory of indivisible lines (dTOfI-OL ypaptpat').

The argument given by Proclus to disprove the existence of indivisible lines

is substantially that used by Aristotle as regards magnitudes generally (cf.

P/zyrin VI. 1, 231 a 21 sqq. and especially v1. 2, 233 b 15—32).
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PROPUSITION I I.

To draw a straight line at right angles to a given straight

line from a given point on it.

_Let AB be the given straight line, and C the given point

on it.

5 Thus it is required to draw from the point C a straight

line at right angles to the straight

line AB. F

Let a point D be taken at ran

dom on AC;

mlet CB be made equal to CD; [1. 3]

on DB let the equilateral triangle

FDB be constructed, [1. 1]

and let FC be joined;

I say that the straight line FC has been drawn at right

15 angles to the given straight line AB from C the given point

on it.

For, since DC is equal to'CB,

and CF is common,

the two sides DC, CF are equal to the two sides BC,

20 1 CF respectively;

and the base DF is equal to the base FB ;

therefore the angle DCF is equal to the angle BCF ;

1. 8

and they are adjacent angles. [ 1

But, when a straight line set up on a straight line makes

25 the adjacent angles equal to one another, each of the equal

angles is right ; [Def. 10]

therefore each of the angles DCF, FCB is right.

Therefore the straight line CF has been drawn at right

angles to the given straight line AB from the given point

3°C on it.

A D C E B

Q. E. F.

10. let CE be made equal to CD. The verb is xeloliw which, as well as the other

parts of refuel, is constantly used for the passive of 140111,“ f‘ to plate” ; and the latter word

is constantly used in the sense of making, e.g., one straight line equal to another straight line.

De Morgan remarks that this proposition, which is “ to bisect the angle

made by a straight line and its continuation” [i.e. a flat angle], should be a

particular case of 1. 9, the constructions being the same. This 15 certainly
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worth noting, though I doubt the advantage of rearranging the propositions

in consequence

Apollonius gave a construction for this proposition (see Proclus, p. 282, 8)

differing from Euclid’s in much the same way as his construction for bisecting

a straight line difi'ered from that of 1. 10. Instead of assuming an equilateral

triangle drawn without repeating the process of i. r, Apollonius takes D and

E equidistant from C as in Euclid, and then draws circles in the manner of

F

A DOE B

l. 1 meeting at F This necessitates proving again that DF is equal to FE;

whereas Euclid’s assumption of the construction of l. l in the words “let the

equilateral triangle FDE be constructed” enables him to dispense with the

drawing of circles and with the proof that DF is equal to FE at the same

time. While however the substitution of Apollonius’ constructions for 1. IO

and It would show faulty arrangement in a theoretical treatise like Euclid’s,

they are entirely suitable for what we call practical geometry, and such may

have been Apollonius’ object in these constructions and in his alternative for

i. 23.

Proclus gives a construction for drawing a straight line at right angles to

another straight line but from one end of it, instead of from an intermediate

point on it, it being supposed (for the sake of argument) that we are not

permitted to produce the straight line. In the commentary of an-Nairizl (ed.

Besthorn-Heiberg, pp. 73—4; ed. Curtze, pp. 54-5) this construction is

attributed to Heron.

Let it be required to draw from A a straight line at right angles to AB.

On AB take any point C, and in the manner of the proposition draw CE

at right angles to AB.

From CE cut off CD equal to AC, bisect the

angle ACE by the straight line CF; [1. 9]

and draw DF at right angles to CE meeting CF 0

in F Join FA. g

Then the angle FAC will be a right angle.

For, since, in the triangles A CE DC)‘; the

two sides AC, CF are equal to the two sides

DC, CF respectively, and the included angles A c B

ACE DCFare equal,

the triangles are equal in all respects. [1. 4]

Therefore the angle at A is equal to the angle at D, and is accordingly a

right angle.

E

PROPOSITION 12.

T0 a gzben infinite straig/zl line, from a git/en point

which is not on it, to draw a perpendicular strazg/zt line.

Let AB be the given infinite straight line, and C the

given point which is not on it;



l. 12] PROPOSITIONS 11, 12 271

5 thus it is required to draw to the given infinite straight

line AB, from the given point

C which is not on it, a per

pendicular straight line.

For let a point D be taken

10 at random on the other side of

the straight line AB, and with

centre C and distance CD let

the circle EFG be described; A 6W5 8

[Post 3] D

let the straight line EG

15 be bisected at H, [1. lo]

and let the straight lines CG, C11, CE be joined.

[Post I]

I say that CH has been drawn perpendicular to the given

infinite straight line AB from the given point C which is

not on it.

20 For, since GH is equal to HE,

and HC is common,

the two sides GH, HC are equal to the two sides

Eff, HC respectively;

and the base CG is equal to the base CE ;

=5 therefore the angle CHG is equal to the angle EHC.

[1. 8]

F

And they are adjacent angles.

But, when a straight line set up on a straight line makes

the adjacent angles equal to one another, each of the equal

angles is right, and the straight line standing on the other is

30 called a perpendicular to that on which it stands. [Def. 10]

Therefore CH has been drawn perpendicular to the given

infinite straight line AB from the given point C which is

not on it.

Q. E. F.

2. a perpendicular straight line, Ird0rrov uJOeiav wanm’yv. This is the full expression

for a perpendicular, xd0eros meaning let fall or let down, so that the expression corresponds

to our plumb-line. 1'7 Kd0e'ror is however constantly used alone for a perpendicular, war/1.7")

being understood.

ro. on the other side of the straight line AB, literally “towards the other parts of

the straight line AB," érl 'rci. Erepa. Mp1] r77: AB. Cf. “on the same side” (2'11 16. m'ml.

pépn) in Post. 5 and “in both directions” (e¢’ éxd-rcpa. 1a pit/m) in Def. 23.

“This problem,” says Proclus (p. 283, 7—10), “was first investigated

by Oenopides [5th cent ac], who thought it useful for astronomy. He

however calls the perpendicular, in the archaic manner, (a line drawn)
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gnomon-wire (x116. 'yvuipova), because the gnomon is also at right angles to the

horizon.” In this earlier sense the gnomon was a staff placed in a vertical

position for the purpose of casting shadows and so serving as a means of

measuring time (Cantor, Gert/tickle der Mathematik, 1,, p. 161). The later

meanings of the word as used in Eucl. Book 1!. and elsewhere will be

explained in the note on Book 11. Def. 2.

Proclus says that two kinds of perpendicular were distinguished, the “plane”

(abuses) and the “solid” (o-repca'), the former being the perpendicular

dropped on a line in a plane and the latter the perpendicular dropped on a

plane. The term “solid perpendicular” is sufficiently curious, but it may

perhaps be compared with the Greek term “solid locus” applied to a conic

section, apparently on the ground that it has its origin in the section of a

solid, namely a cone.

Attention is called by most editors to the assumption in this proposition

that, if only D be taken on the side of AB remote from C, the circle described

with CD as radius must necessarily cut AB in two points. To satisfy us of

this we need, as in l. 1, some postulate of continuity, e.g. something like that

suggested by Killing (see note on the Principle of Continuity above, p. 235):

“ If a point [here the oint describing the circle moves in a figure which is

divided into two parts by the straight line], and if it belongs at the beginning

of the motion to one part and at another stage of the motion to the other

part, it must during the motion cut the boundary between the two parts,” and

this of course applies to the motion in two directions from D.

But the editors have not, as a rule, noticed a possible objettion to the

Euclidean statement of this problem which is much more difiicult to dispose

of at this stage, i.e. without employing any proposition later than this in

Euclid’s order. How do we know, says the supposed critic, that the circle

does not cut AB in three or more points, in which case there would be not

one perpendicular but t/zree or more? Proclus (pp. 286, 12—289, 6) tries to

refute this objection, and it is interesting to follow his argument, though it

will easily be seen to be inconclusive. He takes in order three possible

suppositions.

1. May not the circle meet AB in a third point K between the middle

point of GE and either extremity of it, taking the form drawn in the figure

appended?

Suppose this possible. Bisect GE in H. Join CH, and produce it to

meet the circle in L. Join CG, CK, CE.

Then, since CG is equal to CE, and

CH is common, while the base GE is

equal to the base HE,

the angles CHG, CHE are equal and,

since they are adjacent, they are both right.

Again, since CG is equal to CE,

the angles at G and E are equal.

Lastly, since CK is equal to CG and

also to CE, the angles CGK, CKG are

equal, as also are the angles CKE, CEK.

Since the angles CGK, CEK are equal, it follows that

the angles CKG, CKE are equal and therefore both right.

Therefore the angle CKH is equal to the angle CHK,

‘ and C11 is equal to CK.
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But CK is equal to CL, by the definition of the circle; therefore CH is

equal to CL: which is impossible.

Thus Proclus,- but why should not the circle meet AB in H as well as KP

2. May not the circle meet AB in H the middle point of GE and take

the form shown in the second figure?

In that case, says Proclus, join CG, C157, CE as before. Then bisect HE

at K, join CK and produce it to meet

the circumference at L.

Now, since HK is equal to KE, CK

is common, and the base CH is equal to

the base CE,

 

the angles at K are equal and therefore

both right angles. H \K

Therefore the angle CHK is equal to
the angle CKIY, whence CKis equal to CH A G \AL/E B

and therefore to CL: which is impossible.

So Proclus ; but why should not the circle meet AB in K as well as HP

3. May not the circle meet AB in 1200 points besides G, E and pass,

between those two points, to the side of AB towards C, as in the next figure?

Here again, by the same method, Proclus proves that, K, L being the

other two points in which the circle cuts

AB,

CK is equal to CH,

and, since the circle cuts CH in 111,

CM is equal to CK and therefore to C

CH: which is impossible.

But, again, why should the circle not M

cut AB in the point Has well? A G K H L E B
 

In fact, Proclus’ cases are not mutually

exclusive, and his method of proof only enables us to show that, if the circle

meets AB in one more point besides G, E, it must meet it in more points

still. We can always find a new point of intersection by bisecting the distance

separating any two points of intersection, and so, applying the method ad

infim'tum, we should have to conclude ultimately that the circle with radius

CH (or CG) coincides with AB. It would follow that a circle with centre

C and radius greater than CH would not meet AB at all. Also, since all

straight lines from C to points on AB would be equal in length, there would

be an infinite number of perpendiculars from C on AB.

Is this under any circumstances possible? It is not possible in Euclidean

space, but it is possible, under the Riemann hypothesis (where a straight line

is a “closed series” and returns on itself), in the case where C is the pole of

the straight line AB.

It is natural therefore that, for a proof that in Euclidean space there is

only one perpendicular from a point to a straight line, we have to wait until

i. 16, the precise proposition which under the Riemann hypothesis is only valid

with a certain restriction and not universally. There is no difiiculty involved

by waiting until I. 16, since 1. 12 is not used before that proposition is reached;

and we are only in the same position as when, in order to satisfy ourselves of

the number of possible solutions of l. r, we have to wait till I. 7.

But if we wish, after all, to prove the truth of the assumption without

recourse to any later proposition than I. 12, we can do so by means of this

same invaluable 1. 7.

H. E. 18
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If the circle intersects AB as before in G, E, let H be the middle point of

GE, and suppose, if possible, that the

circle also intersects AB in any other point c

K on AH

From A’, on the side of AB opposite to

C, draw HL at right angles to AB, and

make HL equal to HC. A c, E 3

Join CG, LG, CK, LK.

Now, in the triangles CHG, LHG,

CH is equal to L.H, and HG is common.

Also the angles CHG, LHG, being

both right, are equal.

Therefore the base CG is equal to the base LG.

Similarly we prove that CK is equal to LK.

But, by hypothesis, since K is on the circle,

CK is equal to CG.

Therefore CG, CK, LG, LK are all equal.

Now the next proposition, I. 13, will tell us that C11, HL are in a straight

line; but we will not assume this. Join CL.

Then on the same base CL and on the same side of it we have two pairs

of straight lines drawn from C, L to G and K such that CG is equal to CK

and LG to L11’.

But this is impossible [1. 7].

Therefore the circle cannot cut BA or BA produced in any point other

than G on that side of CL on which G is.

Similarly it cannot cut AB or AB produced at any point other than E

on the other side of CL.

The only possibility left therefore is that the circle might cut AB in the

same point as that in which CL cuts it. But this is shown to be impossible

by an adaptation of the proof of I. 7.

For the assumption is that there may be some point M on CL such that

CM is equal to CG and LM to LG.

If possible, let this be the case, and produce CG N

to 1V. 6

Then, since CM is equal to CG,

the angle NGM is equal to the angle GAIL [1. 5, part 2].

Therefore the angle GAIL is greater than the angle

MGL. c M \

Again, since LG is equal to L111,

the angle GML is equal to the angle MGL.

But it was also greater: which is impossible.

Hence the circle in the original figure cannot cut AB in the point in

which CL cuts it.

Therefore the circle cannot cut AB in any point whatever except G and E.

[This proof of course does not prove that CK is less than CG, but only

that it is not equal to it. The proposition that, of the obliques drawn

from C to AB, that is less the foot of which is nearer to H can only be proved

later. The proof by I. 7 also fails, under the Riemann hypothesis, if C, L are

the poles of the straight line AB, since the broken lines CGL, CKL etc.

become equal straight lines, all perpendicular to AB.]

Proclus rightly adds (p. 289, 18 sqq.) that it is not necessary to take D on

the side of AB away from A if an objector “says that there is no space on
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that side.” If it is not desired to trespass on that side of AB, we can take D

anywhere on AB and describe the arc of a circle between D and the point

where it meets AB again, drawing the are on the side of AB on which C is.

If it should happen that the selected point D is such that the circle only meets

AB in one point (D itself), we have only to describe the circle with CD as

radius, then, if E be a point on this circle, take F a point further from C than

E _is, and describe with CF as radius the circular arc meeting AB in two

points.

PROPOSITION I 3.

[f a straight line set up on a strazght line mahe angles, it

will mahe either two rzght angles or angles equal to two right

angles.

For let any straight line AB set up on the straight line

5 CD make the angles CBA, ABD;

1 say that the angles CBA, ABD E A

are either two right angles or equal to

two right angles.

Now, if the angle CBA is equal to D B c

w the angle ABD,

they are two right angles. [Def. 10]

But, if not, let BE be drawn from the point B at right

angles to CD; [1. 11]

therefore the angles CBE, EBD are two right angles.

15 Then, since the angle CBE is equal to the two angles

CBA, ABE,

let the angle EBD be added to each ;

therefore the angles CBE, EBD are equal to the three

angles CBA, ABE, EBD. [C. M 2]

20 Again, since the angle DBA is equal to the two angles

DBE, EBA,

let the angle ABC be added to each;

therefore the angles DBA, ABC are equal to the three

angles DBE, EBA, ABC. [6‘. 1t’. 2]

25 But the angles CBE, EBD were also proved equal to

the same three angles;

and things which are equal to the same thing are also

equal to one another; [6‘. 1V. 1]

therefore the angles CBE, EBD are also equal to the

30 angles DBA, ABC.

18—2
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But the angles CBE, EBD are two right angles;

therefore the angles DBA, ABC are also equal to two

right angles.

Therefore etc. _
Q. it. D.

17. let the angle EBD be added to each, literally “let the angle EBD be added

(so as to be) common,” xowh wpoaxelo'fiw i) I'nro EBA. Similarly Kowi] ddmpfio'flw is used of

subtracting a straight line or angle from each of two others. “ Let the common angle EBD

be added " is clearly an inaccurate translation, for the angle is not common before it is added,

i.e. the xuwh is proleptic. “ Let the common angle be subtraded" as a translation of xmvi)

dtpypafiafiw would be less unsatisfactory, it is true, but, as it is desirable to use corresponding

words when translating the two expressions, it seems ho eless to attempt to keep the word

“common," and I have therefore said “ to each " and “ rom each” simply.

PROPOSITION 14.

[f with any straight tine, and at a point on it, two strazght

lines not lying on the same side make the adjacent angles equal

to two rzt'ght angles, the two strazlght lines will he in a strazlght

line with one another.

5 For with any straight line AB, and at the point B on it,

let the two straight lines BC, BD not lying on the same side

make the adjacent angles‘ ABC, ABD equal to two right

angles ;

I say that BB is in a straight line with CB.

10 For, if BB is not in a straight line E

with BC, let BE be in a straight line "i i

with CB.

Then, since the straight line AB c B D

stands on the straight line CBE,

15 the angles ABC, ABE are equal to two right angles.

[1. 13]

But the angles ABC, AB0 are also equal to two right angles ;

therefore the angles CBA, ABE are equal to the angles

CBA, ABD. [Post 4 and C. N. I]

Let the angle CBA be subtracted from each ;

20 therefore the remaining angle ABE is equal to the remaining

angle ABD, [C. A’. 3]

the less to the greater: which is impossible.

Therefore BE is not in a straight line with CB.

Similarly we can prove that neither is any other straight

25 line except BD.
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Therefore CB is in a straight line with BD.

Therefore etc.
Q. E. D.

I. If with any straight line.... There is no greater difliculty in translating the works

of the Greek geometers than that of accurately giving the force of prepositions. Irpbr, for

instance, is used in all sorts of expressions with various shades of meaning. The present

enunciation begins ‘Eu‘w rpés rm ewelqt xal TI; Irpbs ai'rrfi DWI/Lefty, and it is really necessary in

this one sentence to translate Irpbs by three difl'erent words, with, at, and on. The first 1rp6s

must be translated by with because two straight lines “ make” an angle will: one another. On

the other hand, where the similar expression 1rp6r r-[i 800mm 260d; occurs in t. 13, but it is

a question of “constructing” an angle (auarrlaaattat), we have to say “to construct an a

given straight line.” Against would perhaps be the English word coming nearest to

expressing all these meanings of Irpbs, but it would be intolerable as a translation.

17. Todhunter points out that for the inference in this line Post. 4, that all right angles

are equal, is necessary as well as the Common Notion that things which are equal to the same

thing (or rather, here, to equal thing) are equal. A similar remark applies to steps in the

proofs oft. t5 and I. 28.

14. we can prove. The Greek expresses this by the future of the verb, 6elfoaev,

“ we shall prove,” which however would perhaps be misleading in English.

Proclus observes (p. 297) that two straight lines on the same side of another

straight line and meeting it in one and the same

point may make with one and the same portion

of the straight line terminated at the point two

angles which are together equal to two right angles,

in which case however the two straight lines would

not be in a straight line with one another. And

he quotes from Porphyry a construction for two

such straight lines in the particular case where they

form with the given straight line angles equal

respectively to half a right angle and one and a

half right angles. There is no particular value in

the construction, which will be gathered from the annexed figure where CE,

CF are drawn at the prescribed inclinations to CD.

  

PROPOSITION 15.

If two straight lines cut one another, they mahe the vertical

angles equal to one another.

For let the straight lines AB, CD cut one another at the

point B ;

5 I say that the angle ABC is equal to A

the angle DBB, E

and the angle CBB to the angle 0 C

ABD. B

For, since the straight line AB stands

to on the straight line CD, making the angles CBA, ABD,

the angles CBA, ABD are equal to two right angles. 1

[L I 3
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Again, since the straight line DE stands on the straight

line AB, making the angles AED, DEB,

the angles AED, DEB are equal to two right angles.

[1. r3]

15 But the angles CEA, AED were also proved equal to

two right angles;

therefore the angles CEA, AED are equal to the

angles AED, DEB. [Post 4 and C. 1V. 1]

Let the angle AED be subtracted from each ;

20 therefore the remaining angle CEA is equal to the

remaining angle BED. [C. N. 3]

Similarly it can be proved that the angles CEB, DEA

are also equal.

Therefore etc. Q. E. o.

25 [Pomsrh From this it is manifest that, if two straight

lines cut one another, they will make the angles at the point

of section equal to four right angles]

1. the vertical angles. The difference between adjumll angles (at €¢e£fis 7wvtat) and

vertical angles (al Kurd. Kopvtp'lyv yuwlar) is thus explained by Proclus (p. 198. 14—24). The

first term describes the angles made by two straight lines when one only is divided by the

other, i.e. when one straight line meets another at a point which is not either of its extremi

ties, but is not itself produced beyond the point of meeting. \Vhen the first straight line is

produced, so that the lines cross at the point, they make two pairs of verliral angles (which

are more clearly described as zrertizally opposite angles), and which are so called because their

convergence is from opposite directions to one point (the intersection of the lines) as vertex

(KO/111M)

26. at the point of section, literally “at the section," ‘rptls 1-,} Toni.

This theorem, according to Eudemus, was first discovered by Thales, but

found its scientific demonstration in Euclid (Proclus, p. 299, 3—6).

Proclus gives a converse theorem which may be stated thus. 1/ a strazlglzt

line is met a! one and the samt' point inlermerlz'ale in ils length by two ollzer

slralltrlzl linrs on dzf’erenl sides of it and sud! as to make llle zlerlizal angles

equal, llze ltzlter slrarlg/zt lines are in a straight line wit/z on: anot/rer. The

proof need not be given, since it is almost self-evident, whether (I) it is direct,

by means of l. r3, 14, or (2) indirect, by redudio ad aosurdum depending

on r. 15. -

The balance of MS. authority seems to be against the genuineness of this

Porism, but Proclus and Psellus both have it. The word is not here used, as it

is in the title of Euclid’s lost Porisms, to signify a particular class of independent

propositions which Proclus describes as being in some sort intermediate between

theorems and problems (requiring us, not to bring a thing into existence, but

tofind something which we know to exist). Porism has here (and wherever

the term is used in the Elements) its second meaning; it is what we call a

corollary, i.e. an incidental result springing from the proof of a theorem or the

solution of a problem, a result not directly sought but appearing as it were by

chance without any additional labour, and constituting, as Proclus says, a sort

of windfall (zp'utlwv) and (Bonus (xe'pSoq). These Porisms appear in both the
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geometrical and arithmetical Books of the Elements, and may either result

from theorems or problems. Here the Porism is geometrical, and springs out

of a theorem; V11. 2 affords an instance of an arithmetical Porism. As an

instance of a Porism to a problem Proclus cites “that which is found in the

second Book” (15 (‘V 'rq'i sevrc'prp Btflkt'rp K(L,[.L¢VOV) ; but as to this see notes on

n. 4 and rv. 15.

The present Porism, says Proclus, formed the basis of “that paradoxical

theorem which proves that only the following three (regular) polygons can fill

up the whole space surrounding one point, the equilateral triangle, the square,

and the equilateral and equiangular hexagon.” We can in fact place round a

point in this manner six equilateral triangles, three regular hexagons, or four

squares. “But only the angles of these regular figures, to the number specified,

can make up four right angles : a theorem due to the I’ythagoreans.”

Proclus further adds that it results from the Porism that, if any number of

straight lines intersect one another at one point, the sum of all the angles so

formed will still be equal to four right angles. This is of course what is

generally given in the text-books as Corollary 2.

PROPOSITION 1 6.

In any triangle, one of l/ze sia'es be produced, the exterior

angle is grealer than either of the interior anal opposite angles.

Let ABC be a triangle, and let one side of it BC be

produced to D;

I say that the exterior angle ACD is greater than either

of the interior and opposite angles

CBA, BAC.

Let AC be bisected at E [1. lo],

and let BE be joined and produced

in a straight line to F;

let EFbe made equal to BE[|. 3],

let FC be joined [Post. 1], and let AC

be drawn through to G [Post. 2].

Then, since AB is equal to EC,

and BB to BF,

the two sides-AB, EB are equal to the two sides CE,

EF respectively;

and the angle AEB is equal to the angle BBC,

for they are vertical angles.

Therefore the base AB is equal to the base FC,

and the triangle ABE is equal to the triangle CFE,

and the remaining angles are equal to the remaining angles

respectively, namely those which the equal sides subtend ; [1. 4]

therefore the angle BAE is equal to the angle ECF.

A F
 
 

B

[L 15]
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25 But the angle ECD is greater than the angle ECF;

[C- 1V- 5]

therefore the angle ACD is greater than the angle BAE.

Similarly also, if BC be bisected, the angle BCG, that is,

the angle ACD [1. 15], can be proved greater than the angle

ABC as well.

Therefore etc. Q. E. D.

I. the exterior angle, literally “the outside angle," 1'7 éx-rbs 70min.

2. the interior and opposite angles, nIw év-rbs Kai direvavrlov 7wvu'bv.

11. let AC be drawn through to G. The word is 6.151001, a variation on the more

usual éxfleBMjtrOw, "let it be produced."

21. CFE, in the text “ FEC."

As is well known, this proposition is not universally true under the

Riemann hypothesis of a space endless in extent but not infinite in size. On

this hypothesis a straight line is a “closed series” and returns on itself; and

two straight lines which have one point of intersection have another point of

intersection also, which bisects the whole length of the straight line measured

from the first point on it to the same point again; thus the axiom of Euclidean

geometry that two straight lines do not enclose a space does not hold. If 4A

denotes the finite length of a straight line measured from any point once

round to the same point again, 2A is the distance between the two intersections

of two straight lines which meet. Two points A, B do not determine one

sole straight line unless the distance between them is different from 2A. In

order that there may only be one perpendicular from a point C to a straight

line AB, C must not be one of the two “poles” of the straight line.

Now, in order that the proof of the present proposition may be universally

valid, it is necessary that CF should always fall within the angle A CD so that

the angle ACF may be less than the angle ACD. But this will not always be

so on the Riemann hypothesis. For, (1) if BE is equal to A, so that BF is

equal to 2A, Fwill be the second point in which BE and BD intersect; i.e.

Fwill lie on CD, and the angle ACF will be equal to the angle ACD. In

this case the exterior angle A CD will be equal to the interior angle BAC.

(2) If BE is greater than A and less than 2A, so that BF is greater than 2A

and less than 4A, the angle ACF will be greater than the angle A CD, and

therefore the angle A CD will be less than the interior angle BA C. Thus, e.g.,

in the particular case of a right-angled triangle, the angles other than the right

angle may be (1) both acute, (2) one acute and one obtuse, or (3) both obtuse

according as the perpendicular sides are (I) both less than A, (2) one less and

the other greater than A, (3) both greater than A. ' .

Proclus tells us (p. 307, 1—12) that some combined this theorem with the

next in one enunciation thus: In any triangle, If one side he produced, the

exterior angle of the triangle is greater than either of the interior and opposite

angles, and any two of the interior angles are less than two right angles, the

combination having been suggested by the similar enunciation of Euclid i. 32,

In any triangle, if one of the sides beprodnced, the exterior angle is equal to the

two interior and opposite angles, and the three interior angles of the triangle are

equal to two right angles.

The present proposition enables Proclus to prove what he did not succeed

in establishing conclusively in his note on 1. 12, namely that from one point

there cannot be drawn to the same straight line three straight lines equal in length.
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For, if possible, let AB, AC, AD be all equal, B, C, D being in a

straight line.

Then, since AB, AC are equal, the angles

ABC, ACB are equal. A

Similarly, since AB, AD are equal, the angles

ABD, ADB are equal.

Therefore the angle ACB is equal to the angle

ADC, i.e. the exterior angle to the interior and B c D

opposite angle: which is impossible.

Proclus next (p. 308, I4 sqq.) undertakes to prove by means of I. 16 that,

if a straight line falling on two straight lines make the exterior angle equal to

the interior and (pposlte angle, the two straight lines will notform a triangle or

meet, for in that case the same angle would be both greater and equal.

The proof is really equivalent to that of Eucl. t. 27. If-BE falls on the

two straight lines AB, CD in such a way that the angle

CDE is equal to the interior and opposite angle ABD, A 0

AB and CD cannot form a triangle or meet. For, if

they did, then (by l. 16) the angle CDB would be

greater than the angle ABD, while by the hypothesis

it is at the same time equal to it.

Hence, says Proclus, in order that BA, DC may

form a triangle it is necessary for them to approaeh one B E

another in the sense of being turned round one pair of

corresponding extremities, e.g. B, D, so that the other extremities A, C come

nealrer. This may be brought about in one of three ways: (1) AB may

remain fixed and CD be turned about D so that the angle CDE increases;

(2) CD may remain fixed and AB be turned about B so that the angle ABD

becomes smaller; (3) both AB and CD may move so as to make the angle

ABD smaller and the angle CDE larger at the same time. The reason, then,

of the straight lines AB, CD coming to form a triangle or to meet is (says

Proclus) the movement of the strazght lines.

Though he does not mention it here, Proclus does in another passage

(p. 371, 2—10, quoted on p. 207 above) hint at the possibility that, while I. 16

may remain universally true, either of the straight lines BA, DC (or both

together) may be turned through any angle not greater than a certain finite

angle and yet may not meet (the Bolyai-Lobachewsky hypothesis).

PROPOSITION 17.

In any triangle two angles taken together in any manner

are less than two rzght angles.

Let ABC be a triangle ;

I say that two angles of the triangle ABC taken together in

any manner are less than two right angles.

For let BC be produced to D. [Post 2]

Then, since the angle ACD is an exterior angle of the

triangle ABC,

it is greater than the interior and opposite angle ABC.

[1. 16]
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Let the angle ACB be added to each;

therefore the angles ACD, ACB are greater than the angles

ABC, BCA.

B C D

But the angles ACD, ACB are equal to two right angles.

[1- 13]

Therefore the angles ABC, BCA are less than two right

angles.

Similarly we can prove that the angles BAC, ACB are

also less than two right angles, and so are the angles CAB,

ABC as well.

Therefore etc.

Q. E. 1).

r. taken together in any manner, Idv'r'g psfahapfiavbfl-evm, i.e. any pair added

together.

As in his note on the previous proposition, Proclus tries to state the cause

of the property. He takes the case of two straight lines forming right angles

with a transversal and observes that it is the mnvergenee of the straight lines

{awards one anol/zer (o'livevms 'ru'iv altkw'iv), the lessening of the two right angles,

which produces the triangle. He will not have it that the fact of the exterior

angle being greater than the interior and opposite angle is the muse of the

property, for the odd reason that “it is not necessary that a side should be

produced, or that there should be any exterior angle constructed. . .and how can

what is not necessary be the cause of what is necessary?” (p. 31 I, 17—21).

Agreeably to this view, Proclus then sets himself to prove the theorem

without producing a side of the triangle.

Let ABC be a triangle. Take any point D on A

BC, and join AD.

Then the exterior angle ADCof the triangle ABD

is greater than the interior and opposite angle ABD.

Similarly the exterior angle ADB of the triangle 3 D 0

ADC is greater than the interior and opposite angle

ACD.

Therefore, by addition, the angles ADB, ADC are together greater than

the angles ABC, ACB.

But the angles ADB, ADC are equal to two right angles; therefore the

angles ABC, ACB are less than two right angles.

Lastly, Proclus proves (what is obvious from this proposition) that there

ran/ml be more t/mn one perpendicular to a swig/11 line from a pain! wit/mu!

it. For, if this were possible, two of such perpendiculars would form a triangle

in which two angles would be right angles: which is impossible, since any two

angles of a triangle are together less than two right angles.
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PROPOSITION 18.

In any triangle llze greater sz'a’e suolemls the greater angle.

For let ABC be a triangle having the side AC greater

than AB ;

I say that the angle ABC is also greater than the angle

BCA.

For, since AC is greater than AB, let AD be made equal

to AB [1. 3], and let BD bejoined.

Then, since the angle ADB A

is an exterior angle of the triangle D

BCD,

it is greater than the interior

and opposite angle DCB. [1. 16] B 0

But the angle ADB is equal

to the angle ABD,

since the side AB is equal to AD;

therefore the angle ABD is also greater than the angle

ACB ;

therefore the angle ABC is much greater than the angle

A CB.

Therefore etc.

Q. E. 1).

In the enunciation of this proposition we have itirorst'vew (“subtend”) used with the

simple accusative instead of the more usual m with accusative. The latter construction

is used in the enunciation of 1. 19, which otherwise only differs from that of 1. 18 in the order

of the words. The point to remember in order to distinguish the two is that the datum

comes first and the quaesilum second, the datum being in this proposition the greater side

and in the next the greater angle. Thus the enunciations are (I. 18) "was rpryu'wou 1'; uslg'wv

rhevpti. ‘rip! peifoua. 'yurvlav t'nro'relvet and (I. 19) 'rmwtls rpt'yot'wov t'nro 'r‘lpv uelfova. 'ywvlcw 1'7

luifwv rhevptl. birorclvct. In order to keep the proper order in English we must use the

pa§ivc of the verb in 1. 19. Aristotle quotes the result of 1. 19, using the exact wording,

r'nrt) yap T'llll uelfw yuvlav r'nrorelvet (Meleorologira H1. 5, 376 a 11).

“In order to assist the student in remembering which of these two

propositions [1. 18, 19] is demonstrated directly and

which indirectly, it may be observed that the order is A

similar to that in 1. 5 and 1. 6” (Todhunter).

An alternative proof of 1. 18 given by Porphyry 0

(see Proclus, pp. 315, 11—316, 13) is interesting. It

starts by supposing a length equal to AB cut off from

the other end of AC; that is, CD and not AD is B 0

made equal to AB.

Produce AB to E so that BE is equal to AD, and

join EC.
Then, since AB is equal to CD, and BE to AD, E

AE is equal to AC.
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Therefore the angle ABC is equal to the angle ACE.

Now the angle ABC is greater than the angle ABC, [L 16]

and therefore greater than the angle A CE.

Hence, a fortiori, the angle ABC is greater than the angle ACB.

PROPOSITION 19.

In any triangle the greater angle is subtended by t/ze

greater side.

Let ABC be a triangle having the angle ABC greater

than the angle BCA ;

I say that the side AC is also greater than the side AB.

For, if not, AC is either equal to AB or less.

Now AC is not equal to AB; A

for then the angle ABC would also have been

equal to the angle ACB; [1. 5]

but it is not;

therefore AC is not equal to AB. c

Neither is AC less than AB,

for then the angle ABC would also have been less than the

angle ACB; [1. 18]

but it is not;

therefore AC is not less than AB.

And it was proved that it is not equal either.

Therefore AC is greater than AB.

Therefore etc. Q. E. D.

This proposition, like I. 6, can be proved by merely logical deduction from

r. 5 and I. 18 taken together, as pointed out by De Morgan. The general

form ofhthe argument used by De Morgan is given in his Formal Logie( 1847),

. 2 t us:p ‘S‘ibfilpotlzesis. Let there be any number of propositions or assertions—

three for instance, X, Y and Z—of which it is the property that one or the

other must be true, and one only. Let there be three other propositions

P, Q and R of which it is also the property that one, and one only, must be

true. Let it be a connexion of those assertions that:

when X is true, P is true,

when Y is true, Q is true,

when Z is true, R is true.

Consequence: then it follows that,

when P is true, X is true,

when Q is true, Y is true,

when R is true, Z is true.”
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To apply this to the case before us, let us denote the sides of the triangle

ABC by a, h, c, and the angles opposite to these sides by A, B, C respectively,

and suppose that a is the base.

Then we have the three propositions,

when h is equal to c, B is equal to C, [1. 5]

when h is greater than c, B is greater than C,} [I 18]

when h is less than c, B is less than C, '

and it follows logically that,

when B is equal to C, h is equal to c, ' [1. 6]

when B is greater than C, h is greater than c,} [I I ]

when B is less than C, h is less than c. ' 9

Reductio ad absurdum by exhaustion.

Here, says Proclus (p. 318, 16-23), Euclid proves the impossibility “by

means of division” (in Siatpéa-cws). This means simply the separation of

different hypotheses, each of which is inconsistent with the truth of the

theorem to be proved, and which therefore must be successively shown to be

impossible. If a straight line is not greater than a straight line, it must be

either equal to it or less; thus in a reductio a'd ahsurdum intended to prove

such a theorem as 1. 19 it is necessary to dispose successively of two hypotheses

inconsistent with the truth of the theorem.

Alternative (direct) proof.

Proclus gives a direct proof (pp. 319-321) which an-Nairizi also has and

attributes to Heron. It requires a lemma and is consequently open to the

slight objection of separating a theorem from its converse. But the lemma

and proof are worth giving.

Lemma.

If an angle qf a triangle he bisected and the straight line hirecting it meet the

hose and divide it into unequal parts, the sides containing the angle will he

unequal, and the greater will he that which meets the greater segment of the hose,

and the less that which meets the less.

Let AD, the bisector of the angle A of the triangle ABC, meet BC in D,

making CD greater than BD.

I say that A C is greater than AB.

Produce AD to E so that DE is equal to

AD. And, since DC is greater than BD, cut

ofl' DFequal to BD.

Join EFand produce it to G.

Then, since the two sides AD, DB are

equal to the two sides ED, DF; and the

vertical angles at D are equal,

AB is equal to EF;

and the angle DEFto the angle BAD,

i.e. to the angle DAG (by hypothesis).

Therefore AG is equal to EG, [1. 6]

and therefore greater than EF; or AB.

Hence, a fortiori, AC is greater than AB.
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Proof of I. 19.

Aaléet ABC be a triangle in which the angle ABC is greater than the angle

Bisect BC at D, join AD, and produce it to B so that DE is equal to

AD. Join BE.

Then the two sides BD, DE are equal to the two A

sides CD, DA, and the vertical angles at D are equal ;

therefore BB is equal to A C,

and the angle DBE to the angle at C.

But the angle at C is less than the angle ABC;

therefore the angle BBB is less than the angle 8 D c

ABD.

Hence, if BF bisect the angle ABE, BF meets

AE between A and D. Therefore EF is greater

than FA. 5

It follows, by the lemma, that BE is greater than

BA,

that is, AC is greater than AB.

PROPOSITION 20.

In any triangle two sides taken together in any manner

are greater than the remaining one.

For let ABC be a triangle; -

I say that in the triangle ABC two sides taken together in

any manner are greater than the remaining one, namely

BA, AC greater than BC,

AB, BC greater than AC,

BC, CA greater than AB.

For let BA be drawn through to the point D,

let DA be made equal to CA, and let DC be

joined.

Then, since DA is equal to AC,

the angle ADC is also equal to the angle A

ACD; [l- 5]

therefore the angle BCD is greater than c

the angle ADC. [C. IV. 5]

And, since DCB is a triangle having the angle BCD

greater than the angle BDC,

and the greater angle is subtended by the greater side,

[1. 19]

therefore DB is greater than BC.
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But DA is equal to AC;

therefore BA, AC are greater than BC.

Similarly we can prove that AB, BC are also greater

than CA, and BC, CA than AB.

Therefore etc.

Q. E. D.

It was the habit of the Epicureans, says Proclus (p. 322), to ridicule this

theorem as being evident even to an ass and requiring no proof, and their

allegation that the theorem was “known” (yvuiptpov) even to an ass was based

on the fact that, if fodder is placed at one angular point and the ass at another,

he does not, in order to get to his food, traverse the two sides of the triangle

but only the one side separating them (an argument which makes Savile exclaim

that its authors were “ digni ipsi, qui cum Asino foenum essent,” p. 78).

Proclus replies truly that a mere perception of the truth of the theorem is a

different thing from a scientific proof of it and a knowledge of the reason why

it is true. Moreover, as Simson says, the number of axioms should not be

increased without necessity.

Alternative Proofs.

Heron and Porphyry, we are told (Proclus, pp. 323-6), proved this

theorem in different ways as follows, without producing one of the sides.

First proqfi

Let ABC be the triangle, and let it be required to prove that the sides

BA, AC are greater than BC.

Bisect the angle BAC by AD meeting BC in D. A

Then, in the triangle ABD,

the exterior angle ADC is greater than the

interior and opposite angle BAD, [1. 16]

that is, greater than the angle DAC.

Therefore the side AC is greater than the side 3 D c

CD. [1. 19]

Similarly we can prove that AB is greater than BD.

Hence, by addition, BA, AC are greater than BC.

Seeond proqfi

This, like the first proof, is direct. There are several cases to be considered.

1) If the triangle is equilateral, the truth of the proposition is obvious.

l2) If the triangle is isosceles, the proposition needs no proof in the case

(a) where each of the equal sides is greater than the base.

(6) If the base is greater than either of the other sides, we have to prove

that the sum of the two equal sides is greater than

the base. Let BC be the base in such a triangle. A

Cut off from BC a length BD equal to AB, and

join AD.

Then, in the triangle ADB, the exterior angle

ADC is greater than the interior and opposite angle 3 D C

BAD. [1. 16]

Similarly, in the triangle ADC, the exterior angle ADB is greater than the

interior and opposite angle CAD.
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By addition, the two angles BDA, ADC are together greater than the

two angles BAD, DAC (or the whole angle BA C).

Subtracting the equal angles BDA, BAD, we have the angle ADC

greater than the angle CAD.

It follows that AC is greater than CD 3 [1. 19]

and, adding the equals AB, BD respectively, we have BA, AC together

greater than BC.

(3) If the triangle be stalcne, we can arrange the sides in order of length.

Suppose BC is the greatest, AB the intermediate and AC the least side.

Then it is obvious that AB, BC are together greater than AC, and BC, CA

together greater than AB.

It only remains therefore to prove that CA, AB are together greater

than BC.

We cut off from BC a length BD equal to the adjacent side, join AD, and

proceed exactly as in the above case of the isosceles triangle.

Tln'rdproqfi

This proof is by redudz'o ad absurdum.

Suppose that BC is the greatest side and, as before, we have to prove that

BA, AC are greater than BC.

If they are not, they must be either equal to A

or less than BC.

(1) Suppose BA, AC are together equal

to BC. 7

From BC cut off BD equal to BA, and B D c

join AD.

It follows from the hypothesis that DC is equal to A C.

Then, since BA is equal to BD,

the angle BDA is equal to the angle BAD.

Similarly, since AC is equal to CD,

the angle CDA is equal to the angle CAD.

By addition, the angles BDA, ADC are together equal to the whole angle

BA C.

That is, the angle BAC is equal to two right angles: which is impossible.

(2) Suppose BA, AC are together less than BC.

From BC cut ofi‘ BD equal to BA, and from CB cut off CE equal to

CA. Join AD, AE.

In this case, we prove in the same way that A

the angle BDA is equal to the angle BAD, and

the angle CEA to the angle CAE.

By addition, the sum of the angles BDA,

ABC is equal to the sum of the angles BAD, B D E C

CAE.

Now, by i. 16, the angle BDA is greater than the angle DAC, and

therefore, a forlz'ori, greater than the angle EAC.

Similarly the angle ABC is greater than the angle BAD.

Hence the sum of the angles BDA, AEC is greater than the sum of the.

angles BAD, EA C.

But the former sum was also equal to the latter: which is impossible.
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PROPOSITION 2 I.

[f on one of the sides of a triangle, from its extremities,

there be constructed two straight lines meeting within the

triangle, the straight lines so constructed will be less than the

remaining two sides of the triangle, but will contain a greater

5 angle.

On BC, one of the sides of the triangle ABC, from its

extremities B, C, let the two straight lines BD, DC be con

structed meeting within the triangle;

I say that BD, DC are less than the remaining two sides

10 of the triangle BA, AC, but contain an angle BDC greater

than the angle BAC.

For let BD be drawn through to E. - 'A

Then, since in any triangle two 5

sides are greater than the remaining

15 one, [1. 20]

therefore, in the triangle ABE, the

two sides AB,AE are greater than BE. B 0

Let EC be added to each ;

therefore BA, AC are greater than BE, EC.

20 Again, since, in the triangle CED,

the two sides CE, ED are greater than CD,

let DB be added to each ;

therefore CE, EB are greater than CD, DB.

But BA, AC were proved greater than BE, EC;

25 therefore BA, AC are much greater than BD, DC.

Again, since in any triangle the exterior angle is greater

than the interior and opposite angle, [1. 16]

therefore, in the triangle CDE,

the exterior angle BDC is greater than the angle CED.

30 For the same reason, moreover, in the triangle ABE also,

the exterior angle CEB is greater than the angle BAC.

But the angle BDC was proved greater than the angle CEB;

therefore the angle BDC is much greater than the angle

BA C.

35 Therefore etc. Q_ E_ D,

a. be construeted...meeting within the triangle. The word "meeting" is not in

the Greek, where the words are év'ros o'W-raOQaw. owlaraaflaz is the word used of con—

structing two straight lines to a pain! (cf. I. 7) or so as to form a triangle ; but it is necessary

in English to indicate that they meet.

3. the straight lines so constructed. Observe the elegant brevity of the Greek at

o'mrraOe'iom.

H. E. I9
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The editors generally call attention to the fact that the lines drawn within

the triangle in this proposition must be drawn,

as the enunciation says, from the end: of the A

side; otherwise it is not necessary that their

sum should be less than that of the remaining

sides of the triangle. Proclus (p. 327, 12 sqq.)

gives a simple illustration.

Let ABC be a right-angled triangle. Take

any point D on BC, join DA, and cut off

from it DE equal to A3. Bisect AE at E B D O

and join FC.

Then shall CF, FD be together greater than CA, AB.

For CE FE are equal to CF, FA,

and therefore greater than CA.

Add the equals ED, AB respectively ;

therefore CF; FD are together greater than CA, AB.

Pappus gives the same proposition as that just proved, but follows it up

by a number of others more elaborate in character, selected apparently from

“the so<called paradoxes” of one Erycinus (Pappus, 111. p. 106 sqq.). Thus

he proves the following:

1. In any triangle, except an equilateral triangle or an isosceles triangle

with base less than one of the other sides, it is possible to construct on the

base and within the triangle two straight lines the sum of which is equal to

the sum of the other two sides of the triangle.

2. In any triangle in which it is possible to construct two straight lines on

the base which are equal to the sum of the other two sides of the triangle it is

also possible to construct two others the sum of which is greater than that sum.

3. Under the same conditions, if the base is greater than either of the

other two sides, two straight lines can be constructed in the manner described

which are respeztiwbl greater than the other two sides of the triangle; and the

lines may be constructed so as to be respectively equal to the two sides, if one

of those two sides is less than the other and each of them less than the base.

4. The lines may be so constructed that their sum will bear to the sum

of the two sides of the triangle any ratio less than 2 : 1.

As a specimen of the proofs we will give that of the proposition which has

 

  

been numbered (I) for the case where the triangle is isosceles (Pappus, 111.

pp. 108—110). ‘
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Let ABC be an isosceles triangle in which the base AC is greater than

either of the equal sides AB, BC.

With centre A and radius AB describe a circle meeting AC in D.

Draw any radius AEFsuch that it meets BC in a point Foutside the circle.

Take any point G on ER and through it draw GH parallel to A C. Take

any point K on G17, and draw KL parallel to FA meeting AC in L.

From BC cut off BNequal to EG.

Thus AG, or LK, is equal to the sum of AB, BN, and CN is less than LK.

Now GE FHare together greater than G157,

and C17, HK together greater than CK.

Therefore, by addition,

CF; FG, HK are together greater than CK, HG.

Subtracting HK from each side, we see that

CF, FG are together greater than CK, KG ;

therefore, if we add AG to each,

AF; FC are together greater than AG, GK, KC.

And AB, BC are together greater than AF; FC. [1. 21]

Therefore AB, BC are together greater than A G, GK, KC.

But, by construction, AB, BN are together equal to AG ;

therefore, by subtraction, NC is greater than GK, KC,

and afortiori greater than KC.

Take on KC produced a point M such that K11! is equal to NC;

with centre K and radius KM describe a circle meeting CL in O, and join K0.

Then shall LK, KO be equal to AB, BC.

For, by construction, LK is equal to the sum of AB, BIV, and K0 is

equal to NC ;

therefore Llf, KO are together equal to AB, BC.

It is after I. 21 that (as remarked by De Morgan) the important

proposition about the perpendicular and obliques drawn from a point to a

straight line of unlimited length is best introduced:

Of all straight line: that can he drawn to a given straight line of unlimited

length from a given point without it .

(a) theperpendicular is the shortest,

(h) of the obliques, that is the greater the foot of whieh is further from the

perpenrlzeular ;

(e) given one oblique, only one other am hefound of the same length, namely

that the foot of which is equally distant with the foolof the given one from the

perfendieular, but on the other side of it.

Let A be the given point, BC the given straight line ; let AD be

the perpendicular from A on B

and AE, AF any two obliques of A

which AF makes the greater angle

with AD.

Produce AD to A’, making A’D D E F

equal to AD, and join A’E, A'FI B a c

Then the triangles ADE, A’DE

are equal in all respects; and so are

the triangles ADF; A’DF

Now (I) in the triangle AEA’ the _ .

two sides AE, EA’ are greater than AA’ [1. 20], that is, twice AB 15 greater

than twice A_D.

19—2
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Therefore AB is greater than AD.

(2) Since AE, A’E are drawn to E, a point within the triangle AFA',

AF; FA’ are together greater than AE, EA’, [1. 21]

or twice AF is greater than twice AE.

Therefore AF is greater than AB.

(3) Along DB measure off DG equal to DB; and join AG.

The triangles A GD, AFD are then equal in all respects, so that the

angles GAD, FAD are equal, and AG is equal to AF.

PROPOSITION 2 2.

Out of three strazght lines, which are equal to three given

strazght lines, to eonstruet a triangle .' thus it is necessary that

two of the strazght lines taken together in any manner should

he greater than the remaining one. [1. 20]

Let the three given straight lines be A, B, C, and of these

let two taken together in any manner be greater than the

remaining one,

namely A, B greater than C,

A, C greater than B,

and B, C greater than A ;

thus it is required to construct a triangle out of straight lines

equal to A, B, C.

 
OW)

Let there be set out a straight line DE, terminated at D

but of infinite length in the direction of B,

and let DF be made equal to A, FG equal to B, and GH

equal to C. [1- 3]

With centre F and distance FD let the circle DKL be

described ;

again, with centre G and distance GH let the circle KLH be

described ;

and let KF, KG be joined ;

I say that the triangle KFG has been constructed out of

three straight lines equal to A, B, C.
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For, since the point F is the centre of the circle DKL,

FD is equal to FK.

But FD is equal to A ;

therefore KF is also equal to A.

Again, since the point G is the centre of the circle LlfH,

GH is equal to GK.

But GH is equal to C;

therefore KG is also equal to C.

And FG is also equal to B;

therefore the three straight lines KF, FG, GK’ are equal to

the three straight lines A, B, C.

Therefore out of the three straight lines KF, FG, GK,

which are equal to the three given straight lines A, B, C, the

triangle KFG has been constructed. Q E F

2—4. This is the first case in the Elements of a 6topmpt6s to a problem in the sense of a

statement of the conditions or limits of the possibility of a solution. The criterion is of

course supplied by the preceding proposition.

1. thus it is necessary. This is usually translated (e.g. by Williamson and Simson)

“But it is necessary,” which is however inaccurate, since the Greek is not 5:? 1% but 6:? 61).

The words are the same as those used to introduce the titopwpbr in the other sense of the

“definition " or " particular statement" of a construction to be effected. Hence, as in the

latter case we say “thus it is required” (e.g. to bisect the finite straight line AB, 1. 10), we

should here translate “ l/m: it is necessary.“

4. To this enunciation all the M55. and Boethius add, after the mamas, the words

“because in any triangle two sides taken together in any manner are greater than the

remaining one." But this explanation has the appearance of a gloss, and it is omitted by

Proclus and Campanus. Moreover there is no corresponding addition to the 6wpw'p6s

of VI. 18.

It was early observed that Euclid assumes, without giving any reason, that

the circles drawn as described will meet if the condition that any two of the

straight lines A, B, C are together greater than the third be fulfilled. Proclus

(p. 33x, 8 sqq.) argues the matter by means of reductz'a ad absurdum, but

does not exhaust the possible hypotheses inconsistent with the contention.

He says the circles must do one of three things, (I) cut one another, (2) touch

one another, (3) stand apart (Stw-révat) from one another. He then considers

the hypotheses (a) of their touching externally, (b) of their being separated

from one another by a space. He should have considered also the hypothesis

(0) of one circle touching the other internally or lying entirely within the

other without touching. These three hypotheses being successively disproved,

it follows that the circles must meet (this is the line taken by Camerer and

Todhunter).

Simson says: “Some authors blame Euclid because he does not

demonstrate that the two circles made use of in the construction of this

problem must cut one another: but this is very plain from the determination

he has given, namely, that any two of the straight lines D17, FG, GH must

be greater than the third. For who is so dull, though only beginning to

learn the Elements, as not to perceive that the circle described from the

centre E at the distance FD, must meet FH betwixt F and H, because FD

is less than FH; and that, for the like reason, the circle described from the
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centre G at the distance GH must meet DG betwixt D and G; and that

these circles must meet one another, because ED and GH are together

greater than FG.”

We have in fact only to satisfy ourselves that one of the circles, e.g. that

with centre G, has at least one point of its circumference outside the other

circle and also at least one point of its circumference inside the same circle ;

and this is best shown with reference to the points in which the first circle

cuts the straight line DE. For (1) F17, being equal to the sum of B and C,

is greater than A, i.e. than the radius of the circle with centre E and therefore

H is outside that circle. (2) If GM be measured along GF equal to GH

or C, then, since GM is either (a) less or (b) greater than GE M will fall

either (a) between G and For (1)) beyond F towards D; in the first case

(a) the sum of FM and C is equal to FG and therefore less than the sum

of A and C, so that F111 is less than A or FD; in the second case (b) the

sum of ME and FG, i.e. the sum of ME and B, is equal to GMor C, and

therefore less than the sum of A and B, so that MB is less than A or FD ;

hence in either case M falls within the circle with centre E

It being now proved that the circumference of the circle with centre G

has at least one point outside, and at least one point inside, the circle with

centre E we have only to invoke the Principle of Continuity, as we have to

do in I. I (cf. the note on that proposition, p. 242, where the necessary

postulate is stated in the form suggested by Killing).

That the construction of the proposition gives only two points of

intersection between the circles, and therefore only two triangles satisfying

the condition, one on each side of FG, is clear from I. 7, which, as before

pointed out, takes the place, in Book 1., of III. 10 proving that two circles

cannot intersect in more points than two.

PROPOSITION 23.

On a given straight line and at a point on it to construct a

rectilineal angle equal to a given rectilineal angle.

Let AB be the given straight line, A the point ‘on it, and

the angle DCE the given rectilineal angle;

thus it is required to construct on the given straight line

AB, and at the point A on it, a rectilineal angle equal to the

given rectilineal angle DCE.

D

F

E

A G B

On the straight lines CD, CE respectively let the points

D, E be taken at random;

let DE be joined,

and out of three straight lines which are equal to the three
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straight lines CD, DE, CE let the triangle AFG be con

structed in such a way that CD is equal to AE, CE to AG,

and further DE to EC. [1. 22]

Then, since the two sides DC, CE are equal to the two

sides FA, AG respectively,

and the base DE is equal to the base FG,

the angle DCE is equal to the angle FAG. [1. 8]

Therefore on the given straight line AB, and at the point

A on it, the rectilineal angle FAG has been constructed equal

to the given rectilineal angle DCE.
Q. E. F.

This problem was, according to Eudemus (see Proclus, p. 333, 5), “rather

the discovery of Oenopides,” from which we must apparently infer, not that

Oenopides was the first to find any solution of it, but that it was he who dis

covered the particular solution given by Euclid. (Cf. Bretschneider, p. 65.)

The editors do not seem to have noticed the fact that the construction of

the triangle assumed in this proposition is not exactly the construction given

in 1. 22. We have here to construct a triangle on a certain finite straight line

AG as base ,- in 1. 22 we have only to construct a triangle with sides of given v

length without any restriction as to how it is to be placed. Thus in 1. 22 we

set out any line whatever and measure successively three lengths along it

beginning from the given extremity, and what we must regard as the base is the

intermediate length, not the length beginning at the given extremity of the

straight line arbitrarily set out. Here the base is a given straight line abutting

at a given point. Thus the construction has to be modified somewhat from

that of the preceding proposition. We must measure AG along AB so that

AG is equal to CE (or CD), and GH along GB equal to DE ; and then we

must produce BA, in the opposite direction, to F, so that AF is equal to CD

(or CE, if AG has been made equal to CD).

Then, by drawing circles (1) with centre A and radius AF; (2) with centre

G and radius G11, we determine K, one of their points of intersection, and we

prove that the triangle KAG is equal in all respects to the triangle DCE, and

then that the angle at A is equal to the angle DCE.

I think that Proclus must (though he does not say so) have felt the same

difiiculty with regard to the use in 1. 2 3 of the result of 1. 22, and that this is

probably the reason why he gives over again the construction which I have

given above, with the remark (p. 334, 6) that “you may obtain the construction

of the triangle in a more instructive manner (SLSaQ-mMKuB-epov) as follows.”

Proclus objects to the procedure of Apollonius in constructing an angle

under the same conditions. and certainly, if he quotes Apollonius correctly, the

latter’s exposition must have been somewhat slipshod.
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“He takes an angle CDE at random,” says Proclus (p. 335, 19 sqq.), “and

a straight line AB, and with centre D and distance

CD describes the circumference CE, and in the same 0

way with centre A and distance AB the circumference

FB. Then, cutting off FB equal to CE, he joins AF

And he declares that the angles A, D standing on

equal circumferences are equal.”

In the first place, as Proclus remarks, it should be E

premised that AB is equal to CD in order that the B

circles may be equal; and the use of Book In. for

such an elementary construction is objectionable. A

The omission to state that AB must be taken equal

to CD was no doubt a slip, if it occurred. And, as

regards the equal angles “standing on equal circum- F

ferences,” it would seem possible that Apollonius said

this in explanation, for the sake of brevity, rather than by way of proof. It

seems to me probable that his construction was only given from the point of

view ofprartieal, not theoretical, geometry. It really comes to the same thing

as Euclid’s except that DC is taken equal to DE. For cutting off the arc BF

equal to the arc CE can only be meant in the sense of measuring the rhord

CE, say, with a pair of compasses, and then drawing a circle with centre B

and radius equal to the chord CE. Apollonius’ direction was therefore

probably intended as a practical short cut, avoiding the actual drawing of the

chords CE, BF; which, as well as a proof of the equality in all respects of the

triangles CDE, BAF, would be required to establish theoretieally the correct

ness of the construction.

PROPOSITION 24.

If two triangles have the two sides equal to two sides

respectively, but have the one of the angles contained by the equal

strazght lines greater than the other, they will also have the

base greater than the base.

5 Let ABC, DEF be two triangles having the two sides

AB, AC equal to the two sides DE, DE respectively, namely

AB to DE, and AC to DF, and let the angle at A be greater

than the angle at D ;

I say that the base BC is also greater than the base EF.

10 For, since the angle BAC

is greater than the angle EDF, A 0

let there be constructed, on the

straight line DE, and at the

point D on it, the angle EDG

15 equal to the angle BAC; [1. 23] 8

let DG be made equal to either G |.

of the two straight lines AC,

DF, and let EG, FG be joined.
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I

Then, since AB is equal to DB, and AC to DG,

2° the two sides BA, AC are equal to the two sides ED, DG,

respectively ;

and the angle BAC is equal to the angle BDG ;

therefore the base BC is equal to the base EG. [1. 4]

Again, since DF is equal to DG,

25 the angle DGF is also equal to the angle DFG ; [1. 5]

therefore the angle DFG is greater than the angle EGF.

Therefore the angle EFG is much greater than the angle

EGF.

And, since EFG is a triangle having the angle EFG

30 greater than the angle EGF,

and the greater angle is subtended by the greater side,

[I- I9]

the side EG is also greater than BF.

But EG is equal to BC.

Therefore BC is also greater than EF.

35 Therefore etc.

Q. E. D.

10. I have naturally left out the well-known words added by Simson in

order to avoid the necessity of considering three cases: “Of the two sides

DE, DF let DE be the side which is not greater than the other.” I doubt

whether Euclid could have been induced to insert the words himself, even if

it had been represented to him that their omission meant leaving two possible

cases out of consideration. His habit and that of the great Greek geometers

was, not to set out all possible cases, but to give as a rule one case, generally

the most difficult, as here, and to leave the others to the reader to work out for

himself. We have already seen one instance in 1. 7.

Proclus of course gives the other

two cases which arise if we do not A D .

first provide that DE is not greater

than DE

(1) In the first case G may fall

on EF produced, and it is then

B C E F Gobvious that EG is greater than ER

(2) In the second case EG may

fall below ER
If so, by 1. 21, 0F, FE are A 0

together less than DG, GE.

But DF is equal to DG ; there

fore EF is less than EG, i.e. than

BC. F

C E 0These two cases are therefore B

decidedly simpler than the case taken

by Euclid as typical, and could well be left to the ingenuity of the learner.

If however after all we prefer to insert Simson’s words and avoid the latter



298 BOOK I [1. 24

two cases, the proof is not complete unless we show that, with his assumption,

F must, in the figure of the proposition, fall below EG.

De Morgan would make the following proposition precede: Every straight

line drawnfrom the vertex of a triangle to the bare is less tlzan the greater of the

two sides, or than either if they are egual, and he would prove it by means of

the proposition relating to perpendicular and obliques given above, p. 291.

But it is easy to prove directly that F falls below EG, if

DE is not greater than DG, by the method employed by D

Pfleiderer, Lardner, and Todhunter.

Let DE produced if necessary, meet EG in H.

Then the angle DHG is greater than the angle DEG ,' E

[1. 16]

and the angle DEG is not less than the angle DGE;

[1. 18]

therefore the angle DHG is greater than the angle DGH 6

Hence DH is less than DG, [1. 19]

and therefore DH is less than DE ‘

Alternative proof.

Lastly, the modern alternative proof is worth giving.

A D A D

 

B C 5W6 B C E H G

F

Let DH bisect the angle FDG (after the triangle DEG has been made

equal in all respects to the triangle ABC, as in the proposition), and let DH

meet EG in H Join HE

Then, in the triangles FDH', GDH,

the two sides FD, DH are equal to the two sides GD, DB7,

and the included angles FDH, GDHare equal ;

therefore the base HF is equal to the base HG.

Accordingly EG is equal to the sum of Eb’, HF;

and Eff, HF are together greater than EF; [1. 20]

therefore EG, or BC, is greater than EE

Proclus (p. 339, It sqq.) answers by anticipation the possible question that

might occur to any one on this proposition, viz. why does Euclid not compare

the areas of the triangles as he does in I. 4? He observes that inequality of

the areas does not follow from the inequality of the angles contained by the

equal sides, and that Euclid leaves out all reference to the question both for

this reason and because the areas cannot be compared without the help of the

theory of parallels. “ But if,” says Proclus, “we must anticipate what is to

come and make our comparison of the areas at once, we assert that (I) If

tlze angles A, D—supposing that our argument proceeds with reference to the

figure in the proposition—are (together) equal to two right angles, tlze triangles
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are proved equal, (2) if greater than two right angles, that triangle which has

the greater angle is less, and (3) they are less, greater.” Proclus then gives

the proof, but without any reference to the source from which he quoted

the proposition. Now an-Nairizi adds a similar proposition to I. 38, but

definitely attributes it to Heron. I shall accordingly give it in the place

where Heron put it.

PROPOSITION 2 5.

If two triangles have the two sides equal to two sides

respectively, but have the base greater than the base, they will

also have the one of the angles contained by the equal straight

lines greater than the other.

Let ABC, DEF be two triangles having the two sides

AB, AC equal to the two sides DE, DE respectively, namely

AB to DE, and AC to DF; and let the base BC be greater

than the base EF ;

I say that the angle BAC is also greater than the angle

EDF.

A o

B E F

For, if not, it is either equal to it or less.

Now the angle BAC is not equal to the angle EDF;

for then the base BC would also have been equal to the base

5F, [I- 4]

but it is not ;

therefore the angle BAC is not equal to the angle EDF.

Neither again is the angle BAC less than the angle EDF;

for then the base BC would also have been less than the base

5}?’ [I. 24]

but it is not;

therefore the angle BAC is not less than the angle EDF.

But it was proved that it is not equal either ;

therefore the angle BAC is greater than the angle EDF.

Therefore etc.

Q. E. D.
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De Morgan points out that this proposition (as also 1. 8) is a purely logical

consequence of 1. 4 and 1. 24 in the same way as 1. 19 and 1. 6 are purely

logiazl consequences of I. 18 and l. 5. If a, b, 5 denote the sides, A, B, C the

angles opposite to them in a triangle ABC, and a’, b’, a’, A’, B’, C' the sides

and opposite angles respectively in a triangle A’B'C’, 1. 4 and 1. 24 tell us

that, b, : being respectively equal to b’, r’,

(1) if A is equal to A’, then a is equal to a’,

(2) if A is less than A’, then a is less than a’,

(3) if A is greater than A’, then a is greater than a’ ;

and it follows logiza/(y that,

(1) ifa is equal to a’, the angle A is equal to the angle A’, [1. 8]

(2) if a is less than a’, A is less than A’,

(3) ifa is greater than a’, A is greater than A’. } [L 25]

Two alternative proofs of this theorem are given by Proclus (pp. 345-7),

and they are both interesting. Moreover both are dira't.

1. Proof by Menelaus of Alexandria.

Let ABC, DEF be two triangles having the two sides BA, AC equal to

the two sides ED, DF, but the base BC greater than the base EFI

 

/

H

Then shall the angle at A be greater than the angle at D.

From BC cut off BG equal to EE At B, on the straight line BC, make

the angle GBH (on the side of BG remote from A) equal to the angle FED.

Make BH equal to DE; join HG, and produce it to meet AC in K.

Join AH

Then, since the two sides GB, BH are equal to the two sides FE, ED

respectively,

and the angles contained by them are equal,

HG is equal to DFor AC,

and the angle BHG is equal to the angle EDFI

Now HK is greater than HG or AC,

and a forliori greater than AK;

therefore the angle KAH is greater than the angle KHA.

And, since AB is equal to B11,

the angle BAH is equal to the angle BHA.

Therefore, by addition,

the whole angle BA C is greater than the whole angle BHG,

that is, greater than the angle EDFI
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II. Heron's proof.

Let the triangles be given as before.

Since BC is greater than ER produce EF to G so that EG is equal to

BC.

Produce ED to H so that DH is equal to DE The circle with centre

D and radius DF will then pass through 11. Let it be described, as FKH

H  

Now, since BA, AC are together greater than BC,

and BA, AC are equal to ED, DH respectively,

while BC is equal to EG,

EH is greater than EG.

Therefore the circle with centre E and radius EG will cut E17, and

therefore will cut the circle already drawn. Let it cut that circle in K, and

join DK, KE.

Then, since D is the centre of the circle FKII,

DK is equal to DB or A C.

Similarly, since E is the centre of the circle KG,

EK is equal to EG or BC,

And DE is equal to AB.

Therefore the two sides BA, AC are equal to the two sides ED, DK

respectively 3

and the base BC is equal to the base EK ;

therefore the angle BAC is equal to the angle EDK.

Therefore the angle BA C is greater than the angle EDF

PROPOSITION 26.

If two triangles have the two angles equal to two angles

respectively, and one side equal to one side, namely, either the

side adjoining the equal angles, or that subtending one of the

equal angles, they will also have the remaining sides equal to

5 the remaining sides and the remaining angle to the remaining

angle.
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Let ABC, DEF be two triangles having the two angles

ABC, BCA equal to the two angles DEF, EFD respectively,

namely the angle ABC to the angle DEF, and the angle

10 BCA to the angle EFD; and let them also have one side

equal to one side, first that adjoining the equal angles, namely

BC to EE ;

I say that they will also have the remaining sides equal

to the remaining sides respectively, namely AB to DE and

15 AC to DF, and the remaining angle to the remaining angle,

namely the angle BAC to the angle EDF.

A D

G

B C

For, if AB is unequal to DE, one of them is greater.

Let AB be greater, and let BG be made equal to DE;

and let GC be joined.

,0 Then, since BG is equal to DE, and BC to EF,

the two sides GB, BC are equal to the two sides DE, EF

respectively;

and the angle GBC is equal to the angle DEF;

therefore the base GC is equal to the base DF,

25 and the triangle GBC is equal to the triangle DEF,

and the remaining angles will be equal to the remaining angles,

namely those which the equal sides subtend ; [1. 4]

therefore the angle GCB is equal to the angle DFE.

But the angle DFE is by hypothesis equal to the angle BCA;

therefore the angle BCG is equal to the angle BCA,

the less to the greater: which is impossible.

Therefore AB is not unequal to DE,

and is therefore equal to it.

But BC is also equal to EF;

35 therefore the two sides AB, BC are equal to the two

sides DE, EF respectively,

and the angle ABC is equal to the angle DEF;

therefore the base AC is equal to the base DF,

and the remaining angle BAC is equal to the remaining

40 angle EDF. [1. 4]

30



1. 26] PROPOSITION 26 303

Again, let sides subtending equal angles be equal, as AB

to DE;

I say again that the remaining sides will be equal to the

remaining sides, namely AC to DF and BC to EF, and

45 further the remaining angle BAC is equal to the remaining

angle EDF.

For, if BC is unequal to EF, one of them is greater.

Let BC be greater, if possible, and let BH be made equal

to EF; let AH be joined.

50 Then, since BH is equal to EF, and AB to DE,

the two sides AB, BH are equal to the two sides DE, EF

respectively, and they contain equal angles;

therefore the base AH is equal to the base DF,

and the triangle ABH is equal to the triangle DEF,

55 and the remaining angles will be equal to the remaining angles,

namely those which the equal sides subtend ; [1. 4]

therefore the angle BHA is equal to the angle EFD.

But the angle EFD is equal to the angle BCA ;

therefore, in the triangle AHC, the exterior angle BHA is

60 equal to the interior and opposite angle BCA :

which is impossible. [1. 16]

Therefore BC is not unequal to BE,

and is therefore equal to it.

But AB is also equal to DE;

65 therefore the two sides AB, BC are equal to the two sides

DE, EF respectively, and they contain equal angles;

therefore the base AC is equal to the base DF,

the triangle ABC equal to the triangle DEF,

and the remaining angle BAC equal to the remaining angle

70 EDF. [1. 4]

Therefore etc.

Q. E. D.

'2—3. the side adjoining the equal angles, n-Aevpav Hp rpils 'raTr la'cus 'ywylats.

29. is by hypothesis equal. inrbxetrau In), according to the elegant Greek idiom.

I'rr6xeuwu is used for the passive of mnow, as xeiucu is used for the passive of 1101);“, and

so with the other compounds. Cf. rpoo'xefa'ltat, “ to be added.”

The alternative method of proving this proposition, viz. by applying one

triangle to the other, was very early discovered, at least so far as regards the

case where the equal sides are adjacent to the equal angles in each. An-Nairizi

gives it for this case, observing that the proof is one which he had found, but

of which he did not know the author.
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Proclus has the following interesting note (p. 352, 13—18): “Eudemus

in his geometrical history refers this theorem to Thales. For he says that, in

the method by which they say that Thales proved the distance of ships in the

sea, it was necessary to make use of this theorem.” As, unfortunately, this

information is not sufiicient of itself to enable us to determine how Thales

solved this problem, there is considerable room for conjecture as to his

method.

The suggestions of Bretschneider and Cantor agree in the assumption

that the necessary observations were probably made from the top of some

tower or structure of known height, and that a right-angled triangle was used in

which the tower was the perpendicular, and the line connecting the bottom of

the tower and the ship was the base, as in the annexed figure, where AB is the

tower and C the ship. Bretschneider (Die Geometric und die Geometer vor

Euhleides, § 30) says that it was only necessary for

the observer to observe the angle CAB, and then A

the triangle would be completely determined by D 5

means of this angle and the known length AB.

As Bretschneider says that the result would be

obtained “in a moment” by this method, it is not

clear in what sense he supposes Thales to have

“observed” the angle BAC. Cantor is more

definite (Gesch. d. Math. 1,, p. 145), for he says that 9 C

the problem was nearly related to that of finding the

Seqt from given sides. By the Scqt in the Papyrus Rhind is meant, according

to the conjecture of Cantor and Eisenlohr, a number representing the ratio to

one another of the lengths of certain lines in pyramids or obelisks ; sometimes

it is practically equivalent to the cosine of the angle made by the sloping edge

of a pyramid and the semi-diagonal of the base, sometimes to the tangent of

the angle made by the perpendicular from the vertex of the pyramid on one

side of the base and the line connecting the foot of that perpendicular and the

centre of the base. The calculation of the Seqt thus implying a sort of theory

of similarity, or even of trigonometry, the suggestion of Cantor is apparently

that the Seq! in this case would be found from a small right-angled triangle

ADE having a common angle A with ABC as shown in the figure, and that

the ascertained value of the Seqt with the length AB would determine BC.

This amounts to the use of the property of similar triangles; and

Bretschneider’s suggestion must apparently come to the same thing, since,

even if Thales measured the angle in our sense (e.g. by its ratio to a right

angle), he would, in the absence of something corresponding to a table of

trigonometrical ratios, have gained nothing and would have had to work out

the proportions all the same.

Max C. P. Schmidt also (Kulturhistonsrhe Beitra'ge zur Kenntnis des

grleehischen und ro'mischen Altertunzs, 1906, p. 32) similarly supposes Thales to

have had a right angle made of wood or bronze with the legs graduated, to

have placed it in the position ADE (A being the position of his eye), and

then to have read oil" the lengths AD, DE respectively, and worked out the

length of BC by rule of three.

How then does the supposed use of similar triangles and their property

square with Eudemus’ remark about I. 26? As it stands, it asserts the

equality of two triangles which have two angles and one side respectively

equal, and the theorem can only be brought into relation with the above

explanations by taking it as asserting that, if two angles and one side of one

triangle are given, the triangle is completely determined. But, if Thales
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practically used proportions, as supposed, 1. 26 is surely not at all the theorem

which this procedure would naturally suggest as underlying it and being

“necessarily used”; the use of proportions or of similar but not equal

triangles would surely have taken attention altogether away from 1. 26 and

fixed it on v1. 4.

For this reason I think Tannery is on the right road when he tries to find

a solution using 1. 26 as it stands, and withal as primitive as any recorded

solution of such a problem. His suggestion (La Géométn'egrecgue, pp. 90—1)

is based on the flumz'm': varalz'o of the Roman agrimensor Marcus Junius

Nipsus and is as follows.

To find the distance from a point A to an inaccessible point B. From A

measure along a straight line at right angles to AB a

length AC and bisect it at D. From C draw CE at right 8

angles to CA on the side of it remote from B, and let E

be the point on it which is in a straight line with B and D.

Then, by 1. 26, CE is obviously equal to AB.

As regards the equality of angles, it is to be observed

that those at D are equal because they are vertically

opposite, and, curiously enough, Thales is expressly

credited with the discovery of the equality of such angles.

The only objection which I can see to Tannery’s

solution is that it would require, in the case of the ship, a

certain extent of free and level ground for the construction

and measurements.

I suggest therefore that the following may have been

Thales’ method. Assuming that he was on the top of a

tower, he had only to use a rough instrument made of a straight stick and a

cross-piece fastened to it so as to be capable of turning about the fastening

(say a nail) so that it could form any angle with the stick and would remain

where it was put. Then the natural thing would be to fix the stick upright

(by means of a plumb-line) and direct the cross-piece towards the ship.

Next, leaving the cross-piece at the angle so found, the stick could be turned

round, still remaining vertical, until the cross-piece pointed to some visible

object on the shore, when the object could be mentally noted and the distance

from the bottom of the tower to it could be subsequently measured. This

would, by I. 26, give the distance from the bottom of the tower to the ship.

This solution has the advantage of corresponding better to the simpler and

more probable version of Thales’ method of measuring the height of the

pyramids; Diogenes Laertius says namely (1. 27, p. 6, ed. Cobet) on the

authority of Hieronymus of Rhodes (3.0 300—260'), that he waited for this

purpose until the moment when our s/zaa’owr are of tile same lengl/z as ourselves.

E

Recapitulation of congruence theorems.

Proclus, like other commentators, gives at this point (p. 347, 20 sqq.) a

summary of the cases in which the equality of two triangles in all respects can

be established. We may, he says, seek the conditions of such equality by

successively considering as hypotheses the equality (1) of sides alone, (2) of

angles alone, (3) of sides and angles combined. Taking (1) first, we can only

establish the equality of the triangles in all respects if all three sides are

respectively equal ,' we cannot establish the equality of the triangles by any

hypothesis of class (2), not even the hypothesis that all the three angles are

respectively equal; among the hypotheses of class (3), the equality of one

H. E- 20
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side and one angle in each triangle is not enough, the equality (a) of one side

and all three angles is more than enough, as is also the equality (b) of two

sides and two or three angles, and (e) of three sides and one or two angles.

The only hypotheses therefore to be examined from this point of view are

the equality of

(a) three sides [Eucl. l. 8].

(B) two sides and one angle [1. 4 proves one case of this, where the angle

is that contained by the sides which are by hypothesis equal].

(7) one side and two angles [1. 26 covers all cases].

It is curious that Proclus makes no allusion to what we call the ambiguous

case, that case namely of (,8) in which it is an angle opposite to one of the

two specified sides in one triangle which is equal to the angle opposite to the

equal side in the other triangle. Camerer indeed attributes to Proclus the

observation that in this case the equality of the triangles cannot, unless some

other condition is added, be asserted generally; but it would appear that

Camerer was probably misled by a figure (Proclus, p. 35!) which looks like a

figure of the ambiguous case but is really only used to show that in I. 26 the

equal sides must be corresponding sides, i.e., they must be either adjacent to the

equal angles in each triangle, or opposite to corresponding equal angles, and

that, e.g., one of the equal sides must not be adjacent to the two angles in

one triangle, while the side equal to it in the other triangle is opposite to one

of the two corresponding angles in that triangle.

The ambiguous case.

If two triangles have two sides equal to two sides respectively, and the

angles opposite to one pair of equal sides be also equal, then will the angles

opposite the other pair of equal sides be either equal or supplementary ,- and, in

theformer ease, the triangles will be equal in all respects.

Let ABC, DEF be two triangles such that AB is equal to DE, and AC

to DF; while the angle ABC is equal to the angle DEF;

it is required to prove that the angles A CB, DFE are either equal or

supplementary.

A A D

 

B c B c E F 6

Now (I), if the angle BAC be equal to the angle EDF; it follows, since

the two sides AB, A C are equal to the two sides DE, DF respectively, that

the triangles ABC, DEFare equal in all respects, [1. 4]

and the angles A CB, DFE are equal.

(2) If the angles BA C, EDF be not equal, make the angle EDG (on

the same side of ED as the angle EDF) equal to the angle BA C.

Let EF, produced if necessary, meet DG in G.

Then, in the triangles ABC, DEG,

the two angles BA C, ABC are equal to the two angles EDG, DEG

respectively,

and the side AB is equal to the side DE;
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therefore the triangles ABC, DEG are equal in all respects, [1. 26]

so that the side A C is equal to the side DG,

and the angle A CB is equal to the angle DGE.

Again, since AC is equal to DFas well as to DG,

DF is equal to DG,

and therefore the angles DFG, DGFare equal.

But the angle DFE is supplementary to the angle DFG ; and the angle

DGF was proved equal to the angle ACB ;

therefore the angle DFE is supplementary to the angle A CB.

If it is desired to avoid the ambiguity and secure that the triangles may

be congruent, we can introduce the necessary cond1tions into the enunciation,

on the analogy of Eucl. v1. 7.

If two triangles have two sides of the one equal to two sides of the other

respeetioely, and the angles opposite to a pair of equal sides equal, then, if the

angles opposite to the other pair of equal sides are both arute, or hot/l ohtuse, orone of them is a right angle, the two triangles are equal in all respeels.

The proof of the three cases (by reduetio aa' ahsurdum) was given by

Todhunter.

PROPOSITION 2 7.

[f a strazght line falling on two strazght lines make the

alternate angles equal to one another, the strazght lines will he

parallel to one another.

For let the straight line EF falling on the two straight

5 lines AB, CD make the alternate angles AEF, EFD equal

to one another ;

I say that AB is parallel to CD.

For, if not, AB, CD when pro

duced will meet either in the direction

10 of B, D or towards A, C.

Let them be produced and meet,

in the direction of B, D, at G.

Then, in the triangle GEF,

the exterior angle AEF is equal to the interior and opposite

15 angle EFG :

which is impossible. [1. 16]

Therefore AB, CD when produced will not meet in the

direction of B, D.

Similarly it can be proved that neither will they meet

20 towards A, C.

  

20—2
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But straight lines which do not meet in either direction

are parallel; [Def. 23]

therefore AB is parallel to CD.

Therefore etc.

Q. E. D.

r. falling on two straight lines, El: 660 etlfielas émrlrrovaa, the phrase being the same

as that used in Post. 5, meaning a transversal.

2. the alternate angles, at e‘vaMaf 'ywllfat. Proclus (p. 357, 9) explains that Euclid

uses the word alternate (or, more exactly, alternate/y, évahhdi) in two connexions, (r) of a

certain transformation of a proportion, as in Book v. and the arithmetical Books, (2) as here,

of certain of the angles formed by parallels with a straight line crossing them. Alternate

angles are, according to Euclid as interpreted by Proclus, those which are not on the same

side of the transversal, and are not adjacent, but are separated by the transversal, both being

within the parallels but one ‘-‘ above” and the other “below.” The meaning is natural

enough if we imagine the four internal angles to be taken in cyclic order and alternate angles

to be any two of them not successive but separated by one angle of the four.

9. in the direction of B, D or towards A, C, literally “towards the [mm B, D or

towards A, C," éirl ‘rd B, A pépn 17 {wt ‘rel. A, I‘.

With this proposition begins the second section of the first Book. Up

to this point Euclid has dealt mainly with triangles, their construction

and their properties in the sense of the relation of their parts, the sides and

angles, to one another, and the comparison of different triangles in respect of

their parts, and of their area in the particular cases where they are congruent.

The second section leads up to the third, in which we pass to relations

between the areas of triangles, parallelograms and squares, the special feature

being a new conception of equality of areas, equality not dependent on

mngruenee. This whole subject requires the use of parallels. Consequently

the second section beginning at 1. 27 establishes the theory of parallels,

introduces the cognate matter of the equality of the sum of the angles of a

triangle to two right angles (1. 32), and ends with two propositions forming the

transition to the third section, namely I. 33, 34, which introduce the parallelo

gram for the first time.

Aristotle on parallels.

We have already seen reason to believe that Euclid’s personal contribution

to the subject was nothing less than the formulation of the famous Postulate

5 (see the notes on that Postulate and on Def. 23), since Aristotle indicates

that the then current theory of parallels contained a petilz'o prz'napt'i, and

presumably therefore it was Euclid who saw the defect and proposed the

remedy.

But it is clear that the propositions t. 27, 28 were contained in earlier

text-books. They were familiar to Aristotle, as we may judge from two

interesting passages.

(I) In Anal. Post. I. 5 he is explaining that a scientific demonstration

must not only prove a fact of every individual of a class (Kara mzwés) but

must prove it primarily and generally true (1rpt71-ov K11961\0v) of the whole of

the class as one; it will not do to prove it first of one part, then of another

part, and so on, until the class is exhausted. He illustrates this (74 a 13—16)

by a reference to parallels: “If then one were to show that right (angles) do

not meet, the proof of this might be thought to depend on the fact that this

is true of all (pairs of actual) right angles. But this is not so, inasmuch as

the result does not follow because (the two angles are) equal (to two right
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angles) in the particular way [i.e. because each is a right angle], but by virtue

of their being equal (to two right angles) in any way whatever [i.e. because

the sum only needs to be equal to two right angles, and the angles themselves

may vary as much as we please subject to this].”

(2) The second passage has already been quoted in the note on Def. 2 3 :

“there is nothing surprising in different hypotheses leading to the same false

conclusion; e.g. the conclusion that parallels meet might equally be drawn

from either of the assumptions (a) that the interior (angle) is greater than the

exterior or (b) that the sum of the angles of a triangle is greater than two

right angles” (Anal. Prior. II. I7, 66 a rr—I5).

I do not quite concur in the interpretation which Heiberg places upon

these passages (Mrthematzsches zu Aristoteles, pp. I8-—Ig). He says, first,

that the allusion to the “interior angle ” being “greater than the exterior” in

the second passage shows that the reference in the first passage must be to

Eucl. I. 28 and not to I. 27, and he therefore takes the words 611 (582 io'ul. in

the first passage (which I have translated “ because the two angles are equal

to two right angles in the particular way”) as meaning “ because the angles,

viz. the exterior and the interior, are equal in the particular way.” He also

takes ai 67160.2 01’; o'uawlm-ouo't (which I have translated “right angles do not

meet,” an expression quite in Aristotle’s manner) to mean “perpendicular

straight lines do not meet”; this is very awkward, especially as he is obliged

to supply angles with ia'aa. in the next sentence.

But I think that the first passage certainly refers to I. 28, although I do

not think that the alternative (a) in the second passage suggests it. This

alternative may, I think. equally with the alternative (b) refer to I. 27. That

proposition is proved by reductio ad absurn’um based on the fact that, if the

straight lines do meet, they must form a triangle, in which case the exterior

angle must be greater than the interior (while according to the hypothesis

these angles are equal). It is true that Aristotle speaks of the hypothesis

that the interior angle is greater than the exterior; but after all Aristotle had

only to state some incorrect hypothesis. It is of course only in connexion

with straight lines meeting, as the hypothesis in I. 27 makes them, that the

alternative (b) about the sum of the angles of a triangle could come in, and

alternative (a) implies alternative (b).

It seems clear then from Aristotle that I. 27, 28 at least are pre-Euclidean,

and that it was only in I. 29 that Euclid made a change by using his Postulate.

De Morgan observes that I. 27 is a logical equivalent of I. I6. Thus, if A

means “straight lines forming a triangle with a transversal,” B “ straight lines

making angles with a transversal on the same side which are together less

than two right angles,” we have

All A is B,

and it follows logically that

All not-B is not-A.

PROPOSITION 28.

[f a straight line falling on two straight lines mahe the

exterior angle equal to the interior and opposite angle on the

same side, or the interior angles on the same side equal to two

right angles, the straight lines will be parallel to one another.
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For let the straight line EF falling on the two straight

lines AB, CD make the exterior angle EGB equal to the

interior and opposite angle GHD, or the interior angles on

the same side, namely BGH, GHD, equal to two right angles;

I say that AB is parallel to CD.

For, since the angle EGB is

equal to the angle GHD,

while the angle EGB is equal to the

angle AGH, [I- IS]

the angle AGH is also equal to the

angle GHD;

and they are alternate ; .

therefore AB is parallel to CD. [1. 27]

Again, since the angles BGlf, GHD are equal to two

right angles, and the angles AGH, BGH are also equal to

two right angles, ' [1. 13]

the angles AGH, BGH are equal to the angles BGH, GHD.

Let the angle BGH be subtracted from each ;

therefore the remaining angle AGH is equal to the remaining

angle GHD;

and they are alternate;

therefore AB is parallel to CD. [1. 27]

Therefore etc.

  

Q. E. D.

One criterion of parallelism, the equality of alternate angles, is given in

1. 27; here we have two more, each of which is easily reducible, and is actually

reduced, to the other.

Proclus observes (pp. 358—9) that Euclid could have stated six criteria as

well as three, by using, in addition, other pairs of angles

in'the figure (not adjacent) of which it could be predi

cated that the two angles are equal or that their sum

is equal to two right angles. A natural division is to

consider, first the pairs which are on the same side of

the transversal, and secondly the pairs which are on

difi'erent sides of it.

Taking (1) the possible pairs on the same side, we

may have a pair consisting of

  

(a) two internal angles, viz. the pairs (BGH,

GHD) and (AGH; GHC);

(b) two external angles, viz. the pairs (EGB, DHF) and (EGA, CHF) ;

(z) one external and one internal angle, viz. the pairs (EGB, GHD),

(FHD, HGB), (EGA, GHC) and (FHC, HGA).
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And (2) the possible pairs on dtflreut sides of the transverse] may consist

respectively of

(a) two internal angles, viz. the pairs (A Gil, GHD) and (CHG, HGB) ;

(b) two external angles, viz. the pairs (A GE, DHF) and (EGB, CHF);

(e) one external and one internal, viz. the pairs (AGE, GHD), (EGB,

GHC), (FHC, HGB) and (FHD, HGA).

The angles are equal in the pairs (1) (e), (2) (a) and (2) (b), and the sum

is equal to two right angles in the case of the airs (I) (a), (I) (b) and (2) (t).

For his criteria Euclid selects the cases (2) (a) I. 27] and (I) (e), (r) (a) [1. 28],

leaving out the other three, which are of course equivalent but are not quite

so easily expressed. '

From Proclus’ note on I. 28 (p. 361) we learn that one Aigeias (P Aineias)

of Hierapolis wrote an epitome or abridgment of the Elements. This seems

to be the only mention of this editor and his work; and they are only

mentioned as having combined Eucl. I. 27, 28 into one proposition. To do

this, or to make the three hypotheses the subject of three separate theorems,

would, Proclus thinks, have been more natural than to deal with them, as

Euclid does, in two propositions. Proclus has no suggestion for explaining

Euclid’s arrangement unless the ground were that I. 27 deals with angles on

different sides, I. 28 with angles on one and the same side, of the transversal.

But may not the reason have been one of convenience, namely that the

criterion of I. 27 is that actually used to prove parallelism, and is moreover

the basis of the construction of parallels in I. 3r, while I. 28 only reduces the

other two hypotheses to that of I. 27, so that precision of reference, as well as

clearness of exposition, is better secured by the arrangement adopted?

PROPOSITION 29.

A straight line falling on parallel straight lines makes

the alternate angles equal to one another, the exterior angle

equal to the interior and opposite angle, and the interior angles

on the same side equal to two right angles.

For let the straight line EF fall on the parallel straight

lines AB, CD ;

I say that it makes the alternate angles A GH, GHD

equal, the ‘exterior angle EGB equal to the interior and

opposite angle GHD, and the interior angles on the same

10 side, namely BGH, GHD, equal to two right angles.

I5

For, if the angle AGH is unequal

to the angle GHD, one of them is E

greater. G

Let the angle AGH be greater. A B

Let the angle BGH be added to H

each; 0 D

therefore the angles A GH, BGH

are greater than the angles BGL],

GHD.
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2° But the angles AGH, BGH are equal to two right angles

1. 13

therefore the angles BGIJ, GHD are less than two

right angles.

But straight lines produced indefinitely from angles less

than two right angles meet; [Post 5]

25 therefore AB, CD, if produced indefinitely, will meet;

but they do not meet, because they are by hypothesis parallel.

Therefore the angle AGH is not unequal to the angle

GHD,

and is therefore equal to it.

30 Again, the angle AGH is equal to the angle EGB; [1. 15]

therefore the angle EGB is also equal to the angle

GHD. [C. ll’. 1]

Let the angle BGH be added to each ;

therefore the angles EGB, BGH are equal to the

35 angles BGH, GHD. [C. 1V‘. 2]

But the angles EGB, BGH are equal to two right angles]

[1. 13

therefore the angles BGH, GHD are also equal to

two right angles.

Therefore etc. Q. E. D.

23. straight lines produced indefinitely from angles less than two right angles,

al 6% dnr’ ékacrcrévwv 1; 6190 6p061v €xfiahh6uevat e1: drelpov au/nlrrouerw, a variation from the

more explicit language of Postulate 5. A good deal is left to be understood, namely that the

straight lines begin from points at which they meet a transversal, and make with it internal

angles on the same side the sum of which is equal to two right angles.

26. because they are by hypothesis parallel, literally “ because they are supposed

parallel,” 5“). Ta Irapahh'hhous minis l'nroxei‘u'Oat.

Proof by “Playfair’s" axiom.

If, instead of Postulate 5, it is preferred to use “ Playfair’s ” axiom in the

proof of this proposition, we proceed thus.

To prove that the alternate angles AGII,

GHD are equal.

If they are not equal, draw another straight

line KL through G making the angle KGH

equal to the angle GHD.

Then, since the angles KGf], GHD are equal,

KL is parallel to CD. [1. 27]

Therefore two straight lines KL, AB z'nterseeting at G are both parallel to

the straight line CD :

whit/t is impossihle (by the axiom).

Therefore the angle AGH cannot but be equal to the angle GHD.

The rest of the proposition follows as in Euclid.
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H

Proof of Euclid’s Postulate 5 from “ Playfair’s axiom.

Let AB, C1) make with the transversal EF the angles AEF, EFC

together less than two right angles.

To prove that AB, CD meet towards A, C.

Through Edraw GH making with .EF the angle G""""" " '

GEFequal (and alternate) to the angle EFD. A

  

Thus GH is parallel to CD. [1. 27] D

Then (1) AB must meet CD in one direction or C F

the other.

For, if it does not, AB must be parallel to CD; hence we have two

straight lines AB, GH intersecting at E and both parallel to CD:

which is impossible.

Therefore AB, CD must meet.

(2) Since AB, CD meet, they must form a triangle with ER

But in any triangle any two angles are together less than two right angles.

Therefore the angles AEF, EFC (which are less than two right angles),

and not the angles BEE EFD (which are together greater than two right

angles, by I. 13), are the angles of the triangle ;

that is, EA, FC meet in the direction of A, C, or on the side of EF on

which are the angles together less than two right angles.

The usual course in modern text-books which use “Playfair’s” axiom in

lieu of Euclid’s Postulate is apparently to prove I. 29 by means of the axiom,

and then Euclid’s Postulate by means of I. 29.

De Morgan would introduce the proof of Postulate 5 by means of

“~Playfair’s ” axiom btfore I. 29, and would therefore apparently prove I. 29 as

Euclid does, without any change.

As between Euclid’s Postulate 5 and “ Playfair’s” axiom, it would appear

that the tendency in modern text-books is rather in favour of the latter.

Thus, to take a few noteworthy foreign writers, we find that Rausenherger

stands almost alone in using Euclid’s Postulate, while Hilbert, Henrici and

Treutlein, Rouche' and De Comberousse, Enriques and Amaldi all use

“ Playfair’s ” axiom.

Yet the case for preferring Euclid’s Postulate is argued with some force by

Dodgson (Eudz'd and lu'r modem Rivals, pp. 44—6). He maintains (t) that

“Playfair’s” axiom in fact involves Euclid’s Postulate, but at the same time

involves more than the latter, so that, to that extent, it is a needless strain on

the faith of the learner. This is shown as follows.

Given AB, CD making with EF the angles AER EFC together less than

two right angles, draw GH through E so that the angles GEE EFC are

together equal to two right angles.

Then, by I. 28, GH, CD are “separational.”

We see then that any lines which have the property (a) that they make

with a transversal angles less than two right angles have also the property (B)

that one of them intersects a straight line which is “separational” from

the other.

Now Playfair’s axiom asserts that the lines which have property ([3) meet

if produced: for, if they did not, we should have two intersecting straight

lines both “separational” from a third, which is impossible.

We then argue that lines having property (a) meet because lines having

property (a) are lines having property (,8). But we do not know, until we

have proved I. 29, that all pairs of lines having property ([3) have also property
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(a). For anything we know to the contrary, class (B) may be greater than

class (0.). Hence, if you assert anything of class (,3), the logical efl'ect is more

extensive than if you assert it of class (a) ; for you assert it, not only of that

portion of class (B) which is known to be included in class (a), but also of the

unknown (but possibly existing) portion which is not so included.

(2) Euclid’s Postulate puts before the beginner clear and positive con

ceptions, a pair of straight lines, a transversal, and two angles together less

than two right angles, whereas “ Playfair’s” axiom requires him to realise a

pair of straight lines which never meet though produced to infinity: a negative

conception which does not convey to the mind any clear notion of the relative

position of the lines. And (p. 68) Euclid’s Postulate gives a direct criterion

for judging that two straight lines meet, a criterion which is constantly required,

e.g. in I. 44. It is true that the Postulate can be deduced from “Playfair’s”

axiom, but editors frequently omit to deduce it, and then tacitly assume it

afterwards: which is the least justifiable course of all.

'PROPOSITION 3o.

Stmzlglzt lines parallel to t/ze same strazlg/zt line are also

parallel to one anol/zer.

Let each of the straight lines AB, CD be parallel to EF;

I say that AB is also parallel to CD.

5 For let the straight line GK fall upon

them.

Then, since the straight line GK

has fallen on the parallel straight lines

AB, EF,

10 the angle AGK is equal to the

angle GHF. [1. 29]

Again, since the straight line GK has fallen on the parallel

straight lines EF, CD, -

the angle GHF is equal to the angle GKD. [I- 29]

15 But the angle AGK was also proved equal to the angle

GHF;

therefore the angle AGK is also equal to the angle

GKD ; [C- M I]

and they are alternate.

20 Therefore AB is parallel to CD.

  

Q. E. D.

_ 201 The usual cam/mien in general terms (“Therefore etc.”) repeating the enunciation

is, curiously enough, wanting at the end of this proposition.

The proposition is, as De Morgan points out, the logiml equivalent of

“Playt'air’s” axiom. Thus, if X denote “pairs of straight lines intersecting one
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another," Y“pairs of straight lines parallel to one and the same straight line,”

we have ‘

No X is Y,

and it follows logically that

No Y is X.

De Morgan adds that a proposition is much wanted about parallels (or

perpendiculars) to two straight lines respectively making the same angles with

one another as the latter do. The proposition may be enunciated thus:

If {he sides of one angle {re res/lerlz'vely (1) parallel or (2) perpendieular 10

the sides of anal/Mr angle, t/ze two angles are ez'l/zer

equal or supplementary.

(1) Let DE be parallel to AB and GEF parallel

to BC.

To prove that the angles ABC, DEG are equal

and the angles ABC, DEF supplementary.

Produce DE to meet BC in 1!.

Then [1. 29] the angle DEG is equal to the angle .

DHC, B H O

and the angle ABC is equal to the angle DHC.

Therefore the angle DEG is equal to the angle ABC; whence also the

angle DEF is supplementary to the angle ABC.

(2) Let ED be perpendicular to AB, and GEF perpendicular to BC.

To prove that the angles ABC, DEG are

equal, and the angles ABC, DEF supplementary.

Draw ED’ at right angles to ED on the side

of it opposite to B, and draw EG’ at right angles

to EFon the side of it opposite to B.

Then, since the angles BDE, DED’, being

right angles, are equal,

ED’ is parallel to BA. [1. 27]

Similarly EG’ is parallel to BC.

Therefore [Part (1)] the angle D'EG' is equal to the angle ABC.

But, the right angle DED’ being equal to the right angle GEG', if the

common angle GED’ be subtracted,

the angle DEG is equal to the angle D'EG'.

Therefore the angle DEG is equal to the angle ABC ; and hence the

angle DEF is supplementary to the angle ABC.

  

  

PROPOSITION 31.

T/zroug/z a given point [0 draw a strazjg/zl line parallel to a

given strazjg/zl line.

Let A be the given point, and BC the given straight

line;

thus it is required to draw through the point A a straight

line parallel to the straight line BC.
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Let a point D be taken at random on BC, and let AD be

joined ; on the straight line DA,

and at the point A on it, let the A F

angle DAE be constructed equal E l

to the angle ADC[I. 23]; and let the

straight line AF be produced in a B o 0

straight line with EA.

Then, since the straight line AD falling on the two

straight lines BC, EF has made the alternate angles EAD,

ADC equal to one another,

therefore EAFis parallel to BC. [I- 27]

Therefore through the given point A the straight line

EAF has been drawn parallel to the given straight line BC.

Q. E. F.

Proclus rightly remarks (p. 376, I4—20) that, as it is implied in I. 12

that only one perpendicular can be drawn to a straight line from an external

point, so here it is implied that only one straight line can be drawn through a

point parallel to a given straight line. The construction, be it observed,

depends only upon I. 27, and might therefore have come directly after that

proposition. Why then did Euclid postpone it until after I. 29 and I. 30?

Presumably because he considered it necessary, before giving the construction,

to place beyond all doubt the fact that only one such parallel can be drawn.

Proclus infers this fact from I. 30; for, he says, if two straight lines could be

drawn through one and the same point parallel to the same straight line, the two

straight lines would be parallel, though intersecting at the given point: which

is impossible. I think it is a fair inference that Euclid would have considered

it necessary to justify the assumption that only one parallel can be drawn

by some such argument, and that he deliberately detemiined that his own

assumption was more appropriate to be made the subject of a Postulate

than the assumption of the uniqueness of the parallel.

PROPOSITION 32.

In any triangle, one of the sides be produced, the exterior

angle is equal to the two interior and opposite angles, and the

three interior angles of the triangle are equal to two right

angles.

Let ABC be a triangle, and let one side of it BC be

produced to D ;

I say that the exterior angle ACD is equal to the two

interior and opposite angles CAB, ABC, and the three

interior angles of the triangle ABC, BCA, CAB are equal

to two right angles.
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For let CE be drawn through the point C parallel to the

straight line AB. [1- 31]

Then, since AB is parallel to CE, A

and AC has fallen upon them,

the alternate angles BA C, AC5 are

equal to one another. [1. 29]

Again, since AB is parallel to B c 0

CE,

and the straight line BD has fallen upon them,

the exterior angle BCD is equal to the interior and opposite

angle ABC. [1. 29]

But the angle ACE was also proved equal to the angle

BAC ;

therefore the whole angle ACD is equal to the two

interior and opposite angles BA C, ABC.

Let the angle ACB be added to each ;

therefore the angles ACD, ACB are equal to the three

angles ABC, BCA, CAB.

But the angles ACD, ACB are equal to two right angles;

[L 13]

therefore the angles ABC, BCA, CAB are also equal

to two right angles.

Therefore etc.

Q. E. D.

This theorem was discovered in the very early stages of Greek geometry.

What we know of the history of it is gathered from three allusions found in

Eutocius, Proclus and Diogenes Laertius respectively.

I. Eutocius at the beginning of his commentary on the Canirs of

Apollonius (ed. Heiberg, Vol. 11. p. 170) quotes Geminus as saying that “the

ancients (oi tipxaiot) investigated the theorem of the two right angles in each

individual species of triangle, first in the equilateral, again in the isosceles,

and afterwards in the scalene triangle, and later geometers demonstrated the

general theorem to the effect that in any triangle the three interior angles are

equal to two right angles.”

2. Now, according to Proclus (p. 379, 2—5), Eudemus the Peripatetic

_ refers the discovery of this theorem to the Pythagoreans and gives what he

aflfirms to be their demonstration of it. This demonstration will be given

below, but it should be remarked that it is general, and therefore that the

“later geometers” spoken of by Geminus were presumably the Pythagoreans,

whence it appears that the “ancients” contrasted with them must have

belonged to the time of Thales, if they were not his Egyptian instructors.

3. That the truth of the theorem was known to Thales might also

be inferred from the statement of Pamphile (quoted by Diogenes Laertius,

1. 24—5, p. 6, ed. Cobet) that “he, having learnt geometry from the
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Egyptians, was the first to inscribe a right-angled triangle in a circle and

sacrificed an ox” (on the strength of it); in other words, he discovered that

the angle in a semicircle is a right angle. No doubt, when this fact was once

discovered (empirz'rally, say), the consideration of the two isosceles triangles

having the centre for vertex and the sides of the right angle for bases

respectively, with the help of the theorem of Eucl. I. 5, also known to

Thales, would easily lead to the conclusion that the sum of the angles of

a right-angled triangle is equal to two right angles, and it could be readily

inferred that the angles of any triangle were likewise equal to two right angles

(by resolving it into two right-angled triangles). But it is not easy to see how

the property of the angle in a semicircle could be proved except (in the reverse

order) by means of the equality of the sum of the angles of a nlglzl-anglnl

triangle to two right angles; and hence it is most natural to suppose, with

Cantor, that Thales proved it (if he did prove it) practically as Euclid does

in III. 31, i.e. by means of I. 32 as applied to night-angled triangles at all events.

If the theorem of I. 32 was proved before Thales’ time, or by Thales

himself, by the stages indicated in the note of Geminus, we may be satisfied

that the reconstruction of the argument of the older proof by Hankel

(pp. 96—7) and Cantor (1,, pp. 143—4) is not far wrong. First, it must have

been observed that six angles equal to an angle of an equilateral triangle would,

if placed adjacent to one another round a common vertex, fill up the whole

space round that vertex. It is true that Proclus attributes to the Pythagoreans

the general theorem that only three kinds of regular polygons, the equilateral

triangle, the square and the regular hexagon, can fill up the entire space round

a point, but the practical knowledge that equilateral triangles have this

property could hardly have escaped the Egyptians, whether they made floors

with tiles in the form of equilateral triangles or regular hexagons (Allman,

Greek Gmme/ryfrom Tlralr: to Euclid, p. 12) or joined the ends of adjacent

radii of a figure like the six-spoked wheel, which was their common form of

wheel from the time of Ramses II. of the nineteenth Dynasty, say I 300 B.C.

(Cantor, [3, p. 109). It would then be clear that six angles equal to an angle

of an equilateral triangle are equal to four right angles, and therefore that the

three angles of an equilateral triangle are equal to two right angles. (It would

be as clear or clearer, from observation of a square divided into two triangles

by a diagonal, that an isosceles right-angled triangle has each of its equal

angles equal to half a right angle, so that an isosceles right-angled triangle

must have the sum of its angles equal to two right angles.) Next, with regard

to the equilateral triangle, it could not fail to be observed

that, if AD were drawn from the vertex A perpendicular A ..

to the base BC, each of the two righbangled triangles so

formed would have the sum of its angles equal to two right

angles; and this would be confirmed by completing the

rectangle ADCE, when it would be seen that the rectangle

(with its angles equal to four right angles) was divided by ~.1

its diagonal into two equal triangles, each of which had B D C

the sum of its angles equal to two right angles. Next it

would be inferred, as the result of drawing the diagonal of any rectangle and

observing the equality of the triangles forming the two halves, that the sum of

the angles of any right-angled triangle is equal to two right angles, and hence

(the two congruent right-angled triangles being then placed so as to form one

isosceles triangle) that the same is true of any {sour/es triangle. Only the

last step remained, namely that of observing that any triangle could be

regarded as the half of a rectangle (drawn as indicated in the next figure), or

  
"“""‘IE
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simply that any triangle could be divided into two right-angled triangles,

whence it would be inferred that in general the

sum of the angles of any triangle is equal to two

right angles.

Such would be the probabilities if we could

absolutely rely upon the statements attributed to

Pamphile and Geminus respectively. But in fact

there is considerable ground for doubt in both cases.

i. Pamphile’s story of the sacrifice of an ox by Thales for joy at his

discovery that the angle in a semicircle is a right angle is too suspiciously like

the similar story told with reference to Pythagoras and his discovery of the

theorem of Eucl. 1. 47 (Proclus, p. 426, 6—9). And, as if this were not

enough, Diogenes Laertius immediately adds that “others, among whom is

Apollodorus the calculator (6 r\o'yurrtxds), say it was Pythagoras” (sc. who

“inscribed the right-angled triangle in a circle”). Now Pamphile lived in the

reign of Nero (A1). 54—68) and therefore some 700 years after the birth of

Thales (about 640 B.C.). I do not know on what Max Schmidt bases his

statement (Kullurlulrlankrlle b’zilrage zur Kenn/I11’: des grirr/ulrt/zm and rb'mLrr/len

Allerlums, 1906, p. 31) that “other, mar/1 aln'z'r, sources name Pythagoras as

the discoverer of the said proposition,” because nothing more seems to be

known of Apollodorus than what is stated here by Diogenes Laertius. But it

would at least appear that Apollodorus was only one of several authorities

who attributed the proposition to Pythagoras, while Pamphile is alone

mentioned as referring it to Thales. Again, the connexion of Pythagoras with

the investigation of the right-angled triangle makes it a prior! more likely

that it would be he who would discover its relation to a semicircle On

the whole, therefore, the attribution to Thales would seem to be more than

doubtful.

2. As regards Geminus’ account of the three stages through which the

proof of the theorem of l. 32 passed, we note, first, that it is certainly not

Confirmed by Eudemus, who referred to the Pythagoreans the dismvery of the

theorem that the sum of the angles of any triangle is equal to two right

angles and says nothing about any gradual stages by which it was proved.

Secondly, it must be admitted, I think, that in the evolution of the proof as

reconstructed by Hankel the middle stage is rather artificial and unnecessary,

since, once it is proved that any n'g/zI-angled triangle has the sum of its angles

equal to two right angles, it is just as easy to pass at once to any sax/me

triangle (which is decomposable into two unequal right-angled triangles) as to

the isosceles triangle made up of two congruent right-angled triangles. Thirdly,

as Heiberg has recently pointed out (Mat/zematisclus zu Arz'stoleles, p. 20), it

is quite possible that the statement of Geminus from beginning to end is

simply due to a misapprehension of a passage of Aristotle (Anal. Post. I. 5,

74 a 25). Aristotle is illustrating his contention that a property is not

scientifically proved to belong to a class of things unless it is proved to belong

primarily (1rpérov) and generally (xaliéltov) to the whole of the class. His first

illustration relates to parallels making with a transversal angles on the same

side together equal to two right angles, and has been quoted above in the note

on 1. 27 (pp. 308-9). His second illustration refers to the transformation of

a proportion allemando, which (he says) “used at one time to be proved

separately” for numbers, lines, solids, and times, although it admits of being

proved of all at once by one demonstration. The third illustration is: “ For

the same reason, even if one should p707’: (068' a'v 119 8:65”) with reference to
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each (sort of) triangle, the equilateral, scalene and isosceles, separately, that

each has its angles equal to two right angles, either by one proof or by different

proofs, he does not yet know that llze lrz'angle, i.e. the triangle in general, has

its angles equal to two right angles, except in a sophistical sense, even though

there exists no triangle other than triangles of the kinds mentioned. For he

knows it, not and triangle, nor of every triangle, except in a numerical sense

(mr' a'prOpév); he does not know it notional/y (mr' @1809) of every triangle, even

though there be actually no triangle which he does not know.”

The difference between the phrase “used at one time to be proved ” in

the second illustration and “ if any one should prove ” in the third appears to

indicate that, while the former referred to a historical fact, the latter does not;

the reference to a person who should prove the theorem of 1. 32 for the three

kinds of triangle separately, and then claim that he had proved it generally,

states a purely hypothetical case, a mere illustration. Yet, coming after the

historical fact stated in the preceding illustration, it might not unnaturally give

the impression, at first sight, that it was historical too.

On the whole, therefore, it would seem that we cannot safely go behind

the dictum of Eudemus that the discovery and proof of the theorem of 1. 32

in all its generality were Pythagorean. This does not however preclude its

having been discovered by stages such as those above set out after Hankel

and Cantor. Nor need it be doubted that Thales and even his Egyptian

instructors had advanced some way on the same road, so far at all events as

to see that in an equilateral triangle, and in an isosceles right-angled triangle,

the sum of the angles is equal to two right angles.

The Pythagorean proof.

This proof, handed down by Eudemus (Proclus, p. 379, 2—15), is no less

elegant than that given by Euclid, and is a natural

development from the last figure in the recon

structed argument of Hankel. It would be seen,

after the theory of parallels was added to geometry, /

that the actual drawing of the perpendicular and

the complete rectangle on BC as base was :

unnecessary, and that the parallel to BC through 8 O

A was all that was required.

Let ABC be a triangle, and through A draw DE parallel to BC. [1. 31]

Then, since BC, DE are parallel,

the alternate angles DAB, ABC are equal, [1. 29]

and so are the alternate angles EA C, A CB also.

Therefore the angles ABC, ACB are together equal to the angles

DAB, EA C.

Add to each the angle BA C ;

therefore the sum of the angles ABC, A CB, BAC is equal to the sum of the

angles DAB, BA C, CAE, that is, to two right angles.

Euclid's proof pre-Euclidean.

The theorem of 1. 32 is Aristotle’s favourite illustration when he wishes to

refer to some truth generally acknowledged, and so often does it occur that

it is often indicated by two or three words in themselves hardly intelligible,

e.g. 1'6 8u0'iv 6,100.11; (Anal. P0“. l. 24, 85 b 5) and ti-irtipxst 1rav'ri 'rpt-yuivtg To 860

(Mid. 85 b 11).

One passage (Melap/z. 1051 a 24) makes it clear, as Heiberg (0}). (it.
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p. 19) acutely observes, that in the proof as Aristotle knew it Euclid’s

construction was used. “Why does the triangle make up two right angles?

Because the angles about one point are equal to two right angles. If then the

parallel to the side had been drawn up (a'vfiK-ro), the fact would at once have

been clear from merely looking at the figure.” The words “the angles about

one point” would equally fit the Pythagorean construction, but “drawn

upwards ” applied to the parallel to a side can only indicate Euclid’s.

Attempts at proof independently of parallels.

The most indefatigable worker on these lines was Legendre, and a sketch

of his work has been given in the note on Postulate 5 above.

One other attempted proof needs to be mentioned here because it has

found much favour. I allude to

Thibaut's method.

This appeared in Thibaut’s Grundrz'ss der n’inen Mat/mnalz'k, Gottingen

(2 ed. 1809, 3 ed. 1818), and is to the following efi'ect.

Suppose CB produced to D, and let BD (produced to any necessary extent

either way) revolve in one direction (say

clockwise) first about B into the position A

BA, then about A into the position of AC

produced both ways, and lastly about C

into the position CB produced both ways.

The argument then is that the straight

line BD has revolved through the sum of D B C

the three exterior angles of the triangle.

But, since it has at the end of the revolution

assumed a position in the same straight line with its original position, it must

have revolved tlzrouglz four nlglzl angles.

Therefore the sum of the three exterior angles is equal to four right

angles ;

from which it follows that the sum of the three angles of the triangle is equal

to two right angles.

But it is to be observed that the straight line BD revolves about diflrent

poinls in it, so that there is translation combined with ro/alary motion, and it

is necessary to assume as an axiom that the two motions are independent, and

therefore that the translalion may be neglected.

Schumacher (letter to Gauss of 3 May, 1831) tried to represent the

rotatory motion graphically in a second figure as mere motion round a point;

but Gauss (letter of 17 May, 1831) pointed out in reply that he really

assumed, without proving it, a proposition to the effect that “If two straight

lines (I) and (2) which cut one another make angles A’, A" with a straight

line (3) cutting both of them, and if a straight line (4) in the same plane is

likewise cut by (I) at an angle A’, then (4) will be cut by (2) at the angle A".

But this proposition not only needs proof, but we may say that it is, in

essence, the very proposition to be proved” (see Engel and Stackel, Die

Tlzearr'e der Parallel/Mien van Euklid bis auf Gauss, 1895, p. 230).

How easy it is to be deluded in this way is plainly shown by Proclus’

attempt on the same lines. He says (p. 384, r3——21) that the truth of the

theorem is borne in upon us by the help of “ common notions ” only. “ For,

if we conceive a straight line with two perpendiculars drawn to it at its ex

tremities, and if we then suppose the perpendiculars to (revolve about

their feet and) approach one another, so as to form a triangle, we see that,

H. E. 21
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to the extent to which they converge, they diminish the right angles which

they made with the straight line, so that the amount taken from the right

angles is also the amount added to the vertical angle of the triangle, and the

three angles are necessarily made equal to two right angles.” But a moment's

reflection shows that, so far from being founded on mere “common notions,”

the supposed proof assumes, to begin with, that, if the perpendiculars ap

proach one another ever so little, they will then form a triangle immediately,

i.e., it assumes Postulate 5 itself; and the fact about the vertical angle can only

be seen by means of the equality of the alternate angles exhibited by drawing

a perpendicular from the vertex of the triangle to the base, i.e. a parallel to

either of the original perpendiculars.

Extension to polygons.

The two important corollaries added to I. 32 in Simson’s edition are given

by Proclus; but Proclus’ proof of the first is different from, and perhaps

somewhat simpler than, Simson’s.

I. The sum of the interior angles of a eonz'ex rev/{lineal figure is equal to

twire as many right angles as the figure has sides,

less four. 0

For let one angular point A be joined to all

the other angular points with which it is not con- 0 E

nected already.

The figure is then divided into triangles, and

mere inspection shows

(I) that the number of triangles is two less F

than the number of sides in the figure, G

(2) that the sum of the angles of all the

triangles is equal to the sum of all the interior angles of the figure.

Since then the sum of the angles of each triangle is equal to two right angles,

the sum of the interior angles of the figure is equal to 2 (n—2) right angles,

i.e. (2n - 4) right angles, where n is the number of sides in the figure.

2. The exterior angles qf any [annex rectilineal

figure are together equal to four right angles.

For the interior and exterior angles together are

equal to 2n right angles, where n is the number of sides.

And the interior angles are together equal to

(2n—4) right angles.

Therefore the exterior angles are together equal to

four right angles.

This last property is already quoted by Aristotle

as true of all rectilineal figures in two passages (Anal.

Post. I. 24, 85 b 38 and n. 17, 99 a 19).

DJ

PROPOSITION 33.

The straight lines joining equal and parallel straight

lines (at the extremities which are) in the same directions

(respectively) are themselves also equal and parallel.

Let AB, CD be equal and parallel, and let the straight

5 lines AC, Bl) join them (at the extremities which are) in the

same directions (respectively) ;
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I say that A C, BD are also equal and parallel.

Let BC be joined. B A

Then, since AB is parallel to CD,

10 and BC has fallen upon them,

the alternate angles ABC, BCD

are equal to one another. [1. 29]

And, since AB is equal to CD, 0 c

and BC is common,

is the two sides AB, BC are equal to the two sides DC, CB ;

and the angle ABC is equal to the angle BCD;

therefore the base AC is equal to the base BD,

and the triangle ABC is equal to the triangle DCB,

and the remaining angles will be equal to the remaining angles

20 respectively, namely those which the equal sides subtend ; [1. 4]

therefore the angle ACB is equal to the angle CBD.

And, since the straight line BC falling on the two straight

lines A C, BD has made the alternate angles equal to one

another,

25 AC is parallel to BD. [1- 27]

And it was also proved equal to it.

Therefore etc. Q. E. D.

1. jolning...(at the extremities which are) in the same directions (respectively).

I have for clearness’ sake inserted the words in brackets though they are not in the original

Greek, which has l‘joining...in the same directions” or “on the same sides,” éiri 1'6. aim‘: Mp1]

énfwyvfiova'at. The expression “towards the same parts,” though usage has sanctioned it,

is perhaps not suite satisfactory.

I5. DC, B and 18. DCB. The Greek has “ BC, CD" and " BCD” in these places

respectively. Euclid is not always careful to write in corresponding order the letters denoting

corresponding points in congruent figures. On the contrary, he evidently prefers the alpha

betical order. and seems to disdain to alter it for the sake of beginners or others who might

be confused by it. In the case of angles alteration is perhaps unnecessary; but in the case

of trian les and pairs of corresponding sides I have ventured to alter the order to that which

the mat ematician of to-day expects.

This proposition is, as Proclus says (p. 385, 5), the connecting link between

the exposition of the theory of parallels and the investigation of parallelograms.

For, while it only speaks of equal and parallel straight lines connecting those

ends of equal and parallel straight lines which are in the same directions, it

gives, without expressing the fact, the construction or origin of the parallelogram,

so that in the next proposition Euclid is able to speak of “parallelogrammic

areas” without any further explanation.

PROPOSITION 34.

[n parallelogrammz'e areas the opposite sides and angles

are equal to one anollzer, and the diameter ézseels the areas.

Let ACDB be a parallelogrammic area, and BC its

diameter ;

21—2
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5 I say that the opposite sides and angles of the parallelogram

ACDB are equal to one another, and the diameter BC

bisects it.

For, since AB is parallel to CD, A B

and the straight line BC has fallen

10 upon them,

the alternate angles ABC, BCD

are equal to one another. [1. 29] C 0

Again, since AC is parallel to BD,

and BC has fallen upon them,

15 the alternate angles ACB, CBD are equal to one

another. [1. 29]

Therefore ABC, DCB are two triangles having the two

angles ABC, BCA equal to the two angles DCB, CBD

respectively, and one side equal to one side, namely that

20 adjoining the equal angles and common to both of them, BC;

therefore they will also have the remaining sides equal

to the remaining sides respectively, and the remaining angle

to the remaining angle ; [I- 26]

therefore the side AB is equal to CD,

25 and AC to BD,

and further the angle BAC is equal to the angle CDB.

And, since the angle ABC is equal to the angle BCD,

and the angle CBD to the angle ACB,

the whole angle ABD is equal to the whole angle ACD.

[C. N 2]

30 And the angle BACwas also proved equal to the angle CDB.

Therefore in parallelogrammic areas the opposite sides

and angles are equal to one another.

I say, next, that the diameter also bisects the areas.

For, since AB is equal to CD,

35 and BC is common,

the two sides AB, BC are equal to the two sides DC, CB

respectively ;

and the angle ABC is equal to the angle BCD;

therefore the base AC is also equal to DB,

40 and the triangle ABC is equal to the triangle DCB. [1. 4]

Therefore the diameter BC bisects the parallelogram

ACDB. Q. E. D.
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1. It is to be observed that, when parallelograms have to be mentioned for the first time,

Euclid calls them “parallelogrammic areas” or, more exactly, “parallelogram” areas

(fapahh'rjhd'ypmyaa Xwpla). The meaning is simply areas bounded by parallel straight lines

with the further limitation placed upon the term by Euclid that onlyfour-sia'ea' figures are so

called, although of course there are certain regular polygons which have opposite sides

parallel, and which therefore might be said to be areas bounded by parallel straight lines. We

gather from Proclus (p. 393) that the wort “parallelogram” was first introduced by Euclid,

that its use was suggested by I. 33, and that the formation of the word rapahlt‘rfltb’ypamws

(parallel-lined) was analogous to that of efiOé-ypaauos (straight-lined or rectilineal).

17, 18, 4o. DCB and 36. DC, CB. The Greek has in these places “BCD” and

“ CD, BC” respectively. Cf. note on 1. 33, lines 15, 18.

After specifying the particular kinds of parallelograms (squares and rhombi)

in which the diagonals bisect the angles which they join, as well as the areas,

and those (rectangles and rhomboids) in which the diagonals do not bisect

the angles, Proclus proceeds (pp. 390 sqq.) to analyse this proposition with

reference to the distinction in Aristotle’s Anal. Past. (1. 4, 5, 73 a 21—74 b 4)

between attributes which are only predicable of every individual thing (Kurd.

flav'ro's) in a class and those which are true of it primarily (roiirov 1rpui'r0v) and

generally (Kaflékov). We are apt, says Aristotle, to mistake a proof Kara

wavrris for a proof ‘rotirov 1rpui-rov “100101, because it iS either impossible to

find a higher generality to comprehend all the particulars of which the

predicate is true, or to find a name for it. (Part of this passage of Aristotle

has been quoted above in the note on 1. 32, pp. 319-320.)

Now, says Proclus, adapting Aristotle’s distinction to theorems, the present

proposition exhibits the distinction between theorems which are general and

theorems which are no! general. According to Proclus, the first part of

the proposition stating that the opposite sides and angles of a parallelogram

are equal is general because the property is only true of parallelograms; but

the second part which asserts that the diameter bisects the area is not general

because it does not include all the figures of which this property is true, e.g.

circles and ellipses. Indeed, says Proclus, the first attempts upon problems

seem usually to have been of this partial character (aeptxui-repat), and generality

was only attained by degrees. Thus “the ancients, after investigating the

fact that the diameter bisects an ellipse, a circle, and a parallelogram

respectively, proceeded to investigate what was common to these cases,”

though “it is difficult to show what is common to an ellipse, a circle and a

parallelogram.”

I doubt whether the supposed distinction between the two parts of the

proposition, in point of “generality,” can be sustained. Proclus himself admits

that it is presupposed that the subject of the proposition is a quadrilateral,

because there are other figures (e.g. regular polygons of an even number of

sides) besides parallelograms which have their opposite sides and angles

equal; therefore the second part of the theorem is, in this respect, no more

general than the other, and, if we are entitled to the tacit limitation of the

theorem to quadrilaterals in one part, we are equally entitled to it in the other.

It would almost appear as though Proclus had drawn the distinction for

the mere purpose of alluding to investigations by Greek geometers on the

general subject of diameters of all sorts of figures; and it may have been these

which brought the subject to the point at which Apollonius could say in the

first definitions at the beginning of his Center that “In any bent line, such as

is in one plane, I give the name diameter to any straight line which, being

drawn from the bent line, bisects all the straight lines (chords) drawn in the
line parallel to any straight line.” The term bent line (xapmiA-q YpaILIL'III)

includes, e.g. in Archimedes, not only curves, but any composite line made
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up of straight lines and curves joined together in any manner. It is of course

clear that either diagonal of a parallelogram bisects all lines drawn within the

parallelogram parallel to the other diagonal.

An-Nairizi gives after I. 3! a neat construction for dividing a straight line

into any number of equal parts (ed. Curtze, p. 74, ed. Besthorn-Heiberg,

pp. 141-3) which requires only one measurement repeated, together with the

properties of parallel lines including 1. 33, 34. As I. 33, 34 are assumed, I

place the problem here. The particular case taken is the problem of dividing

a straight line into three equal parts.

Let AB be the given straight line. Draw AC, BD at right angles to it

on opposite sides.

An-Nairizi takes A C, BD of the same

length and then bisects AC at E and BD 0

at R But of course it is even simpler to

measure AE, EC along one perpendicular K F,

equal and of any length, and BF; FD along

the other also equal and of the same length. G H

Join ED, CF meeting AB in G, H A B

respectively.

Then shall AG, G17, HB all be equal.

Draw HK parallel to AC, or at right

angles to AB.

Since now EC, FD are equal and parallel, 0

ED, CF are equal and parallel. [1. 33]

And HK was drawn parallel to AC.

Therefore ECHK is a parallelogram; whence KH is equal as well as

parallel to EC, and therefore to EA.

The triangles EA G, KHG have now two angles respectively equal and the

sides AE, HK equal.

Thus the triangles are equal in all respects, and

AG is equal to GH

Similarly the triangles KHG, FBH are equal in all respects, and

GE is equal to HB.

If now we wish to extend the problem to the case where AB is to be

divided into n parts, we have only to measure (n— I) successive equal lengths

along AC and (n—r) successive lengths, each equal to the others, along BD.

Then join the first point arrived at on AC to the last point on BD, the

second on AC to the last but one on BD, and so on; and the joining lines

cut AB in points dividing it into 11 equal parts.

PROPOSITION 35.

Para/lelograms ZU/lit/t are on t/ze same base and in the

same parallels are equal to one anot/zer.

Let ABCD, EBCF be parallelograms on the same base

BC and in the same parallels AF, BC;

5 I say that ABCD is equal to the parallelogram EBCF.

For, since ABCD is a parallelogramy"

AD is equal to BC. [1. 34]
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For the same reason also

EF is equal to BC,

I0 so that AD is also equal to EF; [6‘. 1V. 1]

and DB is common;

therefore the whole AB is equal to the whole DF.

[C. IV. 2]

But AB is also equal to DC; [1. 34]

therefore the two sides EA, AB are equal to the two sides

15 FD, DC respectively,

and the angle FDC is equal to‘

the angle BAB, the exterior to the

interior; [1. 29]

therefore the base BB is equal

20 to the base FC,

and the triangle EAB will be equal to the triangle FDC.

[I- 4]

  

Let DGE be subtracted from each ;

therefore the trapezium ABGD which remains is equal to

the trapezium EGCF which remains. [C. N 3]

25 Let the triangle GBC be added to each ;

therefore the whole parallelogram ABCD is equal to the whole

parallelogram EBCF. [C. M 2]

Therefore etc.

Q. E. D.

21. FDC. The text has “ DFC."

12. Let DGE be subtracted. Euclid speaks of the triangle DGE without any

explanation that, in the case which he takes (where AD, EF have no point in common),

BE, CD must meet at a point G between the two parallels. He allows this to appear from

the figure simply.

Equality in a new sense.

It is important to observe that we are in this proposition introduced for

the first time to a new conception of equality between figures. Hitherto we

have had equality in the sense of eongraenre only, as applied to straight lines,

angles, and even triangles (cf. 1. 4). Now, without any explicit reference to

any change in the meaning of the term, figures are inferred to be equal which

are equal in area or in content but need not be of the same form. No

definition of equality is anywhere given by Euclid; we are left to infer its

meaning from the few axioms about “equal things.” It will be observed that

in the above proof the “equality” of two parallelograms on the same base

and between the same parallels is inferred by the successive steps (I) of

subtracting one and the same area (the triangle DGE) from two areas equal

in the sense of eongruenre (the triangles AEB, DFC), and inferring that the

remainders (the trapezia ABGD, EGCF) are “equal”; (2) of adding one and



328 BOOK I [1. 35

the same area (the triangle GBC) to each of the latter “equal” trapezia, and

inferring the equality of the respective sums (the two given parallelograms).

As is well known, Simson (after Clairaut) slightly altered the proof in order

to make it applicable to all the three possible cases. The alteration

substituted one step of subtracting congruent areas (the triangles AEB, DFC)

from one and the same area (the trapezium ABCF) for the two steps above

shown of first subtracting and then adding a certain area.

While, in either case, nothing more is explicitly used than the axioms that,

1] equals be added to equals, the wlzoles are equal and that, equals be subtracted

from equals, tlze remainders are equal, there is the further taeit assumption that

it is indifi'erent to w/zatpart or from wlzatpart of the same or equal areas the

same or equal areas are added or subtracted. De Morgan observes that the

postulate “an area taken from an area leaves the same area from whatever

part it may be taken ” is particularly important as the key to equality of non

rectilineal areas which could not be cut into coincidence geometrically.

Legendre introduced the word equivalent to express this wider sense of

equality, restricting the term equal to things equal in the sense of congruent;

and this distinction has been found convenient.

I do not think it necessary, nor have I the space, to give any account of

the recent developments of the theory of equivalence on new lines represented

by the researches of W. Bolyai, Duhamel, De Zolt, Stolz, Schur, Veronese,

Hilbert and others, and must refer the reader to Ugo Amaldi’s article Sulla

tearia dell’ equiz'alenza in Quertl'oni rrjguardanti {a geometria elementare

(Bologna, 1900), pp. 103—142, and to Max Simon, Uber die Entu/z'rklung der

Elementar-geometrie in: X1X.]a/lr/1undert (Leipzig, 1906), pp. I I 5-120, with

their full references to the literature of the subject. I may however refer to

the suggestive distinction of phraseology used by Hilbert (Grundlagen der

Geometrie, pp. 39, 4o) :

(I) “Two polygons are called dioz'siblyequal (zerlegungsgleie/z) if they can

be divided into a finite number of triangles which are congruent two and two.”

(2) “Two polygons are called equal in content (inlzaltsglel'e/z) or of equal

content if it is possible to add dtz'z'sz'lI/y-equal polygons to them in such a way

that the two combined polygons are dizlz'sibbl-equal.”

(Amaldi suggests as alternatives for the terms in ( r) and (2) the expressions

equivalent by sum and equivalent by dz' erenee respectively.)

From these definitions it follows that “by combining dz'wsibbl-equal

polygons we again arrive at dioiszbly~equal polygons; and, if we subtract

diw'sz'bly-equal polygons from diwsibly-equal polygons, the polygons remaining

are equal in eontent.”

The proposition also follows without difficulty that, “if two polygons are

diwsz'bly-equal to a third polygon, they are also dz'm'sz'blyequal to one another;

and, if two polygons are equal in content to a third polygon, they are equal in

content to one another.”

The different cases.

As usual, Proclus (pp. 399—400), observing that Euclid has given only the

most difficult of the three possible cases, adds the other two with separate

proofs. In the case where E in the figure of the proposition falls between A

and D, he adds the congruent triangles ABE, DCF respectively to the

smaller trapezium EBCD, instead of subtracting them (as Simson does) from

the larger trapezium ABCE
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An ancient "Budget of Paradoxes.”

Proclus observes (p. 396, 12 sqq.) that the present theorem and the

similar one relating to triangles are among the so—called paradoxical theorems

of mathematics, since the uninstructed might well regard it as impossible that

the area of the parallelograms should remain the same while the length of the

sides other than the base and the side opposite to it may increase indefinitely.

He adds that mathematicians had made a collection of such paradoxes, the

so-called treasury ofparadoxes (6 wapaZSoEos r61ros)—cf. the similar expressions

ro'1ros rivakvduevos (treasury of analysis) and 'ro'rros do'rpovoumiuevov—in the same

way as the Stoics with their illustrations (damp oi rim‘; rfis Erotic é-lrl 115v

Suypta'rwv). It may be that this lreasmy of paradoxes was the work of

Erycinus quoted by Pappus (111. p. 107, 8) and mentioned above (note on

1. 21, p. 290).

Locus-theorems and loci in Greek geometry.

The proposition 1. 35 is, says Proclus (pp. 394-—6), the first locus-l/zeorem

(To‘lrutov emipmm.) given by Euclid. Accordingly it is in his note on this

proposition that Proclus gives us his view of the nature of a locus-theorem

and of the meaning of the word [05115 (ro'1ros); and great importance attaches

to his words because he is one of the three writers (Pappus and Eutocius

being the two others) upon whom we have to rely for all that is known of the

Greek conception of geometrical loci.

Proclus’ explanation (pp. 394, 15—395, 2) is as follows. “I call those

(theorems) lotus-theorems (Tommi) in which the same property is found to exist

on the whole of some locus ('rrpos 6M? nvl wimp), and (I call) a locus a position

of a line or a surface producing one and the same property (ypappfisr’) e'm

¢avefas @z'mv 1rot0iio'av iv Kai rat’zrdv O’Iill-T‘Tw/La). For, 0f locus-theorems, some

are constructed on lines and others on surfaces (1151/ yap romxdiv 'n‘J. ,ue'v ion

'n'pos ypa/Apai‘s o'vvtara'ueva, 1'5. 8% apes E'lrubavet'ats). And, since some lines are

plane (i'rr1'1r£80L)and others solid (anpeat’)—those being plane which are simply

conceived of in a plane (u'w e'v (‘arm-5&9 d'lrltfi 17' 1161/05), and those solid the

origin of which is revealed from some section of a solid figure, as the cylin

drical helix and the conic lines (uis T179 Kvhtvdptxfis ZMxos Kai 'ru'iw KwVLKtBV

7papnt5v)—I should say (¢at'1;v 111/) further that, of locus-theorems on lines,

some give a plane locus and others a solid locus.”

Leaving out of sight for the moment the class of loci on smfaas, we find

that the distinction between plane and solid loci, or plane and solid lines, was

similarly understood by Eutocius, who says (Apollonius, ed. Heiberg, 11.

p. 184) that “solid 100' have obtained their name from the fact that the lines

used in the solution of problems regarding them have their origin in the

section of solids, for example the sections of the cone and several others.”

Similarly we gather from Pappus that plane loe'i were straight lines and circles,

and solid lori were conics. Thus he tells us (v11. p. 672, 20) that Aristaeus

wrote five books of Solid Lori “supplementary to (literally, continuous with)

the conics” ; and, though Hultsch brackets the passage (v11. p. 662, ro—r 5)

which says plainly that plane lozi are straight lines and circles, while solid lori

are sections of cones, i.e. parabolas, ellipses and hyperbolas, we have the

exactly corresponding distinction drawn by Pappus (111. p. 54, 7~—16) between

plane and solid problems, plane problems being those solved by means of

straight lines and circumferences of circles, and solid problems those solved

by means of one or more of the sections of the cone. But, whereas Proclus
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and Eutocius speak of other solid loci besides conics, there is nothing in

Pappus to support the wider application of the term. According to Pappus

(in. p. 54, 16—21) problems which could not be solved by means of straight

lines, circles, or conics were linear (ypapptmi) because they used for their

construction lines having a more complicated and unnatural origin than those

mentioned, namely such curves as ouaa'ralrices, conchoids and cissoids.

Similarly, in the passage supposed to be interpolated, linear loci are distin

guished as those which are neither straight lines nor circles nor any of the

conic sections (v11. p. 662, I 3—15). Thus the classification given by Proclus

and Eutocius is less precise than that which we find in Pappus; and the

inclusion by Proclus of the cylindrical helix among solid loci, on the ground

that it arises from a section of a solid figure, would seem to be, in any case,

due to some misapprehension.

Comparing these passages and the hints in Pappus about loci on surfaces

(161ml rpm‘); é1rt¢av<lg) with special reference to Euclid’s two books under that

title, Heiberg concludes that loci on lines and loci on surfaces in Proclus’

explanation are loci which are lines and loci which are surfaces respectively.

But some qualification is necessary as regards Proclus’ conception of loci on

lines, because he goes on to say (p. 39 5, 5), with reference to this proposition,

that, while the locus is a locus on lines and moreover plane, it is “the whole

space between the parallels” which is the locus of the various parallelograms

on the same base proved to be equal in area. Similarly, when he quotes

111. 21 about the equality of the angles in the same segment and Ill. 31 about

the right angle in a semicircle as cases where a circumference of a circle

takes the place of a straight line in a plane locus-theorem, he appears to

imply that it is the segment or semicircle as an area which is regarded as the

locus of an infinite number of triangles with the same base and equal vertical

angles, rather than that it is the circumference which is the locus of the angular

points. Likewise he gives the equality of parallelograms inscribed in “the

asymptotes and the hyperbola” as an example of a solid locus-theorem, as if

the area included between the curve and its asymptotes was regarded as the

locus of the equal parallelograms. However this may be, it is clear that the

locus in the present proposition can only be either (1) a line-locus of a line,

not a point, or (2) an area-locus of an area, not a point or a line; and we

seem to be thus brought to another and different classification of loci

corresponding to that quoted by Pappus (vrr. p. 660, 18 sqq.) from the pre

liminary exposition given by Apollonius in his Plane Loci. According to this,

loci in general are of three kinds: (1) e'zfiexnxot', balding-in, in which sense

the locus of a point is a point, of a line a line, of a surface a surface, and of a

solid a solid, (2) 8teio‘8urot’, moving along, a line being in this sense a locus of a

point, a surface of a line and a solid of a surface, ( 3) aivatrrpocfiuroi, where a

surface is a locus of a point and a solid of a line. Thus the locus in this

proposition, whether it is the space between the two parallels regarded as the

locus of the equal parallelograms, or the line parallel to the base regarded as

the locus of the sides opposite to the base, would seem to be of the first class

(é¢¢xrum';) 3 and, as Proclus takes the former view of it, a locus on lines is

apparently not merely a locus which is a line but a locus bounded by lines

also, the locus being plane in the particular case because it is bounded by

straight lines, or, in the case of II]. 2r, 31, by straight lines and circles, but

not by any higher curves.

Proclus notes lastly (p. 395, 13—21) that, according to Geminus,

“Chrysippus likened locus-theorems to the ideas. For, as the ideas confine
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the genesis of unlimited (particulars) within defined limits, so in such theorems

the unlimited (particular figures) are confined within defined plates or loa‘

(ro'vror). And it is this boundary which is the cause of the equality; for the

height of the parallels, which remains the same, while an infinite number of

parallelograms are conceived on the same base, is what makes them all equal

to one another.”

PROPOSITION 36.

Parallelograms which are on equal bases and in the same

parallels are equal to one another.

Let ABCD, EFGH be parallelograms which are on

equal bases BC, FG and in the same parallels AH, BG ;

A o E H

BLWG

I say that the parallelogram ABCD is equal to EFGH.

For let BE, CH be joined.

Then, since BC is equal to FG,

while F6 is equal to Elf,

BC is also equal to Elf. [C. 1v‘. 1]

But they are also parallel.

And BB, HC join them;

but straight lines joining equal and parallel straight lines (at

the extremities which are) in the same directions (respectively)

are equal and parallel. [1. 33]

Therefore EBCH is a parallelogram. [1. 34]

And it is equal to ABCD;

for it has the same base BC with it, and is in the same

parallels BC, AH with it. [I. 35]

For the same reason also EFGH is equal to the same

EBCH; ll- 35]

so that the parallelogram ABCD is also equal to EFGH

[C. N 1]

 

Therefore etc.

Q. E. D.
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PROPOSITION 37.

Triangles whieh are on the same hose and in the same

parallels are equal to one another.

Let ABC, DBC be triangles on the same base BC and

in the same parallels AD, BC;

SI say that the triangle ABC is equal to the triangle DBC.

Let AD be produced in both

directions to E, F; E A 0

through B let BB be drawn parallel

to CA, [1. 31]

I0 and through C let CF be drawn

parallel to BD. [1. 31] B G

Then each of the figures

BBCA, DBCF is a parallelogram;

and they are equal,

15 for they are on the same base BC and in the same

parallels BC, EF. [1- 35]

Moreover the triangle ABC is half of the parallelogram

EBCA ; for the diameter AB bisects it. [1. 34]

And the triangle DBC is half of the parallelogram DBCF;

20 for the diameter DC bisects it. [I- 34]

[But the halves of equal things are equal to one another.]

Therefore the triangle ABC is equal to the triangle DBC.

Therefore etc.

Q. E. D.

'21. Here and in the next proposition Heiberg brackets the words "But the halves of

eqpal things are equal to one another” on the ground that, since the Common Notion

w ich asserted this fact was interpolated at a very early date (before the time of Theon),

it is probable that the words here were interpolated at the same time. Cf. note above

(p. 214) on the interpolated Common Notion.

There is a lacuna in the text of Proclus’ notes to I. 36 and l. 37.

Apparently the end of the former and the beginning of the latter are missing,

the M85. and the editio prime}: showing no separate note for l. 37 and no

lacuna, but going straight on without regard to sense. Proclus had evidently

remarked again in the missing passage that, in the case of both parallelograms

and triangles between the same parallels, the two sides which stretch from one

parallel to the other may increase in length to any extent, while the area

remains the same. Thus the perimeter in parallelograms or triangles is of

itself no criterion as to their area. Misconception on this subject was rife

among non-mathematicians; and Proclus (p. 403, 5 sqq.) tells us (I) of

describers of countries (Xwpoypdrpot) who drew conclusions regarding the size

of cities from their perimeters, and (2) of certain members of communistic
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societies in his own time who cheated their fellow members by giving them

land of greater perimeter but less area than they took themselves, so that, on

the one hand, they got a reputation for greater honesty while, on the other, they

took more than their share of produce. Cantor (Geselz. d. Math. 1,, p. 172)

quotes several remarks of ancient authors which show the prevalence of the

same misconception. Thus Thucydides estimates the size of Sicily according

to the time required for circumnavigating it. About 130 B.C. Polybius said

that there were people who could not understand that camps of the same

periphery might have difl'erent capacities. Quintilian has a similar remark,

and Cantor thinks he may have had in his mind the calculations of Pliny, who

compares the size of dillerent parts of the earth by adding their length to their

breadth.

The comparison however of the areas of difi'erent figures of equal contour

had not been neglected by mathematicians. Theon of Alexandria, in his

commentary on Book 1. of Ptolemy’s Syntaxis, has preserved at number of

propositions on the subject taken from a treatise by Zenodorus mpl Zo'opé'rpmv

axmuimv (reproduced in Latin on pp. rrgo—rzrr of Hultsch’s edition of

Pappus) which was written at some date between, say, 200 EC. and 90 A.D.,

and probably not long after the former date. Pappus too has at the beginning

of Book v. of his Collection (pp. 308 sqq.) the same propositions, in which he

appears to have followed Zenodorus pretty closely while making some changes

in detail. The propositions proved by Zenodorus and Pappus include the

following: (I) that, of all polygons of tire same number of sides and equal

perimeter, tlze equilateral and eguiangular polygon is the greatest in area,

(2) that, of regular polygons (1 equal perimeter, that is t/ze greatest in area

wln'efi llas the most angles, (3) that a circle is greater than any regular polygon

ofequal contour, (4) that, of all eireular segments in zulu'e/z tlze ares are equal in

lengllz, tlze semz'eirele is the greatest. The treatise of Zenodorus was not con

fined to propositions about plane figures, but gave also the theorem that, of

all solid figures the surfaees of whit/l are equal, the sphere is tlze greatest in

volume.

PROPOSITION 38.

Triangles which are on equal oases and in the same

parallels are equal to one auot/zer.

Let ABC, DEF be triangles on equal bases BC, EF and

in the same parallels BF, AD ;

 

I say that the triangle ABC is G A D H

equal to the triangle DEF. \

For let AD be produced in

both directions to G, H;through 15’ let BG be drawn 5 0 E F

parallel to CA, [1. 31]

and through F let FH be drawn parallel to DB.

Then each of the figures GBCA, DEFH is a parallelo

gram ;

and GBCA is equal to DEFH;
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for they are on equal bases BC, BF and in the same

parallels BF, G11. [1- 36]

Moreover the triangle ABC is half of the parallelogram

GBCA ; for the diameter AB bisects it. [I- 34]

And the triangle FED is half of the parallelogram DEFH;

for the diameter DF bisects it. [I- 34]

[But the halves of equal things are equal to one another.]

Therefore the triangle ABC is equal to the triangle DEF.

Therefore etc.

Q. E. D.

On this proposition Proclus remarks (pp. 405-6) that Euclid seems to

him to have given in v1. I one proof including all the {our theorems from

I. 35 to I. 38, and that most people had failed to notice this. When Euclid,

he says, proves that triangles and parallelograms of the same altitude have to

one another the same ratio as their bases, he simply proves all these

propositions more generally by the use of proportion; for of course to be of

the same altitude is equivalent to being in the same parallels. It is true that

v1. I generalises these propositions, but it must be observed that it does not

prove the propositions themselves, as Proclus seems to imply; they are in fact

assumed in order to prove v1. 1.

Comparison of areas of triangles of I. 24.

The theorem already mentioned as given by Proclus on I. 24 (pp. 340—4)

is placed here by Heron, who also enunciates it more clearly (an-Nairizi, ed.

Besthom-Heiberg, pp. 155—161, ed. Curtze, pp. 75-8).

[f in two triangles two sides of the one be equal to two sides of the other

respeetively, and the angle of the one be greater than the angle of the other,

namely the angles eontained by the equal sides, then, (r) 1f the sum of the two

angles eontained by the equal sides is equal to two right angles, the two triangles

are equal to one another; (2) less than two right angles, the triangle whieh

has the greater angle is also itselfgreater than the other; (3) Ifgreater than two

right angles, the triangle which has the less angle is greater than the other

triangle.

B o s

c

F‘

Let two triangles ABC, DEF have the sides AB, AC respectively equal

to DE, DE

(1) First, suppose that the angles at A and D in the triangles ABC,

DEFare together equal to two right angles.

Heron’s construction is now as follows.

Make the angle EDG equal to the angle BA C.

Draw FHparallel to ED meeting DG in 11

Join EH1
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Then, since the angles BA C, EDF are equal to two right angles, the

angles EDIY, EDFare equal to two right angles.

But so are the angles EDII, DHE

Therefore the angles EDE DHFare equal.

And the alternate angles EDE DFHare equal. [1. 29]

Therefore the angles DHE DFHare equal,

and DF is equal to DH [1. 6]

Hence the two sides ED, DH are equal to the two sides BA, AC ; and

the included angles are equal.

Therefore the triangles ABC, DEHare equal in all respects.

And the triangles DEE DEHbetween the same parallels are equal.

1. 37

Therefore the triangles ABC, DEFare equal. [ ]

[Proclus takes the construction of Eucl. l. 24, i.e., he makes DH equal t

DFand then proves that ED, FHare parallel] '

(2) Suppose the angles BA C, EDF together less than two right angles.

As before, make the angle EDG equal to the angle BA C, draw FH

parallel to ED, and join EH

A D

In this case the angles EDIi, EDF are together less than two right

angles, while the angles EDIf, DHFare equal to two right angles. [1. 29]

Hence the angle EDF, and therefore the angle D/QY, is less than the

angle DHE

Therefore DH is less than DE [1. 19]

Produce DH to G so that DG is equal to DF or AC, and join EG.

Then the triangle DEG, which is equal to the triangle ABC, is greater

than the triangle DEJI, and therefore greater than the triangle DEE

(3) Suppose the angles BAC, EDF together greater than two right

angles.

We make the same construction in this case, and we prove in like manner

that the angle DHF is less than the angle DFIJ,

whence DH is greater than DF or AC.

Make DG equal to A C, and join EG. g

It then follows that the triangle DEF is greater than the triangle ABC.

[In the second and third cases again Proclus starts from the construction

in 1. 24, and proves, in the second case, that the parallel, F17, to ED cuts

DG and, in the third case, that it cuts DG produced]
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There is no necessity for Heron to take account of the position of F in

relation to the side opposite D. For in the first and third cases F must fall

A

B C E

in the position in which Euclid draws it in I. 24, whatever be the relative

lengths of AB, AC. In the second case the figure may be as annexed, but the

proof is the same, or rather the case needs no proof at all.

PROPOSITION 39.

Byual triangles which are on the same base and on the

same side are also in the same parallels.

Let ABC, DBC be equal triangles which are on the same

base BC and on the same side of it ;

$[l Say that they are also in the same parallels]

And [For] let AD be joined;

I say that AD is parallel to BC. A D

For, if not, let AB be drawn through

the point A parallel to the straight line

Io BC, [1. 31]

and let BC be joined. B c

Therefore the triangle ABC is equal

to the triangle BBC;

for it is on the same base BC with it and in the same

15 parallels. [1- 37]

But ABC is equal to DBC; ,

therefore DBC is also equal to BBC, [6‘. 1v’. 1]

the greater to the less: which is impossible.

Therefore AB is not parallel to BC.

20 Similarly we can prove that neither is any other straight

line except AD ;

therefore AD is parallel to BC.

Therefore etc.
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5. [I say that they are also in the same parallels] Heiberg has proved (Ila-Ines,

XXXVHL, 1903, p. 50) from a recently discovered papyrus-fragment (Fayfim towns and their

papyri, p. 96, N0. IX.) that these words are an interpolation by some one who did not observe

that the words "And let A!) be joined” are part of the setting-out (Exflecm), but took them

as belonging to the construction (Karaaxelnj) and consequently thought that a Btopw'abs or

“definition " (of the thing to be proved) should precede. The interpolator then altered

"And" into "For" in the next sentence.

This theorem is of course the partial converse of l. 37. In I. 37 we have

triangles which are (I) on the same base, (2) in the same parallels, and the

theorem proves (3) that the triangles are equal. Here the hypothesis (I) and

the conclusion (3) are combined as hypotheses, and the conclusion is the

hypothesis (2) of I. 37, that the triangles are in the same parallels. The

additional qualification in this proposition that the triangles must be on the

same side of the base is necessary because it is not, as in I. 37, involved in the

other hypotheses.

Proclus (p. 407, 4—17) remarks that Euclid only converts I. 37 and I. 38

relative to triangles, and omits the converses of l. 3 5, 36 about parallelograms

as unnecessary because it is easy to see that the method would be the same,

and therefore the reader may properly be left to prove them for himself.

The proof is, as Proclus points out (p. 408, 5—21), equally easy on the

supposition that the assumed parallel AE meets BD or CD produced

beyond D.

[PROPOSITION 40.

Equal triangles which are on equal bases and on the same

side are also in the same parallels.

Let ABC, CDB be equal triangles on» equal bases BC,

CE and on the same side.

I say that they are also in the same parallels.

For let AD be joined;

I say that AD is parallel to BE. A o

For, if not, let AF be drawn through

A parallel to BE [1. 31], and let FE be

joined.

Therefore the triangle ABC is equal B 0 E

to the triangle FCE ;

for they are on equal bases BC, CE and in the same parallels

BE, AF. [1- 38]

But the triangle ABC is equal to the triangle DCB ;

therefore the triangle DCE is also equal to the triangle

FCE, [C N I]

the greater to the less: which is impossible.

Therefore AF is not parallel to BB.

H. E- 22
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Similarly we can prove that neither is any other straight

line except AD;

therefore AD is parallel to BB.

Therefore etc.

Q. E. 1).]

Heiberg has proved by means of the papyrus-fragment mentioned in the

last note that this proposition is an interpolation by some one who thought

that there should be a proposition following I. 39 and related to it in the same

way as I. 38 is related to I. 37, and I. 36 to I. 35.

PROPOSITION 41.

[f a parallelogram have the same base wit/z a triangle and

be in tbe same parallels, t/ze parallelogram is double of t/ze

triangle.

For let the parallelogram ABCD have the same base BC

with the triangle BBC, and let it be in the same parallels

BC, AB ;

I say that the parallelogram ABCD is double of the

triangle BBC.

For let AC be joined. A D E

Then the triangle ABC is equal to

the triangle BBC;

for it is on the same base BC with it

and in the same parallels BC, AB. 8 c

[l- 37]

But the parallelogram ABCD is double of the triangle

ABC;

for the diameter AC bisects it ; [1. 34]

so that the parallelogram ABCD is also double of the triangle

BBC.

Therefore etc.

Q. a. D.

On this proposition Proclus (pp. 4I4, 15-415, 16), “by way of practice”

(yuavaalas Zvem), considers the area of a trapezium (a quadrilateral with only

one pair of opposite sides parallel) in comparison with that of the triangles

in the same parallels and having the greater and less of the parallel sides of

the trapezium for bases respectively, and proves that the trapezium is less

than double of the former triangle and more than double of the latter.

He next (pp. 4I5, 22-416, I4) proves the proposition that,

If a triangle be formed by joining the middle [Joint of eitlzer (y‘ t/ze non

parallel sides to the extremities of the opposite side, t/le area of the trapezium is

always double of tlzat of tlze triangle.
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Let ABCD be a trapezium in which AD, BC are the parallel sides, and

E the middle point of one of the non-parallel sides,

53)’ DC. A o F

Join EA, EB and produce BE to meet AD

produced in R

Then the triangles BEC, FED have two angles

equal respectively, and one side CE equal to one B c

side DE ;

therefore the triangles are equal in all respects. [L 26]

Add to each the quadrilateral ABED ;

therefore the trapezium ABCD is equal to the triangle ABE

that is, to twice the triangle AEB, since BE is equal to ER [1. 38]

The three properties proved by Proclus may be combined in one enuncia

tion thus:

If a triangle he formed byjoining the middlepoint of one side of a trapezium

to the extremities of the opposite side, the area of the trapezium is (I) greater

than, (2) equal to, or (3) less than, douhle the area of the triangle aeeording as

the side the middle point of whieh is taken is (I) the greater of the parallel sides,

(2) either of the non-parallel sides, or (3) the lesser of the parallel sides.

PROPOSITION 42.

To construct, in a given rectilineal angle, a parallelogram

equal to agiven triangle.

Let ABC be the given triangle, and D the given recti

lineal angle ;

thus it is required to construct in the rectilineal angle D a

parallelogram equal to the

triangle ABC. A F G

Let BC be bisected at E, \\ D

and let AE be joined; \

on the straight line EC, and

at the point E on it, let the B E 0

angle CEF be constructed

equal to the angle D ; [1. 2 3]

through A let AG be drawn parallel to EC, and [1. 31]

through C let CG be drawn parallel to EF. '

Then FECG is a parallelogram.

And, since BE is equal to EC,

the triangle ABE is also equal to the triangle AEC,

for they are on equal bases BE, EC and in the same parallels

BC, AG ; [1. 38]

therefore the triangle ABC is double of the triangle

AEC.

22—2
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But the parallelogram FECG is also double of the triangle

AEC, for it has the same base with it and is in the same

parallels with it; [1. 41]

therefore the parallelogram FECG is equal to the

triangle ABC.

And it has the angle CEF equal to the given angle D.

Therefore the parallelogram FECG has been constructed

equal to the given triangle ABC, in the angle CEF which is

equal to D. Q. E. F.

PROPOSITION 43.

In any parallelogram t/ze complemenls of t/ze parallelograms

aooat l/ze diameter are equal to one anot/zer.

Let ABCD be a parallelogram, and AC its diameter;

and about AC let E11, FG be parallelograms, and BK’, KD

5 the so-called complements ;

I say that the complement BK is equal to the complement

KD.

For, since ABCD is a parallelogram, and AC its diameter,

the triangle ABC is equal to A
m the triangle ACD. [1. 34] H 0

Again, since EH is a parallelo- E F

gram, and AK is its diameter,

the triangle AEK is equal to

the triangle AHK.

15 For the same reason

the triangle KFC is also equal to KGC.

Now, since the triangle AEK is equal to the triangle

AHK,

‘ea c

and KFC to KGC,

20 the triangle AEK together with KGC is equal to the triangle

AHK together with K'FC. [(7. N. 2]

And the whole triangle ABC is also equal to the whole

ADC;

therefore the complement BK which remains is equal to the

25 complement KD which remains. [C. 1v‘. 3]

Therefore etc.

Q. E. o.
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I. complements, rapa-Irknpu’mam, the figures put in to fill up (interstices).

4. and about AC.... Euclid’s phraseology here and in the next proposition implies

that the complements as well as the other parallelograms are “about” the di onal. The

words are here rep! at Tijv AI‘ 1rapaXX-nko'ypauua pkv {one 'rc't E9, ZH, ‘rd M76110":

waparMpdma-ra To BK, KA. The expression “the so-called complements” indicates that

this technical use of 1rapan'X-qptbuara was not new, though it might not be universally known.

In the text of Proclus’ commentary as we have it, the end of the note on

I. 41, the whole of that on I. 42, and the beginning of that on I. 43 are

missing.

Proclus remarks (p. 418, Is—zo) that Euclid did not need to give a

formal definition of complement because the name was simply suggested by the

facts; when once we have the two “parallelograms about the diameter,”

the eomplements are necessarily the areas remain

ing Over on each side of the diameter, which fill

up the complete parallelogram. Thus (p. 417,

1 sqq.) the complements need not be parallelo

grams. They are so if the two “parallelograms

about the diameter” are formed by straight lines

drawn through one point of the diameter parallel

to the sides of the original parallelogram, but not

otherwise. If, as in the first of the accompanying figures, the parallelograms

have no common point, the complements are five-Sided figures as shown.

When the parallelograms overlap, as in the second figure, Proclus regards

the complements as being the small parallelo

grams FG, EH But, if complements are strictly

the areas required to fill up the original parallelo

gram, Proclus is inaccurate in describing FG, EH

as the complements. The complements are really

(I) the parallelogram FG minus the triangle LMZV,

and (2) the parallelogram EH minus the triangle

KMZV, respectively; the possibility that the re

spective differences may be negative merely means the possibility that the

sum of the two parallelograms about the diameter may be together greater

than the original parallelogram.

In all the cases it is easy to show, as Proclus does, that the complements

are still equal.

  

PROPOSITION 44.

T0 a given straight line to apply, in a given rectilineal

angle, a parallelogram equal to a given triangle.

Let AB be the given straight line, C the given triangle

and D the given rectilineal angle;

5 thus it is required to apply to the given straight line AB, in

an angle equal to the angle D, a parallelogram equal to the

given triangle C.

Let the parallelogram BBFG be constructed equal to

the triangle C, in the angle BBG which is equal to D [1. 42] ;

to let it be placed so that BB is in a straight line with AB; let
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FG be drawn through to H, and let AH be drawn through

A parallel to either BC or EF. [1. 3:]

Let HB be joined.

A A

Then, since the straight line HF falls upon the parallels

I5 AH, EF,

the angles AHF, HFE are equal to two right angles.

[1. 29]

Therefore the angles BHG, GFE are less than two right

angles;

and straight lines produced indefinitely from angles less than

20 two right angles meet ; [Post. 5]

therefore HB, FE, when produced, will meet.

Let them be produced and meet at K ; through the point

X let KL be drawn parallel to either EA or FH, [1. 31]

and let HA, GB be produced to the points L, M

25 Then HLKF is a parallelogram,

HK is its diameter, and AG, ME are parallelograms. and

LB, BF the so-called complements, about HK;

  

therefore LB is equal to BF. [1. 43]

But BF is equal to the triangle C ;

30 therefore LB is also equal to C. [C. M 1]

And, since the angle GBE is equal to the angle ABM

[1- 151

while the angle GBE is equal to D,

the angle ABM is also equal to the angle D.

Therefore the parallelogram LB equal to the given triangle

35 C has been applied to the given straight line AB, in the angle

ABM which is equal to D.

Q. E. F.

14,. since the straight line HF falls... The verb is in the aorist (e'vhrwew) here and

in similar expressions in the following propositions.

This proposition will always remain one of the most impressive in all

geometry when account is taken (I) of the great importance of the result >
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obtained, the transformation of a parallelogram of any shape into another

with the same angle and of equal area but with one side of any given

length, e.g. a unit length, and (2) of the simplicity of the means employed,

namely the mere application of the property that the complements of the

“parallelograms about the diameter” of a parallelogram are equal. The

marvellous ingenuity of the solution is indeed worthy of the “ godlike men of

old,” as Proclus calls the discoverers of the method of “application of areas”;

and there would seem to be no reason to doubt that the particular solution,

like the whole theory, was Pythagorean, and not a new solution due to Euclid

himself.

Application of areas.

On this proposition Proclus gives (pp. 419, 15—420, 2 3) a valuable note

on the method of “application of areas” here introduced, which was one of

the most powerful methods on which Greek geometry relied. The note runs

as follows:

“These things, says Eudemus (oi ‘n'cpi. rr‘zv EI‘JS-qaov), are ancient and are

discoveries of the Muse of the Pythagoreans, I mean the application of areas

(mapaBokq‘ 'ru'w xwpt'wv), their exeeeding (I'nrepfioltri) and their falling-short

(é'Mtaq/ts). It was from the Pythagoreans that later geometers [i.e. Apollonius]

took the names, which they again transferred to the so‘called eonie lines,

designating one of these a parabola (application), another a lzyperbola

(exceeding) and another an ellipse (falling-short), whereas those godlike men

of old saw the things signified by these names in the construction, in a plane,

of areas upon a finite straight line. For, when you have a straight line set

out and lay the given area exactly alongside the whole of the straight line, then

they say that you apply (rapalBalltlsew) the said area; when however you

make the length of the area greater than the straight line itself, it is said to

rxeeed (dvrepflaiMcw), and when you make it less, in which case, after the area

has been drawn, there is some part of the straight line extending beyond it,

it is said to fall short (c'Met'n-ew). Euclid too, in the sixth book, speaks in

this way both of exeeerliag and falling-snort; but in this place he needed the

application simply, as he sought to apply to a given straight line an area equal

to a given triangle in order that we might have in our power, not only the

construction (mini-acts) of a parallelogram equal to a given triangle, but also

the application of it to a finite straight line. For example, given a triangle

with an area of 12 feet, and a straight line set out the length of which is

4 feet, we apply to the straight line the area equal to the triangle if we take

the whole length of 4 feet and find how many feet the breadth must be in

order that the parallelogram may be equal to the triangle. In the particular

case, if we find a breadth of 3 feet and multiply the length into the breadth,

supposing that the angle set out is a right angle, we shall have the area. Such

then is the applieation handed down from early times by the Pythagoreans.”

Other passages to a similar effect are quoted from Plutarch. (I) “ Pytha

goras sacrificed an ox on the strength of his proposition (Stdypappa) as

Apollodotus (P-rus) says...whether it was the theorem of the hypotenuse, viz.

that the square on it is equal to the squares on the sides containing the

right angle, or the problem about the applieation of an area.” (lVon posse

suaoiter w'oi seeundum Bpieurum, c. It.) (2) “Among the most geometrical

theorems, or rather problems, is the following: given two figures, to apply a

third equal to the one and similar to the other, on the strength of which

discovery they say moreover that Pythagoras sacrificed. This is indeed

unquestionably more subtle and more scientific than the theorem which
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demonstrated that the square on the hypotenuse is equal to the squares on

the sides about the right angle” (SJ/mp. VIII. 2, 4).

The story of the sacrifice must (as noted by Bretschneider and Hankel)

be given up as inconsistent with Pythagorean ritual, which forbade such

sacrifices; but there is no reason to doubt that the first distinct formulation

and introduction into Greek geometry of the method of application of areas

was due to the Pythagoreans'. The complete exposition of the applieatzon of

areas, their exeeeding and their falling-short, and of the construction of a

rectilineal figure equal to one given figure and similar to another, takes us

into the sixth Book of Euclid; but it will be convenient to note here the

general features of the theory of application, exeeeding andfalling-short.

The simple applieation of a parallelogram of given area to a given

straight line as one of its sides is what we have in 1. 44 and 45 ; the general

form of the problem with regard to exeeedrng and falling-short may be stated

thus:

“To apply to a given straight line a rectangle (or, more generally, a

parallelogram) equal to a given rectilineal figure and (I) exeeeding or

(2) falling-short by a square (or, in the more general case, a parallelogram

similar to a given parallelogram).” .

What is meant by saying that the applied parallelogram (I) exceeds or

(2) falls short is that, while its base coincides and is coterminous at one end

with the straight line, the said base (i) overlaps or (2) falls short of the

straight line at the other end, and the portion by which the applied

parallelogram exceeds a parallelogram of the same angle and height on the

given straight line (exactly) as base is a parallelogram similar to a given

parallelogram (or, in particular cases, a square). In the case where the

parallelogram is to fall short, a Staple-p.69 is necessary to express the condition

of possibility of solution.

We shall have occasion to see, when we come to the relative propositions

in the second and sixth Books, that the general problem here stated is

equivalent to that of solving geometrically a mixed quadratic equation. We

shall see that, even by means of n. 5 and 6, we can solve geometrically the

equations

ax i a:2 : h’,

x’—a:as=h’z ;

but in VI. 28, 29 Euclid gives the equivalent of the solution of the general

equations

C
ax i-é x’ = — .

e m

We are now in a position to understand the application of the terms

parabola (application), hyperhola (exceeding) and ellipse (falling-short) to

conic sections. These names were first so applied by Apollonius as expressing

in each case the fundamental property of the curves as stated by him. This

fundamental property is the geometrical equivalent of the Cartesian equation

referred to any diameter of the conic and the tangent at its extremity as (in

general, oblique) axes. If the parameter of the ordinates from the several

points of the conic drawn to the given diameter be denoted by p (p being

'9

accordingly, in the case of the hyperbola and ellipse, equal to 7, where d is

the length of the given diameter and d' that of its conjugate), Apollonius gives

the properties of the three conics in the following form.
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(I) For the parabola, the square on the ordinate at any point is equal to

a rectangle applied to p as base with altitude equal to the corresponding

abscissa. That is to say, with the usual notation,

J’2 =fix

(2) For the lgylerbola and elliose, the square on the ordinate is equal to

the rectangle applied to ,0 having as its width the abscissa and exceeding (for

the hyperbola) orfalling-snort (for the ellipse) by a figure similar and similarly

situated to the rectangle contained by the given diameter and p.

. “a

That is, in the liyperoola y’ =px + d, pd,

or y’ :1»: + ‘Z, x’ ;

and in the ellipse y" :fx - 2x’.

The form of these equations will be seen to be exactly the same as that of

the general equations above given, and thus Apollonius’ nomenclature followed

exactly the traditional theory of application, exceeding, and falling-short

PROPOSITION 45.

To construcl, in a given rectilineal angle, a parallelogram

equal lo a given rectilinealfigure.

Let ABCD be the given rectilineal figure and E the given

rectilineal angle ;

5thus it is required to construct, in the given angle E, a

parallelogram equal to the rectilineal figure ABCD.

D F G L

A c

A

B K H M

Let DB be joined, and let the parallelogram FH be

constructed equal to the triangle ABD, in the angle HKF

which is equal to E; [1. 42]

10 let the parallelogram GM equal to the triangle DBC be

applied to the straight line GH, in the angle GHM which is

equal to E. [1. 44]

Then, since the angle E is equal to each of the angles

HKF, GH/ll,

15 the angle HKF is also equal to the angle GHM [6‘. 1V. 1]
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Let the angle KHG be added to each ;

therefore the angles FKH, KHG are equal to the angles

KHG, GHM

But the angles FKH, KHG are equal to two right angles;

[L 29]

20 therefore the angles [t'HG, GHM are also equal to two right

angles.

Thus, with a straight line GI], and at the point H on it,

two straight lines Ki], HM not lying on the same side make

the adjacent angles equal to two right angles ;

:5 therefore KH is in a straight line with HM [1. 14]

And, since the straight line HG falls upon the parallels

KM, FG, the alternate angles MHG, HGF are equal to one

another. [1. 29]

Let the angle HGL be added to each ;

30 therefore the angles MHG, HGL are equal to the angles

HGE HGL. [C. NT 2]

But the angles MHG. HGL are equal to two right angles;

[1. 29]

therefore the angles HGF, HGL are also equal to two right

angles. [(3. N. I] v

35 Therefore FG is in a straight line with GL. [1. 14]

And, since FK is equal and parallel to HG, [1. 34]

and HG to ML also,

[CF is also equal and parallel to ML ; [6‘. M I; I. 30]

and the straight lines KM FL join them (at their extremities);

40 therefore KM FL are also equal and parallel. [1. 33]

Therefore 1(FLM is a parallelogram.

And, since the triangle ABD is equal to the parallelogram

FH' and DBC to GM,

45 the whole rectilineal figure ABCD is equal to the whole

parallelogram KFLM.

Therefore the parallelogram KFLM has been constructed

equal to the given rectilineal figure ABCD, in the angle BK!!!

which is equal to the given angle B. Q. E. F.

a, 3, 6, 45, 48. rectilineal figure, in the Greek "rectilineal” simply, without “figure,"

ebfilfi'ypauuov being here used as a substantive, like the similarly formed rapaM'qkb'ypaupov.

Transformation of areas.

We can now take stock of how far the propositions I. 43—45 bring us in

the matter of transformation ofareas, which constitutes so important a part of
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what has been fitly called the geomelrieal algebra of the Greeks. We have

now learnt how to represent any rectilineal area, which can of course be

resolved into triangles, by a single parallelogram having one side equal to any

given straight line and one angle equal to any given rectilineal angle. Most

important of all such parallelograms is the rectangle, which is one of the simplest

forms in which an area can be shown. Since a rectangle corresponds to the

product of two magnitudes in algebra, we see that app/{when to a given

straight line of a rectangle equal to a given area is the geometrical equivalent

of algebraical dz'r'zlrx'on of the product of two quantities by a third. Further

than this, it enables us to add or :ubtmzt any rectilineal areas and to represent

the sum or difference by one rectangle with one side of any given length, the

process being the equivalent of obtaining a common factor. But one step

still remains, the finding of a square equal to a given rectangle, i.e. to a

given rectilineal figure; and this step is not taken till 11. 14. In general,

the transformation of combinations of rectangles and squares into other

combinations of rectangles and squares is the subject-matter of Book 11., with

the exception of the expression of the sum of two squares as a single square

which appears earlier in the other Pythagorean theorem 1. 47. Thus the

transformation of rectilineal areas is made complete in one dz'rertzbn, i.e. in the

direction of their simplest expression in terms of rectangles and squares, by the

end of Book it. The reverse process of transforming the simpler rectangular

area into an equal area which shall be similar to any rectilineal figure requires,

of course, the use of proportions, and therefore does not appear till V1. 25.

Proclus adds to his note on this proposition the remark (pp. 422, 24—

423, 6): “I conceive that it was in consequence of this problem that the

ancient geometers were led to investigate the squaring of the circle as well.

For, if a parallelogram can be found equal to any rectilineal figure, it is worth

inquiring whether it be not also possible to prove rectilineal figures equal to

circular. And Archimedes actually proved that any circle is equal to the

right-angled triangle which has one of its sides about the right angle [the

perpendicular] equal to the radius of the circle and its base equal to the

perimeter of the circle. But of this elsewhere.”

PROPOSITION 46.

On a given strazlg/zt line to describe a square.

Let AB be the given straight line; 0

thus it is required to describe a square

on the straight line AB.

5 Let AC be drawn at right angles to D E

the straight line AB from the point A

on it [1. u], and let AD be made equal

to AB ;

through the point D let DE be drawn

to parallel to AB, A B

andv through the point B let BE be drawn parallel to AD.

[1. 31]
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Therefore ADBB is a parallelogram ; ‘

therefore AB is equal to DB, and AD to BB. [1. 34]

But AB is equal to AD;

15 therefore the four straight lines BA, AD, DB, BB

are equal to one another;

therefore the parallelogram ADBB is equilateral.

I say next that it is also right-angled.

For, since the straight line AD falls upon the parallels

20 AB, DB,

the angles BAD, ADB are equal to two right angles.

. . [1- 29]

But the angle BAD Is right;

therefore the angle ADB is also right.

And in parallelogrammic areas the opposite sides and

:5 angles are equal to one another ; l [1. 34]

therefore each of the opposite angles ABB, BBD is also

right.

Therefore ADBB is right-angled.

And it was also proved equilateral.

30 Therefore it is a square; and it is described on the straight

line AB.

Q. E. F.

I, 3, 30. Proclus (p. 423, I8 sqq.) notes the difference between the word eons/rue!

(avarfiaao'Oat) applied by Euclid to the construction of a triangle (and, he might have added,

of an angle) and the words describe an (dva'ypdcpuv dirb) used of drawing a square on a given

straight line as one side. The triangle (or angle) is, so to say, pieced together, while the

describing of a square on a given straight line is the making of a figure "from" one side,

and corresponds to the multiplication of the number representing the side by itself.

Proclus (pp. 424—5) proves that, if squares are described on equal straiglzt

lines, the squares are equal; and, eonnersely, that,

if two squares are equal, tlze straiglzt lines are

equal on wlrieli they are desm'bea'. The first

proposition is immediately obvious if we divide

the squares into two triangles by drawing a

diagonal in each. The converse is proved as

follows. A ‘3

Place the two equal squares AF; CG so

that AB, BC are in a straight line. Then,

since the angles are right, FB, BG will also

be in a straight line. Join AF; FC, CG, GA.

Now, since the squares are equal, the c E

triangles ABF, CBG are equal.

Add to each the triangle FBC ; therefore the triangles AFC, GFC are

equal, and hence they must be in the same parallels.

D F  
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Therefore AG, CFare parallel.

Also, since each of the alternate angles AFG, FGC is half a right angle,

Ah, CG are parallel.

Hence AFCG is a parallelogram ; and AR CG are equal.

Thus the triangles ABE CBG have two angles and one side respectively

equal 3

therefore AB is equal to BC, and BF to B6.

PROPOSITION 47.

In right-angled triangles the square on the side suhtending

the right angle is equal to the squares on the sides containing

the right angle.

Let ABC be a right-angled triangle having the angle

SBAC right;

I say that the square on BC is equal to the squares on

BA, AC.

For let there be described

on BC the square BDEC, H

m and on BA, AC the squares

GB, HC ; [1. 46]

through A let AL be drawn 6

parallel to either BD or CE, A

and let AD, FC be joined.

15 Then, since each of the

angles BAC, BAG is right, 8 °

it follows that with a straight

line BA, and at the point A

on it, the two straight lines

zoAC, AG not lying on the

same side make the adjacent

angles equal to two right D L E

angles;

therefore CA is in a straight line with AG. [1. 14]

=5 For the same reason

BA is also in a straight line with AH.

 

 

 

And, since the angle DBC is equal to the angle FBA: for '

each is right:

let the angle ABC be added to each ;

30 therefore the whole angle DBA is equal to the whole

angle FBC. [C. IV. 2]
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And, since DB is equal to BC, and EB to BA,

the two sides AB, BD are equal to the two sides FB, BC

respectively ;

35 and the angle ABD is equal to the angle FBC;

therefore the base AD is equal to the base FC,

and the triangle ABD is equal to the triangle FBC. [1. 4]

Now the parallelogram BL is double of the triangle ABD,

for they have the same base BD and are in the same parallels

40 80, AL. [1. 4I]

And the square GB is double of the triangle FBC,

for they again have the same base EB and are in the same

parallels FB, GC. [I. 41]

[But the doubles of equals are equal to one another.]

45 Therefore the parallelogram BL is also equal to the

square GB.

Similarly, if AE, BK be joined,

the parallelogram CL can also be proved equal to the square

50 therefore the whole square BDEC is equal to the two

squares GB, HC. [0 N. 2]

And the square BDEC is described on BC,

and the squares GB, HC on BA, AC.

Therefore the square on the side BC is equal to the

55 squares on the sides BA, AC. '

Therefore etc. Q. E. D.

I. the square on, 16 dirb...re'rpd-ywvov, the word a'ra'ypazpév or dra'ye'ypa/aaévov being

understood.

subtending the right angle. Here biro-rewot’rens, “subtending,” is used with the

simple accusative (rv‘yv 6p0hv ‘yon/lav) instead of being followed by (m6 and the accusative,

which seems to be the original and more orthodox construction. Cl. 1. I8, note.

33. the two sides AB, BD.... Euclid actually writes “ DB, BA,” and therefore the

equal sides in the two triangles are not mentioned in corresponding order, though he adheres

to the words éxarépu. éxa-répa “ respectively.” Here DB is equal to BC and BA to FB.

44. [But the doubles of equals are equal to one another.] Heiberg brackets

these words as an interpolation, since it quotes a Common Nolion which is itself interpolated.

Cf. notes on I. 37, p. 332, and on interpolated Common Nolions, pp. 123-4.

“If we listen,” says Proclus (p. 426, 6 sqq.), “to those who wish to

recount ancient history, we may find some of them referring this theorem to

Pythagoras and saying that he sacrificed an ox in honour of his discovery.

But for my part, while I admire those who first observed the truth of this

theorem, I marvel more at the writer of the Elements, not only because he

made it fast (m-rc8q'o-aro) by a most lucid demonstration, but because he

compelled assent to the still more general theorem by the irrefragable

arguments of science in the sixth Book. For in that Book he proves

generally that, in right-angled triangles, the figure on the side subtending

the right angle is equal to the similar and similarly situated figures described

on the sides about the right angle.”
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In addition, Plutarch (in the passages quoted above in the note on I. 44),

Diogenes Laertius (VIII. 1:) and Athenaeus (x. I 3) agree in attributing this

proposition to Pythagoras. It is easy to point out, as does G. Junge (“Wann

haben die Griechen das Irrationale entdeckt?” in Novae Symbolaejoae/zimieae,

Halle a. 8., 1907, pp. 22I—264), that these are late witnesses, and that the

Greek literature which we possess belonging to the first five centuries after

Pythagoras contains no statement specifying this or any other particular great

geometrical discovery as due to him. Yet the distich of Apollodorus the

" calculator,” whose date (though it cannot be fixed) is at least earlier than

that of Plutarch and presumably of Cicero, is quite definite as to the existence

of one “famous proposition ” discovered by Pythagoras, whatever it was. Nor

does Cicero, in commenting apparently on the verses (De not. deor. III. c. 36,

§ 88), seem to dispute the fact of the geometrical discovery, but only the story

of the sacrifice. Junge naturally emphasises the apparent uncertainty in the

statements of Plutarch and Proclus. But, as I read the passages of Plutarch,

I see nothing in them inconsistent with the supposition that Plutarch

unhesitatingly accepted as discoveries of Pythagoras both the theorem of the

square of the hypotenuse and the problem of the application of an area, and

the only doubt he felt was as to which of the two discoveries was the more

appropriate occasion for the supposed sacrifice. There is also other evidence

not without bearing on the question. The theorem is closely connected with

the whole of the matter of Euclz Book 11., in which one of the most prominent '

features is the use of the gnomon. Now the gnomon was a well-understood

term with the Pythagoreans (cf. the fragment of Philolaus quoted on p. up of

Boeckh’s Plu'lolaos des Pythagoreers Lehren, 1819). Aristotle also (Physics

III. 4, 203 a Io—Is) clearly attributes to the Pythagoreans the placing of odd

numbers as gnomons round successive squares beginning with I, thereby

forming new squares, while in another place (Categ. 14, I5 a 30) the word

gnome/I occurs in the same (obviously familiar) sense: “e.g. a square, when a

gnomon is placed round it, is increased in size but is not altered in form.” The

inference must therefore be that practically the whole doctrine of Book II. is

Pythagorean. Again Heron (Ist cent. A.D.), like Proclus, credits Pythagoras

with a general rule for forming right-angled triangles with rational whole

numbers for sides. Lastly, the Eudemian summary in Proclus (p. 65, I9)

credits Pythagoras with the discovery of the theory of irrationals. [It is true

that Junge will not accept this either. But in order to support his thesis he

has to reject Friedlein’s reading ui/Miywv (“irrationals ”) in favour of dmxo'ymv

(“proportionals”) or dvaltoyufiv (“proportions”), the only basis of which is a

note “(alii Iivuaéywv)” in August’s Euclid I. p. 290, and which is certainly

not confirmed by the two Scholia, x. No. I definitely attributing the discovery

of the incommensurable to the Pythagoreans and v. No. I crediting Eudoxus

with the whole theory of Book v. and making no mention of the Pythagoreans

in this connexion.] Now everything goes to show that this discovery of the

irrational was made with reference to J2, the ratio of the diagonal of a

square to its side. It is clear that this presupposes the knowledge that I. 47

is true of an isosceles right-angled triangle; and the fact that some triangles

of which it had been discovered to be true were rational right-angled triangles

was doubtless what suggested the inquiry whether the ratio between the

lengths of the diagonal and the side of a square could also be expressed in

whole numbers. On the whole, therefore, I see no sufficient reason to question

the tradition that, so far as Greek geometry is eoneerned. (the possible priority

of the discovery of the same proposition in India will be considered later),
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Pythagoras was the first to introduce the theorem of I. 47 and to give a

general proof of it.

On this assumption, how was Pythagoras led to this discovery? All that

we can say is that it is probable that the Egyptians were aware that a triangle

with its sides in the ratio 3, 4, 5 was right-angled. Cantor inferred this from

the fact that this was precisely the triangle with which Pythagoras began, if

we may accept the testimony of Vitruvius (IX. 2) that Pythagoras taught how

to make a right angle by means of three lengths measured by the numbers

3, 4, 5. If then he took from the Egyptians the triangle 3, 4, 5, he presum

ably learnt its property from them also. Now the Egyptians must certainly

be credited from a period at least as far back as 2000 E.C. with the knowledge

that 42 + 3“: 5”. This has been proved recently by new evidence. Cantor

(Arc/xiv der Mat/zematik und Physz'k, v1u., 1905, p. 66) refers to a fragment

of papyrus belonging to the time of the 12th Dynasty newly discovered at

Kahun. In this papyrus we have extractions of square roots: e.g. that of 16

is 4, that of If’; is b}, that of 6} is 251,», and the following equations can be

traced:

he)’ =<e>2
82+ 62 =102

2'” + (I%)2= (2%)2

162+ 122 =20’.

It will be seen that .s,"+3"=52 can be derived from each of these by

multiplying, or dividing out, by one and the same factor. No doubt

4’+3’=5’ itself was omitted as too well known to need mention. The

Babylonians were, as well as the Egyptians, probably aware that the triangle

with sides 3, 4, 5 was right-angled (Cantor, Gesc/u'c/ale der Mat/iematik I“,

pp. 49, 50); the Chinese were certainly aware of it (z'bz'd. p. 181).

How then did Pythagoras discover the general theorem? Observing that

3, 4, 5 was a right-angled triangle, while 3“+4'= 5’, he was probably led to

 

 

 

 

 

 

consider whether a similar relation was true of the sides of right-angled

triangles other than the particular one. The simplest case (geometrically) to

investigate was that of the Basra/e: right-angled triangle ; and the truth of the

theorem in this particular case would easily appear from the mere construction

of a figure. Cantor (13, p. 185) and Allman (Greek Geometry from Thales to

Eur/id, p. 29) illustrate by a figure in which the squares are drawn outwards,

as in 1. 47, and divided by diagonals into equal triangles; but I think that the

truth was more_likely to be first observed from a figure of the kind suggested

by Biirk (Dar Apastamba-Sulba-Sfilra in Zeitsdmfi der deutse/zen morgenla'nd.

Gesellselrafl, LV., 1901, p. 557) to explain how the Indians arrived at the

same thing. The two figures are as shown above. When the geometrical



l. .47] PROPOSITION 47 353

consideration of the figure had shown that the isosceles right-angled triangle

had the property in question, the investigation of the same fact from the

arithmetical point of view would ultimately lead Pythagoras to the other

momentous discovery of the irrationality of the length of the diagonal of a

square expressed in terms of its side. .

The irrational will come up for discussion later; and our next question

is: Assuming that Pythagoras had observed the geometrical truth of the

theorem in the case of the two particular triangles, and doubtless of other

rational right-angled triangles, how did he establish it generally?

There is no positive evidence on this point. Two possible lines are

however marked out. (I) Tannery says (La Géométrie greeque, p. I05) that

the geometry of Pythagoras was sufficiently advanced to make it possible

for him to prove the theorem by similar triangles. He does not say in

what particular manner similar triangles would be used, but their use must

apparently have involved the use of proportions, and, in Order that the proof

should be conclusive, of the theory of proportions in its complete form

applicable to incommensurable as well as commensurable magnitudes. .Now

Eudoxus was the first to make the theory of proportion independent of the

hypothesis of commensurability; and as, before Eudoxus’ time, this had not

been done, any proof of the general theorem by means of proportions given

by Pythagoras must at least have been inconclusive. But this does not

constitute any objection to the supposition that the truth of the general

theorem may have been discovered in such a manner; on the contrary, the

supposition that Pythagoras proved it by means of an imperfect theory of

proportions would better than anything else account for the fact that Euclid

had to devise an entirely new proof, as Proclus says he did in I. 47. This

proof had to be independent of the theory of proportion even in its rigorous

form, because the plan of the Elements postponed that theory to Books v.

and vI., while the Pythagorean theorem was required as early as Book II.

On the other hand, if the Pythagorean proof had been based on the doctrine

of Books I. and 11. only, it would scarcely have been necessary for Euclid to

supply a new proof.

The possible proofs by means of proportion would seem to be practically

limited to two.

(a) One method is to prove, from the similarity of the triangles ABC,

DBA, that the rectangle CB, 80 is equal to the

square on BA, and, from the similarity of the A

triangles ABC, DAC, that the rectangle BC, CD

is equal to the square on CA; whence the result

follows by addition.

It will be observed that this proof is in substanee

identical with that of Euclid, the only difference B D 0

being that the equality of the two smaller squares

to the respective rectangles is inferred by the method of Book vI. instead

of from the relation between the areas of parallelograms and triangles on the

same base and between the same parallels established in Book I. It occurred

to me whether, if Pythagoras’ proof had come, even in substance, so near to

Euclid’s, Proclus would have emphasised so much as he does the originality

of Euclid’s, or would have gone so far as to say that he marvelled more at

that proof than at the original discovery of the theorem. But on the whole

I see no difiiculty 3 for there can be little doubt that the proof by proportion

is what suggested to Euclid the method of I. 47, and the transformation of

H.E., 23
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the method of proportions into one based on Book 1. only, effected by a

construction and proof so extraordinarily ingenious, is a veritable tour de

force which compels admiration, notwithstanding the ignorant strictures of

Schopenhauer, who wanted something as obvious as the second figure in

the case of the isosceles right-angled triangle (p. 35 2), and accordingly

(Sa‘mmlliche IVerhe, HI. § 39 and I. § 15) calls Euclid’s proof “a mouse-trap

proof” and “a proof walking on stilts, nay, a mean, underhand, proof” (“Des

Eukleides stelzbeiniger, ja, hinter listiger Beweis”).

(h) The other possible method is this. As it would be seen that the

triangles into which the original triangle is divided by the perpendicular from

the right angle on the hypotenuse are similar to one another and to the whole

triangle, while in these three triangles the two sides about the right angle in the

original triangle, and the hypotenuse of the original triangle, are corresponding

sides, and that the sum of the two former similar triangles is identically equal

to the similar triangle on the hypotenuse, it might be inferred that the same

would also be true of squares described on the corresponding three sides

respectively, because squares as well as similar triangles are to one another in

the duplicate ratio of corresponding sides. But the same thing is equally true

of any similar rectilineal figures, so that this proof would practically establish

the extended theorem of Eucl. VI. 31, which theorem, however, Proclus

appears to regard as being entirely Euclid’s discovery.'

On the whole, the most probable supposition seems to me to be that

Pythagoras used the first method (a) of proof by means of the theory of

proportion as he knew it, i.e. in the defective form which was in use up to the

date of Eudoxus.

(2) l have pointed out the difficulty in the way of the supposition that

Pythagoras’ proof depended upon the principles of Eucl. Books I. and 11. only.

  

  

  

Were it not for this difiiculty, the conjecture of Bretschneider (p. 82), followed

by Hankel (p. 98), would be the most tempting hypothesis. According to this

suggestion, we are to suppose a figure like that of Eucl. n. 4 in which a, h are

the sides of the two inner squares respectively, and a + b is the side of the

complete square. Then, if the two complements, which are equal, are divided

by their two diagonals into four equal triangles of sides a, l), c, we can place

these triangles round another square of the same size as the whole square, in the

manner shown in the second figure, so that the sides a, h of sucressir'e triangles

make up one of the sides of the square and are arranged in cyclic order. It

readily follows that the remainder of the square when the four triangles are

deducted is, in the one case, a square whose side is e, and in the other the sum of

two squares whose sides are a, h respectively. Therefore the square on c is equal
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to the sum of the squares on a, b. All that can be said against this con

jectural proof is that it has no specifically Greek colouring

but rather recalls the Indian method. Thus Bhaskara

(born 1114 A.D.; see Cantor, 1,, p. 656) simply draws

four right-angled triangles equal to the original one in

wards, one on each side of the square on the hypotenuse,

and says “see!”, without even adding that inspection

shows that -

E‘:4€;+(a—b)*=a”+&2.

Though, for the reason given, there is difficulty in supposing that

Pythagoras used a general proof of this kind, which applies of course to right

angled triangles with sides incommensurable as well as commensurable, there

is no objection, I think, to supposing that the truth of the proposition in the

case of the first rational right-angled triangles discovered, e.g. 3, 4, 5, was

proved by a method of this sort. Where the sides are commensurable in this

way, the squares can be divided up into small (unit) squares, which would

much facilitate the comparison between them. That this subdivision was in

fact resorted to in adding and subtracting squares is made probable by

Aristotle’s allusion to odd numbers as gnomon: ‘placed round unity to form

successive squares in P/zysir: 111. 4; this must mean that the squares were

represented by dots arranged in the form of a square and a gnomon formed of

dots put round, or that (if the given square was drawn in the usual way) the

gnomon was divided up into unit squares. Zeuthen has shown (“ Tlzr'aréme

dc Pylllagare,” Origin: a’: la Ge'ométrie sa'enlgfique in Complex rendus du

11”“ Congri's inlernational de Plu'losoplu'r, Genéve, 1904), how easily the

proposition could be proved by a method of this kind for the triangle 3, 4, 5.

To admit of the two smaller squares being shown side by side, take a square

on a line containing 7 units of length (4+ 3), and divide it up into 49

small squares. It would be obvious that the

whole square could be exhibited as containing

four rectangles of sides 4, 3 cyclically arranged A

round the figure with one unit square in the

middle. (This same figure is given by Cantor, 1,,

p. 680, to illustrate the method given in the

Chinese “Tcheou pei ”.) It would be seen that

(i) the whole square (7“) is made up of two

squares 3' and 42, and two rectangles 3, 4;

(ii) the same square is made up of the square

EFGH and the halves of four of the same rect—

angles 3, 4, whence the square EFGfI, being equal

to the sum of the squares 3’ and 4’, must contain 25 unit squares and its side,

or the diagonal of one of the rectangles, must contain 5 units of length.

Or the result might equally be seen by observing that

(i) the square EFGH on the diagonal of one of the rectangles is made

up of the halves of four rectangles and the unit square in the middle, while

(ii) the squares 3” and 4,2 placed at adjacent corners of the large square

make up two rectangles 3, 4 with the unit square in the middle.

The procedure would be equally easy for any rational right-angled triangle,

and would be a natural method of trying to prm'e the property when it had

E  

D 0

23-2
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once been empirimlb' observed that triangles like 3, 4, 5 did in fact contain a

right angle.

Zeuthen has, in the same paper, shown in a most ingenious way how the

property of the triangle 3, 4, 5 could be verified by a sort of combination of

the second possible method by similar triangles,

(b) on p. 354 above, with subdivision of rectangles A

into similar small rectangles. I give the method on

account of its interest, although it is no doubt too

advanced to have been used by those who first

proved the property of the particular triangle.

Let ABC be a triangle right-angled at A, and

such that the lengths of the sides AB, AC are 4 and

3 units respectively.

Draw the perpendicular AD, divide up AB, AC

into unit lengths, complete the rectangle on BC as _

base and with AD as altitude, and subdivide this rectangle into small

rectangles by drawing parallels to BC, AD through the points of division of

  

. AB, AC.

Now, since the diagonals of the small rectangles are all equal, each being

of unit length, it follows by similar triangles that the small rectangles are all

equal. And the rectangle with AB for diagonal contains 16 of the small

rectangles, while the rectangle with diagonal A C contains 9 of them.

But the sum of the triangles ABD, ADC is equal to the triangle ABC.

Hence the rectangle with BC as diagonal contains 9 + 16 or 25 of the

small rectangles ;

and therefore BC = 5.

Rational right-angled triangles from the arithmetical stand

point.

Pythagoras investigated the arr't/zmetr'eal problem of finding rational

numbers which could be made the sides of right~angled triangles, or of finding

square numbers which are the sum of two squares; and herein we find the

beginning of the indeter/m'r/ate analysis which reached so high a stage of

development in Diophantus. Fortunately Proclus has preserved Pythagoras’

method of solution in the following passage (pp. 428, 7—429, 8). “Certain

methods for the discovery of triangles of this kind are handed down, one of

which they refer to Plato, and another to Pythagoras. [The latter] starts from

odd numbers. For it makes the odd number the smaller of the sides about

the right angle; then it takes the square of it, subtracts unity, and makes

half- the difference the greater of the sides about the right angle; lastly it adds

unity to this and so forms the remaining side, the hypotenuse. For example,

taking 3, squaring it, and subtracting unity from the 9, the method takes half

of the 8, namely 4; then, adding unity to it again, it makes 5, and a right

angled triangle has been found with one side 3, another 4 and another 5. But

the method of Plato argues from even numbers. For it takes the given even

number and makes it one of the sides about the right angle; then, bisecting

this number and squaring the half, it adds unity to the square to form the

hypotenuse, and subtracts unity from the square to form the other side about

the right angle. For example, taking 4, the method squares half of this, or

2, and so makes 4; then, subtracting unity, it produces 3, and adding unity

it produces 5. Thus it has formed the same triangle as that which was

obtained by the other method.”
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The formula of Pythagoras amounts, if m be an odd number, to

__ m“ — 1 '-' m2 + 1 ‘l

m- + ‘——- : r~ ,

2 2

. . . . m" — 1 m“ + 1 ,
the sides of the right-angled triangle being In, —2—, 2 a . (,antor 

(1,, pp. 185—-6), taking up an idea of Roth (Gese/u'e/zte (ier abend/a'ndt'se/wu

Plullosop/u'e, 11. 527), gives the following as a possible explanation of the way in

which Pythagoras arrived at his formula. If :2 = a’ + I)’, it follows that

a’:r’—é‘"’=(e+1I)(e—l>).

Numbers can be found satisfying the first equation if (1) c+ I) and e— I» are

either both even or both odd, and if further (2) c+b and e—ll are such

numbers as, when multiplied together, produce a square number. The first

condition is necessary because, in order that e and b may both be whole

numbers, the sum and difi'erence of e + b and e— I) must both be even. The

second condition is satisfied if [+11 and e---b are what were called similar

number: (6'40t0l. dptOpwt’); and that such numbers were most probably known

in the time before Plato may be inferred from their appearing in Theon of

Smyrna (Exposillb rerum malllemaliearum ad legendum Plato/rem uti/ium, ed.

Hiller, p. 36, 12), who says that similar plane numbers are, first, all square

numbers and, secondly, such oblong numbers as have the sides which contain

them proportional. Thus 6 is an oblong number with length 3 and breadth 2;

24 is another with length 6 and breadth 4. Since therefore 6 is to 3 as 4 is

to 2, the numbers 6 and 24 are similar.

Now the simplest case of two similar numbers is that of 1 and a“, and,

since 1 is odd, the condition (1) requires that a’, and therefore a, is also odd.

That is, we may take 1 and (211 + 1)’ and equate them respectively to r-b and

£+ll, whence we have

b_(2n+ 1)’— 1

2 1

£__ (211+ 1)’—1
+ I

2 I

while a = 211+ 1.

As Cantor remarks, the form in which e and I) appear correspond sufficiently

closely to the description in the text of Proclus.

Another obvious possibility would be, instead of equating e— b to unity, to

put e—b: 2, in which case the similar number [+6 must be equated to

double of some square, i.e. to a number of the form 2n’, or to the half of an

211 '-' , _ . .

even square number, say . This would give

a : 2n,

b = 11"’ — 1,

e = n’ + 1,

which is Plato’s solution, as given by Proclus.

The two solutions supplement each other. It is interesting to observe that

the method suggested by Roth and Cantor is very like that of Eucl. x.

(Lemma I following Prop. 28). We shall come to this later, but it may be

mentioned here that the problem is to find (200 srluare number: sue/z I/mt t/zeir
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sum is also a square. Euclid there uses the property of II. 6 to the efi'ect that,

if AB is bisected at C and produced to D,

AD. DB+ BCe = CD‘.

We may write this uz/ =e"—b2,

where u=e+b, v=e—b.

In order that no may be a square, Euclid points out that u and a must be

similar numbers,‘ and further that u and 1/ must be either both odd or both

even in order that b may be a whole number. We may then put for the

similar numbers, say, 118’ and ay’, whence (if ‘1,8’, a7’ are either both odd or

both even) we obtain the solution

“'82 u “72 + (algal; (by-‘>2 : .24. (172)2

But I think a serious, and even fatal, objection to the conjecture of Cantor

and R'Oth is the very fact that the method enables both the Pythagorean and

the Platonic series of triangles to be deduced with equal ease. If this had

been the case with the method used by Pythagoras, it would not, I think, have

been left to Plato to discover the second series of such triangles. It seems to

me therefore that Pythagoras must have used some method which would

produce his rule only ; and further it would be some less recondite method,

suggested by direct observation rather than by argument from general

principles.

One solution satisfying these conditions is that of Bretschneider (p. 83),

who suggests the following simple method. Pythagoras was certainly aware

that the successive odd numbers are gnomons, or the differences between

successive square numbers. It was then a simple matter to write down in

three rows (a) the natural numbers, (b) their squares, (e) the successive odd

numbers constituting the differences between the successive squares in (b), thus:

I 2 3 4 5 6 7 8 9 10 II 12 I 3 I4

I 4 9 I6 25 36 49 64 81 I00 12I I44 I69 I96

I 3 5 7 9 II 13 I5 17 19 21 23 25 27

Pythagoras had then only to pick out the numbers in the third row which are

squares, and his rule would be obtained by finding the formula connecting the

square in the third line with the two adjacent squares in the second line. But

even this would require some little argument; and I think a still better

' suggestion, because making pure observation play a greater part, is that of

P. Treutlein (Zettselzrift fiir Matlzematik und Pliysib, xxvIII., I883, Hist.-litt.

Abtheilung, pp. 209 sqq.).

We have the best evidence (e.g. in Theon of Smyrna) of the practice of

representing square numbers and other figured numbers, e.g. oblong, triangular,

hexagonal, by dots or signs arranged in the shape of the particular figure.

(Cf. Aristotle, Meta/>11. 1092 b I2). Thus, says Treutlein, it would be easily

seen that any square number can be turned into the next higher square

by putting a single row of dots round two adjacent sides, in the form of a

gnomon (see figures on next page).

If a is the side of a particular square, the gnomon round it is shown by

simple inspection to contain 2n + I dots or units. Now, in order that 2a + I

may itself be a square, let us suppose

2a + I = n’,

whence a = (n2 — I),

and a+r=§(n‘+r).
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In order that a and a + 1 may be integral, u must be odd, and we have at

once the Pythagorean formula

,, n’~r ‘ "3+ 1 ‘’

IF+ = _

2 2

I think Treutlein’s hypothesis is shown to be the correct one by the passage

in Aristotle's P/lysirs already quoted, where the reference is undoubtedly to the

Pythagoreans, and odd numbers are clearly identified with gnamon: “placed

round r.” But the ancient commentaries on the passage make the matter

clearer still. Philoponus says: “ As a proof...the l’ythagoreans refer to what

 

12

  

 

  

a. 000i... .:::|oe.ou|-a\v

o In...‘ ‘bro-0.00.0.0,

I ou_O__-_ov 00.00.000.00‘

0 _0_00_:‘0 Oellolllloooyl

nonouooOQI-ov 13

eouuonoooonalo

happens with the addition of numbers; for when the odd numbers are

successively added to a square number they keep it square and equilateral...

Odd numbers are accordingly called gnomon: because, when added to what are

already squares, they preserve the square form....Alexander has excellently

said in explanation that the phrase ‘when gnomons are placed round’ means

making (I figure with the Odd numbers (Till! Kan‘: Toiis neprrroim dime/toils

0’Xq'uu1'o-ypa¢t'av)...f0r it is the practice with the Pythagoreans to rqpresmt

filing: in figure: (o'x'qpa'royparficiflfl

The next question is: assuming this explanation of the Pythagorean

formula, what are we to say of the origin of Plato’s? It could of course be

obtained as a particular case of the general formula of Eucl. x. already

referred to; but there are two simple alternative explanations in this case also.

(I) Bretschneider observes that, to obtain Plato's formula, we have only to

double the sides of the squares in the Pythagorean formula,

hr (2"Y+("”—IY=(fl'+IY,

where however n is not necessarily odd.

(2) Treutlein would explain by means of an extension of the gnomon idea.

As, he says, the Pythagorean formula was obtained by placing a gnomon

consisting of a single row of dots round two adjacent sides of a square, it

would be natural to try whether another solution could not

 

be found by placing round the square a gnomon consisting of ' ' l' ' '

a double row of dots. Such a gnomon would equally turn the § :

square into a larger square; and the question would be . . . . ,

whether the double-row gnomon itself could be a square. If - ~ - - -

the side of the original square was a, it would easily be seen

that the number of units in the double-row gnomon would be 411 + 4, and we

have only to put

4n+4=4#,
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whence a : n’ — 1,

a + 2 = n2 + r,

and we have the Platonic formula

(211)’ + (11’ ~ 1)’ = (n9 + 1)’.

I think this is, in substance, the right explanation, but, in form, not quite

correct. The Greeks would not, I think, have '

treated the double row as a gnomon. Their com

parison would have been between (1) a certain

square plus a single-row gnomon and (2) the same

square minus a single-row gnomon. As the

application of Eucl. 11. 4 to the case where the

segments of the side of the square are a, 1 enables

the Pythagorean formula to be obtained as

Treutlein obtains it, so I think that Eucl. 11. 8

confirms the idea that the Platonic formula was

obtained by comparing a square plus a gnomon

with the same square minus a gnomon. For 11. 8 proves that

411/) + (a — a)’ = (a + a)’,

whence, substituting I for 11, we have

4a+(a-— 1)'=(a+ I)’,

  

 

l
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and we have only to put a = n2 to obtain Plato’s formula.

The “theorem of Pythagoras” in India.

This question has been discussed anew in the last few years as_ the result

of the publication of two important papers by Albert Burk on Da: Apaslamba

Sulba-Sfilra in the Zeilsc/zrrft der deutsdlen margenlr'z'ndllrdzen Gert/lsc/zafl

(1.v., 1901, pp. 543—591, and Lv1., 1902, pp. 327—391). The first of

the two papers contains the introduction and the text, the second the

translation with notes. A selection of the most important parts of the

material was made and issued by G. Thibaut in the journal of Ike Asiah'r

Soa'ety oflBengal, x1.1v., 1875, Part 1. (reprinted also at Calcutta, 1875,

as T/ze Sulvasfitras, by G. Thibaut). Thibaut'in this work gave a most

v_aluable comparison of extracts from the three Sulvasfitras by Baudhayana,

Apastamba and Katyayana respectively, with a running commentary and an

estimate of the date and originality of the geometry of the Indians. Biirk

has however done good service by making the Apastamba-SS. accessible in

its entirety and investigating the whole subject afresh. With the natural

enthusiasm of an editor for the work he is editing, he roundly maintains, not

only that the Pythagorean theorem was known and proved in all its generality

by the Indians long before the date of Pythagoras (about 580-500 B.C.), but

that they had also discovered the irrational; and further that, so far from

Indian geometry being indebted to the Greek, the much-travelled Pythagoras

probably obtained his theory from India (10:. 0?. LV., p. 575 note). Three impor

tant notices and criticisms of Biirk’s work have followed, by H. G. Zeuthen

(“ '[Ylr'orhrls de Ifilthagare,” O'fzjgz'ne de la Géomélrlk sa'mlzfiqur, 1904, already

quoted), by Moritz Cantor (L'ber die tiller/e indr'sc/ze Matlzemalz'k in the Arr/"'11

der Alat/zemalik and Phyrik, v111., 1905, pp. 63—72) and by Heinrich Vogt

(Haber: die alien [ruler den PyI/zagorukc/zm Le/zrsalz und das [rralionale

gvkamrfl in the Bz'blz'otllera Mat/zemah‘m, VH3, 1906, pp. 6—23. See also

Cantor’s Gesrlu'cllle der Jlallumalz'k, 1,, pp. 635-645.
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The general effect of the criticisms is, I think, to show the necessity for

the greatest caution, to say the least, in accepting Biirk’s conclusions.

_ I proceed to give a short summary of the portions of the contents of the

Apastamba-S.-S. which are important in the present connexion. It may be

premised that the general object of the book is to show how to construct

altars of certain shapes, and to vary the dimensions of altars without altering

the form. It is a collection of rules for carrying out certain constructions.

There are no proofs, the nearest approach to a proof being in the rule for

obtaining the area of an isosceles trapezium, which is done by drawing a

perpendicular from one extremity of the smaller of the two parallel sides to

the greater, and then taking away the triangle so cut off and placing it, the

other side up, adjacent to the other equal side of the trapezium, thereby

t_ransforming the trapezium into a rectangle. It should also be observed that

Apastamba does not speak of right-angled triangles, but of two adjacent sides

and the diagonal of a rectangle. For brevity, I shall use the expression

“ rational rectangle ” to denote a rectangle the two sides and the diagonal of

which can be expressed in terms of rational n_umbers. The references in

brackets are to the chapters and numbers of Apastamba’s work.

(I) Constructions of right angles by means of cords of the following

relative lengths respectively:

{3, 4, 5 (1-3. v-s)

12, 16, 20 (v. 3)

15, 20, 25 (v. 3)

{ 5, 12. 13 (v- 4)

I5, 36’ (1' 2! v‘ 27

8.15.17 (v-s)

12. as, 37 (v- 5)

(2) A general enunciation of the Pythagorean theorem thus: “The

diagonal of a rectangle produces [i.e. the square on the diagonal is equal to]

the sum of what the longer and shorter sides separately produce [i.e. the

squares on the two sides].” (I- 4)

(3) The application of the Pythagorean theorem to a square instead of a

rectangle [i.e. to an isosreles right-angled triangle]: “The diagonal of a square

produces an area double [of the original square].” (I- s)

(4) An approximation to the value of J2; the diagonal of a square is

 
< r r r

I +-+—— »7

3 3-4 3-4-34

) times the side. (I. 6)

(5) Application of this approximate value to the construction of a square

with side of any length. (n. 1)

(6) The construction of a \/3, by means of the Pythagorean theorem, as

the diagonal of a rectangle with sides a and a J2. (1|. 2)

(7) Remarks equivalent to the following :

(a) . a J}— is the side of ,1, (a J3)’, or a J§= $11.13. (It. 3)

(b) A square on length of 1 unit gives 1 unit square (in. 4)

,, 2 units gives 4 unit squares (in. 6)

,, 3 ,, 9 ,, (Ill. 6)

,, 1% ,, 2} ,, (m. 8)
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A square on length of 2.1, units gives 6} unit squares (in. 8)

,, ,, #5 unit gives l‘unit square (111. 10)

u n % 77 n ("1' 10)

(c) Generally, the square on any length contains as many rows (of

small, unit, squares) as the length contains units. (111. 7)

(8) Constructions, by means of the Pythagorean theorem, of

(a) the sum of two squares as one square, (11. 4)

(b) the drflerenee of two squares as one square. (11. 5)‘

(9) A transformation of a rectangle into a square. (11. 7)

[This is not directly done as by Euclid in n. 14, but the rectangle is first

transformed into a gnomon, i.e. into the difference

between two squares, which difference is then trans

formed into one square by the preceding rule. If ——

ABCD be the given rectangle of which BC is the H 5

longer side, cut off the square ABEF, bisect the ?

rectangle DE left over by HG parallel to FE, move

the upper half DG and place it on AF as base in the

position Then the rectangle ABCD is equal to

the gnomon which is the difference between [the square

LB and the square LF. In other words, Apastamba

transforms the rectangle ab into the difference between A B

n+b 1‘ a-fi ‘1

the squares ( 2 ) and <» 72*)

([0) An attempt at a transformation of a square (a2) into a rectangle

which shall have one side of given length (a). (111. I)

[This shows no sign of such a procedure as that of Eucl. l. 44, and indeed

does no more than say that we must subtract ab from a2 and then adapt the

remainder a“ - ab so that it may “fit on” to the rectangle ab. The problem

is therefore only reduced to another of the same kind, and presumably it was

only solved arz'l/rmelieal/y in the case where a, b are given numerically. The

Indian was therefore far from the general, geometrical, solution.]

 

 

 

 

 

 

(1 1) Increase of a given square into a larger square. (Ill. 9)

[This amounts to saying that you must add two rectangles (a, a) and

another square (0‘) in order to transform a square a2 into a square (a+lr)'"'.

The formula is therefore that of Eucl. u. 4, a2 + 2n!) + [1' = (a +b)’.]

The first importa_nt questioq in relation to the above is that of date.

Biirk assigns to the Apastamba-Sulba-Sfitra a date at least as early as the 5th

or 4th century E.C. He observes however (what is likely enough) that the

matter of it must have been much older than the book itself. Further, as

regards one of the constructions for right angles, that by means of cords of

lengths 15, 36, 39, he shows that it was known at the time of the Iliz'ttz'riyn

Sam/lift? and the Salapat/za-Brdhmagm, still older works belongingr to the

8th century B.C. at latest. When however Biirk says (10:. cit. LV., p. 575) that

the theorem of the square of the hypotenuse and rational rightangled

triangles cannot be found anywhere so early as in India, it would appear

that he is mistaken, if the formulae (all obtainable from 42+ 32: 52 by

multiplying throughout by the squares of integers or fractions) which are

quoted by Cantor from the recently discovered Egyptian papyrus of date more
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than 2000 years B.C. really justifies the assumption that they were known to

represent rational right-angled triangles. _

As regards the various “rational rectangles” used by Apastamba, it is to

be observed that two of the seven, viz. 8, 15, 17 and 12, 35, 37, do not belong

to the Pythagorean series, the others consist of two which belong to it, viz. 3,

4, 5 and 5, 12, 13, and multiples of these. It is true, as remarked by

Zeuthen (op. cit. p. 842), that the rules of 11. 7 and Ill. 9, numbered (9) and

(11) above respectively, would furnish the means of finding any number of

“rational rectangles.” But it would not appear that the Indians had been

able to formulate any general rule; otherwise their list of such rectangles

would hardly have been so meagre. Apastamba mentions seven only, really

reducible to four (though one other, 7, 24, 25, appears in the Bapdhayana

§.-S., supposed to be older than Apastamba). These are all that Apastamba

knew of, for he adds (v. 6): “So many recogmlrable (erkennbare) constructions

are there,” implying that he knew of no other “rational rectangles” that could

be employed. But the words also imply that the theorem of the square on

the diagonal is also true of other rectangles not of the “recognisable” kind,

i.e. rectangles in which the sides and the diagonal are not in the ratio of

integers; this is indeed implied by the constructions for J2, J3 etc. up to J6

(cf. ll. 2, viii. 5). This is all that can be said. The theorem is, it is true,

enunciated as a general proposition, but there is no sign of anything like a

general proof; there is nothing to show that the assumption of its universal

truth was founded on anything better than an imperfect induction from a

certain number of cases, discovered empirically, of triangles with sides in the

ratio of whole numbers in which the property (1) that the square on the

longest side is equal to the sum of the squares on the other two sides was

found to be always accompanied by the property (2) that the latter two sides

include a right angle.

It remains to consider Biirk’s claim that the Indians had discovered the

zig'ralirmal. This is based upon the approximate value of J2 given by

Apastamba in his rule 1. 6 numbered (4) above. There is nothing to show

how this was arrived at, but Thibaut’s suggestion certainly seems the best and

most natural. The Indians may have observed that 17’:289 is nearly

double of 12’: 144. If so, the next question which would naturally occur to

them would be, by how much the side 17 must be diminished in order that

the square on it may be 288 exadly. If, in accordance with the Indian

fashion, a gnomon with unit area were to be subtracted from a square with

17 as side, this would approximately be secured by giving the gnomon the

breadth 3'7, for 2 x 17 x 3‘; : 1. The side of the smaller square thus arrived

at would be 17 — 3'; = 12 + 4 + 1 — QT, whence, dividing out by 12, we have

1 1
2 z 1 + — + » A —

J 3 3-4 3 - 4-34

But it is a far cry from this calculation of an approximate value to the

discovery of the irrational. First, we ask, is there any sign that this value

was known to be inexact? It comes directly after the statement (1. 6) that

the square on the diagonal of a square is double of that square, and the rule is

quite boldly stated without any qualification : “lengthen the unit by one-third

and the latter by one-quarter of itself less one-thirty-fourth of this part.”

Further, the approximate value is actually used for the purpose of constructing

a square when the side is given (n. 1). So familiar was the formula that it

was apparently made the basis of a sub-division of measures of length.

 
, approximately.
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Thibaut observes (journal of flu Asiali: Soa'ely of Bengal, xLlx., p. 241) that,

according to Baudhayana, the unit of length was divided into 1 2 fingeréreaa'tlls,

and that one of two divisions of the fingerbreadtlz was into 34 sesame-rams, and

he adds that he has no doubt that this division, which he has not elsewhere

met, owes its origin to the formula for J2. The result of using this sub

division would be that, in a square with side equal to 12 fingzrbreadl/zs, the

diagonal would be 17 fingerbrcadtfis less 1 sesame-mm. Is it conceivable that

a sub-division of a measure of length would be based on an evaluation known

to be inexact? No doubt the first discoverer would be aware that the area of

a gnomon with breadth 3‘; and outer side 17 is not exactly equal to I but less

than it by the square of 31; or by Til“, and therefore that, in taking that

gnomon as the proper area to be subtracted from r72, he was leaving out of

account the small fraction TTIU ; as, however, the object of the whole

proceeding was purely practical, he would, without hesitation, ignore this as

being of no practical importance, and, thereafter, the formula would be

handed down and taken as a matter of course without arousing suspicion as

to its accuracy. This supposition is confirmed by reference to the sort of

giles which the Indians allowed themselves to regard as accurate. Thus

Apastamba himself gives a construction for a circle equal in area to a given

square, which is equivalent to taking 1r = 3'09, and yet observes that it gives the

required circle “exadly” (m. 2), while his construction of a square equal to

a circle, which he equally calls “exact,” makes the side of the square equal

to fif-ths of the diameter of the circle (11!. 3), and is equivalent to taking

1r=3-004. But, even if some who used the approximation for J2 were

conscious that it was not quite accurate (of which there is no evidence), there

is an immeasurable difi'erence between arrival at this consciousness and the

discovery of the irrational. As Vogt says, three stages had to be passed

through before the irrationality of the diagonal of a square was discovered in

any real sense. (i) All values found by direct measurement or calculations

based thereon have to be recognised as being inaccurate. Next (2) must

supervene the conviction that it is impossible to arrive at an accurate arithmetical

expression of the value. And lastly (3) the impossibility must be proved.

Now there is no real evidence that the Indians, at the date in question, had

even reached the first stage, still less the second or third.

The net results then of Biirk’s papers and of the criticisms to which they

have given rise appear to be these. (I) It must be admigted that Indian

geometry had reached the stage at which we find it in Apastamba quite

independently of Greek influence. But (2) the old Indian geometry was

purely empirical and practical, far removed from abstractions such as the

irrational. The Indians had indeed, by trial in particular cases, persuaded

themselves of the truth of the Pythagorean theorem and enunciated it in all

its generality ; but they had not established it by scientific proof.

Alternative proofs.

I. The well-known proof of I. 47 obtained by putting two squares side

by side, with their bases continuous, and cutting off right-angled triangles

which can then be put on again in different positions, is attributed by

an-Nairizi to Thabit b. Qurra (826-901 A.D.).

His actual construction proceeds thus.

Let ABC be the given triangle right-angled at A.

Construct on AB the square AD;

produce AC to F so that EF may be equal to A C.
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Construct on EF the square EG, and produce DH to K so that DK

may be equal to AC.

It is then proved that, in the triangles K

BAC, CFG, KHG, BDK,

the sides BA, CF, K15’, BD are all equal,

and

the sides AC, FG, HG, DK are all equal.

The angles included by the equal sides

are all right angles ; hence the four triangles

are equal in all respects. [1. 4]

Hence BC, CG, GK, KB are all equal. 9 8

Further the angles DBK, ABC are equal; /l

hence, if we add to each the angle DBC,

the angle KBC is equal to the angle ABD F c E A

and is therefore a right angle.

In the same way the angle CGK is right;

therefore BCGK is a square, i.e. the square on BC.

Now the sum of the quadrilateral GCLH and the triangle LDB together

with two of ' the equal triangles make the squares on AB, AC, and together

with the other two make the square on BC.

Therefore etc.

 

 

 

 

 

II. Another proof is easily arrived at by taking the particular case of

Pappus’ more general proposition given below in which the given triangle

is right-angled and the parallelograms on the sides containing the right angles

are squares. If the figure is drawn, it will be seen that, with no more than

one additional line inserted, it contains Thabit’s figure, so that Thabit’s proof

may have been practically derived from that of Pappus.

111. The most interesting of the remaining proofs seems to be that

shown in the accompanying figure.

It is given by J. W. Miller, Systema- K L

tin/re Zusammenstel/rmg der wirlzlllgrlen

bis/Mr bekannlen Bewez'se des Pyllmg.

Le/zrsatzes (Niirnberg, 1819), and in D A

the second edition (Mainz, 1821) of

Ign. Hoffmann, Der Pytlzag. Le/zr

salz mi! 32 {11:17: bekannlm t/zez'ls

neuen Bm'eirm [3 more in second

edition]. It appears to come from

one of the scientific papers of Lion- E B c

ardo da Vinci (1452—1519).

The triangle HKL is constructed

on the base KH with the side KL F 6

equal to BC and the side LH equal

to AB.

Then the triangle HLK is equal in all respects to the triangle ABC,

and to the triangle EBF.

Now DB, BG, which bisect the angles ABE, CBF respectively, are

in a straight line. Join BL.

It is easily proved that the four quadrilaterals ADGC, EDGF, ABLK,

HLBC are all equal.
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Hence the hexagons ADEFGC, ABCHLK are equal.

Subtracting from the former the two triangles ABC, EBF, and from the

latter the two equal triangles ABC, HLK, we prove that

the square CK is equal to the sum of the squares AB, CE

Pappus’ extension of I. 47.

In this elegant extension the triangle may be any triangle (not necessarily

right-angled), and any parallelograms take the place of squares on two of the

sides.

Pappus (1v. p. 177) enunciates the theorem as follows:

If ABC &e a triangle, and any parallelagranrs whatever ABED, BCFG

be desen'bedon AB, BC, and if DE, FG be

produeed to H, and HB be joined, the

parallelograms ABED, BCFG are equal

t0 the parallelogram amtainea' by AC,

HB in an angle w/n'rlz is equal to tlze

sum a] the angles BAC, DHB.

Produce HB to K; through A, C

draw AL, CM parallel to HK, and join

L/ll.

Then, since ALHB is a parallelo

gram, AL, HB are equal and parallel.

Similarly MC, HB are equal and parallel.

Therefore AL, MC are equal and

parallel;

whence L/ll, A C are also equal and parallel,

and AL/IIC is a parallelogram.

Further, the angle LAC of this parallelogram is equal to the sum of the

angles BA C, DHB, since the angle DHB is equal to the angle LAB.

Now, since the parallelogram DABE is equal to the parallelogram LABH

(for they are on the same base AB and in the same parallels AB, DH),

and likewise LABH is equal to LAKZV (for they are on the same base LA

and in the same parallels LA, HK),

the parallelogram DABE is equal to the parallelogram LAKM

For the same reason,

the parallelogram BGFC is equal to the parallelogram NKCM

Therefore the sum of the parallelograms DABE, BGFC is equal to the

parallelogram LA CM, that is, to the parallelogram which is contained by AC,

HB in an angle LAC which is equal to the sum of the angles BAC, BHD.

“And this is far more general than what is proved in the Elements about

squares in the case of right-angled (triangles).”

  

Heron’s proof that AL, BK, CF in Euclid’s figure meet in

a point.

The final words of Proclus’ note on 1. 47 (p. 429, 9—-15) are historically

interesting. He says: “The demonstration by the writer of the Elements being

clear, I consider that it is unnecessary to add anything further, and that we may

be satisfied with what has been written, since in fact those who have added

anything more, like Pappus and Heron, were obliged to draw upon what is

proved in the sixth Book, for no really useful object.” These words cannot
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of course refer to the extension of 1. 47 given by Pappus; but the key to

them, so far as Heron is concerned, is to be found in the commentary of

an-Nairizi (pp. 175—-185, ed. Besthorn-Heiberg; pp. 78—84, ed. Curtze) on

1. 47, wherein he gives Heron's proof that the lines AL, FC, BK in Euclid’s

figure meet in a point. Heron proved this by means of three lemmas which

would most naturally be proved from the principle of similitude as laid down

in Book v1., but which Heron, as a tour de forre, proved on the principles of

Book 1. only. The first lemma is to the following effect.

If, in a triangle ABC, DE be drawn parallel 10 tile base BC, and 1f AF be

drawn from tlze vertex A to the middle point F of BC, tllen AF will also

biserl DE.

This is proved by drawing HK through A parallel

to DE or BC, and HDL, KEM through D, E re

spectively parallel to AGE and lastly joining DE ER

.....G.’.....

  

Then the triangles ABE AFC are equal (being K

on equal bases), and the triangles DBF; EFC are also

equal (being on equal bases and between the same 0

parallels). /

Therefore, by subtraction, the triangles ADE AEF B L F M c

are equal, and hence the parallelograms AL, AM are

equal.

These parallelograms are between the same parallels L/ll, HK ; therefore

LE FM are equal, whence DG, GE are also equal.

The seeond lemma is an extension of this to the case where DE meets

BA, CA produced beyond A.

The t/u'rd lemma proves the converse of Euclid 1. 43, that, If a para/

lelbgram AB is (at into four other: ADGE, DF, FGCB, CE, so that DF,

CE are equal, the eommon vertex G will be on the diagonal AB.

Heron produces AG till it meets CF in H Then, if we join HB, we

have to prove that AHB is one straight line. The

proof is as follows. Since the areas DF, EC are
A D

et ual, the trian les DGF; ECG are e ual. Y‘

1 If we add ti each the triangle GC'TF; Ethe triangles ECF; DCF are equal; ‘

therefore ED, CF are parallel. A

Now it follows from 1. 34, 29 and 26 that the c 3

triangles AKE, GKD are equal in all respects ;_

therefore EK is equal to KI).

Hence, by the second lemma,

CH is equal to HE

Therefore, in the triangles FHB, CHG,

the two sides BF, FH are equal to the two sides GC, C17,

and the angle BFH is equal to the angle GCH;

hence the triangles are equal in all respects,

and the angle BHF is equal to the angle GHC.

Adding to each the angle GHF, we find that the angles BHF, FHG are

equal to the angles CHG, GHF;

and therefore to two right angles.

Therefore A118 is a straight line.
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Heron now proceeds to prove the proposition that, in the accompanying

figure, if AKL perpendicular to BC meet

ECin Ill, and if BM, MG be joined, 0

BM MG are in one straight line.

Parallelograms are completed as shown 9

in the figure, and the diagonals 0A, FH

of the parallelogram FH are drawn.
Then the triangles FAI], BAC are F G

clearly equal in all respects; 3 A

therefore the angle HFA is equal to E M

the angle ABC, and therefore to the angle

CAK (since AK is perpendicular to BC). 5 K 0

But, the diagonals of the rectangle

FH cutting one another in Y,

FYis equal to YA, N

and the angle HFA is equal to the

angle OAF.

Therefore the angles OAE CAK are D '

equal, and accordingly

0A, AK are in a straight line.

Hence OM is the diagonal of SQ;

therefore AS is equal to AQ,

and, if we add AM to each,

FM is equal to ME

But, since EC is the diagonal of the parallelogram FJV,

FM is equal to MN.

Therefore MH is equal to MN;

and, by the third lemma, Bill, MG are in a straight line.

 

 

 

PROPOSITION 48. '

[f in a triangle the square on one of the sides he equal to

the squares on the remaining two sides of the triangle, the

angle contained by the remaining two sides of the triangle is

right.

For in the triangle ABC let the square on one side BC

be equal to the squares on the sides BA, AC;

1 say that the angle BAC is right. '3

For let AD be drawn from the point A at

right angles to the straight line AC, let AD

be made equal to BA, and let DC be joined.

Since DA is equal to AB,

the square on DA is also equal to the square

on AB. 0 A

Let the square on AC be added to each;
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therefore the squares on DA, AC are equal to the squares

on BA, AC.

But the square on DC is equal to the squares on DA,

AC, for the angle DAC is right ; [1. 47]

and the square on BC is equal to the squares on BA, A C, for

this is the hypothesis;

therefore the square on DC is equal to the square on BC,
I so that the side DC is also equal to BC.

And, since DA is equal to AB,

and AC is common,

Acthe two sides DA, AC are equal to the two sides BA,

and the base DC is equal to the base BC;

therefore the angle DAC is equal to the angle BAC. [1. 8]

But the angle DAC is right;

therefore the angle BAC is also right.

Therefore etc. Q. E. D

Proclus’ note (p. 430) on this proposition, though it does not mention

Heron’s name, gives an alternative proof, which is the same as that definitely

attributed by an-Nairizi to Heron, the only difference being that Proclus

demonstrates two cases in full, while Heron dismisses the second with a

“similarly.” The alternative proof is another instance of the use of 1. 7 as a

means of answering objections. If, says Proclus, it be not admitted that the

perpendicular AD may be drawn on the opposite side of A C from B, we may

draw it on the same side as AB, in which case it is impossible that it should

not coincide with AB. Proclus takes two cases,

first supposing that the perpendicular falls, as AD, A

within the angle CAB, and secondly that it falls,

as AE, outside that angle. In either case the E

absurdity results that, on the same straight line A C B

and on the same side of it, AD, DC must be re- 0 D

spectively equal to AB, BC, which contradicts l. 7.

Much to the same effect is the note of De Morgan that there is here “an

appearance of avoiding indirect demonstration by drawing the triangles on

different sides of the base and appealing to l. 8, because drawing them on the

same side would make the appeal to l. 7 (on which, however, I. 8 is founded).”



BOOK II.

DEFINITIONS.

I. Any rectangular parallelogram is said to be contained

by the two straight lines containing the right angle.

2. And in any parallelogrammic area let any one whatever

of the parallelograms about its diameter with the two comple

ments be called a gnomon,

DEFINITION 1.

Uiiv 1rapaAA-qA6ypapp0v tiparryuiwov Irzptc'xa'rflat Ae'ye'ral inn) 8150 1131/ 'rr‘lv

ripe'l‘yv 'ywm'av TI'CPKXOUU'CBV 0.100.131’.

As the full expression in Greek for “the angle BAC” is “the angle

contained by the (straight lines) BA, AC,” rj 1'11"‘: 1151' BA, AI‘ 1reptcxopc'vq

'ymvi'a, so the full expression for “the rectangle contained by BA, A C"

is 1'1‘) inn‘) 113v BA, AI‘ weptcxripcvov opaoyuivmv. In both cases the

substantive and participle can be omitted because the feminine or neuter of

the article enables us to distinguish whether an angle or a rectangle is meant;

but the difference in Euclid’s phraseology is that the words i'nrb 163v BA, AI‘

appear always in full for the rectangle, whereas the shorter I'm‘) BAI‘ is used in

describing the angle. Archimedes and Apollonius, on the other hand,

frequently use the expression 11‘) I'm‘: BAI‘ for the "dangle BA,‘ AC, just as

they use 7' {m6 BAP for the angle BA C.

DEFINITION 2.

Havros SE 1rapaAA'qAoypaippov xwpt'ou'ru'iv 'nepi 'r-iyv sm'perpov afrrof) 1rapaAA-q

Aoypa’jqtmv iv inroIovoi/v (rim roi‘s 8110i. 1rapa7rM7pui/4uo'1 'yvuilawv Ira/“(090).

Meaning literally a thing enabling something to be known, observed or

verified, a tiller or marker, as we might say, the word gnomon (yvuipwv) was

first used in the sense (I) in which it appears in a passage of Herodotus (II. 109)

stating that “the Greeks learnt the n-o'Aos, the gnomon and the twelve parts of

the day from the Babylonians.” According to Suidas, it was Anaximander

(611-545 B.c.) who introduced the gnomon into Greece. Whatever may be

the details of the construction of the two instruments called the 1ro'1\os and

the gnomon, so much is certain, that the gnomon had to do with the
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measurement of time by shadows thrown by the sun, and that the word

signified the placing of a staff perpendicular to the horizon. This is borne

out by the statement of Proclus that Oenopides of Chios, who first investigated

the problem (Eucl. 1. 12) of drawing a perpendicular from an external point

to a given straight line, called the perpendicular a straight line drawn

“gnomon-wise” (Kara yvuiuova). Then (2) we find the

term used of a mechanical instrument for drawing right

angles, as shown in the figure annexed. This seems to be

the meaning in Theognis 805, where it is said that the

envoy sent to consult the oracle at Delphi should be

“straighter (wlirepos) than the rdpvos, the o'fligp'r) and the

gnomon,” and all three words evidently denote appliances,

the ro'pvos being an instrument for drawing a circle

(probably a string stretched between a fixed and a moving point), and the

err-010,141) a plumb-line. Next (3) it was natural that the gnomon, owing to its

shape, should become the figure which remained of a square when a smaller

square was cut out of one corner (or the figure, as Aristotle says, which when

added to a square increases its size but does not alter its form). We have

seen (note on 1. 47, p. 3 5 1) that the Pythagoreans used the term in this sense, and

further applied it, by analogy, to the series of odd numbers as having the same

property in relation to square numbers. The earliest evidence for this is the

fragment of Philolaus (e. 460 ac.) already mentioned (see Boeckh, P/zilolaos

des Pyt/zagoreers Lellren, p. 141) where he says that “ number makes all things

knowable and mutually agreeing (nmd-yopa u'tMdAots) in the way characteristic of

the gnOmOn”(m1-& 'yvuipovos tinio'tv). As Boeckh says (p. 144), it would appear

from the fragment that the connexion between the gnomon and the square to

which it is added was regarded as symbolical of union and agreement, and that

Philolaus used the idea to explain the knowledge of things, making the

knowing embrace and grasp the known as the gnomon does the square. Cf.

Scholium 11. NO. 11 (Euclid, ed. Heiberg, Vol. v. p. 225), which says “It is

to be noted that the gnomon was discovered by geometers with a view to

brevity, while the name came from its incidental property, namely that from

it the whole is known, whether of the whole area or of the remainder, when it

is either placed round or taken away. In Sundials too its sole function is to

make the actual time of day known.”

The geometrical meaning of the word is extended in the definition of

gnomon given by Euclid, where (4) the gnomon has

the same relation to any parallelogram as it before

had to a square. From the fact that Euclid says

“let” the figure described “ be eat/ed a gnomon ” we

may infer that he was using the word in the wider

sense for the first time. Later still (5) we find

Heron of Alexandria(rst cent. A.D.)defining agnomon

in general as any figure which, when added to any

figure whatever, makes the whole figure similar to that to which it is added.

In this definition of Heron (Def. 59) Hultsch brackets the words which make it

apply to any number as well ; but 'l‘heon of Smyrna, who explains that plane,

triangular, square, solid and other kinds of numbers are so called after the

likeness of the areas which they measure, does make the term in its most

general sense apply to numbers. “All the successive numbers which [by

being successively added] produce triangles or squares or polygons are called

gnomons” (p. 37, 1 1—13, ed. Hiller). Thus the successive odd numbers added
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together make square numbers; the gnomons in the case of triangular

numbers are the successive numbers 1, 2, 3, 4...; those for pentagonal

numbers are the series 1, 4, 7, ro...(the common difierence being 3), and so

on. In general, the successive gnamom'r numbers for any polygonal number,

say of n sides, have n— 2 for their common difl'erence (Theon of Smyrna,

p. 34, r3—15).

GEOMETRICAL ALGEBRA.

We have already seen (cf. part of the note on I. 47 and the above note on

the gnomon) how the Pythagoreans and later Greek mathematicians exhibited

different kinds of numbers as forming difi'erent geometrical figures. Thus,

says 'l‘heon of Smyrna (p. 36, 6—11), “plane numbers, triangular, square

and solid numbers, and the rest, are not so called independently (xvpt'ws) but

in virtue of their similarity to the areas which they measure; for 4, since it

measures a square area, is called square by adaptation from it, and 6 is called

oblong for the same reason.” A “plane number” is similarly described as a

number obtained by multiplying two numbers together, which two numbers

are sometimes spoken of as “ sides,” sometimes as the “length” and

“breadth” respectively, of the number which is their product.

The produrl of two numbers was thus represented geometrically by the

rerlangle contained by the straight lines representing the two numbers

respectively. It only needed the discovery of incommensurable or irrational

straight lines in order to represent geometrically by a rectangle the product of

any two quantities whatever, rational or irrational ; and it was possible to ad

vance from a geometrical arithmetic to a geometrical algebra, which indeed by

Euclid’s time (and probably long before) had reached such a stage of develop

ment that it could solve the same problems as our algebra so far as they do

not involve the manipulation of expressions of a degree higher than the

second. In order to make the geometrical algebra so generally efi'ective, the

theory of proportions was essential. Thus, suppose that x, y, 2 etc. are

quantities which can be represented by straight lines, while a, B, 7 etc. are

coefi‘icients which can be expressed by ratios between straight lines. We can

then by means of Book VI. find a single straight line d such that

ux+fiy+yz + ...=d.

To solve the simple equation in its general form

ax + a -: b,

where a represents any ratio between straight lines, also requires recourse to

the sixth Book, though, e.g., if a. is l or § or any submultiple of unity, or if a is

2, 4 or any power of 2, we should not require anything beyond Book I. for

solving the equation. Similarly the general form of a quadratic equation

requires Book v1. for its geometrical solution, though particular quadratic

equations may be so solved by means of Book I]. alone.

Besides enabling us to solve geometrically these particular quadratic

equations, Book It. gives the geometrical proofs of a number of algebraical

formulae. Thus the first ten propositions give the equivalent of the several

identities

r. a(b+r+d+ ...)=nll+ar+ad+ ...,

2. (a+l))a+(a+b)b:(a+/:)‘-',

3. (a+lr')a:ab+a’,

4. (a + ll)’ : a2 + b’ + 211b,
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5. ai+<‘%b--t)’=(“_;l)2,

or (a +3) (or—B) + B’: a“,

6. (2a+lI)/)+a2=(a+h)"',

0r(fl+l3)(B—a)+a":B’,

7. (a+&)’+a’=2(a+o)a+b‘-',

,_ or a’+fl":2a/3J-(a—B)¢,

8. 4(a+b)a+b"={(a+b)+a}",

or 4a,B+(n—,B)"=(a+B)’,

,, n+1)’ (1+!) ’
9. a’+h‘=2{(e2~) +< 2~—h)},

Or(a+B)2+(a—B)2=z(az+fll),

1o. (2a+ll)2+lF=z{a"+(ai-h’},

or(a+,B)'=+(,B-a)2=2(11“+B”).

The form of these identities may of course be varied according to the different

symbols which we may use to denote particular portions of the lines given in

Euclid’s figures. They are, for the most part, simple identities, but there is no

reason to suppose that these were the only applications of the geometrical

algebra that Euclid and his predecessors had been able to make. We may

infer the very contrary from the fact that Apollonius in his Conies frequently

states without proof much more complicated propo' '_ons of the kind.

It is important however to bear in mind th vthe whole procedure of

Book 11. is geometriml; rectangles and squares ar shown in the figures, and

the equality of certain combinations to other combinations is proved by those

figures. We gather that this was the classical or standard method of proving

such propositions, and that the a/gehraieal method of proving them, with no

figure except a line with points marked thereon, was a later introduction.

Accordingly Eutocius’ method of proving certain lemmas assumed by

Apollonius (Co/lies, 11. 23 and 111. 29) probably represents more nearly than

Pappus' proof of the same the point of view from which Apollonius regarded

them.

It would appear that Heron was the first to adopt the algebraical method

of demonstrating the propositions of Book 11., beginning 'from the second,

without figures, as consequences of the first proposition‘ corresponding to

a(h+e+d):ah+ae+ad.

According to an-Nairizi (ed. Curtze, p. 89), Heron explains that it is not

possible to prove 11. 1 without drawing a number of lines (i.e. without actually

drawing the rectangles), but that the following propositions up to 11. 10

inclusive can be proved by merely drawing one line. He distinguishes two

varieties of the method, one by dissolutio, the other by compositlo, by which he

seems to mean splitting-up of rectangles and squares, and eombinotion of them

into others. But in his proofs he sometimes combines the two varieties.

When he comes to 11. 11, he says that it is not possible to do without a

figure because the proposition is a problem, which accordingly requires an

operation and therefore th drawing of a figure.

The algebraical m od has been preferred to Euclid’s by some English

editors; but it sh not find favour with those who wish to preserve the
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essential features of Greek geometry as presented by its greatest exponents, or

to appreciate their point of view.

It may not be out of place to add a word with reference to the geometrical

equivalent of the algebraical operations. The addition and subtraction of

quantities represented in the geometrical algebra by lines is of course effected

by producing the line to the required extent or cutting off a portion of it. The

equivalent of multiplication is the construction of the rectangle of which the

given lines are adjacent sides. The equivalent of the division of one quantity

represented by a line by another quantity represented by a line is simply the

statement of a ratio between lines on the principles of Books v. and v1. The

division of a product of two quantities by a third is represented in the

geometrical algebra by the finding of a rectangle with one side of a given

length and equal to a given rectangle or square. This is the problem of

a/Jplz'mhbn of areas solved in I. 44, 45. The addition and subtraction of

products is, in the geometrical algebra, the addition and subtraction of

rectangles or squares; the sum or difference can be transformed into a single

rectangle by means of the app/{Milan zy’ areas to any line of given length,

corresponding to the algebraical process of finding a common measure. Lastly,

the extraction of the square root is, in the geometrical algebra, the finding of a

square equal to a given rectangle, which is done in 11. 14 with the help of I. 47.



BOOK II. PROPOSITIONS.

PROPOSITION 1.

[f t/zere be two strazjgbt lines, and one of t/zern be out into

any number of segments w/zatever, tbe rectangle contained by

the two strazjg/zt lines is equal to tbe rectangles tontainea' by the

uncut strazjg/zt line and eat/z of flu: segments.

5 Let A, BC be two straight lines, and let BC be cut at

random at the points D, E;

I say that the rectangle contained by A, BC is equal to the

rectangle contained by A, BD,

that contained by A, DE and

 

10 that contained by A, EC. 8 A—3_”*E c

For let BF be drawn from B

at right angles to BC ; [1. 11]

let BG be made equal to A, [1. 3]

through G let GH be drawn G

,5 parallel to BC, [1. 31]

and through D, E, C let DK, F

EL, CH be drawn parallel to

BG.

Then BH is equal to BK, DL, EH.

:0 Now BH is the rectangle A, BC, for it is contained by

GB, BC, and BG is equal to A ;

BK is the rectangle A, B1), for it is contained by GB,

BD, and BG is equal to A ;

and BL is the rectangle A, DE, for Dlf, that is BG [1. 34],

25 is equal to A.

Similarly also EH is the rectangle A, EC.

Therefore the rectangle A, BC is equal to the rectangle

A, B0, the rectangle A, DE and the rectangle A, EC.

Therefore etc.

 

 

 

Q. E. D.
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20. the rectangle A, BC. From this point onward I shall translate thus in cases where

Euclid leaves out the word ran/ained (reptexéuevov). Though the word “rectangle " is also

omitted in the Greek (the neuter article being sufiicient to show that the rectangle is

meant), it cannot be dispensed with in English. De Morgan advises the use of the expres

sion “ the rectangle nna'er two lines.” This does not seem to me a very good expression,

and, if used in a translation from the Greek, it might suggest that (116 in 16 inrb meant

under, which it does not.

This proposition, the geometrical equivalent of the algebraical formula

a(b+e+a'+ ...)=ab+a£+ad+ ...,

can, of course, easily be extended so as to correspond to the more general

algebraical proposition that the product of an expression consisting of any

number of terms added together and another expression also consisting of

any number of terms added together is equal to the sum of all the products

obtained by multiplying each term of one expression by all the terms of the

other expression, one after another. The geometrical proof of the more

general proposition would be effected by means of a figure showing all the

rectangles corresponding to the partial products, in the same way as they are

shown in the simpler case of 11. I; the difference would be that a series of

parallels to BC would have to be drawn as well as the series of parallels

to BE

PROPOSITION 2.

[f a strazgglzt line be out at random, t/ze rectangle contained

by tile whole and bot/z of t/ze segments is equal to the square on

t/ze w/zole.

For let the straight line AB be cut at random at the

point C;

I say that the rectangle contained by AB, BC together with

the rectangle contained by BA, AC is equal

to the square on AB. A c B

For let the square ADBB be described

on AB [1. 46], and let CF be drawn through

C parallel to either AD or BB. [1. 31]

Then AB is equal to AF, CB.

Now AB is the square on AB;

AF is the rectangle contained by BA, 0 F E

AC, for it is contained by DA, AC, and

AD is equal to AB;

and CE is the rectangle AB, BC, for BB is equal to

AB.

I Therefore the rectangle BA, AC together with the rect

angle AB, BC is equal to the square on AB.

Therefore etc.

  

 

Q. E. o.



n. 2]. PROPOSI'I‘IONS I, 2 377

The far! asserted in the enunciation of this proposition has already been

used in the proof of I. 47 ; but there was no occasion in that proof to observe

that the two rectangles BL, CL making up the square on BC are the

rectangles contained by BC and the two parts, respectively, into which it is

divided by the perpendicular from A on BC. It is this fact which it is

necessary to state in this proposition, in accordance with the plan of Book II.

The second and third propositions are of course particular cases of the

first They were no doubt separately enunciated by Euclid in order that they

might be immediately available for use hereafter, instead of having to be

deduced for the particular occasion from II. I. For, if they had not been thus

separately stated, it would scarcely have been practicable to quote them later

without explaining at the same time that they are included in u. 1 as particular

cases. And, though the propositions are not used by Euclid in the later

propositions of Book 11., they are used afterwards in Xnr. to and IX. 15

respectively; and they are of extreme importance for geometry generally,

being constantly used by Pappus, for example, who frequently quotes the

third proposition by the Book and number.

Attention has been called to the fact that ll. I is never used by Euclid;

and this may seem no less remarkable than the fact that n. 2, 3 are not again

used in Book 1!. But it is important, I think, to observe that the proofs of

all the first ten propositions of Book II. are practically independent of each

other, though the results are really so interwoven that they can often be

deduced from each other in a variety of ways. What then was Euclid’s

intention, first in inserting some propositions not immediately required, and

secondly in making the proofs of the first ten practically independent of

each other? Surely the object was to show the power of the mellzod of

geometrical algebra as much as to arrive at results. From the point of view

of illustrating the met/lad, there can be no doubt that Euclid’s procedure is

far more instructive than the semi-algebraical substitutes which seem to find

a good deal of favour; practically it means that, instead of relying on our

memory of a few standard formulae, we can use the machinery given us by

Euclid’s method to prove immediately ab initio any of the propositions taken

at random.

Let us contrast with Euclid’s plan the semi-algebraical alternative. One

editor, for example, thinks that, as 1t. 1 is not used by Euclid afterwards, it

seems more logical to deduce from it those of the subsequent propositions

which can be readily so deduced. Putting this idea into practice, he proves

n. 2 and 3 by quoting 11. r, then proves It. 4 by means of 11. r and 3, 11. 5 and

6 by means of I]. r, 3 and 4, and so on. The result is ultimately to deduce

the whole of the first ten propositions from 11. 1, which Euclid does not use at

all; and this is to give an importance to u. I which is altogether dispro

portionate and, by starting with such a narrow foundation, to make the whole

structure of Book it. top-heavy.

Editors have of course been much influenced by a desire to make the

proofs of the propositions of Book II. easier, as they think, for schoolboys.

But, even from this point of view, is it an improvement to deduce n. 2 and 3

from n. 1 as corollaries P I doubt it. For, in the first place, Euclid’s figures

visualise the results and so make it easier to grasp their meaning; the truth

of the propositions is made clear even to the eye. Then, in the matter of

brevity, to which such an exaggerated importance is attached, Euclid’s proof

positively has the advantage. Counting a capital letter or a collocation of such

as one word, I find, e.g., that Mr H. M. Taylor’s proof of II. 2 contains
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120 words, of which 8 represent the construction. Euclid’s as above trans

lated has 126 words, of which 22 are descriptive of the construction; therefore

the actual proof by Euclid has 8 words fewer than Mr Taylor’s, and the extra

words due to the construction in Euclid are much more than atoned for by

the advantage of picturing the result in the figure.

The advantages then which Euclid’s method may claim are, I think, these:

in the case of 11. 2, 3 it produces the result more easily and clearly than does

the alternative proof by means of 11. 1, and, in its general application, it is

more powerful in that it makes us independent of any recollection of results.

PROPOSITION 3.

[f a straight line be out at random, the rectangle eontained

by the whole and one of the segments is equal to the rettang/e

contained by the segments and the square on the aforesaid

segment.

For let the straight line AB be cut at random at C;

I say that the rectangle contained by AB, BC is equal to the

rectangle contained by AC, CB together

 
with the square on BC. A c B

For let the square CDEB be de

scribed on CB; [1. 46]

let ED be drawn through to F,

and through A let AF be drawn parallel

to either CD or BB. [1. 31] F D 5

Then AB is equal to AD, CB.

Now AB is the rectangle contained by AB, BC, for it is

contained by AB, BB, and BB is equal to BC;

AD is the rectangle AC, CB, for DC is equal to CB;

and DB is the square on CB.

Therefore the rectangle contained by AB, BC is equal to

the rectangle contained by A C, CB together with the square

on BC.

Therefore etc.

 

 

Q. E. D.

If we leave out of account the contents of Book 11. itself and merely look

to the applicability of propositions to general use, this proposition and the

preceding are, as already indicated, of great importance, and particularly so to

the semi-algebraical method just described, which seems to have found its first

exponents in Heron and Pappus. Thus the proposition that the dzj’erenee of

the squares on two straight lines is equal to the rettangle contained by the sum
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and 111: (It'firt'nte of {/12 straight lines, which is generally given as equivalent to

n. 5, 6, can be proved by means of II. I, 2, 3, as shown

by Lardner. For suppose the given straight lines are A c 3

AB, BC, the latter being measured along BA.

Then, by 11. 2, the square on AB is equal to the sum of the rectangles

AB, BC and AB, AC.

By 11. 3, the rectangle AB, BC is equal to the sum of the square on BC

and the rectangle AC, CB.

Therefore the square on AB is equal to the square BC together with the

sum of the rectangles AC, AB and AC, ('B.

But, by it. I, the sum of the latter rectangles is equal to the rectangle

contained by AC and the sum of AB, BC, i.e. the rectangle contained by the

sum and difference of AB, BC. '

Hence the square on AB is equal to the square on BC and the rectangle

contained by the sum and difference of AB, BC _:

that is, the difference of the squares on AB, BC is equal to the rectangle

contained by the sum and difference of AB, BC.

 

PROPOSITION 4.

[f a stmzlg/zt line be cut at random, t/ze square on t/ze w/zo/e

is equal to the squares on the segments and twice the rectangle

contained by t/ze segments.

For let the straight line AB be cut at random at C;

5 I say that the square on AB is equal to the squares on AC,

CB and twice the rectangle contained

 

 

by A C, CB. A c B

For let the square ADEB be de

scribed on AB, [1. 46]

to let BD be joined ; H e K

through C let CF be drawn parallel to

either AD or BB,

and through G let HK be drawn parallel

to either AB or DB. [1. 31] D F E

15 Then, since CF is parallel to AD,

and BD has fallen on them,

the exterior angle CGB is equal to the interior and opposite

 

 

angle ADB. [1. 29]

But the angle ADB is equal to the angle ABD,

10 since the side BA is also equal to AD ; [1. 5]

therefore the angle CGB is also equal to the angle GBC,

so that the side BC is also equal to the side CG. [1. 6]
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But CB is equal to G/(, and CG to KB; [I- 34]

therefore GK is also equal to KB;

25 therefore CGKB is equilateral.

I say next that it is also right-angled.

For, since CG is parallel to BK’,

the angles KBC, GCB are equal to two right angles.

[1. 29]

But the angle KBC is right;

30 therefore the angle BCG is also right,

so that the opposite angles CGK, GKB are also right.

[I- 34]

Therefore CGKB is right-angled;

and it was also proved equilateral ;

therefore it is a square ; g

35 and it is described on CB.

For the same reason

HF is also a square;

and it is described on HG, that is AC. [I- 34]

Therefore the squares HF, KCare the squares on AC, CB.

4° Now, since AG is equal to GE,

and AG is the rectangle AC, CB, for GC is equal to CB,

therefore GE is also equal to the rectangle AC, CB.

BTherefore AG, GE are equal to twice the rectangle AC,

C .

45 But the squares HF, CK are also the squares on AC, CB;

therefore the four areas HF, CK AG, GE are equal to

the squares on AC, CB and twice the rectangle contained by

AC, CB.

But HF, CK, AG, GE are the whole ADEB,

50 which is the square on AB.

Therefore the square on AB is equal to the squares on

AC, CB and twice the rectangle contained by AC, CB.

Therefore etc. Q. E. D.

'1. twice the rectangle contained by the segments. By a curious idiom this is in

Greek “the rectangle twin: ronlaim'd by the segments.” Similarly "twice the rectangle

contained by AC, CB" is expressed as "the rectangle l'wiee [ordained by AC, CB" (Tb 6i:

l'rlro ‘n31! AI‘, I‘B reptexbpcvov bp007u'1vtov). _

35, 38. described. 39, 45. the squares (before “on”). These words are not in the

Greek, which simply says that the squares “are on " (elo'ir ciré) their respective sides.

4,6. areas. It is necessary to supply some substantive (the Greek leaves it to be under

stood); and I prefer “ areas” to " figures.”
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The editions of the Greek text which preceded that of E. F. August

(Berlin, 1826—9) give a second proof of this proposition introduced by the

usual word 11AM»: or “otherwise thus.” Heiberg follows August in omitting

this proof, which is attributed to Theon, and which is indeed not worth

reproducing, since it only differs from the genuine proof in that portion of it

which proves that CGKB is a square. The proof that CGKB is equilateral

is rather longer than Euclid’s, and the only interesting point to notice is that,

whereas Euclid still, as in 1. 46, seems to regard it as necessary to prove that

all the angles of CGKB are right angles before he concludes that it is rig/it

angled, Theon says simply “And it also has the angle CBK right; therefore

CK is a square.” The shorter form indicates a legitimate abbreviation of the

genuine proof; because there can be no need to repeat exactly that part of the

proof of 1. 46 which shows that all the angles of the figure there constructed

are right when one is.

There is also in the Greek text a Porism which is undoubtedly interpolated:

“ From this it is manifest that in square areas the parallelograms about the

diameter are squares.” Heiberg doubted its genuineness when preparing his

edition, and conjectured that it too may have been added by Theon ; but the

matter is placed beyond doubt by a papyrus-fragment referred to already (see

Heiberg, Paralzfonzena zu Eukliit, in Hermes xxxv1|l., 1903, p. 48) in which

the Porism was evidently wanting. It is the only Porism in Book 11., but

does not correspond to Proclus’ remark (p. 304, 2) that “the Porism found in

the second book belongs to a problem.” Heiberg regards these words as

referring to the Porism to w. 15, the correct reading having probably been not

sevre'pqi but 8', i.e. re'rdp'rtp.

The semi-algebraical proof of this proposition is very easy, and is of course

old enough, being found in Clavius and in most later editions. It proceeds

thus. '

By 11. 2, the square on AB is equal to the sum of the rectangles AB, AC

and AB, CB.

But, by 11. 3, the rectangle AB, AC is equal to the sum of the square on

AC and the rectangle AC, CB ;

while, by 11. 3, the rectangle AB, CB is equal to the sum of the square on

BC and the rectangle AC, CB.

Therefore the square on AB is equal to the sum of the squares on

AC, CB and twice the rectangle AC, CB.

The figure of the proposition also helps to visualise, in the orthodox

manner, the proof of the theorem deduced above from 11. 1—3, viz. that tile

rlif‘erenee of tbe squares on two given stl'allglit lines is equal to the rectangle

eontained by tile sum and the drferem'e aft/1e lines.

For, if the lines he AB, BC respectively, the shorter of the lines being

measured along BA, the figure shows that

the square AB is equal to the sum of the square CK and the rectangles

AF, FK;

that is, the square on AB is equal to the sum of the square on BC and

the rectangles AB, AC and AC, BC.

But the rectangles AB, AC and BC, ACare, by 11. 1, together equal to

the rectangle contained by ACand the sum of AB, BC,

i.e. to the rectangle contained by the sum and difference of AB, BC.

Whence the result follows as before.
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The proposition 1!. 4 can also be extended to the case where a straight

line is divided into any number of segments; for the figure will show in like

manner that the square on the whole line is equal to the sum of the squares

on all the parts together with twice the rectangles contained by every pair of

the parts.

PROPOSITION 5.

[f a sz‘mzlg/u‘ line 612 cu! into equal and unequal segmenls,

l/ze reclaugle eon/dined by the unequal segments of the w/zole

toget/zer will: the square on the strazlg/zt Zine belween t/ze

points of section is equal to [be square on l/ze lzafi

For let a straight line AB be cut into equal segments

at C and into unequal segments at D;

I say that the rectangle contained by AD, DB together with

the square on CD is equal to the square on CB.

x

A C D B  

a" H '.
K L N M

P

E G F

For let the square CEFB be described on CB, [1. 46]

and let BE be joined ;

through D let DG be drawn parallel to either C5 or BF,

through i] again let KM be drawn parallel to either AB or

BF,

and again through A let AK be drawn parallel to either CL

 

 

 

or BM. [1. 31]

Then, since the complement CH is equal to the comple

ment HF, [l- 43]

let DM be added to each ;

therefore the whole CM is equal to the whole DF.

But C1” is equal to AL,

since AC is also equal to CB; [1. 36]

therefore AL is also_equal to UP.

Let CH be added to each ;

therefore the whole AH is equal to the gnomon NOP.
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But AH is the rectangle AD, DB, for DH is equal to

DB,

therefore the gnomon NOP is also equal to the rectangle

AD, DB.

Let LG, which is equal to the square on CD, be added to

each ;

therefore the gnomon NOP and LG are equal to the

rectangle contained by AD, DB and the square on CD.

But the gnomon NOP and LG are the whole square

CBFB, which is described on CB;

therefore the rectangle contained by AD, DB together

with the square on CD is equal to the square on CB.

Therefore etc. Q. 1:. D.

3. between the points of section, literally “between the sections,” the word being

the same (10,141?) as that used of a conic sertiou.

It will be observed that the gnomon is indicated in the figure by three separate letters

and a dotted curve. This is no doubt a clearer way of showing what exactly the gnomon is

than the method usual in our text-books. In this particular case the figure of the M55. has

two M’s in it, the gnomon being MNE. I have corrected the lettering to avoid confusion.

It is easily seen that this proposition and the next give exactly the

theorem already alluded to under the last propositions, namely that the

dtfrrmee of the squares on two straight lines is equal to the rectangle eontained

try their sum and di erenee. The two given lines are, in 11. 5, the lines CB

and CD, and their sum and difference are respectively equal to AD and DB.

To show that 11. 6 gives the same theorem we have only to make CD the

greater line and CB the less, i.e. to

draw C'D’ equal to CB, measure A c D B

C’B’ along it equal to CD, and then I ‘

produce B’C’ to A’, making A'C' equal A' c’ Q’ 0'

to B’ C’, whence it is immediately clear

that A'D' on the second line is equal

to AD on the first, while D'B’ is also equal to DB, so that the rectangles

AD, DB and A’D’, D'B' are equal, while the difference of the squares on

CB, CD is equal to the difference of the squares on C'D', C'B'.

Perhaps the most important fact about 11. 5, 6 is however their bearing on

the

Geometrical solution of a quadratic equation.

Suppose, in the figure of 11. 5, that AB=a, DB: x;

then ax —x"’:the rectangle AH

= the gnomon NOP.

Thus, if the area of the gnomon is given (:h’, say), and if a is given

(= AB), the problem of solving the equation

ax — x’ : b’

is, in the language of geometry, To a given straight line (a) to apply a rettangle

which shall be equal to a given square (11’) and shallfall short by a square figure,

i.e. to construct the rectangle AH or the gnomon N01’.

Now we are told by Proclus (on 1. 44) that “these propositions are ancient
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and the discoveries of the Muse of the Pythagoreans, the application of

areas, their exceeding and their falling-short” We can therefore hardly

avoid crediting the Pythagoreans with the geometrical solution, based upon

ll. 5, 6, of the problems corresponding to the quadratic equations which

are directly obtainable from them. It is certain that the Pythagoreans solved

the problem in II. n, which corresponds to the quadratic equation

a (a — x) = x’,

and Simson has suggested the following easy solution of the equation now in

question,

ax—x”=b"’,

on exactly similar lines.

Draw CO perpendicular to AB and equal to b; produce 0C to N so

that ON: CB (or éa); and with O as centre

and radius ON describe a circle cutting CB N

in D. A (Ey- o 8  

 

 

Then DB (or x) is found, and therefore 0

the required rectangle AH.

For the rectangle AD, DB together with H

the square on CD is equal to the square on f

CB, [[1. 5] 0'

i.e. to the square on 0D,

i.e. to the squares on DC, CD; [1. 47]

whence the rectangle AD, DB is equal to the square on 0C,

or ax - x2 = b‘.

It is of course a necessary condition of the possibility of a real solution

that b’ must not be greater that (#a)“. This condition itself can easily be

obtained from Euclid’s proposition; for, since the sum of the rectangle AD,

DB and the square on CD is equal to the square on CB, which is constant,

it follows that, as CD diminishes, i.e. as D moves nearer to C, the rectangle

AD, DB increases and, when D actually coincides with C, so that CD

vanishes, the rectangle AD, DB becomes the rectangle AC, CB, i.e. the

square on CB, and is a maximum. It will be seen also that the geometrical

solution of the quadratic equation derived from Euclid does not differ from

our practice of solving a quadratic by completing the square on the side

containing the terms in x2 and x.

But, while in this case there are two geometrically real solutions (because

the circle described with UN as radius will not only cut CB in D but will

also cut AC in another point E), Euclid’s figure corresponds to one only of

the two solutions. Not that there is any doubt that Euclid was aware that the

method of solving the quadratic gives two solutions ; he could not fail to see

that x=BB satisfies the equation as well as x=BD. If however he had

actually given us the solution of the equation, he would probably have

omitted to specify the solution x: BE because the rectangle found by means

of it, which would be a rectangle on the base AE (equal to BD) and with

altitude EB (equal to AD), is really an equal rectangle to that corresponding

to the other solution x = BD; there is therefore no real object in distinguishing

two solutions. This is easily understood when we regard the equation as a

statement of the problem of finding two magnitudes when their sum (0) and

product (6’) are given, i.e. as equivalent to the simultaneous equations

x+y=a,

xy=b'.
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These symmetrical equations have really only one solution, as the two apparent

solutions are simply the result of interchanging the values of x and y. This

form of the problem was known to Euclid, as appears from the Data, Prop.

85, which states that, If two strazlglzt lines contain a parallelogram given in

magnitude in a given angle, and 2f tlze sum of tlzem be given, tlzen slrall eat]:

of them be given.

This proposition then enables us to solve the problem of finding a

rectangle the area and perimeter of which are both given ; and it also enables

us to infer that, of all rectangles of given perimeter, the square has the

greatest area, while, the more unequal the sides are, the less is the area.

If in the figure of n. 5 we suppose that AD=a, 319:6, we find that

CB=(a+b)/2 and CD:(a—o)/2, and we may state the result of the

proposition in the following algebraical form

2 2

<" n -<@>2 2

This way of stating it (which could hardly have escaped the Pythagoreans)

gives a ready means of obtaining the two rules, respectively attributed to the

Pythagoreans and Plato, for finding integral square numbers which are the

sum of two other integral square numbers. We have only to make ab a

perfect square in the above formula. The simplest way in which this can be

done is to put a = n’, o: r, whence we have

("“I ‘>1 ("t
and in order that the first two squares may be integral n“, and therefore n,

must be odd. Hence the Pythagorean rule.

Suppose next that a : 2'12, 6: 2, and we have

(n’ + r)2 — (n2— 1)2 = 4n”,

whence Plato’s rule starting from an even number 2n.

 

 

PROPOSITION 6.

1f a straight line be oz'seeted and a strazlg/zt line be added

to it in a strazlg/zt line, the rectangle contained 6y t/ze whole

with the added strazg/zt line and t/ze added strazlg/zt line toget/ter

wit/z the square on the lzalf is equal to the square on the

strazlg/zt line made up of the lzalf and the added strazlg/zt

line.

For let a straight line AB be bisected at the point C, and

let a straight line BD be added to it in a straight line ;

I say that the rectangle contained by AD, DB together

with the square on CB is equal to the square on CD.

For let the square CEFD be described on CD, [1. 46]

and let DE be joined ;

through the point B let BG be drawn parallel to either EC or

H. E. 25
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through the point H let XM be drawn parallel to either AB

or BF,

and further through A let AK A c B D

be drawn parallel to either CL -9

or DM. [1. 31] '

Then, since AC is equal

to CB,

AL is also equal to CH [1. 36]

But CH is equal to HF. [1. 43] E . G p

Therefore AL is also equal

to HF.

Let CM be added to each;

therefore the whole AM is equal to the gnomon NOP.

But AM is the rectangle AD, DB,

for DM is equal to DB ;

therefore the gnomon NOP is also equal to the rectangle

AD, DB.

Let LG, which is equal to the square on BC, be added

to each ;

therefore the rectangle contained by AD, DB together

with the square on CB is equal to the gnomon NOP and LG.

But the gnomon NOP and LG are the whole square

CBFD, which is described on CD;

therefore the rectangle contained by AD, DB together

with the square on CB is equal to the square on CD.

Therefore etc.

  

 ‘OI
3

K L N

 

 

Q. E. D.

In this case the rectangle AD, DB is “a rectangle applied to a given

straight line (AB) but exceeding by a square (the side of which is equal to

BD)” ; and the problem suggested by 11. 6 is to find a rectangle of this

description equal to a given area, which we will, for convenience, suppose to

be a square ,' i.e., in the language of geometry, to apply to a given straight

line a rec/angle which shall be eyual lo a given square and shall exceed by a

square figure.

We suppose that in Euclid’s figure A B=a, .BD=x; then, if the given

square be 6", the problem is to solve geometrically the equation

ax+x"'=&’.

The solution of a problem theoretically equivalent to the solution of a

quadratic equation of this kind is presupposed in the fragment of Hippocrates’

Quadrature of lune: preserved in a quotation by Simplicius (Comment. in
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Arr'stol. Plrys. pp. 61-68, ed. Diels) from Eudemus’ lfisiory of Geometry. In

this fragment Hippocrates (5th cent. E.C.) assumes the following construction.

AB being the diameter and O the centre of a semicircle, and C being the

middle point of 0B and CD at right

angles to AB, a straight line of length

such that its square is 1% times the square

on the radius (i.e. of length (1./t}, where

a is the radius) is to be so placed, as EF,

between CD and the circumference AD

that it “verges towards B,” that is, EF

when produced passes through B. A b c 8

Now the right-angled triangles BFC,

BAE are similar, so that

BF: BC=BA : BE,

and therefore the rectangle BE, BF= rect. BA, BC

=sq. on BO.

In other words, EF (=a Jig) being given in length, BF (:x, say) has

to be found such that

  

(~/%a+x)x=¢’;

or the quadratic equation

J; ax+x’=a2

has to be solved.

A straight line of length aJiZ, would easily be constructed, for, in the

figure, CD“=AC. CB=§-a2, or CD=-.§a~/3, and a,/% is the diagonal of

a square of which CD is the side.

There is no doubt that Hippocrates could have solved the equation by

the geometrical construction given below, but he may have contemplated, on

this occasion, the merely mee/laniea/ process of filming the straight line of the

length required between CD and the circumference AD and moving it until

E, E B were in a straight line. Zeuthen (Die Le/zre van den Kege/sc/zm'tten

I'm A/tertum, pp. 270, 271) thinks this probable because, curiously enough,

the fragment speaks immediately afterwards of “joining B to E”

To solve the equation

ax + x’ = b’ Q

we have to find the rectangle Ail, or the

gnomon NOP, which is equal in area to b“ and

has one of the sides containing the inner right

angle equal to CB or %a. Thus we know A c B D

Qa)’ and b’, and we have to find, by I. 47, ’_ __

a square equal to the sum of two given N." \I H

squares.

To do this Simson draws BQ at right P

angles to AB and equal to b, joins CQ and,

with centre C and radius CQ, describes a

circle cutting AB produced in D. Thus

BD, or x, is found.

Now the rectangle AD, DB together with the square on CB

is equal to the square on CD,

i.e. to the square on CQ,

i.e. to the squares on CB, BQ.

 

 

 

 

25—2
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Therefore the rectangle AD, DB is equal to the square on BQ, that is,

ax + x’ = b”.

From Euclid’s point of view there would only be one solution in this case.

This proposition enables us also to solve the equation

x’ — ax : b’

in a similar manner.

We have only to suppose that AB : a, and AD (instead of BD) = x ; then

x2 -— ax : the gnomon.

To find the gnomon we have its area (B) and the area, CB“ or @a)”, by

which the gnomon differs from CD2. Thus we can find D (and therefore

AD or x) by the same construction as that just given.

Converse propositions to n. 5, 6 are given by Pappus (v11. pp. 948-950)

among his lemmas to the Com'zs of Apollonius to the efi'ect that,

(I) if D be a point dividing AB unequally, and C another point on AB

such that the rectangle AD, DB together with the square on CD is

equal to the square on A C, then

AC is equal to CB;

(2) if D be a point on AB produced, and C a point on AB such that the

rectangle AD, DB together with the square on CB is equal to the

square on CD, then

AC is equal to CB.

PROPOSITION 7.

If a strazght line he out at random, the square on the

whole and that on one of the segments both together are equal

to twice the reotangte contained by the whole and the said

segment and the square on the remaining segment.

For let a straight line AB be cut at random at the point C;

I say that the squares on AB, BC are equal to twice the

rectangle contained by AB, BC and the

 

 

square on CA. A c B

For let the square ADBB be _ _|_

described on AB, [1. 46] ‘ -,_
and let the figure be drawn. H K L F

Then, sinceAG is equal to GE, [1. 43] M '

let CF be added to each ;

therefore the whole AF is equal to

the whole CE.

Therefore AF, CE are double of

AF.

But AF, CF are the gnomon KLM and the square CF;

therefore the gnomon KLM and the square CF are double

of AF.

 

 

 

D‘ N E
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But twice the rectangle AB, BC is also double of AF;

for BF is equal to BC;

therefore the gnomon KLM and the square CF are equal to

twice the rectangle AB, BC.

Let DG, which is the square on AC, be added to each ;

therefore the gnomon KLM and the squares BG, GD are

equal to twice the rectangle contained by AB, BC and the

square on AC.

But the gnomon KLM and the squares BG, GD are the

whole ADEB and CF,

which are squares described on AB, BC;

therefore the squares on AB, BC are equal to twice the

rectangle contained by AB, BC together with the square on

AC.

Therefore etc.

Q. E. D.

An interesting variation of the form of this proposition may be obtained by

regarding AB, BC as two given straight lines of which AB is the greater, and

AC as the dlfl'renze between the two straight lines. Thus the proposition

shows that the squares on two straight lines are together equal to twice the

rectangle contained by them and the square on their difi'erence. That is, the

square on the dzfl’renee of two straight lines is equal to the sum of the squares on

the straight lines diminished hy twice the remmgle mntained by them. In other

words, just as I]. 4 is the geometrical equivalent of the identity

(a+b)’=a’ + a + zoo,

so ll. 7 proves that

(a —b)’ I a‘ + b’ — 2ab.

The addition and subtraction of these formulae give the algebraical equivalent

of the propositions ll. 9, 10 and n. 8 respectively; and we have accordingly

a suggestion of alternative methods of proving those propositions.

PROPOSITION 8.

[fa straight line he cut at random, four times the rectangle

contained by the whole and one of the segments together with

the square on the remaining segment is equal to the square

described on the whole and the aforesaid segment as on one

straight line.

For let a straight line AB be cut at random at the point C;

I say that four times the rectangle contained by AB, BC

together with the square on AC is equal to the square

described on AB, BC as on one straight line.
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For let [the straight line] BD be produced in a straight

line [with AB], and let BD be

made equal to CB;

let the squareAEFD be described Q

on AD, and let the figure be M 5' K ‘-, N

drawn double. 0 '1 .-" p

. . s Q R .'
Then, since CB 15 equal to BD, _while CB is equal to GK, and U """

BD to KN,

therefore GK is also equal to KN.

For the same reason _/

QR is also equal to RP. a H ' F

And, since BC is equal to BD, and GK to KN,

therefore CK is also equal to KD, and GR to RN. [1. 36]

But CK is equal to RIV, for they are complements of the

parallelogram CP; [1. 43]

therefore KD is also equal to GR;

therefore the four areas DK, CK, GR, RN are equal to one

another.

Therefore the four are quadruple of CK‘.

Again, since CB is equal to BD,

while BD is equal to BK, that is CG,

and CB is equal to GK, that is GQ,

therefore CG is also equal to GQ.

And, since CG is equal to GQ, and QR to RP, ‘

AG is also equal to MQ, and QL to RF. [1. 36]

But MQ is equal to QL, for they are complements of the

parallelogram ML ; [1. 43]

therefore AG is also equal to RF;

therefore the four areas AG, MQ, QL, RF are equal to one

another.

Therefore the four are quadruple of AG.

But the four areas CK, KD, GR, RN were proved to be

quadruple of CK;

therefore the eight areas, which contain the gnomon

STU, are quadruple of AK

Now, since AK is the rectangle AB, BD, for BK is equal

to BD,

A C B D 
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therefore four times the rectangle AB, BD is quadruple of

AK.

But the gnomon STU was also proved to be quadruple

of AK ;

therefore four times the rectangle AB, BD is equal to the

gnomon STU.

Let Off, which is equal to the square on AC, be added

to each ;

therefore four times the rectangle AB, BD together with

the square on AC is equal to the gnomon STU and Off.

But the gnomon STU and 0H are the whole square

ABFD,

which is described on AD;

therefore four times the rectangle AB, BD together with

the square on AC is equal to the square on AD.

But BD is equal to BC,

therefore four times the rectangle contained by AB, BC

together with the square on AC is equal to the square on

AD, that is to the square described on AB and BC as on

one straight line.

Therefore etc. Q_ E, D,

This proposition is quoted by Pappus (p. 428, ed. Hultsch) and is used

also by Euclid himself in the Data, Prop. 86. Further, it is of decided use

in proving the fundamental property of a parabola.

Two alternative proofs are worth giving.

The first is that suggested by the consideration mentioned in the last

note, though the proof is old enough, being given by Clavius and others. It

is of the semi-algebraical type.

Produce AB to D (in the figure of the pro- 0 A c 3

position), so thatBD is equal to BC. -

By 11. 4, the square on AD is equal to the

squares on AB, BD and twice the rectangle AB, L M 5

BD, i.e. to the squares on AB, BC and twice

the rectangle AB, BC.

By 11. 7, the squares on AB, BC are equal to

twice the rectangle AB, BC together with the K N

square on AC.

Therefore the square on AD is equal to four _ _

times the rectangle AB, BC together with the I‘ H l’

square on A C.

The second proof is after the manner of Euclid but with a difference.

Produce BA to D so that AD is equal to BC. On BD construct the square

BEFD.
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Take BG, E157, FK each equal to BC or AD, and draw ALP, HNM

parallel to BE and GML, KPN parallel to BD.

Then it can be shown that each of the rectangles BL, AK, FIV, EM is

equal to the rectangle AB, BC, and that PM is equal to the square on AC.

Therefore the square on BD is equal to four times the rectangle AB,

BC together with the square on AC.

PROPOSITION 9.

[f a straight line he out into equal and unequal segments,

the squares on the unequal segments of the whole are a'ouhle

of the square on the half anaI of the square on the straight line

between the points of section.

For let a straight line AB be cut into equal segments

at C, and into unequal segments at D;

I say that the squares on AD, DB are double of the

squares on AC, CD.

For let CB be drawn from

C at right angles to AB,

and let it be made equal to

either AC or CB; o F

let BA, BB be joined,

let DF be drawn through D

parallel to BC,

and FG through F parallel to

AB,

and let AF be joined.

Then, since AC is equal to CB,

the angle BAC is also equal to the angle ABC.

And, since the angle at C is right,

the remaining angles BA C, ABC are equal to one

right angle. [1. 32]

And they are equal ;

therefore each of the angles CBA, CAB is half a right

angle.

For the same reason

each of the angles CBB, BBC is also half a right angle;

therefore the whole angle ABB is right.

And, since the angle GBF is half a right angle.
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and the angle BGB is right, for it is equal to the interior and

opposite angle BCB, [1. 29]

the remaining angle BBC is half a right angle; [1. 32]

therefore the angle GBF is equal to the angle BFG,

so that the side BG is also equal to CF. [1. 6]

Again, since the angle at B is half a right angle,

and the angle FDB is right, for it is again equal to the interior

and opposite angle BCB, ' [1- 29]

the remaining angle BFD is half a right angle; [1. 32]

therefore the angle at B is equal to the angle DFB,

so that the side FD is also equal to the side DB. [1. 6]

Now, since AC is equal to CB,

the square on AC is also equal to the square on CB ;

therefore the squares on AC, CB are double of the square

on A C.

But the square on BA is equal to the squares on AC, CB,

for the angle ACB is right ; [1. 47]

therefore the square on BA is double of the square on AC.

Again, since BC is equal to CF,

the square on BG is also equal to the square on GF ;

therefore the squares on BG, GF are double of the square on

GF.

But the square on BF is equal to the squares on EC, GF;

therefore the square on BF is double of the square on GF.

But CF is equal to CD; [1. 34]

therefore the square on BF is double of the square on CD.

But the square on BA is also double of the square on AC;

therefore the squares on AB, BFare double of the squares

on AC, CD.

And the square on AF is equal to the squares on AB, BF,

for the angle ABF is right ; [1. 47]

therefore the square on AF is double of the squares on AC,

CD.

But the squares on AD, DF are equal to the square on

AF, for the angle at D is right; [1. 47]

therefore the squares on AD, DF are double of the squares

on A C, CD.
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And DF is equal to DB ;

therefore the squares on AD, DB are double of the squares

on AC, CD.

Therefore etc.

Q. E. D.

It is noteworthy that, while the first eight propositions of Book II. are

proved independently of the Pythagorean theorem 1. 47, all the remaining

propositions beginning with the 9th are proved by means of it. Also the 9th

and roth propositions mark a new departure in another respect ; the method

of demonstration by showing in the figures the various rectangles and squares

to which the theorems relate is here abandoned.

The 9th and roth propositions are related to one another in the same way

as the 5th and 6th; they really prove the same result which can, as in the

earlier case, be comprised in a single enunciation thus : The sum ofthe squares

on the sum and dzj’erence of two given straight lines is equal to twine the sum of

the squares on the lines.

The semi-algebraical proof of Prop. 9 is that suggested by the remark on

the algebraical formulae given at the end of the note on 11. 7. It applies

with a very slight modification to both u. 9 and 11. 10. We will put in

brackets the variations belonging to 11. 10.

The first of the annexed lines is the figure A c D B

for I]. 9 and the second for 1!. IO.

By ll. 4, the square on AD is equal to

the squares on AC, CD and twice the —+——-—

rectangle AC, CD.

By 11. 7, the squares on CB, CD (CD, CB) are equal to

twice the rectangle CB, CD together with the square on BD.

By addition of these equals crosswise,

the squares on AD, DB together with twice the rectangle CB, CD are

equal to the squares on AC, CD, CB, CD together with twice

the rectangle AC, CD.

But AC, CB are equal, and therefore the rectangles AC, CD and CB,

CD are equal.

Taking away the equals, we see that

the squares on AD, DB are equal to the squares on AC, CD, CB, CD,

i.e. to twice the squares on AC, CD.

To show also that the method of geometrical algebra illustrated by

11. r-—8 is still effective for the purpose of

proving II. 9, 10, we will now prove II. 9 in

that manner.

Draw squares on AD, DB respectively K

as shown in the figure. Measure DH along

DE equal to CD, and HL along HE also

equal to CD.

Draw HK, LNO parallel to EE and

CNM parallel to DE.

Measure NP along NO equal to CD,

and draw PQ parallel to DE.

A C . B
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Now, since AD, CD are respectively equal to DE, D11,

HE is equal to AC or CB;

and, since HL is equal to CD, LE is equal to DB.

Similarly, since each of the segments E111, MQ is equal to CD,

FQ is equal to BL or BD.

Therefore 0Q is equal to the square on DB.

We have to prove that the squares on AD, DB are equal to twice the

squares on AC, CD.

Now the square on AD includes KM (the square On AC) and C17, HN

(that is, twice the square on CD).

Therefore we have to prove that what is left over of the square on AD

together with-the square on DB is equal to the square on AC.

The parts left over are the rectangles CK and NE, which are equal to

KZV, PM respectively.

But the latter with the square On DB are equal to the rectangles KlV,

PMand the square 0Q,

i.e. to the square K111, or the square on AC.

Hence the required result follows.

PROPOSITION 10.

[f a strazght lz'ne be bisected, and a strazght line be added

to it in a strazght line, the square on the whole with the added

strazght line and the square on the added strazght line both

together are double of the square on the half and of the square

described on the strazght line made up of the half and the

added strazght line as on one strazght line.

For let a straight line AB be bisected at C, and let a

straight line BD be added to it in a straight line;

I say that the squares On AD, DB are double of the

squares on AC, CD.

For let CB be drawn from

the point C at right angles to E F

AB [1.11], and let it be made

equal to either AC Or CB [1. 3];

let BA, BB be joined;

through E let BF be drawn A c B 0

parallel to AD, \

and through D let FD be drawn

parallel to CB. [1. 3r]

Then, since a straight line BF falls on the parallel straight

lines BC, FD,
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the angles CBF, BFD are equal to two right angles; [1. 29]

therefore the angles FBB, BFD are less than two right

angles.

But straight lines produced from angles less than two

right angles meet ; [1. Post. 5]

therefore BB, FD, if produced in the direction B, D, will

meet.

Let them be produced and meet at G,

and let AG be joined.

Then, since AC is equal to CB,

the angle BAC is also equal to the angle ABC; [1. 5]

and the angle at C is right ;

therefore each of the angles BAC, ABC is half a right

angle. [1. 32]

For the same reason

each of the angles CBB, BBC is also half a right angle;

therefore the angle ABB is right.

And, since the angle BBC is half a right angle,

the angle DBG is also half a right angle. [1. 15]

But the angle BDG is also right,

for it is equal to the angle DCB, they being alternate; [i. 29]

therefore the remaining angle DGB is half a right angle ;

[1. 32]

therefore the angle DGB is equal to the angle DBG,

so that the side BD is also equal to the side GD. [1. 6]

Again, since the angle BGF is half a right angle,

and the angle at F is right, for it is equal to the opposite

angle, the angle at C, [1. 34]

the remaining angle FBG is half a right angle ; [1. 32]

therefore the angle BGF is equal to the angle FBG,

so that the side GB is also equal to the side BF. [1. 6]

C Now, since the square on BC is equal to the square on

A,

the squares on BC, CA are double of the square on CA.

But the square on BA is equal to the squares on BC, CA;

[1- 47]

therefore the square on BA is double of the square on AC.

[C IV. I]
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Again, since FG is equal to FF,

the square on FG is also equal to the square on FE ;

therefore the squares on GF, FE are double of the square on

FF.

But the square on EG is equal to the squares on GF, FE ;

[l- 47]

therefore the square on EG is double of the square on FF.

And FF is equal to CD; ['~ 34]

therefore the square on EG is double of the square on CD.

But the square on BA was also proved double of the square

on AC;

therefore the squares on AE, EG are double of the squares

on AC, CD.

And the square on AG is equal to the squares on AE,

55; [I- 47]

therefore the square on AG is double of the squares on AC,

CD.

But the squares on AD, DG are equal to the square on AG ;

[I- 47]

therefore the squares on AD, D6 are double of the squares

on AC, CD.

And DG is equal to DB;

therefore the squares on AD, DB are double of the squares

on AC, CD.

Therefore etc.

Q. E. D.

The alternative proof of this proposition by means of the principles

exhibited in II. 1—8 follows the lines of that

which I have given for the preceding proposition. A c B D

It is at once obvious from the figure that the

square on AD includes within it twice the square H

on AC together with once the square on CD.

What is left over is the sum of the rectangles A17,

KE. These, which are equivalent to 811, GK, K

make up the square on CD less the square on

BD. Adding therefore the square BC to each

side, we have the required result.

Another alternative proof of the theorem which F

includes both 11. 9 and IO is worth giving. The E

theorem states that the sum 0f t/ze square: on tile .

.rum and dzjerenee qf two given sfraLg/zl lines is equal lo {mice ilze rum (9’ t/ze

squares on the liner.

 

G
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Let AD, DB be the two given straight lines (of which AD is the greater),

placed so as to be in one straight line. Make AC equal to DB and com

plete the figure as shown, each of the segments CG

and DH being equal to AC or DB. A c D B

Now, AD, DB being the given straight lines, AB

is their sum and CD is equal to their difference.

Also AD is equal to BC. G H

And AB is the square on AB, GK is equal to

the square on CD, AK or BB is the square on AD,

and BL the square on CB, while each of the small L K

squares AG, B11, BK, FL is equal to the square on

AC or DB.

We have to prove that twice the squares on AD, : E

DB are equal to the squares on AB, CD.

Now twice the square on AD is the sum of the squares on AD, CB,

which is equal to the sum of the squares BL, FH; and the figure shows

these to be equal to twice the inner square GK and once the remainder of

the large square AB excluding the two squares AG, KB, which latter squares

are equal to twice the square on A C or DB.

Therefore twice the squares on AD, DB are equal to twice the inner

square GK together with once the remainder of the large square AE, that is,

to the sum of the squares AE, GK, which are the squares on AB, CD.

 

 

 

 

 

 

“ Side" and “ diagonal” numbers giving successive approxi

mations to J2.

Zeuthen pointed out (Die Lehre van den Kege/sr/mz'tlen {m Alter/um, 1886,

pp. 27, 28) that u. 9, 10 have great interest

in connexion with a problem of indeterminate C D B

analysis which received much attention from

the ancient Greeks. If we take the straight line AB divided at C and D as

in H. 9, and if we put CD=x, DB :y, the result obtained by Euclid, namely:

ADQ+DBJ= 2AC‘-’+ 2CD“,

or AD2—2AC2=2CDa—DB’,

becomes the formula

 

(2x+y)’— 2(x+y)“’= zxQ—y’.

If therefore x, y be numbers which satisfy one of the two equations

2.x2 — )1” = i r,

the formula gives us two higher numbers, so +y and 2x +y, which satisfy the

other of the two equations.

Euclid’s propositions thus give a general proof of the very formula used

for the formation of the succession of what were called “side” and “diagonal

numbers.”

As is well known, Theon of Smyrna (pp. 43, 44, ed. Hiller) describes this

system of numbers. The unit, being the beginning of all things, must be

potentially both a side and a diameter. Consequently we begin with two units,

the one being the first side and the other the first dzameter, and (a) from the

sum of them, (b) from the sum of twice the first unit and once the second, we

form two new numbers

1.1+1=2, 2.1+r=3.
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Of these new numbers the first is a sirl'e- and the second a diagonal-number,

or (as we may say)

a, = 2, d2 = 3.

In the same way as these numbers were formed from a, : r, a’, : r, successive

pairs of numbers are formed from 0,, (l3, and so on, according to the formula

a“, = a,, + a',,, 11",, = 2a,, + d,,.

Thus a_,=2+3:5, d,=2.2+3=7,

a,=5+7:12, d,:2.5+7:17,

and so on.

Theon states, with reference to these numbers, the general proposition that

2_ 2

a',, _2a,, i1,

and he observes (1) that the signs alternate as successive Is and a’s are taken,

11',’ —- 2a,” being equal to — 1, It,’ - 2a,’ equal to + r, 11,2 — 2a,2 equal to — I, and

so on, (2) that the sum of the squares of all the as will be double of the sum

of the squares of all the a’s. [If the number of successive terms in each

series is finite, it is of course necessary that the number should be even.]

The proof, no doubt omitted because it was well known, may be put

algebraically thus

([112 _' zanz : (2an-1 + dn—l)2 " 2 (an—l + dn-l)2

_ : 2an—ia _ din—I’

: _ (din-12 _ zan—la)

= + (d,,_,,’ — 2a,,_2”), in like manner,

and so on, while 11,’ — 2a,2 = — I. Thus the theorem is established.

Euclid’s propositions enable us to establish the theorem geometrically;

and this fact might well be thought to confirm the conjecture that the

investigation of the indeterminate equation 2x2—312:1 r in the manner

explained by Theon was no new thing but began at a period long before

Euclid’s time. No one familiar with the truth of the proposition stated by

Theon could have failed to observe that, as the corresponding side- and

diagonal-numbers were successively formed, the value of dug/a"2 would

approach more and more nearly to 2, and consequently that the successive

fractions d,,/a,, would give nearer and nearer approximations to the value of

1
J2’ viz‘ ‘iv g’! 17?’ ire-"

It is fairly clear that in the famous passage of Plato’s Repuhlz'e (546 c)

about the “geometrical number” some such system of approximations is

hinted at. Plato there contrasts the “rational diameter of five”(;51;1~i] suipe'rpos

1'1)"; 1rqurui80s) with the “irrational” (diameter). This was certainly taken

from the Pythagorean theory of numbers (cf. the expression immediately

preceding, 546 B, C mivra. 1rpom7'yopa. Kai. ‘3111-6. apt‘); tiJtXqM aiire'zp-qvav, with the

phrase 'miv'ra yvword Kai. 1ro-raiyopa ai/Vtoittots aiwcpyazs-rat in the fragment of

Philolaus). The reference of Plato is to the following consideration. If the

square of side 5 be taken, the diagonal is J2.25 or J50. This is the

Pythagorean “irrational diameter” of 5; and the “rational diameter” was

the approximation J50 - r, or 7.

But the conjecture of Zeuthen, and the attribution of the whole theory of

side- and diagonal-numbers to the Pythagoreans, have now been fully confirmed

by the publication of Kroll’s edition of ProdiDiadoe/n' in Platonis rempuhticam

eommentarii(Teubner), Vol. 11., 1901. The passages (cc. 23 and 27, pp. 24,

25 and 27—29) which there saw the light for the first time describe the same
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system of forming side- and diagonal-numbers and definitely attribute it, as

well as the distinction between the “rational” and “irrational diameter,” to

the Pythagoreans. Proclus further says (p. 27, 16—2 2) that the property of the

side- and diagonal-numbers “is proved graphically (ypaliptmfis) in the second

book of the Elements by ‘him’ (oi-Ir’ e’xet'vov). For, if a straight line be biseeted

and a straight line be added to it, the square on the whole line including the

added straight line and the square on the latter alone are double 0/‘ the square on

the half of the original straight line and of the square on the straight line made

up of the half and of the added straight line.” And this is simply Eucl. II. 10.

Proclus then goes on to show specifically how this proposition was used to

prove that, with the notation above used, the diameter corresponding to the

side a + d is 2a + ii. Let AB be a side and BC equal to it, while CD is the

diameter corresponding to AB, i.e. a straight line such that the square on it is

double of the square on AB. (I use the figure supplied by Hultsch on p. 397

of Kroll’s Vol. II.)

 

 

 

 

 

 

If co 6. H

Then, by the theorem of Eucl. II. 10, the squares on AD, DC are double

of the squares on AB, BD.

But the square on DC (i.e. BB) is double of the square on AB; therefore,

by subtraction, the square on AD is double of the square on BD.

And the square on DE the diagonal corresponding to the side BD, is

double the square of BD.

Therefore the squareon DF is equal to the square on AD, so that DF is

equal to AD.

That is, while the side BD is, with our notation, a + d, the corresponding

diagonal, being equal to AD, is 2a + d.

In the above reference by Proclus to II. 10 d1!" éxet'vov “by him ” must

apparently mean i'nr' EilxMt'Sov, “by Euclid,” although Euclid’s name has not

been mentioned in the chapter,- the phrase would be equivalent to saying

“in the second Book of the famous Elements.” But, when Proclus says “this

is proved in the second Book of the Elements,” he does not imply that it had

not been proved before; on the contrary, it is clear that the theorem had

been proved by the Pythagoreans, and we have therefore here a confirmation

of the inference from the part played by the gnomon and by I. 47 in Book II.

that the whole of the substance of that Book was Pythagorean. For further

detailed explanation of the passages of Proclus reference should be made to

Hultsch’s note in Kroll’s Vol. II. pp. 393-400, and to the separate article,

also by Hultsch, in the Bibliotheea Mathematiea 1,, 1900, pp. 8—12.

P. Bergh has an ingenious suggestion (see Zeitsehrift fiir Math. u. Physik
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xxxr. Hist.-litt. Abt. p. 135, and Cantor, Geschichte der Mathematik, 1,, p. 437)

as to the way in which the formation of the successive

side- and diagonal-numbers may have been discovered, E

namely by observation from a very simple geometrical

figure. Let ABC be an isosceles triangle, right-angled at G

A, with sides a,,_,, a,,_,, d,,_l respectively. If now the 0

two sides AB, AC about the right angle be lengthened F

by adding d,,_l to each, and the extremities D, E be

joined, it is easily seen by means of the figure (in which A B D

BF, CG are perpendicular to DB) that the new diagonal

d, is equal to 2a,,_1 + d,,_,, while the equal sides a,, are, by construction, equal

to a,,_l + d,,_,.

Important deductions from 11. 9, 10.

I. Pappus (vn. pp. 856-8) uses 11. 9, 10 for proving the well-known

theorem that

The sum of the squares on two sides of a triangle is equal to twice the square

on half the base together with twice the square on the straight line joining the

middle point of the base to the opposite z'ertex.

Let ABC be the given triangle and D the middle point of the base BC.

Join AD, and draw AB perpendicular to BC (produced if necessary).

A A

8 DEC B D CE

Now, by u. 9, 10,

the squares on BE, EC are equal to twice the squares on BD, DE.

Add to each twice the square on AE.

Then, remembering that

the squares on BE, EA are equal to the square on BA,

the squares on AE, EC are equal to the square on A C,

and the squares on AE, ED are equal to the square on AD,

we find that

the squares on BA, AC are equal to twice the squares on AD, BD.

The proposition is generally proved by means of II. 12, r 3, but not, I

think, so conveniently as by the method of Pappus.

II. The inference was early made by Gregory of St. Vincent ( I 584-1667)

and Viviani (162 2-1 703) that In any parallelogram the squares on the diagonals

are together equal to the squares on the sides, or to twice the squares on adjacent

sides.

III. It appears that Leonhard Euler (1707-83) was the first to discover

the corresponding theorem with reference to any quadrilateral, namely that

In any quadrilateral the sum of the squares on the sides is equal to the sum of the

squares on the diagonals andfour times the square on the line joining the middle

n. E. 26
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points qf the diagonals. Euler seems however to have proved the property

from the corresponding theorem for parallelograms just quoted (cf. Camerer’s

Euclid, Vol. I. pp. 468, 469) and not from the property of the triangle, though

the latter brings out the result more easily.

PROPOSITION 1 1.

T0 cut a (given straight line so that the rectangle contained

by the whole and one of the segments is equal to the syuare on

the remaining segment.

Let AB be the given straight line ;

thus it is required to cut AB so that the rectangle contained

by the whole and one of the segments is

equal to the square on the remaining
 segment. F G

For let the square ABDC be described

on AB; [1. 46] A H 5
 

let AC be bisected at the point B, and let

BE be joined; E/

let CA be drawn through to F, and let BF

be made equal to BB ;

let the square FH be described on AF, and

let GH be drawn through to K’.

I say that AB has been cut at H so as to make the

rectangle contained by AB, BH equal to the square on AH.

For, since the straight line AC has been bisected at B,

and FA is added to it,

the rectangle contained by CF, FA together with the

square on AB is equal to the square on BF. [H- 6]

But BF is equal to BB;

therefore the rectangle CF, FA together with the square

on AB is equal to the square On BB.

But the squares on BA, AB are equal to the square on

BB, for the angle at A is right ; [1. 47]

therefore the rectangle CF, FA together with the square

on AB is equal to the squares on BA, AB.

Let the square on AB be subtracted from each ;

therefore the rectangle CF, FA which remains is equal to

the square on AB.

 

 

 

0 X C
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Now the rectangle CF, BA is FK', for AF is equal to

F6;

and the square on AB is AD;

therefore FK is equal to AD.

Let AK be subtracted from each ;

therefore FH which remains is equal to HD.

And HD is the rectangle AB, B117, for AB is equal to

BD;

and FH is the square on AH;

therefore the rectangle contained by AB, BH is equal

to the square on HA.

therefore the given straight line AB has been cut at H

so as to make the rectangle contained by AB, BH equal to

the square on HA.

Q. E. F.

As the solution of this problem is necessary to that of inscribing a regular

pentagon in a circle (Eucl. IV. IO, 11), we must necessarily conclude that it

was solved by the Pythagoreans, or, in other words, that they discovered the

geometrical solution of the quadratic equation

a (a — x) = x“,

or x’ + ax = a2.

The solution in 11. r I, too, exactly corresponds to the solution of the more

general equation

x’ + ax : b*,

which, as shown above (pp. 387—8), Simson based upon ll. 6. Only Simson’s

solution, if applied here, gives us the point Bon CA produced and does not

directly find the point H It takes B the middle point of CA, draws AB at

right angles to CA and of length equal to CA, and then describes a circle

with EB as radius cutting EA produced in F The only difference between

the solution in this case and in the more general case is that AB is here equal

to CA instead of being equal to another given straight line b.

As in the more general case, there is, from Euclid’s point of view, only one

solution. .

The construction shows that CF is also divided at A in the manner

described in the enunciation, since the rectangle CE FA is equal to the

square on CA.

The problem in 1!. II reappears in VI. 30 in the form of mtting a given

straight line in extreme and mean ratio.

PROPOSITION 12.

In obtuse-angled triangles the square on the side subtending

the obtuse angle is greater than the squares on the sides eon

taining the obtuse angle by twice the reetangle eontained by one

of the sides about the obtuse angle, namely that on which the

26—2
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perpendicularfalls, and tlze strazlg/zt lz'ne cut of outside by the

perpendicular towards the obtuse angle.

Let ABC be an obtuse-angled triangle having the angle

BAC obtuse, and let BD be drawn from the point B per

pendicular to CA produced;

I say that the square on BC is greater than the squares

on BA, AC by twice the rectangle con

tained by CA, AD.

For, since the straight line CD has

been cut at random at the point A,

the square on DC is equal to the

squares on CA, AD and twice the rect

angle contained by CA, AD. [u. 4] D A

Let the square on DB be added to

each ;

therefore the squares on CD, DB are equal to the squares on

CA, AD, DB and twice the rectangle CA, AD.

But the square on CB is equal to the squares on CD, DB,

for the angle at D is right; [1. 47]

and the square on AB is equal to the squares on AD,

DB ; [1. 47]

therefore the square on CB is equal to the squares on CA, AB

and twice the rectangle contained by CA, AD;

so that the square on CB is greater than the squares on

CA, AB by twice the rectangle contained by CA, AD.

Therefore etc. Q. E. D.

Since in this proposition and the next we have to do with the squares on

the sides of triangles, the particular form of graphic representation of areas

which we have had in Book 11. up to this point does not help us to visualise

the results of the propositions in the same way, and only two lines of proof

are possible, (I) by means of the results of certain earlier propositions in

Book 11. combined with the result of I. 47 and (2) by means of the procedure

in Euclid’s proof of 1. 47 itself. The alternative proofs of 11. I2, 13 after the

manner of Euclid’s proof of I. 47 are therefore alone worth giving.

These proofs appear in certain modern text-books (e.g. Mehler, Henrici and

Treutlein, H. M. Taylor, Smith and Bryant). Smith and Bryant are not

correct in saying (p. 142) that they cannot be traced further back than

Lardner’s Euclid (1828) ; they are to be found in Gregory of St. Vincent's

work (published in 1647) Opus geomelritum guaa'raturae a'reuli et sectionum

tom', Book 1. Pt. 2, Props. 44, 45 (pp. 31, 32).

To prove n. 12, take an obtuse-angled. triangle A BC in which the angle at

A is the obtuse angle.
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Describe squares on BC, CA, AB, as BCED, CAGR ABKH'.

Draw AL, Bill, ClV, perpendicular to BC, CA, AB (produced if neces

sary), and produce them to meet the further

 

sides of the squares on them in P, Q, R re- R

spectively. a

Join AD, CK.

Then, as in I. 47, the triangles KBC, ABD , G

are equal in all respects ; M ‘>therefore their doubles, the parallelograms in \, F

the same parallels respectively, are equal ; ,,~"

that is, the rectangle BP is equal to the B L C

rectangle BR.

Similarly the rectangle CP is equal to the

rectangle CQ.

Also, if BG, CH be joined, we see that

the triangles BAG, HAC are equal in

 

 

all respects; 0 P E

therefore their doubles, the rectangles AQ, AR, are equal.

Now the square on BC is equal to the sum of the rectangles BP, CP,

i.e. to the sum of the rectangles BR, CQ,

i.e. to the sum of the squares Bf], CG and

the rectangles AR, AQ.

But the rectangles AR, A Q are equal, and they are respectively the

rectangle contained by BA, ANand the rectangle contained by CA, All].

Therefore the square on BC is equal to the squares on BA, AC together

with twice the rectangle BA, ANor CA, AM

Incidentally this proof shows that the rectangle BA, AN is equal to the

rectangle CA, AM: a result which will be seen later on to be a particular

case of the theorem in III. 35.

Heron (in an-Nairizi, ed. Curtze, p. 109) gives a “converse” of II. I:

related to it as I. 48 is related to I. 47.

In any triangle, if the square on one of the sides is greater than the squares

on the other two sides, the angle eontained by the latter is obtuse.

Let ABC be a triangle such that the square on BC is greater than the

squares on BA, A C. -

Draw AD at right angles to AC and D

of length equal to AB. 8

Join DC.

Then, since DAC is a right angle,

the square on DC is equal to the s uares

on DA, AC, (El. 47]

i.e. to the squares on BA, A C. A Q

But the square on BC is greater than

the squares on BA, A C; therefore the square on BC is greater than the

square on DC.

Therefore BC is greater than DC.

Thus, in the triangles BAC, DAC,

the two sides BA, AC are equal to the two sides DA, AC respectively,

but the base BC is greater than the base DC.
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Therefore the angle BAC is greater than the angle DAC ; [1. 25]

that is, the angle BA C is obtuse.

PROPOSITION 1 3.

ln acute-angled triangles the square on the side subtending

the acute angle is less than the squares on the sides containing

the acute angle by twice the rectangle contained by one of the

sides about the acute angle, namely that on which the per

pendicular falls, and the straight line cut of within by the

perpendicular towards the acute angle.

Let ABC be an acute-angled triangle having the angle

at B acute, and let AD be drawn from the point A perpen

dicular to BC;

I say that the square on AC is less than the squares on

CB, BA by twice the rectangle contained

by CB, BD.

For, since the straight line CB has

been cut at random at D,

the squares on CB, BD are equal to

twice the rectangle contained by CB, BD

and the square on DC._ [11. 7]

Let the square on DA be added to

each ;

therefore the squares on CB, BD, DA are equal to twice

the rectangle contained by CB, BD and the squares on AD,

DC.

But the square on AB is equal to the squares on BD,

DA, for the angle at D is right; [1. 47]

and the square on AC is equal to the squares on AD, DC;

therefore the squares on CB, BA are equal to the square on

AC and twice the rectangle CB, BD,

so that the square on AC alone is less than the squares

on CB, BA by twice the rectangle contained by CB, BD.

Therefore etc.

Q. E. D.

As the text stands, this proposition is unequivocally enunciated of acute

angled triangles ; and, as if to obviate any doubt as to whether the restriction

was fully intended, the enunciation speaks of the rectangle contained by one

of the sides containing the acute angle and the straight line intercepted

within by the perpendicular towards the acute angle. On the other hand, it
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is curious that it speaks of the square on the_side subtending the acute angle;

and again the setting-out begins “let ABC be an acute-angled triangle having

the angle at B aeute,” though the last words have no point if all the angles of

the triangle are necessarily acute. '

It was however very early noticed, not only by Isaacus Monachus,

Campanus, Peletarius, Clavius, Commandinus and the rest, but by the Greek

scholiast (Heiberg, Vol. v. p. 25 3), that the relation between the sides of a

triangle established by this theorem is true of the side opposite to, and the

sides about, an acute angle respectively in any sort of triangle whether acute

angled, right-angled or obtuse-angled. The scholiast tries to explain away the

word “acute-angled” in the enunciation: “Since in the definitions he calls

acute-angled the triangle which has three acute angles, you must know that he

does not mean that here, but calls all triangles acute-angled because all have

an acute angle, one at least, if not all. The enunciation therefore is: ‘ In any

triangle the square on the side subtending the acute angle is less than the

squares on the sides containing the acute angle by twice the rectangle, etc.’ ”

We may judge too by Heron’s enunciation of his “converse” of the

proposition that he would have left the word “acute-angled” out of the

enunciation. His converse is: In any triangle in whieh the square on one of

the sides is less than the squares on the other two sides, the angle contained by the

latter sides is aeute.

If the triangle that we take is a right-angled triangle, and the perpendicular

is drawn, not from the right angle, but from the acute angle
not referred to in the enunciation, the proposition reduces A

to l. 47, and this case need not detain us.

The other cases can be proved, like 11. 12, after the

manner of I. 47.

Let us take first the case where all the angles of the B 0

triangle are acute.

H

 

  

[J P E

As before, if we draw ALP, BMQ, CNR perpendicular to BC, CA, AB

and meeting the further sides of the squares on BC, CA, AB in P, Q, R, and

if we join KC, AD, we have

the triangles KBC, ABD equal in all respects,

and consequently the rectangles BP, BR equal to one another.

Similarly the rectangles CP, CQ are equal to one another.
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Next, by joining BG, C.H, we prove in like manner that the rectangles AR,

AQ are equal.

Now the square on BC is equal to the sum of the rectangles BP, CP,

i.e. to the sum of the rectangles BR, CQ,

i.e. to the sum of the squares B117, CG diminished by the rectangles

AR, A Q.

But the rectangles AR, AQ are equal, and they are respectively the

rectangles contained by BA, AN and by CA, All].

Therefore the square on BC is less than the squares on BA, AC by

twice the rectangle BA, AN or CA, AM.

Next suppose that we have to prove the theorem in the case where the

triangle has an obtuse angle at A.

Take B as the acute angle under considera- R

tion, so that AC is the side opposite to it.

 

 

 

Now the square on CA is equal to the Q

difference of the rectangles CQ, A Q, K I, Q

i.e. to the difference between C!’ and M ‘L- ‘N

AQ! , I’ ‘t F

i.e. to the difference between the square /' “

BE and the sum of the rectangles B L 0

BP, AQ,

i.e. to the difl'erence between the square

BE and the sum of the rectangles

.81’, AR,

i.e. to the difference between the sum of

the squares BE, BH and the sum 0 i’ F

of the rectangles BP, BR

(since AR is the difference between BR and BH).

But BP, BR are equal, and they are respectively the rectangles CB, BL

and AB, BM

Therefore the square on CA is less than the squares on AB, BC by twice

the rectangle CB, BL or AB, BM

Heron’s proof of his converse proposition (an-Nairizi, ed. Curtze, p. 110),

which is also given by the Greek scholiast above quoted,

is of course simple. For let ABC be a triangle in which

the square on A C is less than the squares on AB, BC.

Draw BD at right angles to BC and of length equal

to BA.

Join DC.

Then, since the angle CBD is right,

the square on DC is equal to the squares on DB, BC,

i.e. to the squares on AB, BC. [1. 47]

But the square on AC is less than the squares on B 0

AB, BC.

Therefore the square on AC is less than the square on DC.

Therefore AC is less than DC.

Hence in theme triangles DBC, ABC the sides about the angles DBC,

ABC are respectively equal, but the base DC is greater than the base AC.

D A
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Therefore the angle DBC (a right angle) is greater than the angle ABC

[1. 2 5], which latter is therefore acute.

It may be noted, lastly, that II. re, 13 are supplementary to I. 47 and

complete the theory of the relations between the squares on the sides of any

triangle, whether right-angled or not.

PROPOSITION 14.

To construct a square equal to a given reetz'lz'nealfigure.

Let A be the given rectilineal figure ;

thus it is required to construct a square equal to the rectilineal

figure A.

-‘

 

 

 

B c E F

c o

5 For let there be constructed the rectangular parallelogram

BD equal to the rectilineal figure A. [1. 45]

Then, if BB is equal to BD, that which was enjoined

will have been done; for a square BD has been constructed

equal to the rectilineal figure A.

10 But, if not, one of the straight lines BB, BD is greater.

Let BB be greater, and let it be produced to F;

let BF be made equal to BD, and let BF be bisected at G.

With centre G and distance one of the straight lines GB,

GF let the semicircle BHF be described ; let DB be produced

15 to I], and let GH be joined.

Then, since the straight line BF has been cut into equal

segments at G, and into unequal segments at B,

the rectangle contained by BB, BF together with the

square on BG is equal to the square on GF. [11. 5]

20 But GB is equal to GH;

therefore the rectangle BB, BF together with the square on

GB is equal to the square on G117.

But the squares on HB, BG are equal to the square on

6H; [L 411

25 therefore the rectangle BB, BF together with the square on

GB is equal to the squares on HB, BG.

Let the square on GB be subtracted from each ;
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therefore the rectangle contained by BB, BF which

remains is equal to the square on Bil.

But the rectangle BB, BB is BD, for BF is equal to BD;

therefore the parallelogram BD is equal to the square on

HB.

And BD is equal to the rectilineal figure A.

Therefore the rectilineal figure A is also equal to the square

which can be described on B11.

Therefore a square, namely that which can be described

on B11, has been constructed equal to the given rectilineal

figure A. Q. E. F.

7. that which was enjoined will have been done, literally “would have been

done,” 7:70:16: fly ([1) ‘ff? érrruxaév.

55, 36. which can be described, expressed by the future passive participle, dvaypam

ao/oévq), dva'yparpnabucvov.

Heiberg (Mathematisches zu Aristoteles, p. 20) quotes as bearing on this

proposition Aristotle’s remark (De anima II. 2, 413 a 19: cf. Metaph. 996 b 2I)

that “squaring ” (rerpaywvwuds) is better defined as the “ finding of the mean

(proportional) ” than as “the making of an equilateral rectangle equal to a

given oblong,” because the former definition states the cause, the latter the

conclusion only. This, Heiberg thinks, implies that in the text-books which were

in Aristotle’s hands the problem of II. I4 was solved by means of proportions.

As a matter of fact, the actual construction is the same in II. I4 as in w. I 3;

and the change made by Euclid must have been confined to substituting in

the proof of the correctness of the construction an argument based on the

principles of Books I. and II. instead of Book vI.

As II. 12, 13 are supplementary to I. 47, so II. 14 completes the theory of

transformation of areas so far as it can be carried without the use of proportions.

As we have seen, the propositions I. 42, 44, 45 enable us to construct a

parallelogram having a given side and angle, and equal to any given rectilineal

figure. The parallelogram can also be transformed into an equal triangle with

the same given side and angle by making the other side about the angle twice

the length. Thus we can, as a particular case, construct a rectangle on a

given base (or a right-angled triangle with one of the sides about the right

angle of given length) equal to a given square. Further, I. 47 enables us

to make a square equal to the sum of any number of squares or to the

difference between any two squares. The problem still remaining unsolved is

to transform any rectangle (as representing an area equal to that of any

rectilineal figure) into a square of equal area. The solution of this problem,

given in II. 14, is of course the equivalent of the extraction of the square root,

or of the solution of the pure quadratic equation

x’ = ab.

Simson pointed out that, in the construction given by Euclid in this case,

it was not necessary to put in the words “Let BE be greater,” since the

construction is not affected by the question whether BE or ED is the greater.

This is true, but after all the words do little harm, and perhaps Euclid may

have regarded it as conducive to clearness to have the points B, G, B, F in

the same relative positions as the corresponding points A, C, D, B in the

figure of II. 5 which he quotes in the proof.
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d'ydunov, angle-less (figure) 187

dfir'rva‘rov: i; cl: ‘r0 d5. drra'yw'yb, ‘1'7 616. 1017 6.5.

BeLfrs, 1'] d9 16 6.6. 6.701101 6.166213: 136

dxrboeibrlr, barb-like 188

dufikeia (ywvla), obtuse (angle) 181

dufilurydmos, obtuse-angled 187

duepr'ys, indivisible 41, 268

a'uqfilrtorkos (of curvilineal angles) 178

dutplkupros 178

dva-ypddzew dub to describe an contrasted with

to construct (auarfiamflar) 348

draltvbuevos (1610s), Treasury of Analysis 8,

1o, 11, 138

dvrwrpoquxbs (species of locus) 330

duoporolicpfis, non-uniform 40, 161-2

dv'rw'rpodrb, conversion 256-7 : leading variety,

i] upon-70141.61] or i; Kuplws, ibid.

alvorrapx-ros, non-existent 129

dbpw'ros, indeterminate: (of lines or curves)

160: (of problems) 129

tire-710717, reduction 135: cl: 16 dbbvarov 136

drcrpos', infinite: 1'7 érr' drr. éxflakkouév'q of

line or curve extending without limit and

not “forming a figure" 160-1: £11" Mr. or

at: d1’. adverbial 190: hr‘ (111'. bratpeio'fiut

268: Aristotle on To dweipov 232-4

111M171, simple: (of lines or curves) 161—2:

(of surfaces) 170

d1t'66€&£6, proof (one of necessary divisions of

a proposition) 129, 130

drreafiai, to meet (occasionally touch) 57

Jpprrros, irrational: of M70: 137 : of diameter

(diagonal) s99

dabufia'ros, incompatible 129

doburrurros, not-meeting, non~secant, asymp

totic 40, 161, 203

'clabv0rror. incomposite: (of lines) 160, 161:

(of surfaces) 170

dram-or, unordered: (of problems) 128: (of

irrationals) 115

drouor 7pa11ual, “indivisible lines" 268

dubls=segment of circle less than semicircle

187

86.80:, depth 158-9

Bdrm, base 248-9

'Yrwdww 141

Jada-mun, distance 166, 167, 207 : (of radius of

circle) 199 : (ofan angle) =divergence 1 76-7

6rs£ot$urbs (of a class of loci) 330

6115x0111, "let it be drawn through" (=pro

duced) 28o

610ptcr/46§=(1) particular statement or defini

tion, one of the formal divisions of a pro

position 129: (2) statement of condition of

possibility 128, 129, 130,131, 234, 243, 293

clan/70171‘; dpuovrmj. Introduction to Harmony,

by Cleonides 17

éxarépa e'xarépa, meaning respectively 248, 350

ékfleflh'baflwaau, use of, 244

éxeilvor: Euclid 400

new“, setting-out, one of formal divisions of

proposition 129: may be omitted some

times 150

éx-rbr, r2116. 1:) (of an exterior angle in sense

of re-entrant) 263: 1'1 e‘m'bs ‘would, the

extcrior angle 280

ékmoerbris, spiral-shaped 159

{Men/as, falling-short (with reference to

application of areas) 36, 343-5, 383-4

éMurés rpbfiltnnu, a deficient (=indeter

minate) problem 129

évaMdE, alternately or (adjectivally) alternate

308

twain, notion, use of, 221

{yo-roars, objection 135

016:, Ira-rd 16 or 1'] e‘vrb: (710141;) of an interior

angle 26;, 280: 7'; (‘1116: Kai ti-revavrlov

‘would. the interior and opposite angle 280

érrfi'ebxdwo'av (énfeb'yvvui, join) 242

e'rrlrebov, plane in Euclid, used for surface

also in Plato and Aristotle 169

e‘rrurpooOeZv, e'rrlrrpao'oev 21110.1, to stand in

front of (hiding from view) 165, 166

é1r1¢dve1a, surface (Euclid) 169

énpéunxss, oblong 151, 188

c6015, 16, the straight 159: et’rfieia (‘Wu/1.11.17),

straight line 165-9

ebbrrypauuos, 1ectilineal 187: neuter as sub

stantive 346

étpdrrreobar, to touch 57

é¢apubfcw, to coincide, e'tpapubfea'fiar, to be

applied to 168, 224-5, 249

éqfiex‘rurbs (of a class of loci) 33o

é¢e£fis, “in order” 181: of adjacent angles

181, 278

fledrpmra, theorem qxo.

fivpebs (shield)=ellipse 165

7vu'nuov, see gnomon

'ypau/n’l, line (or curve) q.'o.

7pap4um3s, graphically 400

bebop-hos given, different senses

Euclid's 6e60uéwa. or Data, q.zl.

56l7ua'ra, illustrations, of Stoics 329

6e? 61), l‘thus it is required,” introducing

firopwubs 295

61d'ypaupa=propt)siti0n (Aristotle) 252

firalpeoisz point of division (Aristotle) 165,

170, 171: method of division (exhaustion)

285: Euclid’s I'epl brmpéaewv 8,9, 18,87,110

firaa'ra'aets, almost=dimcnrions 157, 158

6raa'rarbv extended, hp’ {1' one way, hr! 660

two ways, érl 'rpla three ways (of lines,

surfaces and solids respectively) 158, 170

132-3:

trrrrou rébr; (horse-fetter), name for a certain

curve 162-3, 176

lo'oué'rpwv oxrlnd-ruv, wept, on isometric figures

(Zenodorus) 26, 27, 333

mills-ms et’rfieia wan/lb, perpendicular 181-2,

271: "plane” and “solid” 272

Kaurrbltos, curved (of lines) 159

Karao'xevt), construction, or machinery, one of

divisions of a proposition 129: sometimes

unnecessary 130

ltd-1117011.?) Kavévos, Scctio canonis, of Euclid 1 7
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“[0010, “let it be made" 169'

xexa/ntérq, bent (of lines) 159, 176

xév-rpov, centre 183. 184, 199: 1'1éx rot": xév-rpou

=radius 1 9

“pmaam ?ywllid.), horn-like (angle) 177,

178, 182

Kltfir, to ier/let! or defied, xexkdaflat, xexltaa

new], xMms 118, 150, 159, 176, 178

xMms, inelina/ion, 176

xomo'yu’mov, hollow-angled figure (Zenodorus)

27, 188

KOlIIG-l Ewouu, Common Notions (=axioms)

221-2: called also r6. Kauai, xotval “Em

(Aristotle) 110, 211

Kowr) rpoaxzlaflw, d¢pp1itr0tu 276

KopuM, vertex : “we xopmpfiv, vertical (angles)

278

xplxos, ring (Heron) 163

May-a, lemma (=something assumed, Mp.

Bawéaevov) 133-4

)tourész )tourh 1'7 AA Murfi rfi BH km éa'rlv 145

141p», parts (=direction) 190, 308, 313 :

(=side) 271

mixes, length, 158-9

mlvocuifls, lune-like (of angle) 26, 201: Tb

aqmmfiér (axfipa), lune 187

parrbr, "mixed" (Oflines or curves) 161, 162:

(of surfaces) 170

was rpoakafloflou New, definition of a point

'5
Movéoérpooos #ME “single-turn spiral” 122—

311., 164-51 in Pappus=cylinclrical helix

165

vet'aeu, inclinations, a class of problems

150-1: vet'lew, to verge 118, 150

Eva'rpoetfi-hs, seraper-lihe (of angle) 178

filmed-hr, "of the same form" 150

811.0109, ‘ ‘similar " (ofnum'oers) 3,57 : (ofangles)

=equal (Thales, Aristotle) 251

bltotoaemfir, uniform (of lines or curves) 4o,

1 1—2

6Ec'ia. (‘yr-Ma). acute (angle) 18!

6Eu7dwtor, acute-angled 187

Brep E6“ Geffaa (or Irmfiaat) Q. E.D. (or F.) 57

rlpOo-ytbmor, right-angled: as used of quadri

laterals : reetang‘ular 188—9

6pm, 6pm'aos, definition 143: original mean

ing of b'pos 143: =bounclary, limit 18:

Was, visual my 166

twice the rectangle contained 380: (offi re)

containedorbounded182, 183,184,18 , 187

'n'zpupépem, circumference 184

T€pl¢€p7)9, circular 159

wepr¢ep67paaaom contained by a circumference

ofa circle or by arcs of circles 18:, 184

wM-ros, breadth 158-9

rkcovdg'ov (rpépkqaa), “(problem) in excess "

12

1r6kas9, a mathematical instrument 37o

1ro)\1hr)\evpov, many-sided figure 187

roplaao-Oat, to “find" or “fumish" 125

rbpwaa, porism q.v.

rpéfiknpa, problem q.'u.

rpo-rryoiiasvos, leading: (of conversion; =com

lete 2 56~7 : rpm-whiten» (Oedipmw. leading

theorem) contrasted with converse 257

1rp6s, in geometry, various meanings 177

a-pln-ao'is, enuneiation 129-30

rporelvw, “propound” n8

rpé‘rros, prime, two senses of, 146

116mm, ease 134

fin'rbs, rational 137: pm?) Mtprrpor ris- ft‘ll

16.60: (“rational diameter of 5”) 399

aimei‘ov, point l55—6

016.011.11, a mathematical instrument 371

new"), point 156

a-rotxe't‘ov, element 114-6

arrpayyzfikov, 16, round (circular), in Plato

159, 184: a-rpoyyvM-rm, roundness 182

auartpaa/La, (one/usion (of a proposition)

129, 130

az'mtie-ros, com osite: (of lines or curves) 160:

(of surfaces 170

O'IiVCUO’LS‘, convergence 182

owlaraalht, eonstruel: special connotation

259, 289: with év-rbs 189: contrasted with

rapafidmw (ate/r) 54a

axrmaro'ypmpe'iu, axmiaro'ypmpla, represent

ing (numbers) by figures of like shape 359

a'xvluarototofiaa or axfi/uz 101017001, forming a

figure (of a line or curve) 160-1

re-ra'yaévov (of a problem), “ordered” 128

‘rc'rpa'ywnd’ltét, squaring, definitions of 149—

50, 410

re-rpalywvov, square: sometimes (but not in

Euclid) any four-angled figure 188

Te‘rpdrhetlpov, quadrilateral 187

Tom), section, =point of section 170, 171, 178

rmrurbv Ocu’ipnaa, torus-theorem 319

7610:: lotus 329-31: room or space 1371.:

place (where things may be found), thus

Tbiros dvakvbpevos-B, 10: 1rapd60£os 161m: 319

rdpvos, instrument for drawing a circle 371

rpl-n'keupov, three-sided figure 187

ruxt‘w anueiov, a point at random 25:

barepfioltfi, exeeeah'ng, with reference to method

of application of areas 36, 343-5, 386-7

t'aré, in expressions for an angle (1‘; barb BAI‘

'yuwla) 249, and a rectangle 37o

I'J'll'dltfl‘l'dl, “is by hypothesis” 303, 311

return pe'rakaaflaréluvaz, “taken together in

any manner" 28:

1rapafl0X-i) 1'61! xwplwv, afplitation qf areas 36,

343—5: contrasted with t'nrepfiokfi (exeeed

ing) and Eltltsttlnr (falling-short) 343 : repa

fioX-h contrasted with aliaratns (eonstrudion)

3433: application of terms to conics by

Apollonius 344-5

1mpé6o£os 11570:, 6, "the Treasury of Para

doxes" 319

wepakka'rrw, "fall beside” or “awry" 262

raparltfipwpa, complement, q. u.

1répas, extremity 165, 182: 'répar o'vyxkciov

(Posidonius’ definition offigure) 183

reptexoaém (of angle), ‘Il'EPCCXblLEVOI/ (of rect

angle), eontainea' 370: 16 62s IqXEXbF-Glwl',

im'o‘relvcw, subtend, with acc. or 0m) and acc.

149» 183- 35°

tbpw'aév-q yuan-h, determinate line (Curve),

"forming a figure” 16o
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al-'Abbis b. Sa'id al-Jauhari 85

"Abthiniathus” (or “Anthisathus”) 103

Abii ’l 'Abbas al-Fadl b. Hatim, see an

Nairizl

Abi'i 'Abdallah Muh. b. Mu‘adh al-Jayyini 90

Abi'i ‘Ali al-Basri 88

Abii 'Ali al-llasan b. al-l_lasan b. al-Haitham

88, 89

Abi'i Da’i'id Sulaiman b. 'Uqba 85, 90

Abi'i Ja'far al-Khazin 77, 85

Ah] Ja'far Muh. b. Muh. b. al~ljlasan

Nasiraddin at-Tusi, see Nasiraddin

Abi'i Muh. b. Abdalbaqi al-Bagdidi al-Faradi

811.,

Abi'i M119}; al-l_lasan b. ‘Ubaidallah b. Sulai

min b. \Yahb 87

Abi't Nasr Gars al-Na'ma 90

Abi'i Nasr Mansur b. ‘Ali b. ‘Iraq 90

Abfi Nasr Muh. b. Muh- b. Tarkhz'm b.

Uzlag al-Farabi 88

Abi'i Sahl \Vijan b. Rustam al-Kuhi 88

Abi'i Sa'id Sinan b. Thabit b. Qurra 88

Abu 'Uthman ad-Dimashqi 15, 77

Abfi ’l Wafi al-Bfizjz'mi 77, 85, 86

Abi'i Yt'isuf Ya'qfib b. Ishaq b. as-Sabbah al

Kindi 86

Abi'i Yi'isuf Ya'qub b. Muh. ar-Razi 86

Adjacent (étpegfis), meaning 181

Aenaeas (or Aigeias) of Hierapolis 18, 311

Aganis 17-8, 191

Ahmad b. al-ljlusain al-Ahwizi al-Katib 89

Ahmad b. 'Urnar al-Karabisi 85

al-Ahwazi 89

Aigeias (?Aenaeas) of Hierapolis 18, 311

Alexander Aphrodisiensis 711., 19

Algebra, geometrical, 371-4: classical method

was that of Eucl. 11. (cf. Apollonius) 373:

preferable to semi-algebraical method 377—

8: semi-algebraical method due to Heron

373, and favoured by Pappus 373: geome

trical equivalents of algebraical operations

374 : algebraical equivalents ofpropositions

in Book 11. 371-3

‘Ali b. Ahmad Abi‘i ‘l Qasim al-Antaki 86

Allman, G. J. 13511., 318, 351

Alternate (angles) 308

Alternative proofs, interpolated, 58, 59

Amaldi 175, 179-80, 193, 101, 313, 318

Ambiguous case 306-7

Amphinomus 115, 118, 1501:.

Amyclas of Heraclea 117

Analysis (and synthesis) 18: alternative

proofs of x111. 1-5 by, 137: definitions of,

INDEX.

interpolated, 138: described by Pappus

138-9: modern studies of Greek analysis

139: theoretical and problematical analysis

138: Treasury of analysis (rbn-os dwahvb

never) 8. 10, 11, 138: method of analysis

and precautions necessary to 139-40:

analysis and synthesis of problems 140-1:

two parts of analysis (a) trany‘ormalion,

(b) resolution, and two parts of synthesis,

a) construction, (b) demonstration 141:

example from Pappus 141-1: analysis

should also reveal Etopta'nbs (conditions of

possibility) 141

Analytical method 36: supposed discovery

of, by Plato‘134, 137

Anaximander 37o

Anchor~ring 163

Andron 116

Angle. Curvilineal and rectilineal, Euclid’s

definition of, 176 sq.: definition criticised

by Syrianus 176: Aristotle’s notion of

angle as xMms 176: Apollonius’ view of,

as contraction 176, 177 : Plutarch and

Carpus on, 177: to which category does it

belong? quantum, Plutarch, Carpus, “A

ganis” 177, Euclid 178; quote, Aristotle

and Eudemus 177-8: relation, Euclid r78:

Syrianus’ compromise 178 : treatise on the

Angle by Eudemus 34, 38. 177-8: classifi

cation of angles (Geminus) 178-9: curvi

lineal and “mixed” angles 16, 178—9,

horn-like (Kepd‘rofla'ht) 177, 178, 181, 165,

lune-like (,u-nvoetbfis) 16, 178—9, scraper-like

(Eua-rpoetfifis) r78 : angle of a segment 153:

angle ofa semicircle 181, 153: definitions

of angle classified 17 : recent Italian views

179-81: angle as c uster of straight lines

or rays 180-1. defined by Veronese 180:

as part of a lane (“angular sector”) 179—

80:_fla1 ang e (Veronese etc.) 180-1, 169:

three kinds of angles, which is prior

(Aristotle)? 181-1: adjacent angles 181:

alternate 308: similar (:equal) 178, 181,

151: vertical 178: exterior and interior

(to a figure) 163, 180: exterior when re‘

entrant 163: interior and opposite 18o:

coi‘lstniction by Apollonius of angle equal

to angle 196: angle in a semicircle, theorem

of, 317-19: trisection of angle, by conchoid

of Nicomedes 165-6, by quadratrix of

Hippias 166, by spiral of Archimedes 167

al-Antaki 86

Antiphon 7n., 35



414 ENGLISH INDEX

 

“Anthisathus” (or “Abthiniatl1us") 203

Apastarnba-Sulba-Sutra 352: evidence in,as

to early discovery of Eucl. 1. 47 and use

of gnomon 360-4: Biirk’s claim that

Indians had discovered the irrational 363—

4: approximation to \/2 and Thibaut’s

explanation 361, 363-4: inaccurate values

of 11' in, 364

Apollodoius “Logisticus” 37, 319, 351

Apollonius: disparaged by Pappus in com

parison with Euclid 3: supposed by some

‘Arabians to be author of the Elements 5:

a "carpenter” 5: on elementary geometry

42: on the line 159: on the angle 176:

general definition of diameter 32 5 : tried to

prove axioms 42, 62, 222—3: his “general

treatise" 42: constructions by, for bisec

tion of straight line 268, for a perpendicular

270, for an angle equal to an angle 296:

on parallel-axiom(?) 42-3: adaptation to

conics of theory of application of areas

344-5: geometrical algebra in, 373: Plane

Loci 14. 259, 330: Plane Iebo'ets 151: com

parison of dodecahedron and icosahedron

6: on the mc/zlias 34, 42, 162: on unordered

irrationals 42, 115: 138,188, 221, 222, 246,

259' 37°, 373

Application of areas 36, 343—5: contrasted

with exceeding and falling-short 343 :

complete method equivalent to geometric

solution of mixed quadratic equation 344-5,

383-5, 386-8: adaptation to conics (Apol

lonius) 344-5 : application contrasted with

construction (Proclus) 343

“Aqaton” 88

Arabian editors and commentators 75-90

Arabic numerals in scholia to Book X.,

12th c., 71

Archimedes 116, 142: “postulates” in, 120,

123: famous “lemma” (assumption) known

as Postulate ofArchimedes 234: “ Porisms "

in, 1112., 13,: spiral of, 26, 267: on straight‘

line 166: on plane 171—2: 225, 370

Archytas 2o

Areskong, M. E. 113

Aretbas, Bishop of Cnesarea 48: owned

Bodleian MS. (8) 47—8: had famous Plato

MS. of Patmos (Cod. Clarkianus) written 48

Argyrus, Isaak 74

Aristaeus 158: on conics 3: Solid Loci 16,

329: comparison of five (regular solid)

figures 6

Aristotelian Problems 166, 182, 187

Aristotle: on nature of elements 116: on

first principles 117sqq.: on definitions 117,

119-20, 143-4, 146-50: on distinction be

tween hypotheses and definitions 1 19,’ 120,

between hypotheses and postulates 118,

1 19, between hypotheses and axioms 120:

on axioms 119-21 : axioms indemon

strable 121: on definition by negation

156-7: on points 155-6, 165: on lines,

definitions of 158-9, classification of 159—

60: quotes Plato’s definition of rtraig/l!

line 166: on definitions of surface 170:

on the angle 176—8: on priority as between

right and acute angles 181-2: on figure

and definition of 182—3: definitions of

"squaring” 149-50, 410: on parallels 190

2, 308~9: on gnomon 351, 355, 359: on

attributes Ka-rc‘t 1rau-r6s and rpé‘i-rov xaflbkou

319, 320, 325: on the objection 135: on

reduction 135: on reductio ad absurdum

136: on the infinite 2 32-4: supposed pos—

tulate or axiom about divergent lines taken

by Proclus from,45, 207: gives re-Eucli

dean proof of 1. 5 252-3: on t eorem of

angle in a semicircle 149: on sum of angles

of triangle 319-21: on sum of exterior

angles of polygon 322: 38, 45, 117, 15on.,

181, 184, 185, 187, 188, 1 5, 202, 203,

221, 222, 223. 226, 259, 2 2—3, 283

al-Arjani, Ibn Rahawaihi 86

Ashkal at-ta’sis 5 n.

Ashraf Shamsaddln as-Samarqandi, Muh. b.

511., 89

Astaroff, Ivan 113

Asymptotic (non-secant) lines 40, 161, 203

Athelhard of Bath 78, 93-6

Athenaeus of Cyzicus 117

August, E. F. 103

Austin, W. 103, 111

Autolycus, On [Ice moving sphere 17

Avicenna 77, 89

Axioms, distinguished from postulates by

Aristotle 118-9, by Proclus (Geminus and

“others ") 40, 121-3: Proclus on difii

culties in distinctions 123-4: distinguished

from hypotheses, by Aristotle 120-1, by

Proclus 121-2: indemonstrable 121: at

tempt by Apollonius to prove 222—5:

=“ common (things) " or “common

opinions" in Aristotle 120, 221: common

to all sciences 119, [20: called “common

notions" in Euclid 121, 221: which are

genuine? 221 sqq. : Proclus recognises five

222, Heron three 222: interpolated axioms

224. 252: Pappus’ additions to axioms

25, 223, 224, 232: axioms of congruence,

(1) Euclid’s Common Notion 4, 224—7,

(2) modern systems (Pasch. Veronese and

Hilbert) 228-31: “axiom” with Stoics:

every simple declaratory statement 41, 221

Babylonians, knowledge of triangle 3, 4, 5,

351

Bacon, Roger 94

Balbus, de mensuris 9t

Barbarin 219

Barlaam,ari1hmetical commentary on Eucl. H .

74

Barrow 103, 105, 110, 111

Base, meaning 248-9

Basel, edz'lio prim-cps of Eucl. 100—1

Basilides of Tyre 5, 6

Baudhayana Bulba-Si'itra 36o

Bayfius (Ba'i'f, Lazare) IOO

Beckenél. K. 174

Beez 17

Beltrami, E. 219
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Benjamin of Lesbos 113

Bergh, P. 400—I

Bernard, Edward 102

Besthorn and Heiberg, edition of al-Ijlajjaj's

translation and an-Nairizi’s commentary

22, 2711., 79a.

Bhiskara 355

Billingsley, Sir Henry 109-10

al-Birfini

Bjiirnbo, Axel Anthon 1772., 93

Boccaccio 96

Bodleian MS. (B) 47, 48

Boeckh 351, 371

Boethius 92, 95, 184

Bologna MS- (b) 49

Bolyai, J. 219

Bolyai, W. 174-5, no, 328

Bolzano 167

Boncompagni 93 n., 104 n.

Bonola, R. 202, 219, 237

Borelli, Giacomo Alfonso 106, 19.,

Boundary (8pm) I82, I83

Brikenhjelm, P. R. I13

Breitkopf, Joh. Gottlieb Immanuel 97

Bretschneider 136 n., 137, 295, 304, 344, 354,

358

Briconnet, Francois 100

Briggs, Henry 102

Brit. Mus. palimpsest, 7th—8th c., 50

Bryson 8n.

Biirk, A. 352, 360-4

Burklen 179

Buteo (Borrcl), Johannes 104

Cabasilas, Nicolaus and Theodorus 72

Caiani, Angelo 101

Camerarius, Joachim 101

Camerer, J. G. 103, 293

gamorano, Rodrigo 112

ampanus, Johannes 3, 78, 94-96, 104, 106,

110, 407

Candalla, Franciscus Flussates (Francois de

Foix, Comte de Candale) 3, 104, 110

Cantor, Moritz 7 11., 20, 272, 304, 318, 310,

333. 351. 355. 357-8, 360, 401

Carduchi, L. 112

Carpus, on Astronomy 34, 43: 45, 127, 128,

177

Case, technical term 134: cases interpolated

58- 59

Casiri 4n., 9n.

Cassiodorius, Magnus Aurelius 92

Cataldi, Pietro Antonio 106

Catoptrica, attributed to Euclid, probably

Theon’s 172 Caloptrica of Heron ‘II, 253

“Cause ": consideration of, omitted by com

mentators 19, 45: definition should state

cause (Aristotle) I49: cause=middlc term

(Aristotle) 149: question whether geometry

should investigate cause (Geminus), 45,

150 n.

Censorinus 91

Centre, xév-rpov 184—5

Ceria Anlrtotelica 35

Chasles on Porisms of Euclid 10, I I, 14, I5

Chinese, knowledge of triangle 3, 4, 5, 352:

“Tcheou pei” 355

Chrysippus 330

Cicero 91, 351

Circle: definition of, 183-5: =round, arm

you» (Plato) 184: = 1rep1¢ep67papu0v

(Aristotle) 184: a plane figure 183-4:

centre of, 184—5: pole of, I85: bisected by

diameter (Thales) 185, (Saccheri) 185-6:

intersections with straight line 237-8,

271-4, with another circle 238-40, 242-3,

2931

Circumference, repupépna. 184

Cissoid I6I, I64, I76, 330

Clairaut 328

Claymundus, Joan. 101

Clavius (Christoph Schliissel) I03, 105, 194,

232, 381, 391, 407

Cleonides, Introduction to Harmony 17

Cochlias or cochlion (cylindrical helix) I62

Codex Leidensis 399, I: 12, 27n., 7911.

Coets, Hendrik 109

Commandinus 4, 102, 103, 104-5. 106, 110,

III, 407: scholia included in translation

of Elements 73: edited (with Dee) De

dizn'sionibus 8, 9, 110

Commentators on Eucl. criticised by Proclus

19, 16, 45

Common Notions: = axioms 62, I 20— 1, 221-2 :

which are genuine? 221 sq.: meaning and

appropriation ofterm 22 I: called “axioms”

by Proclus 221

Complement, rapa'IrMpwua: meaning of, 341 :

“about diameter” 341: not necessarily

parallelograms 341 : use for application of

areas 342-3

Composite, ebv0e'ros, (of lines) 160, (of sur

faces) I70

Conchoids I60~1, 265-6, 330

Conclusion, ovum-‘panama: necessary part of a

proposition 129-30: particular conclusion

immediately made general 131: definition

merely stating conclusion I49

Congruence-Axioms or Postulates: Common

Notion 4 in Euclid 224-5 : modern systems

of(Pasch, Veronese, Hilbert), 228-31

congruence theorems for triangles, recapitula

tion of, 305-6

Conics, of Euclid 3, 16: of Aristaeus 3, 16:

of Apollonius 3. 16: fundamental property

as proved by Apollonius equivalent to

Cartesian equation 344-5: focus-directrix

property proved by Pappus I5

Constantinus Lascaris 3

Construct (awlo‘rao'llat) contrasted with

describe on 348, with apply to 343: special

connotation 259, 2 9

Construction, Ira-rao'Kcu-b, one of formal di

visions of a proposition 129: sometimes

unnecessary 130: turns nominal into real

definition 146: mechanical, I51, 387

Continuity, Principle of, 234 sq., 24:, 272, 294

Conversion, geometrical : distinct from logical

256: “leading” and partial varieties 256-7,

337
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Copernicus 101

Cordonis, Mattheus 97

Cratistus 133

Crelle, on the plane 172-4

Ctesibius 2oI 21, 3911.

Cunn, Samuel 111

Curtze, Maximilian, editor of an-Nairizi 22,

78' 91, 94. 96, 97 "

Curves, classification of : see line

Cylindrical helix 161, 162, 329, 330

Czecha, Jo. 113

Dasypodius (Rauchfuss)I Conrad 73. 102

Dam of Euclid 8, 132, 141, 385, 391

Deahna 174

Dechales. Claude Francois Milliet 106, 107,

108, 110

Dedekind’sl’ostulate,andapplications235-40

Dee, John 109, 110: discovered D! divisi

anz'bw 8, 9

Definition, in sense of “closer statement"

(maple/46:), one of formal divisions of a

proposition n9: may be unnecessary 130

Definitions: Aristotle on, I17, 119. no. 143:

-a class of I/m'i: (Aristotle) 120: distin

guished from hypotheses 119, but confused

therewith by Proclus 121-2: must be

assumed 117-9, but say nothing about

exirlmce (except in the case of a few

primary things) 119, 143: terms for, 6pc:

and bpw'ubs 143: real and nominal defi

nitions (real=nominal plus postulate or

proof), Mill anticipated by Aristotle, Sac

cheri and Leibniz 143~5: Aristotle's re

quirements in, 146-50. exceptions 148:

should state cause or middle tenn and be

genetic 149—50: AflslOllE on unscientific

definitions (éx )41‘7 1rparépwv) 148—9: Euclitl’s

definitions agree generally with Aristotle's

doctrine 146: interpolated definitions 61,

62: definitions of technical terms in Aris

totle and lleron, not in Euclid 150

D: let/i cl ponder-am, tract 18

Demetrius Cydonius 72

Democritus 38

De Morgan 246, 260, 269, 284, 291, 298, 300,

309.313, 314,315,3691376

Desargues 193

Desrribe an (dva'yptitpew 6.16) contrasted with

ranslrud 348

De Zolt 328

Diagonal (Eta-711111102) 185

“Diagonal " numbers: It: “Side-" and

‘ ‘diagonal- ” numbers

Diameh‘r(61dpe1pos), of circle or parallelogram

185: as applied to ligures generally 315:

“rational" and “irrational’ diameter of5

(Plato) 399, taken from Pythagoreans 399

00

Dfmmsion: (cf. litao'ra'aets) 157, 158: Aris

totle’s view of, 158-9

Dinostratus 117, 166

Diocles 164

Diodorus 205

Diogenes Laertius 37, 305, 317, 351

Diophantus 86

Diorixmu: (6topwpuir)=(a) “definition" or

“specification," a formal division of a

proposition 129: (6) condition of possibility

128, determines how far solution possible

and in how many ways 130-1, 243: dio

rz'smi said to have been discovered by

Leon 116: revealed by analyri: 142: in

troduced by 6:2 61) 293: first instances in

Element’: 234, 293

Dippe 108

Direction, as primary notion, discused 179:

direction-theory of parallels 191-2

Dirlana, 6164mm : = radius 199: in Aristotle

has usual general sense and = dimension 199

Division (method of)I Plato's 134

Division: (offigurzr) by Euclid 8. 9: trans

lated by Muhammad al-Bagdadl 8: found

(by Woepcke) in Arabic 9. and (by Dee)

in Latin translation 8, 9: 110

Dodgson, C. L. 194, ‘154, 161, 313

Don, Jan Pieterszoon 108

Duhamel 139, 328

Egyptians, knowledge ofright-angled triangles

351

Elemmls: pre-Euclidean Elements, by Hip

pocrates of Chios, Leon 1 16, Theudius r 17 :

contributions to, by Eudoxus r, 37, Theae~

tetus 1, 37, Hermotimus of Colophon

117: Euclid‘s Elements, ultimate aims of 2,

115-6: commentators on 19-45, Proclus

19, 29-45 and pam'm, Heron 20-24, an

Nairizi 21-24, Porphyry 24, Pappus 24—

27, Simplicius 28, Aenaeas (Aigeias) 18:

M55. of ‘6-51: Theon’s changes in text

54-58: means of comparing Theonine with

ante-'l‘heunine text 51-53: interpolations

before Theon‘s time 58-63: scholia 64-74 :

external sources throwing light on text,

Heron, Taurus, Sextus Empiricus, Proclus,

lamblichus 62-3: Arabic translations (1)

by al-Uaijij 75, 76' 79- 80, 83-4- (1) by

lshaq and Tln'tbit b. Qurra 75-80. 83-4,

(5) Nasiraddin at-Tfisi 77-80. 84: Hebrew

translation by Moses b. Tibbon or Jakob

b. Machir 76 : Arabian versions compared

with Greek text 79-85, with one another

83, 84: translation by Boethius 92: old

translation of 10th c. 92: translation by

Athelhard 93-6, Gherard ofCremona 93-4,

Campanus 94—6, 7—100 etc., Zamberti

98-100, Comman inus 104-5: introduc

tion into England, 10th c., 95: translation

by Billingsley 109-10: Greek texts, :dilia

prinrepx IOO—l , Gregory’s 102-3. Peyrard‘s

103. August’s 103, Heiberg’spauim: trans

lations and editions generally 7-113: on

the nature of tlemml: (Proc us) 114-6,

(Menaechmus) 114, (Aristotle) 116: Proclus

on advantages of Euclid's Elemml: 115:

immediate recognition of, 116: first princi

ples of, definitions, postulates, common

notions (axioms) 117—24: technical terms

in connexion with, 125-42: no definitions
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of such technical terms 150: sections of

Book 1. 308

Elinuam 95

Engel and Stackel 119, 311

Enriques, F. 157, 175, 193, 195, 101, 313

Enuncialion (rpo'flwn), one of formal di

visions of a proposition 119-30

Epicureans, objection to 1. 1o 41, 187:

Savile on, 187

Equality, in sense difl'erent from that of

congruence (=“equivalent," Legendre)

317-8: two senses of equal (1) “divisibly

equal” Hilbert) or “ equivalent by sum "

(Amaldi , (1) “equal in content" (Hilbert

or “equivalent big' difference" (Amaldi

318: modern de nition of, 118

Eratosthenes 1: contemporary with Archi

medes 1, 1: 161

Errard, Jean, de Bar-le-Duc 108

Erycinus 17, 190, 319

Euclid : account of, in Proclus’ summary 1 ;

date 1-1: allusions to in Archimedes 1:

(according to Proclus) a Platonist 1: taught

at Alexandria 1: Pappus on personality

of, 3: story of (in Stobaeus) 3: not “of

Megara” 3, 4: supposed to have been

born at Gela 4 : Arabian traditions about,

4,5: “of Tyre” 4—6: “of Tits” 4, 5n.:

Arabian derivation of name (“key of

geometry") 6 : Elmunls, ultimate aim of,

1, 115—6: other works, Cam'r: 16, Psru<

darz'a 7, Dela 8, 131, 141, 385, 391, On

divisions (of figures) 8, 9, Porisms 10—15,

Surface-10a’ 15, 16, P/ramomma 16, 17,

Optic: 17, Element: qf Mun’: or Sedio

Cami: 17: on “three- and four-line

locus " 3: Arabian list of works 17, 18:

bibliography 91—113

Eudemus 19: 0n the Angle 34, 38, 177-8:

Hirlary of Gzomrlry 34, 35-8, 178I 195,

304' 317, 310- 387 ,

Eudoxus 1, 37, 116: dlscoverer of theory

of proportion as expounded generally in

Bks. v., v1. 137, 351: on the golden

section 137: founder of method of ex

haustion 134: inventor of a certain curve,

the Mppopde, horse-fetter 163: possibly

wrote Sp/merim 17

Euler, Leonhard 401

Eutocius 15, 35, 39, 141, 161, 164, 159, 317,

329: 33°, 373 _

Exterior and inkrmr (of angles) 163, 180

Exlremily, I‘PG! 181, 183

Falk, H. 1 13

al-Faradl 8a., 90

Figure, as viewed by Plato 181, by Aristotle

181-3, by Euclid 183: according to Posi

donius is confining boundary only 41, 183:

figures bounded by two lines classified 187: .

angle-les: (d'ydmor) figure 187

Figures, printing of, 97

Filtrir! 411., 5a., 17, 11, 14, 15, 17: list of

Euclid’s works in 17, 18 ~

Finaeus, Orontius (Oronce Fine) 101, 104

l'LE.

Flauti, Vincenzo 107

Florence MS. Laurent. xxv111. 3, (F) 47

Flussates, u: Candalla

Forcadel, Pierre 108

Fourier 173-4

Frankland, \V. B. 173, 199

Frischauf 174

Gartz 9n.

Gauss 171, 193, 194, 102, 119, 311

Geminus: name not Latin 38-9: title of work

(tptkoxakla) quoted from by Proclus 39:

elements of astronomy 38: comm. on Posi

donius 39: Proclus’ obligations to, 39—41:

on postulates and axioms 111—3: on theo

rems and problems 118: two classifications

of lines (or curves) 160-1: on homoeo

meric (uniform) lines 161: on “mixed”

lines (curves) and surfaces 161: classifica

tion of surfaces 170, of angles 178-9:

_ on parallels 191: on Postulate 4, 100:

on stages of proof of theorem OH. 31, 317—

2°: 1[1 17_81 371 441 451 133 n’! 2°31

165. 33°

Geometrical algebra 371-4: Euclid’s method

in Book 11. evidently the classical method

37 3: preferable to semi-algebraical method

3 —8

Gherard of Cremona, translator of Elements

93-4: of an-Nairizi’s commentary 11, 94:

of tract De diw'riam'bu: 9

Giordano, Vitale 106, 176

Git/m, 8efiopévos, different senses, 131-3

Gnomon: literally "that enabling (something)

to be known” 64,370 : successive senses of,

(1) upri ht markerofsundial 181, 185,171—

1, intr uced into Greece by Anaximander

370, (1) carpenter's square for drawing

right angles 371, (3) figure placed round

square to make larger square 351, 371,

Indian use of gnomon in this sense 361,

(4) use extended by Euclid to parallelofigrams

371, (5) by Heron and Theon to any gures

371-1: Euclid’s method of denoting in

figure 383: arithmetical use of, 3 58-60, 371

“Gnomon-wise" (Kurd. wtbaova), old name

for perpendicular (xdfle-ras) 36, 181, 171

Gorland, A. 133, 134

"Golden section"=section in extreme and

mean ratio 137: connexion with theory of

irrationals 137

“ Goose’s foot" (per anserir), name for

Eucl. 111. 7, 99

Gow, James 135 n.

Gracilis, Stephanus 101-1

Grandi, Guido 107

Gregory, David 101-3

Gregory of St Vincent 401, 404

Groman'a' 91 11., 95

Grynaeus loo-1

al-Haitham 88, 89

al-ljlajjaj b. Yusuf b. Matar, translator of the

Element: 11, 75, 76, 79, 80, 83, 84

Halifax, William 108, 110

27
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Halliwell 5n.

Hankel, I . 139, 141, 232, 234, 344, 354

Harmanim of Ptolemy, Comm. on, 17

Harmony, Inlroduclz'an Ia, not by Euclid l7

Harfin ar-Rashid 75

al-Hasan b. 'Ubaidallah b. Sulaiman b.

Wahb 87

Hauif, K. F. 108

“Heavy and Light,” tract on, 18

Heiberg, L. parrim

Helix, cylindrical 161, 162, 329, 330

Helmholtz 226, 227

Henrici and Treutlein 313, 404

Henrion, Denis 108

Hérigone, Pierre 108

Herlin, Christian 100

Hermotimus of Colophon 1

Herodotus 37 n., 370

“ Heromides" 158

Heron of Alexandria, nirdranimr, date of

20-1: Heron and Vitruvius 20-1 : com

mentary on Euclid’s Element: 20-4:

direct proof of t. 25, 301 : comparison of

areas of triangles in t. 24, 334-5: addi

tion to t. 47, 366-8: apparently originated

semi-algebraical method of proving theo

rems of Book It. 373, 578: 137 n., 159,

163,168, 170, 171-2, 176, 183, 184, 185,

188, 189, 222, 223, 243, 253, 285, 287,

299, 351. 369._37h 405. 4071 408

Heron, Proclus’ Instructor 29

“ Herundes” 156

Hieronymus of Rhodes 305

Hilbert 157, 193, 201, 228-31, 249,313, 328

Hipparchus 4n., 30n.

Hippias of Elis 42, 265-6

Hippocrates of Chios 8n., 29, 35, 38, 116,

135, 13611., 386-7

Hippopede (lnrou ‘ll-£611), a certain curve used

by Eudoxus 162-3, 176

Hofi'mann, Heinrich 107

Hofl'mann, John Jos. Ign. 108, 365

Holtzmann, Wilhelm (Xylander) 107

Hamommerir (uniform) lines 40, I61, 162

Hoppe, E. 21

Hornlika (angle), “pa-roam): 177, 178, 182,

265

Horsley, Samuel 106

Hottel, J. 219

Hudson, john 102

Hultsch, F. 20, 329, 400

Hunain b. Ishaq al-‘lbédi 75

Hypotheses, in Plato 122 : in Aristotle 118—

20: confused by Proclus with definitions

121-2: eometer’s hypotheses not false

(Aristotle) 119

Hypothetical construction 199

Hypsicles 5 : author of Book xlv. 5, 6

Iamblichus 63, 83

Ibn al-‘Amid 86

Ibn al-Haitham 88, 89

Ibn al-Lubt‘tdi 90

Ibn Rahawaihi al-Arjani 86

Ibn Sina (Avicenna) 77, 89

“ Iflaton ” 88

Incomposite (oflines) 160-1, (0fsurfaees)170

lndivisible lines (dTOI-LOL 7paapal), theory of,

rebutted 268

Infinite, Aristotle on the, 232-4: infinite

division not assumed, but proved, by geo

meters 268

Infinity, parallels meeting at, 192-3

Ingrami, G. 175, 193, 195, 201, 227-8

Interior and exterior (of angles) 263, 280:

interior and apporile angle 280

Interpolations in the Element: before Theon’s

time 58-63: by Theon 46, 55-6: 1. 40

interpolated 338

Irrational: discovered with reference to 4/2

351: claim of India to priority of dis

eovery 363-4 : " irrational diameter of 5 "

(Pythagoreans and Plato) 399-400: ap

proximation to J2 by means of “side-"

and “ diag0na1-” numbers 399-401 : Indian

approximation to ,4/2 361, 363-4: un

ordered irrational: (Apollonius) 42, 115:

irrational ratio (a'ppmos Myos) 137

Isaacus Monachus (or Argyrus) 73-4, 407

Ishaq b. Hunain b. Ishaq al-Iba'tdi, Abt't

Ya qitb, translation of Elemml: by, 75-80,

85-4

Isma'il b. Bulbul 88

Irapm'rnzfrir (or isometric) figures: Pappus

and Zenodorus on, 26, 27, 333

[sane/e: (lcroo'xekfis) 187: of numbers (=even)

188: isosceles right-angled triangle 352

Jakob b. Machir 76

al—Jauhari, al-‘Abbis b. Sa'id 85

al-Jayyani 90

Joannes Pediasimus 72-3

Junge, G., on attribution of theorem of 1. 47

and discovery of irrationals to Pythagoras

551

Kastner, A. G. 78, 97, 101

al-Karibisi 85

Katyayana Sulba-St‘ttra 360

Keill, John 105, 110-11

Kc ler 193

al-lghazin, Abt‘t Ja'iar 77, 85

Killing, W. 194, 219, 225-6, 235, 242, 272

al-Kindi 511., 86

Klamroth, M. 75-84

Kl'ttgel, G. S. 212

Knesa, jakob 112

Knoche 3211., 33 n., 73

Kroll, W. 399-400

al-Kfihi 88

Lambert, J. H. 212-3

Lardner, Dionysius 112, 246, 250, 298, 404

Lascaris, Constantinus 5

Leading theorems (as distinct from ran-verse)

257 : leading variety of conversion 256-7

Leeke, John 110

Lefevre, Jacques 100

Legendre, Adrien Marie 112, 169, 213-9

Leibniz 145, 169, 176, 194
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Leiden Ms. 399, r of al-Hajjaj and an

Nairizi 22

Lemma “4: meaning 133-4 : lemmas inter

polated 59-60, especially from Pappus 67

Leodamas of Thasos 36, I34

Leon r|6

Linderup, H. C. 113

Line: Platonic definition 158: objection of

Aristotle I58: “magnitude extended one

way” (Aristotle. “ Herornides”) I58:

“ divisible or continuous one way " (Aris

totle) r58—9: " flux of point” 159: Apol

lonius on, 15!): classification of lines, Plato

and Aristotle 1 59-60, Heron r59—6o,

Geminus, first classification r6o—I, second

[6| : straight (c6060.), curved (man-M17),

circular (rept¢sp1‘;s), spiral-shaped (Huro

e461'n), bent (Kcxapmérn), broken (Kexka

opév'q), round (cr-rpo'y'yrfikos) r 59, composite

(odrfie'ror), incomposite (da'rfivOeros), " form

ing a figure ” (crxnunro'lrotoiio'a), determinate

(dipwpéwn), indeterminate (dépw-ror) r60:

llasymptotic” or non-secant (da'L’mwrwror),

secant (ownnwrés) r6| : simple, “mixed"

l6I—1: Iromozomeri: (uniform) r6r—2:

Proclus on lines without extremities r65 :

Ian‘ on line: 319, 330

Linear, loci 330: problems 330

Lionardo da Vinci, proof of l. 47 365-6

Lippert 88 n.

Lobachewsky, N. I. 174-5, 213, “9

Locus-thorn”: (Tommi Owpfiua'ra) and loci

(161m): locus defined by Proclus 329:

loci likened by Chrysippus to Platonic

ideas 330-1 : locus-theorems and loci (r) on

line: (a) plane loci (straight lines and

circles) (b) :alia' loci (conics), (a) on rur

faa: 319: corresponding distinction be

tween plaru and Jolie’ problems, to which

Pappus adds limar problems 350: further

distinction in Pappus between (t) érpex'rurol

(2) august“: dvao'rporptxol 16104 330:

Proclus regards locus in I. 35, III. at, 3r

as an arm which is locus of area (parallelo

gram or triangle) 330

Logical conversion, distinct from geometrical

256

Logical deductions 156, 284-5, 300: logical

equivalents 309, 3r4—5

Lorenz, J. F. 107-8

Loria, Gino 711., to n., 11 n., 12 n.

Luca Paciuolo 98-9, roo

Lundgren, F. A. A. “3

Machir, Jakob b. 76

Magni, Domenico I06

Magnitude: common definition vicious r48

al-Mahani 85

al-Ma’mi'm, Caliph 75

Mansion, P. 219

al-Mansfir, Caliph 75

Manuscripts of Element: 46—5r

Martianus Capella 9r, r55

Martin, T. H. 20, 1911., 30 n.

Mas'ud b. al-Qas al-Bagdadi 90

Maximus Planudes, scholia and lectures on

Elm/uni: 72

meguar=axis 93

Mehler, F. G. 4.04

Meier, Rudolf 2! n

Menaechmus: story of M. and Alexander I:

on elemmls n4: n7, r25, 133 n.

Menelaus 1r, :3: direct proof of I. 25 300

Middle term, or cause, in geometry, illus

trated by In. 31 149

Mill, J. S. 144

“Mixed" (lines) 161-2: (surfaces) r62, [70:

different meanings of“mixed ” r62

Mocenigo, Prince 97-8

Mollweide, C. B. 108

Mondore' (Montaureus), Pierre [02

Moses b. Tibbon 76

Motion, in mathematics 116: Motion wit/z

aut deformation considered by Helmholtz

necessary to geometry 126—7, but shown

by Veronese to be pm'n'a prinn'pii '116—7

Muller, J. H. T. 189

Miiller, J. W. 365

Muhammad (b. ‘Abdalbaqfl al-Bagdadi,

translator of De diw'rz'onibu: 8 n., 90,

no

Muh. b. Ahmad Abu ’r-Raih5.n al-Birltni 90

Muh. b. Ashraf Shamsacldin as-Samarqandi

8

Mug. b. 'Isa Abt'i 'Abdallz'th al-Mahani 85

Munich MS. of enunciations (R) 94-5

al~Mutawakkil, Caliph 75

Mt'lsa b. Muh. b- Mahmfid Qadizfide ar

Rt'imi 5n., 90

Aluxir, Element: of (Sm'r'o Corrom'r), by

Euclid r7

al-Musta'sim, Caliph 90

an-Nairizi, Abit ‘l 'Abbis al-Fadl b. ijlitim,

1H4, 85. 184, 19°, 191. I95. M3- 131.

158. 17°. 185. 199. 305, 516. 364. 361.

369, 373. 405. 408

Napoleon r03

Nasiraddin at-Tt'isi 4, 5 n., 77, 84, 89,

zo8—ro

Nazif b. Yumn (Yaman) al-Qass 76, 77, 87

Neide, J’. G. C. 103

Nicomachus 92

Nicomedes 41, r6o—r, 265-6

Nipsus, Harcus junius 305

Nominal and real definitions: in Definitions

Oojertion (honour), technical term, in

eometry 135, 157, 260, 265: in logic

Aristotle) r35

Oblong r51, 188

Oenopides of Chios 34, 36, n6, 17r, 195,

371

Ofterdinger, L. F. gm, ro

Olympiodorus 19

Oppermann r51

01m}: of Euclid r7

Oresme, N. 97

Orontius Finaeus (Oronce Fine) I01, 104

Ozanam, Jaques I07, I08
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Paciuolo, Luca 98-9, [00

Pamphile 317, 319

Pappus: contrasts Euclid and Apollonius 3:

on Euclid’s Purism: 10—14, Surfnre-lori

15, 16, Data 8: on Trzatrury ofAnaIyi-i:

8, 10, 11, 138: commentary on Elemml:

24-7, partly preserved in scholia 66:

evidence of scholia as to Pappus’ text

66—7: lemmas in Book x. interpolated

from,67: on Analysis and Synthesis 138-9,

141-2: additional axioms by, '15, 223, 224,

231: on converse of Post. 4 '15, 101:

proof of 1. 5 by, 154: extension of 1. 47

366: semi-algebraical methods in 373,

378: on loci 319, 330: on conchoids 161,

166: on uadratrix 266: on isoperimetric

figures 1%, 17, 333: on paradoxes of

Erycinus 17, 290: 17, 39, 133 n., 137,

151, 115, 388, 391, 4°l

Papyrus, Herculanensis No. 1061 50, I84:

Oxyrhynchus 5o: Fayt'im 51, 337, 338:

Rhind 304

Paradoxes. in geometry 188: of Erycinus

27, 290, 319: an ancient "Budget of

Paradoxes" 319

Parallelogram (: parallelogrammic area),

first introduced 325: rectangular parallelo

gram 37o '

Parallels: Aristotle on, 190, 191-1: defini

tions, by “Aganis” 191, by Geminus 191,

l’osidonius 190, Simplicius 190: as equi

distants 190-1, 194: direction-theory of,

1 1—2, 1 4: definitions classified 191-4:

eroneses definition and postulate 194:

Parallel Postulate, u: Postulate 5:

Legendre's attempt to establish theory of

"3"9 '

Paris MSS. of Elements, (p) 49: (q) 50

Pasch. M. 157. 1'18, 150

"Peacock’s tail,’I name for 111. 8 99

Pediasimus, Joannes 72-3

Peithon 203

Peletarius (jacques Peletier) 103, 104, 149,

407

Pena 104

Perpendicular (nth-rot): definition 181 :

"plane ” and “solid " 172: perpendicular

and obliques 191

Perseus 41, 161-3

Pesch. J. G. van, De Prodr'fonlibu: 23 sqq.,

'19 n.

Petrus Montanreus (Pierre Mondoré) 101

Peyrard and Vatican MS. 190 (P) 46, 4,7,

103: 108

Pfieiderer, C. F. 168, 298

Pbamomma of Euclid 16, 17

Philippus of Mende 1, 116

Phillips, George 112

Philo of Byzantium so, 13: proof of I. 8

163—4

Philolaus 34, 351, 371, 399

Philoponus 45. 191-2

Pirckenstein, A. E. Burkh. von 107

Plane (or plane surface): Plato's definition

of, 171: Proclus’ and Simplicius’ inter

pretation of Euclid's def. 17!: possible

origin of Euclid’s def. 171: Archimedes‘

assumption 171, 172: other ancient defini

tions of, in Proclus, Heron, Theon of

Smyrna, an-Nairizi 171-1: "Simson’s"

definition and Gauss on 171-3: Crelle’s

tract on, 172—4: other definitions by

Fourier 173, Deahna 174, J. K. Becker

174, Leibniz 176, Beez 176: evolution of,

by Bolyai and Lobachewsky 174-5:

Enriques and Amaldi, Ingrami, Veronese

and Hilbert on, 175

“ Plane loci” 329-30: Plane Lori of Apol

lonius 14, '159, 330

“ Plane problems” 329

Planudes, Maximus 71

Plato: 1, a, 3, 137, 155—6, 159, 184, 187,

203, 111: supposed invention of Analysis

by, 134: def. of straight line 165-6: def.

of plane surface 171 : generation of cosmic

figures by putting together triangles 2'16:

rule for rational right-angled triangles 356,

357, 35g, 360. 385: “rational diameter
of 5 H

“Platonic ’ figures 2

Playfair, John 103. 111: “ Playfair’s”

Axiom 110: used to prove I. '19, 312, and

Eucl. Post. 5, 313: comparison of Axiom

with Post. 5, 313-4

Pliny 20, 333

Plutarch 21, '19, 37, I77, 3431 351

Point: Pythagorean definition of, 155: inter

pretation of Euclid’s definition 155: Plato’s

view of, and Aristotle’s criticism 155-6:

attributes of, according to Aristotle 156:

terms for (art-yin), window) 156: other

definitions by “ Herundes," Posidonius

156, Simplicius 157: negative character of

Euclid's def. 156: is it sufficient? 156:

motion of, produces line 157: an-Nairizi

on, 157 : modem explanations by abstrac

tion 157

Polybius 331

Polygon: sum of interior angles (Proclus'

proof) 3'“: sum of exterior angles 3“

Porism: two senses 13 : (1) : corollary 134,

278-9: inte lated Porisms (corollaries)

60-1, 381 : (2 asused in Parism: of Euclid.

distinguished from theorems and problems

10, 11: account of the Panlrm: given by

Pappus 10-13: modern restorations by

Simson and Chasles 14 : views of Heiberg

11, 14, and Zeuthen 15

Porphyry 17: commentary on Euclid '14:

Symmr'kla 24, 34, 44: 136, 277, 283, 287

Posidonius, the Stoic so, 21, '17, '18 n.. 189,

197: book directed against the Epicurean

Zeno 34, 43: on parallels 40, 190: defini~

tion offigur: 41, 183

Postulate, distinguished from axiom, by

Aristotle 118-9, by Proclus (Geminus

and “others”) 1'11—3: from hypothesis,

by Aristotle 110-1, by Proclus 111—1:

ostulates in Archimedes no, 1'13:

uclid's view of, reconcileable with
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Aristotle’s 119-20, 124: postulates do not

confine us to rule and compass 124: Postu

lates 1, 2, significance of, 195-6: famous

"Postulate of Archimedes” 234

Postulate 4: significance of, :00: proofs of,

resting on other postulates 200-1, 131:

converse true only when angles rectilineal

(Pappus) 101

Postulate 5: due to Euclid himself 202:

Proclus on, 202-3: attempts to prove,

Ptolemy 104-6, Proclus 206-8, Nasiraddin

at-Ti'tsi 108-10, Wallis 210-1, Saccheri

211-2, Lambert 112-3: substitutes for,

“ Playfair’s” axiom (in Proclus) no, others

by Proclus 207, 220, Posidonius and

Geminus no, Legendre 213, 214, 220,

Wallis 210, Carnot, La lace, Lorenz,

\V. Bolyai, Gauss, Worpttzky, Clairaut,

Veronese, lngrarni 220: Post. 5 proved

from, and compared with, “Playl'air’s”

axiom 313-4: 1. 30 is log‘iral equivalent

of, 220

Potts, Robert 111, :46

Prime (of numbers): two senses of, 146

Principles, First 117-124

Problem, distinguished from theorem 124-8:

problems classified according to number of

solutions (a) one solution, orderta' ("10.7

,uéva.) (b) a definite number, inlermzdiale

(#éaa) (r) an infinite number of solutions,

unordered (a'mxra) 128: in widest sense

anything propoumied (possible or not) but

generally a conxlrurlian which is possible

128-9: another classification ( 1) problem

in ext-n: (Ikeovdfol'li asking too much 129,

(2) defirien! problem (AM-res rpbfiX-npa),

giving too little 1'19

Proclus: details of career 29-30: remarks

on earlier commentators 19, 33, 45: com

mentary on Eucl. 1, sources of, 29-45,

object and character of, 31-2 : com

mentary probably not continued, though

continuation intended 32-3 1 books

quoted by name in, 34: famous “sum

mary” 37-8: list of writers quoted 44:

his own contributions 44-5: character of

Ms. used by, 61, 63: on the nature of

‘lament: and things elementary 114-6: on

advantages of Euclid’s Elzmmlr, and

their object 115-6: on first principles,

hypotheses, postulates, axioms 121-4: on

difiiculties in three distinctions between

postulates and axioms 1'13: on theorems

and problems 124-9: attempt to prove

Postulate 5 206-8: commentary on Plato's

Republzr, allusion in to “side-” and

“diagonal-” numbers in connexion with

Eucl. 11. 9, 10 399-400

Proof (ti‘l'dafl-Elf), necessary part of pro

position 12 —30

Propon'lian, ormal divisions of, 1'19—1 31

Protarchus 5

Psellus, Michael, scholia by, 70, 71

Pseua'aria ofEuclid 7: Pxzudograpliemata 7 n.

Pseudoboethius 92

Ptolemy 1.: 1, 2: story of Euclid and

Ptolemy l

Ptolemy, Claudius 30 11.: Harmnm'm of, and

commentary on 17: on l’arallel-Postulate

1811., 34, 43, 45: attempt to prove it 204-6

Pythagoras 4 n., 36: supposed discoverer of

the irrational 351, of applr'ralion qf area:

343-4, of theorem of 1-47 343-4, 350-4;

story of sacrifice 37, 343, 350: probable

method of discovery of l. 47 and proof of,

352-5: suggestions by Brelschneider and

Ilankel 354, by Zeuthen 355-6: rule for

forming right-angled triangles in rational

numbers 351, 356-9, 385

Pythagoreans 19, 36, 155, 188, 279: term

for .rurface (xpatd) 1692 angles of triangle

equal to two right angles, theorem and

proof 317-20: three polygons which in

contact fill space round point 318: method

of appliralinn a/ arear (including exreeding

and falling-short) 343. 384, 403 : gnomon

Pythagorean 351: "rational ” and “ir

rational diameter of 5 ” 399-400

Qiidizade ar-Rt'imi 521., 90

(1.12.1). (or F.) 57

al-Qifti 4a., 94

Quadratic e uation, geometrical solution of,

383-5, 582-8: solution assumed by Hippo

crates 386-7

Quadrarn’x 265-6, 330

Quadrature (re'rpa'ywvto'aés), definitions of, 149

Quadrilaterals, varieties of. 188-90

Quintilian 333

Qusta b. Lt'iqa al-Ba'labakki, translator of

“Books XIV, xv ” 76, 87, 88

Radius, no Greek word for, 199

Ramus, Petrus (Pierre de la Rame'e) 104

Ratdolt, Erhard 78, 97

Ralianal (131716;): (of ratios) 137: "rational

diameter of 5" 399-400: rational right

angled triangles, see right-angled triangles

Rauchfuss, Jr: Dasypodius

Rausenberger, O. 157, 175, 313

ar-Razi, Abu Yi'isuf Ya'qt'ih b. Muh- 86

Rectangle: : rectangular parallelogram

3,70: “rectangle contained by" 370

Rectilineal angle: definitions classified 179—

81: rectilineal figure 187: “rectilineal

segment” 196

Rrdudio ad abmrdmn 134: described by

Aristotle and Proclus 136: synonyms for,

in Aristotle 136: a variety of Analysis

140: by exhaustion 285, 293: nominal

avoidance of 369

Rzduclian (draw-171i), technical term, ex

plained by Aristotle and Proclus 135:

first “ reduction ” of a difiicult construction

due to Hippocrates 135

Regiomontanus (Johannes Miiller of Konigs

berg) 93, 96, 10°

Reyher, Samuel 107

Rhaeticus 101

Rhomboid 189
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Rhombus, meaning and derivation 189

Riccardi, P. 96, 111, 101

Riemann, B. 119, 173, 174, 180

Right angle: definition 181 : drawing straight

line at right angles to another, Apollonius’

construction for, 170: construction when

drawn at extremity of second line (Heron)

170 -

Right-angled triangles, rational: rule for

finding, by Pythagoras 356-9, by Plato

356, 357, 35 , 360, 385: discovery of rules

by means 0 gnomons 358-60: connexion

of rules with Eucl. 11. 4, 8, 360: rational

right-angled triangles in Apastamba 361,

3 3

Roth 357-8

Rouche' and de Comberousse 313

Rudd, Capt. Thos. 110 '

Ruellius, Joan. (Jean Ruel) 100

Russell, Bertrand 117, 149

Saccheri, Gerolamo 106,

185-6, 194, 197-8, 100-1

Sa'id b. Mast‘id b. al-Qass 90

Sathapatha-Brahmana 361

Savile, Henry 105, 166, 145, 150, 161

Smlm: (axakqvbs or axaltnwjs) 187-8: of

nu18nbers(=odd) 188: of cone (Apollonius)

18

Schessler, Chr. 107

Scheubel, Joan. 101, 107

Schiaparelli, G. V. 163

Schlilssel, Christoph, :ee Clavius

Schmidt, Max C. P. 304, 319

Schmidt, W., editor of Heron, on Heron's

date 10—1

Scholia to Elemml: and 1155. of 64-74:

historical information in, 64: evidence in,

as to text 64-5, 66-7: sometimes inter

polated in text 67: classes of, “Schol.

Vat.” 65-9, “Schol. Vind.” 69-70: miscel

laneous 71—4: "Schol. Vat.” partly derived

from Pappus‘ commentary 66: many

scholia artly extracted from Proclus on

Bk. 1. 6, 69, 71: numerical illustrations

in, in Greek and Arabic numerals 71:

scholia by Psellus 70-1, by Maximus

Planudes 71, Joannes Pediasimus 71—3:

scholia in Latin published by G. Valla,

Commandinus, Conrad Dasypodius 73:

scholia on Eucl. 11. 13 407

Schooten, Franz van 108

Schopenhauer 117, 354

Schotten, H. 167, 174, 179, 191-3, 101

Schumacher 311

Schur, F. 318

Schweikart, F. K. 119

Scipio Vegius 99

Szrlia Canom': by Euclid 17

Section (ramj):=poinl of section 170, 171,

383 : “ the section”: "golden section" ya).

Segment of circle, angle of, 153: segment

less than semicircle called 1W1: 187

Semicircle 186: centre of, 186: angle of,

181, 153

144-5, 167-8.

Seq! 304

Serenus of Antinoeia 103

Serle, George 110

Selling-nu! (brflecm), one of formal divisions

ofa proposition 119: may be omitted 130

Sextus Empiricus 61, 63. 184

Sliamsaddin as-Samarqandi 511., 8‘?

“ Side-" and “diagonal-” numbers, escribed

398-400: due to Pythagoreans 400: con

nexion with Eucl. 11. 9, 10 398-400: use

for approximation to \/1 399

Sigboto 94

"Similar” (=equal) angles 181, 151: “simi

lar” numbers 357

Simon, Max 108, 155, 157-8. 167, ‘102,

318

Simplicius: commentary on Euclid 17—8:

on lunes of Hippocrates 19, 35, 386-7:

on Eudemus’ style 35, 38: on parallels

190-1: 11, 167,'171, 184, 185, 197, 103,

113, 114

Simson, Robert: on Euclid’s Porisms 14:

on “vitiations” in Element: due to Theon

46, 103, 104, 106, 111, 148: definition

of plane 171-3: 185, 186, 155, 159, 187,

49s. 196, w. 318. 384. 387. 403

Smd b. 'Ali Ab1'1 t-Taiylb 86

Smith and Bryant 404

“Solid loci” 319, 330: Solid Lori of Aris

taeus 16, 319

“Solid problems" 319, 330

Speusippus 115

Splmerim, early treatise on, 17

Spiral, “single-turn" 111—3n., 164-5: in

Pappus=cylindrical helix 165

Spiral of Archimedes 16, 167

Spire (tore) or Spiric surface 163, 170;

varieties of 163

Spiric curves or sections, discovered by

Perseus 161, 161-4

Steenstra, Pybo 109

Steiner, Jakob 193

Steinmetz, Moritz 101

Steinschneider, M. 8n., 76 sqq.

Stephanus Gracilis 101—1

Stephen Clericus 47

Stobaeus 3

Stoic “axioms" 41, 111: il/mlmliam (6617

Mm) 319

Stolz, O. 318

Stone, E. 105

Straight line: pre-Euclidean (Platonic) de—

finition 165-6: Archimedes’ armmplx'on

respecting, 166: Euclid’s definition, inter

preted by Proclus and Simplicius 166—7:

language and construction of, 16", and

conjecture as to origin 168: other defi

nitions 168-9, in Heron 168, by Leib—

niz 169, by Legendre 169: two straight

lines cannot enclose a space 195-6, can

not have a common segment 196-9: one

or two cannot make a figure 169, 183:

division of straight line into any number

of equal parts (an-Nairizi) 316

Stromer, Marten 113
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Studemund, W. 92 n.

St Vincent, Gregory of, 401, 404

Sub/emf, meaning and construction 249,

1831 35°

Suidas 370

Sulaiman b. 'Usma (or Oqba) 85, 90

Superposition: Euclid’s drslike of method

of, 225, 249: apparently assumed by Aris

totle as legitimate 226: used by Archimedes

225: objected to by Peletarius 249: no use

theoretically, but merely furnishespradiral

test of equality 227: Bertrand Russell on,

2171 249 '

Surface: Pythagorean temr for, xpotci (=col

our, or skin) 169: terms for, in Plato and

Aristotle 169: érrt¢aiveta in Euclid (not

4:11:60.) 169: alternative definition of, in

Aristotle 170: produced by motion of

line 170: divisions or sections of solids

are surfaces 170, 17-1: classifications of

surfaces by Heron and Geminus 170: com

posite, incomposite, simple, mixed 170:

rpirir surfaces 163, 170: Immaeamerir

(uniform) 170: spheroids 170: plane sur

face, ree plane: loci on surfaces 329, 330

Surfaa-lari of Euclid 15, 16, 330: Pappus’

lemmas on, 15, 16

Suter, H. 811., 911., 17 n., 18 n., 25"., 78".,

85-90

Suvorof'f, Pr. 113

Swinden, J. H. van 169

Synthesis, re: Analysis and Synthesis

Syrianus 30, 44, 176, 17

Taequet, André 103, 105, 111

Taittiriya~Samhita 362

Tannery, P. 712., 37-40, 44, 160, 163, 221,

1231 2141 1'35’ ‘23,1 3°51

Ta'rr'k/r aI-Hukamd 4n.

Tartaglia, Niccolo 3, 103, 106

Taurinus, F. A. 219

Taurus 62, 184

Taylor, H. M. 248, 377-8, 404

Taylor, Th. 259

Thabit b. Qurra, translator of Element:

921., 42, 75-80, 82, 84, 87, 94: proof of t.

47 364-5

Thales 36, 37, 185, 252, 253, 278, 317,

318, 319: on distance of ship from shore

304-5

Theaetetus 1, 37

heodorus Antiochita 71

heodorus Cabasilas 72

Theodorus Metochita 3

Theognis 371

Theon of Alexandria: edition of Element:

46: changes made by, 46: Simson on

“vitiations" by, 46: principles for detect

ing his alterations, by comparison of P,

ancient papyri and “Theonine” M55. 51

3: character of changes by, 54-8

Theon of Smyrna 172, 357, 358, 371, 3 8

Theorem and problem, distinguished gy

Speusippus 125, Amphinomus 125, 128,

Menaechmus 125, Zenodotus, Posidonius

126, Euclid r26, Carpus 127,‘ 128:

views of Proclus 127-8, and of Geminus

128: “general” and "not-general” (or

partial) theorems (Proclus) 325

Theudius of Magnesia 117

Thibaut, B. F. 321

Thibaut, C.: On Sulvast'itras 360, 363-4

Thompson, Thomas I’erronet 112

Thucydides 333

Tibbon, Moses b. 76

Tiraboschi 94 n.

Tittel, K. 39

Todhunter, l. 112, 189, 246, 258, 277,

283. 293, 298, 307

Tonstall, Cuthbert 100

Ybre 163

Transformation of areas 346-7, 410

Trapezium: Euclid’s definition his own 189:

further division into trapezia and trape

zoids (I’osidonius, Heron) 189—90: a

theorem on area of parallel-trapezium

338-9 '

Tn'asury q/ Analyrir (dumb/1.00: 1610:)

8, 10, 11, 138

Trendelenburg 14621., 148, 149

Treutlein, P. 358-60

Triangle: seven species of, 188: “four

sided" triangle, called also “barb-like”

(tintioeuiér) and (by Zenodorus) 110M011;

vtov 27, 188: construction of isosceles and

scalene triangles 243

Trisection of an angle 265-7

at-Tfisi, see Nasiraddin

Unger, E. S. 108, 169

Vachtchenko—Zakhartchenko 1 13

Vailati, G. 144 n., 145 n.

Valerius Maximus 3

Valla, G., De :xpetmdilr a! fugimdi: rebu:

73' 98

Van Swinden 169

Vatican.Ms. 100 (P) 46, 47

Vaux, Carra de 20

Verona palimpsest 91

Veronese, G. 157, 168, I75. 180, 193-4,

195, 201, 226-7, 228, 249, 328

Verliral (angles) 27

Viennese MS. (V) 48, 49

Vinci, Lionardo da 365-6

Vitruvius 352: Vitruvius and Heron 20, 21

Viviani, Vincenzo 107, 401

Vogt, Heinrich 360, 364

Vooght, C. J. 108

Wachsmuth, C. 32 21., 73

Wallis, John 103: edited Comm. on Ptol

emy's Harmonica 17: attempt to prove

Post. 5 210-1

Weber (H.) and Wellstein (1.) 157

Weissenbom, H. 78m, 9212., 9421., 95,

26, 97 n.

W iston, W. 111

Williamson, James 111, 293

Witt, H. A. 113



424 ENGLISH INDEX

\Voepckc, F., discovered De diz/I'rionibus in

Arabic and published translation 9: on

Pappus‘ commentary on Elemenlr : 5, 66,

77: 85 21., 86, 87

Xenocrates 268

Ximenes, Leonardo I07

Xylander I07

Yahya b. Khalid b. Barmak 75

Yahya b. Muh. b. 'Abdan b. Abdalwihid

(Ibn al-Lubudi) 90

Yrinus=Heron 22

Yuhanna b. YI'Isuf b. al-liirith b. el~Bi'triq

al-Qass 76, 87

Zamberti, Bartolomeo 98-I00, Ior, 104,

I06

Zeno the

242

Zenodorus 26, 27, I88, 333

Zenodotus I26

Zeuthen, H. G. 15, I39, 14!, I46n., I5r,

355-6. 360, 363. 387. 398. 399

Epicurean _34, 196, 197, I99,
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